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MOTIVATION

✴  Broad goal: better understand real-time gravitational path integrals and 
stationary phase approximation for such functional integrals.  

✴  This has relevance for a wide set of questions: 

❖ computation of causal response functions as well as real-time 
correlation functions with various out-of-time-orderings 

❖ replica observables in dynamical situations. 

✴ Practical and effective strategy in general quantum systems: compute 
quantities using the Euclidean path integral and thence analytically 
continue the results. 



MOTIVATION

✴ Successful strategy in gravity: use the Euclidean quantum gravity path 
integral. 

✴  Lots of new insights: 

❖  black hole thermodynamics  

❖  correlation functions of gauge invariant observables  

❖ von Neumann, Rényi entropies, etc., from gravity 

✴  However, leaves unanswered the question of real-time dynamics.
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OUTLINE

✴ Boundary real-time contours in AdS/CFT give boundary conditions for the 
the bulk gravity path integral. How do we pick out the class of admissible 
geometries for a given boundary condition? 

✴ How do we compute real-time observables and translate them into 
physical statements in a low energy effective field theory, eg., strongly 
coupled plasma dynamics? 

✴ Two main themes of talk:  

❖ progress computing thermal observables and obtaining off-shell 
effective actions for hydrodynamic modes. 

❖ computing Renyi entropies in time dependent states.



I. Open Quantum Systems

๏ Open quantum systems and Schwinger-Keldysh holograms

w/ J. Ghosh, R. Loganayagam, S. Prabhu, A. Sivakumar, V. Vishal (P2)

w/ C.Jana, R. Loganayagam (P1)

๏ Effective field theory of stochastic diffusion from gravity

arXiv: 2004:02888

arXiv: 2012:03999

๏ To appear…. w/ R. Loganayagam + ….  (P3) 

w/ T. He, R. Loganayagam, J. Virrueta (P4)



OPEN  QFT  PARADIGM

Feynman, Vernon ‘63    Caldeira Leggett ‘83
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Polchinski, Faulkner ‘11

Influence functionals constrained 
by microscopic unitarity
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✴ Consider probing a strongly coupled holographic field theory with an 
auxiliary system (eg., semi-holographic model).  

✴ Integrating out the holographic environment leads to an open quantum 
effective field theory: non-trivial information in the influence functionals (IF).

✴ Focus on probe system coupled to a  thermal holographic plasma.



PLASMA  OPERATORS

✴ Two classes of plasma operators: 

❖ Markovian/forgetful: rapidly decaying quasinormal modes  

❖ non-Markovian/memory: long-lived quasinormal modes.

✴ Goal: Obtain a low energy effective description of the influence functional. 

❖ What are the natural variables? Generating function of correlators is non-local for 
non-Markovian modes… 

❖ Fluctuations associated with such modes (bulk Hawking quanta)?

✴ Stress tensor correlators in a thermal plasma 
has long-lived hydrodynamic poles: shear 
momentum diffusion and sound modes.

D =
⌘

"+ P
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GRAVITY  SK  GEOMETRY
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Figure 2: The two-sheeted complex grSK geometry shown from two di↵erent perspectives. On the top left we

display the boundary thermal SK contour which is filled in the Euclidean portion by the Euclidean black hole

geometry (the cigar) and in the Lorentzian section by two copies of the domain of outer communication of the

Lorentzian black hole spacetime. The top right panel displays the bulk perspective to emphasize the smooth join of

the two sheets of the Lorentzian section. On the bottom panel we illustrate the Lorentzian sections of the geometry

on the Schwarzschild-AdSd+1 Penrose diagram. with the regions pertaining to the L and R sheets of the grSK

spacetime shaded.

motivated above, the system degree of freedom  gets imprinted upon by the characteristics

of the environment. Since our thermal environment is provided by a black hole, we would

e↵ectively be encoding not only the dissipative behaviour of the horizon, which we know to

be characterized linearly by quasinormal modes, but also the fluctuations of the horizon. The

– 7 –

✴ grSK geometry: a two-sheeted spacetime, with copies of domains of 
outer communication of the black hole glued across the future horizon.

Glorioso, Crossley, Liu ‘18

ds2 = �r2 f dv2 + i�f dvd⇣ + r2 dx2 , f = 1�
rd+
rd
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Z
dr

r2f
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L

R

Euclidean

subject to the following boundary conditions at the cut-o� surface r = rc

’(rc + i Á) = 0 , ’(rc ≠ i Á) = 1 . (2.3)

rh
rc

rc+iÁ
Re(’)=0

Re(’)=1

rc≠iÁ

Im(r)

Re(r)

Figure 1: The complex r plane with the locations of the two boundaries and the horizon marked. The grSK

contour is a codimension-1 surface in this plane (drawn at fixed v). As indicated the direction of the contour is

counter-clockwise and it encircles the branch point at the horizon.

To understand this geometry, consider the familiar planar-Schwarzschild-AdSd+1 geome-
try in ingoing Eddington-Finkelstein coordinates:

ds2 = ≠r2 f(br) dv2 + 2 dv dr + r2 dx2 . (2.4)

The asymptotic timelike boundary has a time coordinate v, which for the Schwinger-Keldysh
path integral contour should be viewed as a curve in the complex time domain. The grSK
spacetime fills in this Schwinger-Keldysh contour with a metric of constant negative curvature
and provides a saddle point for the real-time gravitational path integral.7 The spacetime as
such comprises of two copies of the planar black hole: one at Re(’) = 0 and another at
Re(’) = 1 glued smoothly across a horizon-cap. For earlier discussions of this construction
see [21]. In what follows we will find the following non-dimensional radial coordinates helpful
to simplify expressions:8

› © b r , fl ©

3 1
b r

4d

= ›≠d =∆
d
d’

= ≠2fii fl1≠ 1

d (1 ≠ fl) d
dfl

. (2.5)

As noted in [13] one can obtain a closed form expression for ’(r) by solving (2.2) in terms
of a hypergeometric function. We will find it convenient to switch to a parameterization in
terms of the incomplete Beta function B (p, q; z), see [50, section 8.17]. We have the formal
solution

’(r) = d

2fii

ˆ ›

Œ+i0

yd≠2 dy

yd ≠ 1 = ≠
1

2fii
B

A
1
d

, 0;
31

›

4d
B

© ≠
1

2fii
B (s, 0; fl) , (2.6)

7To be clear, here we only refer to the fact that given the asymptotic boundary conditions the grSK
geometry is a smooth spacetime satisfying the Einstein’s equations with the prescribed boundary conditions.
It is an open question whether the geometry is the unique or dominant saddle, but the fact that it gives results
consistent with field theory expectations [13, 16, 22] strongly argues in its favour. For further comments about
real-time gravitational saddles see [49].

8Our parameterization here di�ers from the choice made in [13] which used Í = 1

fl . The advantage of fl is
that we will be able to express various functions in their principal branch since fl œ (0, 1] in the domain of
outer communication.
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r+
<latexit sha1_base64="bHUQxt9rSZRGZPIfEmpDEGxZx7M=">AAACQnicdZBNS8MwGMeT+Tbn26ZHL8UhKEJpnUO9Db14nOheYCsjzdItLGlLkgqj7CN41S/kl/AreBOvHky7CuvQBwJ/fv/nSZ783ZBRqSzrHRZWVtfWN4qbpa3tnd29cmW/LYNIYNLCAQtE10WSMOqTlqKKkW4oCOIuIx13cpv4nSciJA38RzUNicPRyKcexUhp9CAGZ4Ny1TattAzLrNXq9euaFhn5taogq+agAk/7wwBHnPgKMyRlz7ZC5cRIKIoZmZX6kSQhwhM0Ij0tfcSJdOJ015lxrMnQ8AKhj6+MlC5OxIhLOeWu7uRIjeWyl8A/PZfnXo7D8VRSLPMwGRPSy9NeehkWTkwijNjSB5R35cTUDyNFfDzf34uYoQIjydMYUkGwYlMtEBZUR2DgMRIIK516aTHc/0X73LQt076/qDZuspiL4BAcgRNgg0vQAHegCVoAgxF4Bi/gFb7BD/gJv+atBZjNHIBcwe8fV4KxjA==</latexit><latexit sha1_base64="H2HynNX4kV/ploymfcQZhtHW6+E=">AAACZ3icjZHdSsMwFMfT+jXnxzYFEbypDkERSusc6t3QGy8V3QdsZaRZuoUlbUlSoZQ9grc+jS/iI/gWpl2FdSh4IPDn9z8nyTnHDSkR0rI+NX1ldW19o7RZ3tre2a1Ua3sdEUQc4TYKaMB7LhSYEh+3JZEU90KOIXMp7rrT+9TvvmIuSOC/yDjEDoNjn3gEQanQMx9eDKt127SyMCyz0Wg2bxtK5OTHqoM8/pc+rGnng1GAIoZ9iSgUom9boXQSyCVBFM/Kg0jgEKIpHOO+kj5kWDhJ1tDMOFVkZHgBV8eXRkYXKxLIhIiZqzIZlBOx7KXwV89lhZeTcBILgkQRpmVceEXazy5D3ElwhCBdakB6N05C/DCS2Efz/3sRNWRgpEM3RoRjJGmsBEScqBEYaAI5RFKtprw40r9F59K0LdN+uqq37vJdlMAROAFnwAbXoAUewCNoAwTG4A28gw/tS6/oB/rhPFXX8pp9UAj9+BvkdbUm</latexit><latexit sha1_base64="H2HynNX4kV/ploymfcQZhtHW6+E=">AAACZ3icjZHdSsMwFMfT+jXnxzYFEbypDkERSusc6t3QGy8V3QdsZaRZuoUlbUlSoZQ9grc+jS/iI/gWpl2FdSh4IPDn9z8nyTnHDSkR0rI+NX1ldW19o7RZ3tre2a1Ua3sdEUQc4TYKaMB7LhSYEh+3JZEU90KOIXMp7rrT+9TvvmIuSOC/yDjEDoNjn3gEQanQMx9eDKt127SyMCyz0Wg2bxtK5OTHqoM8/pc+rGnng1GAIoZ9iSgUom9boXQSyCVBFM/Kg0jgEKIpHOO+kj5kWDhJ1tDMOFVkZHgBV8eXRkYXKxLIhIiZqzIZlBOx7KXwV89lhZeTcBILgkQRpmVceEXazy5D3ElwhCBdakB6N05C/DCS2Efz/3sRNWRgpEM3RoRjJGmsBEScqBEYaAI5RFKtprw40r9F59K0LdN+uqq37vJdlMAROAFnwAbXoAUewCNoAwTG4A28gw/tS6/oB/rhPFXX8pp9UAj9+BvkdbUm</latexit><latexit sha1_base64="H2HynNX4kV/ploymfcQZhtHW6+E=">AAACZ3icjZHdSsMwFMfT+jXnxzYFEbypDkERSusc6t3QGy8V3QdsZaRZuoUlbUlSoZQ9grc+jS/iI/gWpl2FdSh4IPDn9z8nyTnHDSkR0rI+NX1ldW19o7RZ3tre2a1Ua3sdEUQc4TYKaMB7LhSYEh+3JZEU90KOIXMp7rrT+9TvvmIuSOC/yDjEDoNjn3gEQanQMx9eDKt127SyMCyz0Wg2bxtK5OTHqoM8/pc+rGnng1GAIoZ9iSgUom9boXQSyCVBFM/Kg0jgEKIpHOO+kj5kWDhJ1tDMOFVkZHgBV8eXRkYXKxLIhIiZqzIZlBOx7KXwV89lhZeTcBILgkQRpmVceEXazy5D3ElwhCBdakB6N05C/DCS2Efz/3sRNWRgpEM3RoRjJGmsBEScqBEYaAI5RFKtprw40r9F59K0LdN+uqq37vJdlMAROAFnwAbXoAUewCNoAwTG4A28gw/tS6/oB/rhPFXX8pp9UAj9+BvkdbUm</latexit>

Son, Starinets ‘02 Herzog, Son ’02 Skenderis, van Rees ‘08 Arnold, Vaman, Wu, Xiao ’11 Earlier work: van Rees ‘08



MARKOVIAN  PROBES:  GRAVITY

✴ Fairly straightforward analysis for Markovian fields: a double Dirichlet problem for 
bulk fields in terms of boundary data. 

✴ Determine ingoing bulk-boundary propagator and use grSK time-reversal to get 
outgoing Green’s function.

Chakrabarty et al., ‘19
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Figure 2: The two-sheeted complex grSK geometry shown from two di↵erent perspectives. On the top left we

display the boundary thermal SK contour which is filled in the Euclidean portion by the Euclidean black hole

geometry (the cigar) and in the Lorentzian section by two copies of the domain of outer communication of the

Lorentzian black hole spacetime. The top right panel displays the bulk perspective to emphasize the smooth join of

the two sheets of the Lorentzian section. On the bottom panel we illustrate the Lorentzian sections of the geometry

on the Schwarzschild-AdSd+1 Penrose diagram. with the regions pertaining to the L and R sheets of the grSK

spacetime shaded.

motivated above, the system degree of freedom  gets imprinted upon by the characteristics

of the environment. Since our thermal environment is provided by a black hole, we would

e↵ectively be encoding not only the dissipative behaviour of the horizon, which we know to

be characterized linearly by quasinormal modes, but also the fluctuations of the horizon. The
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Hawking Green’s function

IFs from Witten 
diagrams

(P1)

✴ Well defined bulk perturbative Witten diagrammatics for extracting influence 
functionals. 



MARKOVIAN  OPEN  QFTS

✴ Repackage IFs into stochastic open effective field theory with couplings obeying 
generalized fluctuation-dissipation relations (nb: probe field acts as a source to 
leading order)

Chakrabarty et al., ‘19 Loganayagam, Ray, Sivakumar ’20 + Sharma Chakrabarty, Aswin ‘20Other developments:
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Fuctuation dissipation:

(P1)
✴ Salient features: 

❖ Explicit formulae for 2d holographic CFTs.  

❖ Gradient expansion results in higher dimensions (interesting structure of iterated 
Bose-Einstein integrals). 

❖ Insight into renormalization effects in open quantum dynamics. 



NON-MARKOVIAN  PROBES:  GRAVITY

✴ Bulk dynamics with gauge invariance needs careful analysis: 

❖ Radial gauge traditionally employed fails to respect SK time-reversal. 

❖ Radial momentum constraint forces difference currents to be on-shell. 

❖ Presence of Markovian and non-Markovian degrees of freedom (with mixing). 

✴ Influence functional respecting low energy EFT?

✴  Gauge invariant bulk variables repackage 
dynamics into non-minimally coupled (designer) 
scalar probes of the thermal plasma.

✴ Universal template for analyzing the dynamics of diffusive modes in thermal 
systems: a probe scalar with IR modulated coupling characterized by a 
Markovianity index.
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r+
<latexit sha1_base64="QBJUttcrcXoIlQa3mDdxZLPy60M=">AAACQnicbVDNSgMxGEzqX61/rR69BIugCGVXBD14KHjxWNH+QLuUbJptQ5PskmSFsvQRvOoL+RK+gjfx6sHsdg9u60BgmPkm+TJ+xJk2jvMBS2vrG5tb5e3Kzu7e/kG1dtjRYawIbZOQh6rnY005k7RtmOG0FymKhc9p15/epX73mSrNQvlkZhH1BB5LFjCCjZUe1fBiWK07DScDWiVuTuogR2tYg+eDUUhiQaUhHGvdd53IeAlWhhFO55VBrGmEyRSPad9SiQXVXpLtOkenVhmhIFT2SIMy9W8iwULrmfDtpMBmope9VPzX80Xh5SSazDQjuiimMaWDotrPLiPKS2hMMF/6gAluvITJKDZUksX+QcyRCVHaJxoxRYnhM0swUcxWgMgEK0yMbb1iy3WXq1wlncuG6zTch6t68zavuQyOwQk4Ay64Bk1wD1qgDQgYgxfwCt7gO/yEX/B7MVqCeeYIFAB/fgEhv7Fp</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit>
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(P2)

Tµ⌫ = (Tµ⌫)T + (Tµ⌫)V + (Tµ⌫)S
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(related to hyperscaling violating backgrounds) 



REMEMBRANCE  OF  A  BLACK  HOLE’S  PAST
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M < �1
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would map to the action (3.1) with the identifications:

d̄ ≠ ◊ = d , M = d̄ ≠ 1 ≠ ◊
3

1 + 2 –̄

d̄ ≠ 1

4
= d ≠ 1 ≠

2 –̄ ◊

◊ + d ≠ 1 . (3.7)

As discussed extensively in the AdS/CMT literature (cf., [52] for an excellent review) the
Lorentzian hyperscaling violating geometries can be interpreted as RG flows arising when
we turn on dangerously irrelevant primaries. The IR dynamics in these examples strongly
deviates from the UV leading to emergent scaling dynamics at low energies. The construction
of designer probes is also reminiscent of attempts to understand holographic duals of non-
conformal branes [53] and Ricci-flat holography [54] using generalized dimensional reduction
[55].

3.2 Origins of the designer fields

Before we proceed, let us explain the rationale behind our choice of the designer fields. The
designer scalar and gauge field arise quite naturally when we consider the dynamics of Maxwell
fields and gravitons in the Schwarzschild-AdSd+1 background. We give here a quick synopsis
of the salient statements deferring the details to subsequent sections.11

massless field Scalar sector Vector sector Tensor sector

Scalar d ≠ 1 ≠ ≠

Gauge field ≠(d ≠ 3) d ≠ 3 ≠

Metric ≠(d ≠ 3) ≠(d ≠ 1) d ≠ 1
Nambu-Goto (linearized) 2

Table 1: Values of M obtained for linearized perturbations of various fields of interest in Schwarzschild-AdSd+1

background. Note that both positive and negative values of M are thus obtained.

We give a quick reference summary of the values of M obtained from the study of various
massless fields in the Schwarzschild-AdSd+1 background in Table 1. More specifically, the
following statements hold, as we will demonstrate in due course:

1. The field
´

k Ïd≠1
S solves the massless Klein-Gordon equation. Here S = e≠iÊv+i k·x is

the plane wave on Rd≠1,1. In particular, its definition includes the e≠iÊv frequency depen-
dence.12 We also introduce a short-hand notation for momentum integrals:

ˆ
k

©

ˆ
dÊ

2fi

ˆ
dd≠1k

(2fi)d≠1
. (3.8)

11Our statement that M = ≠(d ≠ 3) in the scalar sector of gravity requires careful interpretation, as it
primarily refers to the relative fall-o� between modes with k ”= 0. We will explore this sector which has
qualitatively di�erent physics in a later publication.

12Our conventions for the planar harmonics are described in Appendix F.

– 12 –

✴ Bulk phase space analysis dictates that non-Markovian designer fields satisfy 
double Neumann boundary conditions.
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N=4 SYM  HYDRODYNAMIC  EFFECTIVE  ACTION
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II. Real-time gravitational replicas

๏ Real-time gravitational replicas: Formalism and a variational principle 

๏ Real-time gravitational replicas: Low dimensional examples

arXiv: 2012:00828 arXiv: 2105.07002 w/ Sean Colin-Ellerin, X. Dong, D. Marolf, Z. Wang

๏ Deriving covariant holographic entanglement 
w/  A. Lewkowycz, X. Dong (PA)arXiv: 1607.07506
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QFT  REDUCED  DENSITY  MATRIX  ELEMENTS

✴ To obtain matrix elements of the reduced density matrix: 

❖ cut open the path integral along the region     on the Cauchy slice      .   

❖ Impose suitable boundary conditions in the ket/bra segments.             

A ⌃t

✴ Compute the Rényi entropies by the replica trick, cycling gluing the density 
matrices. 

associated ket and bra spacetimes at the final time along A
c.10 The result of this sewing is a

time-folded (Schwinger-Keldysh) spacetime B over which the path integral is to be performed,

see Fig. 3.

t

A

@A

A
c

⌃t⌃t

t

Figure 3: The timefolded Schwinger-Keldysh geometry B computing the matrix elements of ⇢A for a quantum

theory on a fixed background. The forward and backward evolutions are glued together on the partial Cauchy slice

⌃t , except for a cut around A. We have also indicated the past light-cones from the entangling surfaces which

serve to demarcate the Milne and the Rindler wedges defined in the main text. In the gravitational context, the

boundary geometries will be of this form.

The time-folded spacetime B has three causal domains of interest. Focusing on the ket

piece of the contour we have:

i. The set J�[@A] describing the causal past of @A. We will refer to J�[@A] as the Milne wedge.

ii. The past domain of dependence D�[A] of A. We will refer to this region as the Rindler wedge

of A.

iii. The analogous Rindler wedge of Ac defined as past domain of dependence D�[Ac] of Ac.

These regions are separated by ‘Rindler horizons’ defined by the past-directed null congruences

orthogonal to @A. The same regions are present on the bra piece of the contour. In particular,

note that the causal nature of the Schwinger-Keldysh construction ensures that we consider

only regions to the past of A and A
c on both bra and ket pieces of the contour, since we have

not evolved the system beyond the Cauchy surface at time ⌃t.

2.2 Replica path integrals with dynamical gravity

We now discuss contexts with dynamical gravity, following the same basic approach as in

§ 2.1. For simplicity, we assume the system to be asymptotically AdS, and thus to have a

well-defined notion of a boundary spacetime (at least in some given conformal frame). It is

also convenient to assume some notion of AdS/CFT duality (though perhaps involving an

ensemble of dual field theories as in [52], and as suggested by general discussions in [34, 42, 53–

55]) so that we can motivate our bulk construction using the dual CFT.

10One can equivalently project ⇢ against the maximally entangled state supported on two copies of Ac,

though this requires a notion of CPT conjugation to turn kets into bras.

– 8 –

x
<latexit sha1_base64="WsFlrrCON8qoG3J2t8bJ0RmWYEo=">AAACQHicbVC7TsMwFLXLq5RXCyNLRIUES5UgJBgrWBhbiT6kNqoc96a1aieR7SCiqF/ACj/EX/AHbIiVCSfNQFuOZOnonHvs6+NFnClt2x+4tLG5tb1T3q3s7R8cHlVrx10VxpJCh4Y8lH2PKOAsgI5mmkM/kkCEx6Hnze4zv/cEUrEweNRJBK4gk4D5jBJtpPbzqFq3G3YOa504BamjAq1RDV8OxyGNBQSacqLUwLEj7aZEakY5zCvDWEFE6IxMYGBoQAQoN803nVvnRhlbfijNCbSVq38TKRFKJcIzk4LoqVr1MvFfzxNLL6fRNFGMqmUxi0nlL6uD/DIq3RRiSvjKB7R/66YsiGINAV3s78fc0qGVtWmNmQSqeWIIoZKZCiw6JZJQbTqvmHKd1SrXSfeq4dgNp31db94VNZfRKTpDF8hBN6iJHlALdRBFgF7QK3rD7/gTf+HvxWgJF5kTtAT88wviQrDX</latexit><latexit sha1_base64="J2gj5UmGjdX4jlO6Z9UYDJH+xK8=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIui25cWrAPaEOZTG/aoZMHMxMxhH6BW7/GP/EL/A0naRamdeGBgcM5987MPdeNOJPKsr4Mc2Nza3unslvd268dHNYbRz0ZxoJCl4Y8FAOXSOAsgK5iisMgEkB8l0PfnT9mfv8VhGRh8KKSCByfTAPmMUqUljpv43rTalk58DqxC9JEBf5XPm4Y16NJSGMfAkU5kXJoW5FyUiIUoxwW1VEsISJ0TqYw1DQgPkgnzcdZ4EutTLAXCn0ChXP1d0dKfCkT39WVPlEzuepl4p+e65deTqNZIhmVZTFrE9Irq8P8MiqcFGJK+MoAyrt3UhZEsYKALv/vxRyrEGeR4wkTQBVPNCFUMB0BpjMiCFV6MVUdqb0a4Drp3bRsq2V3bpvth2IXFXSGLtAVstEdaqMn9Iy6iCJA7+gDfRrfZs08MU+XpaZR9ByjEszzHyTitFQ=</latexit><latexit sha1_base64="J2gj5UmGjdX4jlO6Z9UYDJH+xK8=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIui25cWrAPaEOZTG/aoZMHMxMxhH6BW7/GP/EL/A0naRamdeGBgcM5987MPdeNOJPKsr4Mc2Nza3unslvd268dHNYbRz0ZxoJCl4Y8FAOXSOAsgK5iisMgEkB8l0PfnT9mfv8VhGRh8KKSCByfTAPmMUqUljpv43rTalk58DqxC9JEBf5XPm4Y16NJSGMfAkU5kXJoW5FyUiIUoxwW1VEsISJ0TqYw1DQgPkgnzcdZ4EutTLAXCn0ChXP1d0dKfCkT39WVPlEzuepl4p+e65deTqNZIhmVZTFrE9Irq8P8MiqcFGJK+MoAyrt3UhZEsYKALv/vxRyrEGeR4wkTQBVPNCFUMB0BpjMiCFV6MVUdqb0a4Drp3bRsq2V3bpvth2IXFXSGLtAVstEdaqMn9Iy6iCJA7+gDfRrfZs08MU+XpaZR9ByjEszzHyTitFQ=</latexit><latexit sha1_base64="J2gj5UmGjdX4jlO6Z9UYDJH+xK8=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIui25cWrAPaEOZTG/aoZMHMxMxhH6BW7/GP/EL/A0naRamdeGBgcM5987MPdeNOJPKsr4Mc2Nza3unslvd268dHNYbRz0ZxoJCl4Y8FAOXSOAsgK5iisMgEkB8l0PfnT9mfv8VhGRh8KKSCByfTAPmMUqUljpv43rTalk58DqxC9JEBf5XPm4Y16NJSGMfAkU5kXJoW5FyUiIUoxwW1VEsISJ0TqYw1DQgPkgnzcdZ4EutTLAXCn0ChXP1d0dKfCkT39WVPlEzuepl4p+e65deTqNZIhmVZTFrE9Irq8P8MiqcFGJK+MoAyrt3UhZEsYKALv/vxRyrEGeR4wkTQBVPNCFUMB0BpjMiCFV6MVUdqb0a4Drp3bRsq2V3bpvth2IXFXSGLtAVstEdaqMn9Iy6iCJA7+gDfRrfZs08MU+XpaZR9ByjEszzHyTitFQ=</latexit>

ket (k)



A Ac

RA RAc

@A

(b)

(a)

�
<latexit sha1_base64="4XnCLCM6b68QYmyp0lqlxUKqxJY=">AAACEnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQplMpu3QmSTMTIQSgj/hL7jVvTtx6w+49Uucpllo64GBwzn33jOcIOFMacf5siorq2vrG9XN2tb2zu6evX/QUXEqCW2TmMeyF2BFOYtoWzPNaS+RFIuA024wuZn53QcqFYujez1NqC/wKGJDRrA20sA+8oobmaRhnmVeIJA3wkLgPB/YdafhFEDLxC1JHUq0Bva3F8YkFTTShGOl+q6TaD/DUjPCaV7zUkUTTCZ4RPuGRlhQ5WdFfI5OjRKiYSzNizQq1N8bGRZKTUVgJgXWY7XozcR/vUAsJOvhlZ+xKEk1jcg8eJhypGM06weFTFKi+dQQTCQzf0dkjCUm2rRYM6W4ixUsk855w3Ua7t1FvXld1lOFYziBM3DhEppwCy1oA4FHeIYXeLWerDfr3fqYj1ascucQ/sD6/AELs56T</latexit><latexit sha1_base64="4XnCLCM6b68QYmyp0lqlxUKqxJY=">AAACEnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQplMpu3QmSTMTIQSgj/hL7jVvTtx6w+49Uucpllo64GBwzn33jOcIOFMacf5siorq2vrG9XN2tb2zu6evX/QUXEqCW2TmMeyF2BFOYtoWzPNaS+RFIuA024wuZn53QcqFYujez1NqC/wKGJDRrA20sA+8oobmaRhnmVeIJA3wkLgPB/YdafhFEDLxC1JHUq0Bva3F8YkFTTShGOl+q6TaD/DUjPCaV7zUkUTTCZ4RPuGRlhQ5WdFfI5OjRKiYSzNizQq1N8bGRZKTUVgJgXWY7XozcR/vUAsJOvhlZ+xKEk1jcg8eJhypGM06weFTFKi+dQQTCQzf0dkjCUm2rRYM6W4ixUsk855w3Ua7t1FvXld1lOFYziBM3DhEppwCy1oA4FHeIYXeLWerDfr3fqYj1ascucQ/sD6/AELs56T</latexit><latexit sha1_base64="4XnCLCM6b68QYmyp0lqlxUKqxJY=">AAACEnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQplMpu3QmSTMTIQSgj/hL7jVvTtx6w+49Uucpllo64GBwzn33jOcIOFMacf5siorq2vrG9XN2tb2zu6evX/QUXEqCW2TmMeyF2BFOYtoWzPNaS+RFIuA024wuZn53QcqFYujez1NqC/wKGJDRrA20sA+8oobmaRhnmVeIJA3wkLgPB/YdafhFEDLxC1JHUq0Bva3F8YkFTTShGOl+q6TaD/DUjPCaV7zUkUTTCZ4RPuGRlhQ5WdFfI5OjRKiYSzNizQq1N8bGRZKTUVgJgXWY7XozcR/vUAsJOvhlZ+xKEk1jcg8eJhypGM06weFTFKi+dQQTCQzf0dkjCUm2rRYM6W4ixUsk855w3Ua7t1FvXld1lOFYziBM3DhEppwCy1oA4FHeIYXeLWerDfr3fqYj1ascucQ/sD6/AELs56T</latexit><latexit sha1_base64="4XnCLCM6b68QYmyp0lqlxUKqxJY=">AAACEnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQplMpu3QmSTMTIQSgj/hL7jVvTtx6w+49Uucpllo64GBwzn33jOcIOFMacf5siorq2vrG9XN2tb2zu6evX/QUXEqCW2TmMeyF2BFOYtoWzPNaS+RFIuA024wuZn53QcqFYujez1NqC/wKGJDRrA20sA+8oobmaRhnmVeIJA3wkLgPB/YdafhFEDLxC1JHUq0Bva3F8YkFTTShGOl+q6TaD/DUjPCaV7zUkUTTCZ4RPuGRlhQ5WdFfI5OjRKiYSzNizQq1N8bGRZKTUVgJgXWY7XozcR/vUAsJOvhlZ+xKEk1jcg8eJhypGM06weFTFKi+dQQTCQzf0dkjCUm2rRYM6W4ixUsk855w3Ua7t1FvXld1lOFYziBM3DhEppwCy1oA4FHeIYXeLWerDfr3fqYj1ascucQ/sD6/AELs56T</latexit>

ANSATZ  FOR  BULK  GEOMETRY

✴ Extend boundary contour into the bulk, picking some bulk Cauchy surface 
anchored on boundary  Cauchy surface: entangling surface extends to 
codimension-2 splitting surface.

splitting surface (codim-2)

homology surface (codim-1)

❖ Homology wedge: past (future) domain of dependence of 
homology surface on ket (bra). 

❖ Milne wedge: past (future) of the splitting surface on ket (bra).

A

⌃̃t

@A
B�

<latexit sha1_base64="qXE6NhJH+yEtq/GGGRenXzosI48=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2VGBF0W3bisYB/QGUqSZtrQJDMkGaEMgz/hL7jVvTtx6w+49UtMp7PQ1gOBwzn33hMOTjjTxvO+nMrK6tr6RnWztrW9s7vn7h90dJwqQtsk5rHqYaQpZ5K2DTOc9hJFkcCcdvHkZuZ3H6jSLJb3ZprQUKCRZBEjyFhp4B4FxY0M85TmWYBFFoyQECjPB27da3gF4DLxS1IHJVoD9zsYxiQVVBrCkdZ930tMmCFlGOE0rwWppgkiEzSifUslElSHWRGfw1OrDGEUK/ukgYX6eyNDQuupwHZSIDPWi95M/NfDYiHZRFdhxmSSGirJPDhKOTQxnPUDh0xRYvjUEkQUs3+HZIwUIsa2WLOl+IsVLJPOecP3Gv7dRb15XdZTBcfgBJwBH1yCJrgFLdAGBDyCZ/ACXp0n5815dz7moxWn3DkEf+B8/gCHOJ7g</latexit><latexit sha1_base64="qXE6NhJH+yEtq/GGGRenXzosI48=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2VGBF0W3bisYB/QGUqSZtrQJDMkGaEMgz/hL7jVvTtx6w+49UtMp7PQ1gOBwzn33hMOTjjTxvO+nMrK6tr6RnWztrW9s7vn7h90dJwqQtsk5rHqYaQpZ5K2DTOc9hJFkcCcdvHkZuZ3H6jSLJb3ZprQUKCRZBEjyFhp4B4FxY0M85TmWYBFFoyQECjPB27da3gF4DLxS1IHJVoD9zsYxiQVVBrCkdZ930tMmCFlGOE0rwWppgkiEzSifUslElSHWRGfw1OrDGEUK/ukgYX6eyNDQuupwHZSIDPWi95M/NfDYiHZRFdhxmSSGirJPDhKOTQxnPUDh0xRYvjUEkQUs3+HZIwUIsa2WLOl+IsVLJPOecP3Gv7dRb15XdZTBcfgBJwBH1yCJrgFLdAGBDyCZ/ACXp0n5815dz7moxWn3DkEf+B8/gCHOJ7g</latexit><latexit sha1_base64="qXE6NhJH+yEtq/GGGRenXzosI48=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2VGBF0W3bisYB/QGUqSZtrQJDMkGaEMgz/hL7jVvTtx6w+49UtMp7PQ1gOBwzn33hMOTjjTxvO+nMrK6tr6RnWztrW9s7vn7h90dJwqQtsk5rHqYaQpZ5K2DTOc9hJFkcCcdvHkZuZ3H6jSLJb3ZprQUKCRZBEjyFhp4B4FxY0M85TmWYBFFoyQECjPB27da3gF4DLxS1IHJVoD9zsYxiQVVBrCkdZ930tMmCFlGOE0rwWppgkiEzSifUslElSHWRGfw1OrDGEUK/ukgYX6eyNDQuupwHZSIDPWi95M/NfDYiHZRFdhxmSSGirJPDhKOTQxnPUDh0xRYvjUEkQUs3+HZIwUIsa2WLOl+IsVLJPOecP3Gv7dRb15XdZTBcfgBJwBH1yCJrgFLdAGBDyCZ/ACXp0n5815dz7moxWn3DkEf+B8/gCHOJ7g</latexit><latexit sha1_base64="qXE6NhJH+yEtq/GGGRenXzosI48=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2VGBF0W3bisYB/QGUqSZtrQJDMkGaEMgz/hL7jVvTtx6w+49UtMp7PQ1gOBwzn33hMOTjjTxvO+nMrK6tr6RnWztrW9s7vn7h90dJwqQtsk5rHqYaQpZ5K2DTOc9hJFkcCcdvHkZuZ3H6jSLJb3ZprQUKCRZBEjyFhp4B4FxY0M85TmWYBFFoyQECjPB27da3gF4DLxS1IHJVoD9zsYxiQVVBrCkdZ930tMmCFlGOE0rwWppgkiEzSifUslElSHWRGfw1OrDGEUK/ukgYX6eyNDQuupwHZSIDPWi95M/NfDYiHZRFdhxmSSGirJPDhKOTQxnPUDh0xRYvjUEkQUs3+HZIwUIsa2WLOl+IsVLJPOecP3Gv7dRb15XdZTBcfgBJwBH1yCJrgFLdAGBDyCZ/ACXp0n5815dz7moxWn3DkEf+B8/gCHOJ7g</latexit>However, things are simpler than they appear. Since we expect no strong curvatures from

the directions along the brane, any such delta-functions contributions will be associated with

the metric transverse to the brane. The problem thus becomes e↵ectively two-dimensional

in the plane normal to g, which we recall has Lorentz signature. We may thus define the

contribution Sg from a small tubular region U✏ containing g by using a generalization of

the Gauss-Bonnet theorem. Topologically, we require U✏ to be the product Ũ✏ ⇥ g for an

appropriate two-dimensional space Ũ✏, so that we may apply our Gauss-Bonnet theorem to

the latter.

The idea of using a generalization of the Gauss-Bonnet theorem was suggested in e.g., [47].

However, we use a slightly di↵erent generalization due to the fact that g lies on a timefold.

The required generalization may be motivated by analytically continuing a Euclidean metric

as tE ! �itL in the ket parts of the spacetime, but using the complex conjugate tE ! +itL

in the bra parts of the spacetime. This is the same change of sign that creates the timefold

as it gives tL < 0 in both the bra and ket parts (though we think of the bra parts as coming

from tE > 0). It is then associated with particular signs in our Gauss-Bonnet theorem. As

in [47], the resulting Gauss-Bonnet theorem will also involve various factors of i =
p
�1.

To describe the relevant signs, it us useful to introduce ⇠ = ±1 taking the positive sign on

the ket parts of the spacetime and taking the negative sign on the bra parts of the spacetime.

This allows us to define the action contribution from U✏ by

iSg := lim
✏!0

i

16⇡GN

ˆ
U✏

⇠
p
�gR := lim

✏!0

�i

8⇡GN

ˆ
@U✏

⇠
p

|h|K �
1

4GN

�(Ũ✏). (3.6)

Someone please check all i’s and signs above.

The extrinsic curvature term in (3.6) is subtle and requires detailed comment. First, in

Lorentz signature it receives imaginary delta-function-like contributions from submanifolds

of @U✏ where @U✏ changes from spacetime to timelike (or vice versa). This is most easily

seen in the 1 + 1 case where K can be written as the derivative of the boost parameter ✓

(aka rapidity) describing the tangent to @U✏. Since null tangents have ✓ = 1, this ✓ has a

pole at such transitions. Furthermore, in the ket part of the spacetime and when a timelike

portion of @U✏ is attached to a spacelike portion of @U✏ that lies to its past, the above analytic

continuation recipe makes ✓ real on the timelike portions (where the normal is spacelike) but

yields ✓ 2 i⇡2 + R on spacelike portions (where the normal is timelike). Integrating through

the transition in a ket part of the spacetime thus yields a finite contribution i⇡2 , or �i⇡2 in the

alternate case where the timelike portion of @U✏ is attached to a spacelike portion of @U✏ that

lies to its future. In higher dimensions the contribution is similarly ±i⇡2Atransverse, where the

transverse area Atransverse becomes AfixM in the limit ✏ ! 0. Contributions from the bra

parts of the spacetime take the complex-conjugate form.

The other subtlety involves the possibility of explicit corner contributions to the extrinsic

curvature term when @U✏ is not smooth. In particular, such terms arise if U✏ fails to have

orthgoonal intersection with RA [ RAc so that there is no abrupt change in the normal to

@Ũ✏ when crossing from a ket spacetime to the attached bra spacetime. The interested reader
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✴  Bulk replica: copies of bra and ket geometries 
glued across homology surfaces. 

❖ Complement region homology surface: 
glued between ith ket and ith bra. 

❖ Region homology surface glued between ith 

ket and (i+1)st  bra.

✴  Demand ansatz give a smooth stationary point of the gravitational action. 

✴  Focus on replica symmetric saddles: complex Lorentz signature geometries 
owing to replica invariant surface having multiple distinct timelike normals 
which cannot be deformed to each other. 
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the directions along the brane, any such delta-functions contributions will be associated with

the metric transverse to the brane. The problem thus becomes e↵ectively two-dimensional

in the plane normal to g, which we recall has Lorentz signature. We may thus define the

contribution Sg from a small tubular region U✏ containing g by using a generalization of

the Gauss-Bonnet theorem. Topologically, we require U✏ to be the product Ũ✏ ⇥ g for an

appropriate two-dimensional space Ũ✏, so that we may apply our Gauss-Bonnet theorem to

the latter.

The idea of using a generalization of the Gauss-Bonnet theorem was suggested in e.g., [47].

However, we use a slightly di↵erent generalization due to the fact that g lies on a timefold.

The required generalization may be motivated by analytically continuing a Euclidean metric

as tE ! �itL in the ket parts of the spacetime, but using the complex conjugate tE ! +itL

in the bra parts of the spacetime. This is the same change of sign that creates the timefold

as it gives tL < 0 in both the bra and ket parts (though we think of the bra parts as coming

from tE > 0). It is then associated with particular signs in our Gauss-Bonnet theorem. As

in [47], the resulting Gauss-Bonnet theorem will also involve various factors of i =
p
�1.

To describe the relevant signs, it us useful to introduce ⇠ = ±1 taking the positive sign on

the ket parts of the spacetime and taking the negative sign on the bra parts of the spacetime.

This allows us to define the action contribution from U✏ by

iSg := lim
✏!0

i
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Someone please check all i’s and signs above.

The extrinsic curvature term in (3.6) is subtle and requires detailed comment. First, in

Lorentz signature it receives imaginary delta-function-like contributions from submanifolds

of @U✏ where @U✏ changes from spacetime to timelike (or vice versa). This is most easily

seen in the 1 + 1 case where K can be written as the derivative of the boost parameter ✓

(aka rapidity) describing the tangent to @U✏. Since null tangents have ✓ = 1, this ✓ has a

pole at such transitions. Furthermore, in the ket part of the spacetime and when a timelike

portion of @U✏ is attached to a spacelike portion of @U✏ that lies to its past, the above analytic

continuation recipe makes ✓ real on the timelike portions (where the normal is spacelike) but

yields ✓ 2 i⇡2 + R on spacelike portions (where the normal is timelike). Integrating through

the transition in a ket part of the spacetime thus yields a finite contribution i⇡2 , or �i⇡2 in the

alternate case where the timelike portion of @U✏ is attached to a spacelike portion of @U✏ that

lies to its future. In higher dimensions the contribution is similarly ±i⇡2Atransverse, where the

transverse area Atransverse becomes AfixM in the limit ✏ ! 0. Contributions from the bra

parts of the spacetime take the complex-conjugate form.

The other subtlety involves the possibility of explicit corner contributions to the extrinsic

curvature term when @U✏ is not smooth. In particular, such terms arise if U✏ fails to have

orthgoonal intersection with RA [ RAc so that there is no abrupt change in the normal to

@Ũ✏ when crossing from a ket spacetime to the attached bra spacetime. The interested reader
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real metric

complex metric

smooth gluing to next sheet

❖ real geometry in homology wedge with 
metric and extrinsic curvature  smooth 
across homology surface  

❖ Local Gaussian normal chart in vicinity 
of splitting surface (lightcone 
coordinates) suffices to determine bulk 
regularity constrains.

Single fundamental domain: Ket
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❖  local metric  depends on combinations                               and is analytic in first 
two arguments in the vicinity of the origin (splitting surface).  

❖  negative powers of            regulated by 

⇣
(x̃+)

1
n , (x̃�)

1
n , x̃+x̃�

⌘
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metric is smooth away from the tip of the cone. Note that for m = 1 (and thus for

m̂ = 1
n
) the singularity was obtained by making a complex coordinate transformation

and analytically continuing a smooth Euclidean solution, so in that case this appears to

be a form of coordinate singularity. It should thus be harmless for m = 1, though see

further discussion in § 5. Note that for n > 1 the choice m = 1 forbids taking m̂ = m

n

to be a positive integer, and is thus intrinsically complex.

(b). The second subtlety is that, since x̃+ and x̃� can be negative (and in particular since

x̃+x̃� is negative in the Milne wedge), fractional powers can be complex and require

appropriate definition.

In fact, motivated by the Euclidean description, we will deal with both issues in much the

same way, choosing our ket spacetime definitions for general m̂, T , qIJ , WJ to match what

would be obtained by analytically continuing t through the upper half-plane (since tE ! it

and the ket part of the spacetime comes from tE < 0.). This amounts to introducing the i"

prescriptions x̃± ! x̃± ⌥ i" (with " > 0) and taking the powers of x̃± appearing in (3.11) to

be analytic functions. Thus for negative x̃+ we have (x̃+)
1
n = e�

i⇡
n |x̃+|

1
n and for negative

x̃� we find (x̃�)
1
n = e+

i⇡
n |x̃�|

1
n . In particular, (x̃+x̃�)

1
n remains real at positive at t = 0,

so that (3.11) is compatible with the previously advertised requirement that the metric and

its extrinsic curvature be real and positive on RA and RAc . Nevertheless, it is forced to be

complex in the Milne wedge to the ‘past’ of g.
We take the above specifications to be part of the boundary conditions at g for our

real-time variational problem. In particular, this refines the definition of the real Lorentz-

signature replica wormhole configurations that specify the original domain of integration for

our Lorentz-signature path integral. As noted above, reality generally requires m̂ to be an

integer. Metrics with other values of m̂ simply do not lie in the original domain of integration.

Nevertheless, metrics with general m̂ are allowed to appear in complex deformations of

that domain. In particular, the i" prescription included in our proposal for general m̂ turns

out to be very useful. For any fixed m,n it will imply that the above are indeed a valid set

of boundary conditions for a variational problem associated with the brane-excised Einstein-

Hilbert action Šm,n := S � Sg on the timefolded bulk spacetime. This timefolded spacetime

only retains the t  0 regions in both the ket and bra spacetimes, and we may think of the

excision as removing a small disk-shaped region of size20 ✏ around the origin x̃± = 0, though

we eventually take ✏ ! 0 at the end of the computation.21

The fact that Šm,n gives a valid variational principle for fixed m,n can be read directly

from the Euclidean analysis of [52]. Since the arguments of that reference simply manipulated

power series expansions in their z
1
n , (z̄)

1
n , it is immediate that every step of can be ‘Wick

rotated’ and rewritten in terms of x̃± to yield an equally-valid treatment of the real-time

20Since we are Lorentz signature, this ‘size’ does not in any way measure proper distance from g.
21The reader might find it helpful to recall our definition I = �iS below (3.3), which makes it natural to

talk about I for the Euclidean computation, but stick to S for the Lorentzian on-shell action.
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RENYI  ENTROPIES  FROM  BULK

(a) Regulating the fixed point locus in the spacetime by excising a tubular neighbourhood around it. Fig. 7b displays a slice

through this at fixed y
I
for ease of visualization.

R
✏

AR
✏

Ac g

U✏

@Ũ✏

⌃̃✏

t

(b) The local geometry in the cosmic brane excised spacetime shown at fixed y
I
. The inner boundary consists of half of @Ũ✏

(blue), along with two regions we call R✏
A,R✏

Ac (solid red and brown lines). The latter are regulated versions of RA,RAc with

the di↵erences indicated by dashed lines. The Gibbons-Hawking term associated with RA [RAc in (3.4) should understood

as the ✏ ! 0 limit of the integral over R✏
A [R✏

Ac .

Figure 7: The local geometry near the cosmic brane and the boundary conditions in Lorentz signature. We have

exhibited here the regulated ket spacetime M
k

✏ which is obtained from M
k
by excising a topological half-disc ribbon

around the fixed point locus g (i.e., half of the exicison domain U✏).

arise if one wishes to avoid the presence of timelike pieces of @U✏.

It now remains to evaluate (3.6) on interesting configurations and to understand the

implications for our variational principle. Our approach will be to use previous work on the

Euclidean replica problem to motivate a useful ansatz for the metric near g, and then to

check that this ansatz allows for stationary points of the full action S under variations of the

metric near g.

3.3 Imaginary-time boundary conditions at the splitting surface

As stated above, we will first review the boundary conditions at g associated with the anal-

ogous variational problem in Euclidean signature. Although we are interested here in the

covering space perspective, and while the covering space is smooth in Euclidean signature,

it will nevertheless be useful to allow a localized delta-function source of curvature at g in

the (generally o↵-shell) metric configurations that we consider. As is well known, this gives a

conical defect, though the condition that the defect should vanish on-shell can be recovered

– 18 –
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solve the variational problem for the bulk geometry Mn, the Rényi entropies will be obtained

from the standard formula

S(n)
A =

1

1� n
log

✓
Z[Bn]

Z[B]n

◆
=

1

n� 1
(In � n I1) , (3.3)

where In := � logZ[Bn] ⇡ �i S[Mn].

The gravitational action with which we work is the Einstein-Hilbert action, supplemented

with the usual Gibbons-Hawking term at any boundaries. We also include additional counter-

terms Sct at the asymptotic boundary as required. For any bra or ket piece M of Mn we

thus have

Sgr[M] =
1

16⇡GN

ˆ
M

dd+1x
p
�g


R+

d(d� 1)

`2AdS

�
+

1

8⇡GN

ˆ
B
ddx

p
|�|K

+
1

8⇡GN

ˆ
RA[RAc

ddx
p

hK + Sct ,

(3.4)

where B is the asymptotic boundary M. Note in particular that we include a Gibbons-

Hawking term on the gluing surfaces RA,RAc . If the metric and extrinsic curvature are

continuous, these Gibbons-Hawking terms will cancel between the bra and ket parts of the

spacetime when computing Sgr = Sk
gr�Sb

gr. Continuity of the metric is required by the sewing

along RA [ RAc , but continuity of the extrinsic curvature should not be assumed a priori.

For future reference our notation is as follows: gAB denotes the metric in the bulk spacetime

M, �µ⌫ that on the asymptotic boundary B, and hij the metric induced on the the homology

surfaces RA [RAc . We will later also introduce a metric qIJ on g.
Varying the exponent of (3.1) with respect to the metric at generic points results in the

standard Einstein-Hilbert equations of motion. However, we should more carefully consider

variations at the various copies of ⌃̃t where di↵erent branches of the spacetime join. This is

especially true in the vicinity of the splitting surface which, in the limit n ! 1, will give us the

Hubeny-Rangamani-Takayanagi (HRT) surface [11]. Nevertheless, we begin by addressing the

simpler cases of RA,RAc ⇢ ⌃̃t , saving consideration of the region near g for sections §3.2-3.4.
Recall then that our action (3.4) included Gibbons-Hawking terms at RA,RAc for both

the bra and ket parts of the spacetime. The gluing conditions at RA,RAc require continuity

of the metric, so such terms will cancel between the bra and ket parts if the extrinsic curvature

is also continuous. But, recognizing that the support of the gravitational path integral may

include rather wild non-smooth geometries, we should use the variational principle to derive

any conditions on the extrinsic curvature at RA,RAc .

Having included these Gibbons-Hawking terms, it is straightforward to do so. As is well-

known, working about a spacetime that satisfies the Einstein equations away from RA,RAc ,

and g, variations that preserve boundary conditions on Bn give

�Sgr[M] =
1

16⇡GN

ˆ
RA[RAc

p

h⇡ij �h
ij , ⇡ij = Kij �K hij , (3.5)
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associated weights in the path integral are real. In particular, since saddles will again have

m̂ = 1/n, the Rényi entropies (3.3) computed by any given such saddle take the form

S(n)
A = 2

n

n� 1
Im

⇣
Sk

gr,n � Sk

gr,1

⌘
. (3.19)

This is manifestly real, and coincides with the Euclidean answer when analytic continuation

can be performed. This will be verified explicitly in [50] for the examples studied there.

4 State preparation

Thus far we have imagined starting from an initial (perhaps mixed) state ⇢0 at some t0 and

evolving it to the time t of interest taking into account any real-time sources between t0 and

t. By ‘time’ t, we in fact mean that we choose some Cauchy surface ⌃t , and similarly for

t0. To be definite, we take t to lie to the future of t0. In the holographic context these will

refer to boundary Cauchy surfaces, and we will allow boundary sources which will a↵ect the

quantum state of the bulk within their causal future.23

While this setting is natural, it raises the question of precisely how the state ⇢0 is to be

specified. In the discussion above, we have generally supposed that we have been given the

explicit matrix elements of ⇢0 in a basis defined by field eigenstates at the time t0. However,

at least in field theoretic contexts, we should admit that it can be di�cult to obtain such a

description for interesting states. Let us therefore briefly remark on other methods that can

be used to specify ⇢0, and which are also readily incorporated into our discussion.

One strategy is to choose a familiar state that allows for a particularly simple treatment

and then to construct more complicated states by adding sources between t0 and t. For

example, one might take the initial state to be the vacuum, and perhaps also taking t0 to

lie in the far past. This has several advantages. In the free field limit, the vacuum initial

conditions require positive-frequency boundary conditions at the initial time, cf., [48] for a

discussion in language similar to that used here. Similarly, for vacuum gravity in AdS3 the

geometry in the far past should be di↵eomorphic to global AdS3 with all boundary gravitons

being of positive frequency. In higher dimensions or when matter fields are coupled to gravity,

we still expect an analog of the positive-frequency boundary condition to hold, though making

it precise might require employing a suitable ‘i"’ prescription.24

Alternately, it may be useful to consider states that can be prepared by slicing open a

Euclidean path integral. One can then implement the past boundary condition by simply

attaching this Euclidean path integral. At the semiclassical level, this will then require

23The e↵ects of such sources on the saddle-point geometries used to calculate Rényi entropies need not be

confined to this causal future. The point here is that such solutions are not constructed by solving a Cauchy

problem with initial data in the past. Instead, they involve timefolded spacetimes with boundary conditions

on both sides. Furthermore, the equations of motion may fail to be hyperbolic in any complex parts of the

spacetime.
24In an asymptotically flat spacetime it will su�ce to ensure that the linearized gravitational solutions in

the far past only have support on positive frequency incoming radiative modes.
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✴ Saddle point evaluation of bulk gravitational path 
integral with boundary replica geometry

the bulk that will cancel exactly between the bra and ket spacetimes on either side of the

surface. We thus correspondingly expect that while the saddle-point dynamics may in some

sense determine g, it should not lead to preferred choices for RA,RAc . Symmetric saddle-

points should thus remain real and Lorentz-signature within the entire homology wedges of

RA,RAc so that the actions for these regions cancel between the bra and ket spacetimes for all

choices of RA,RAc . We will justify this expectation more fully when we study the variational

principle below, but the upshot is that for symmetric saddles the homology wedges D̃�[RA]

and D̃�[RAc ] will remain well-defined, and that such saddles will be complex only outside

these homology wedges (in a region that we may still call the past Milne wedge J̃�[g] of g).

3 The variational problem

Section 2 described the branched and time-folded bulk spacetimes over which our replica path

integral will sum, but we have not yet addressed the bulk dynamics in detail. Of course, we

wish to take this to be described by the Einstein-Hilbert action. But while this action is

familiar when evaluated on smooth Lorentz-signature spacetimes, it may not be immediately

clear how to define contributions to this action from the region near g. Furthermore, the

choice of action is intimately tied to the construction of a good variational problem. In

particular, to ensure a good semiclassical limit we must show that varying our action within

the class of allowed variations leads precisely to an appropriate formulation of the Einstein

equations (without extra constraints).

We address these issues below. We begin in § 3.1 by quickly discussing the spacetime

away from g. We then define contributions to our Einstein-Hilbert action from the region

near g in §3.2 and discuss boundary conditions to be imposed at g in sections §3.3 and §3.4.
Together, these yield a well-defined variational principle as desired. All of this treats the full

n-fold replica geometry Mn with boundary Bn. § 3.5 then briefly describes the implications

when one imposes replica symmetry and describes the bulk using the geometry cMn = Mn/Zn

associated with a single fundamental domain.

3.1 The action and variations away from the splitting surface

Heuristically, we define the gravitational dynamics by the real-time path integral:

Z[Bn] :=

ˆ
n

[Dg] ei S , (3.1)

with the subscript n reminding us that we are computing the path integral over bulk replica

wormholes with the gluing conditions specified above and with boundary conditions defined

by Bn. We will take

S = Sk

gr � Sb

gr + Sg, (3.2)

where Sk
gr is the standard gravitational action for the ket parts of the spacetime, Sb

gr is the

standard gravitational action for the bra parts of the spacetime, and Sg is a contribution to

S from the splitting surface g that we will address more carefully below. If we can define and
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✴ On-shell Lorentz signature action is purely imaginary 

❖  real part of on-shell action cancels between bra and ket.  

❖ imaginary part from crossing the light-cone  
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ds2 =
d⇢2

4⇢2
+

dx̃+ dx̃�

⇢
+ (Aµ⌫ + ⇢Bµ⌫) dx̃

µ dx̃⌫
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x̃�
<latexit sha1_base64="U4CDOpcV2CKToDU/RybRiVBtX7c=">AAACSnicbVDNSsNAGNzUqrX+tXr0EiyCHiyJCHrwUPDisYL9gTaWzeZLu7jJht2NGEIfw6u+kC/ga3gTL27SHEzrwMIw883ut+NGjEplWZ9GZa26vrFZ26pv7+zu7TeaB33JY0GgRzjjYuhiCYyG0FNUMRhGAnDgMhi4T7eZP3gGISkPH1QSgRPgaUh9SrDS0misKPMgfZk/nk8aLatt5TBXiV2QFirQnTSNs7HHSRxAqAjDUo5sK1JOioWihMG8Po4lRJg84SmMNA1xANJJ853n5olWPNPnQp9Qmbn6N5HiQMokcPVkgNVMLnuZ+K/nBqWX02iWSEpkWcxiQvpldZRfRoSTQkwwW/qA8q+dlIZRrCAki/39mJmKm1mvpkcFEMUSTTARVFdgkhkWmCjdfl2Xay9XuUr6F23batv3l63OTVFzDR2hY3SKbHSFOugOdVEPEcTRK3pD78aH8WV8Gz+L0YpRZA5RCZXqL7+wtCc=</latexit><latexit sha1_base64="IWZwPCr4GI/SQ4ZIlPd6CeDMhKA=">AAACb3icjVHLSgMxFE3HV62vVhcuBAkWwS4sMyLowkXBjUsF+4DpWDLpnTY0mRmSjFiGfoZbv8af8DP8A9PpLJzWhQcCh3PuTXLP9WPOlLbtr5K1tr6xuVXeruzs7u0fVGuHHRUlkkKbRjySPZ8o4CyEtmaaQy+WQITPoetP7ud+9xWkYlH4rKcxeIKMQhYwSrSR3L5mfAjp2+zlclCt2007A14lTk7qKMf/yge1UqM/jGgiINSUE6Vcx461lxKpGeUwq/QTBTGhEzIC19CQCFBemg02w+dGGeIgkuaEGmfq746UCKWmwjeVguixWvbm4p+eLwovp/F4qhhVRXHeJlVQVN3sMiq9FBJK+NIAOrj1UhbGiYaQLv4fJBzrCM/Dx0MmgWo+NYRQyUwEmI6JJFSbFVVMpM5ygKukc9V07KbzdF1v3eW7KKMTdIYukINuUAs9oEfURhRF6B19oM/St3VsnVp4UWqV8p4jVIDV+AGWlbij</latexit><latexit sha1_base64="IWZwPCr4GI/SQ4ZIlPd6CeDMhKA=">AAACb3icjVHLSgMxFE3HV62vVhcuBAkWwS4sMyLowkXBjUsF+4DpWDLpnTY0mRmSjFiGfoZbv8af8DP8A9PpLJzWhQcCh3PuTXLP9WPOlLbtr5K1tr6xuVXeruzs7u0fVGuHHRUlkkKbRjySPZ8o4CyEtmaaQy+WQITPoetP7ud+9xWkYlH4rKcxeIKMQhYwSrSR3L5mfAjp2+zlclCt2007A14lTk7qKMf/yge1UqM/jGgiINSUE6Vcx461lxKpGeUwq/QTBTGhEzIC19CQCFBemg02w+dGGeIgkuaEGmfq746UCKWmwjeVguixWvbm4p+eLwovp/F4qhhVRXHeJlVQVN3sMiq9FBJK+NIAOrj1UhbGiYaQLv4fJBzrCM/Dx0MmgWo+NYRQyUwEmI6JJFSbFVVMpM5ygKukc9V07KbzdF1v3eW7KKMTdIYukINuUAs9oEfURhRF6B19oM/St3VsnVp4UWqV8p4jVIDV+AGWlbij</latexit><latexit sha1_base64="IWZwPCr4GI/SQ4ZIlPd6CeDMhKA=">AAACb3icjVHLSgMxFE3HV62vVhcuBAkWwS4sMyLowkXBjUsF+4DpWDLpnTY0mRmSjFiGfoZbv8af8DP8A9PpLJzWhQcCh3PuTXLP9WPOlLbtr5K1tr6xuVXeruzs7u0fVGuHHRUlkkKbRjySPZ8o4CyEtmaaQy+WQITPoetP7ud+9xWkYlH4rKcxeIKMQhYwSrSR3L5mfAjp2+zlclCt2007A14lTk7qKMf/yge1UqM/jGgiINSUE6Vcx461lxKpGeUwq/QTBTGhEzIC19CQCFBemg02w+dGGeIgkuaEGmfq746UCKWmwjeVguixWvbm4p+eLwovp/F4qhhVRXHeJlVQVN3sMiq9FBJK+NIAOrj1UhbGiYaQLv4fJBzrCM/Dx0MmgWo+NYRQyUwEmI6JJFSbFVVMpM5ygKukc9V07KbzdF1v3eW7KKMTdIYukINuUAs9oEfURhRF6B19oM/St3VsnVp4UWqV8p4jVIDV+AGWlbij</latexit>

a1
<latexit sha1_base64="dJ7hqDAH2NJXYueqm9E42/a3Ros=">AAACQnicbVDNSgMxGEzqX61/rR69BIugl7Irgh48FLx4rGh/oF1KNs22oUl2SbLCsvgIXvWFfAlfwZt49WB2uwe3dSAwzHyTfBk/4kwbx/mAlbX1jc2t6nZtZ3dv/6DeOOzpMFaEdknIQzXwsaacSdo1zHA6iBTFwue0789vM7//RJVmoXw0SUQ9gaeSBYxgY6UHPHbH9abTcnKgVeIWpAkKdMYNeD6ahCQWVBrCsdZD14mMl2JlGOH0uTaKNY0wmeMpHVoqsaDaS/Ndn9GpVSYoCJU90qBc/ZtIsdA6Eb6dFNjM9LKXif96vii9nEazRDOiy2IWUzooq8P8MqK8lMYE86UPmODaS5mMYkMlWewfxByZEGV9oglTlBieWIKJYrYCRGZYYWJs6zVbrrtc5SrpXbRcp+XeXzbbN0XNVXAMTsAZcMEVaIM70AFdQMAUvIBX8Abf4Sf8gt+L0QosMkegBPjzCw0psV4=</latexit><latexit sha1_base64="xUDQMTG8A5S/g5p37Qzidsf3CRo=">AAACZ3icjVHLSsNAFL2Nr1ofbRVEcDNaBN2URARduCi4caloH9CGMplO2sGZJMxMhBD6CW79Gn/ET/AvnKRZmNaFBwYO59w7M/dcL+JMadv+qlhr6xubW9Xt2s7u3n690TzoqTCWhHZJyEM58LCinAW0q5nmdBBJioXHad97vc/8/huVioXBi04i6go8DZjPCNZGesZjZ9xo2W07B1olTkFaUOB/5eNm5XI0CUksaKAJx0oNHTvSboqlZoTTeW0UKxph8oqndGhogAVVbpoPNEfnRpkgP5TmBBrl6u+OFAulEuGZSoH1TC17mfin54nSy2k0SxQjqixmbVL5ZXWYX0akm9KYYL40gPZv3ZQFUaxpQBb/92OOdIiy0NGESUo0TwzBRDITASIzLDHRZjU1E6mzHOAq6V21HbvtPF23OnfFLqpwAmdwAQ7cQAce4BG6QGAK7/ABn5Vvq24dWceLUqtS9BxCCdbpD2GBtNs=</latexit><latexit sha1_base64="xUDQMTG8A5S/g5p37Qzidsf3CRo=">AAACZ3icjVHLSsNAFL2Nr1ofbRVEcDNaBN2URARduCi4caloH9CGMplO2sGZJMxMhBD6CW79Gn/ET/AvnKRZmNaFBwYO59w7M/dcL+JMadv+qlhr6xubW9Xt2s7u3n690TzoqTCWhHZJyEM58LCinAW0q5nmdBBJioXHad97vc/8/huVioXBi04i6go8DZjPCNZGesZjZ9xo2W07B1olTkFaUOB/5eNm5XI0CUksaKAJx0oNHTvSboqlZoTTeW0UKxph8oqndGhogAVVbpoPNEfnRpkgP5TmBBrl6u+OFAulEuGZSoH1TC17mfin54nSy2k0SxQjqixmbVL5ZXWYX0akm9KYYL40gPZv3ZQFUaxpQBb/92OOdIiy0NGESUo0TwzBRDITASIzLDHRZjU1E6mzHOAq6V21HbvtPF23OnfFLqpwAmdwAQ7cQAce4BG6QGAK7/ABn5Vvq24dWceLUqtS9BxCCdbpD2GBtNs=</latexit><latexit sha1_base64="xUDQMTG8A5S/g5p37Qzidsf3CRo=">AAACZ3icjVHLSsNAFL2Nr1ofbRVEcDNaBN2URARduCi4caloH9CGMplO2sGZJMxMhBD6CW79Gn/ET/AvnKRZmNaFBwYO59w7M/dcL+JMadv+qlhr6xubW9Xt2s7u3n690TzoqTCWhHZJyEM58LCinAW0q5nmdBBJioXHad97vc/8/huVioXBi04i6go8DZjPCNZGesZjZ9xo2W07B1olTkFaUOB/5eNm5XI0CUksaKAJx0oNHTvSboqlZoTTeW0UKxph8oqndGhogAVVbpoPNEfnRpkgP5TmBBrl6u+OFAulEuGZSoH1TC17mfin54nSy2k0SxQjqixmbVL5ZXWYX0akm9KYYL40gPZv3ZQFUaxpQBb/92OOdIiy0NGESUo0TwzBRDITASIzLDHRZjU1E6mzHOAq6V21HbvtPF23OnfFLqpwAmdwAQ7cQAce4BG6QGAK7/ABn5Vvq24dWceLUqtS9BxCCdbpD2GBtNs=</latexit>

a2
<latexit sha1_base64="oizsLF+HeC4IaJJljBLekpxU8z8=">AAACQnicbVDNSgMxGEzqX61/rR69BIugl7JbBD14KHjxWNH+QLuUbJptQ5PskmSFZekjeNUX8iV8BW/i1YPZ7R5s60BgmPkm+TJ+xJk2jvMBSxubW9s75d3K3v7B4VG1dtzVYawI7ZCQh6rvY005k7RjmOG0HymKhc9pz5/dZX7vmSrNQvlkkoh6Ak8kCxjBxkqPeNQcVetOw8mB1olbkDoo0B7V4OVwHJJYUGkIx1oPXCcyXoqVYYTTeWUYaxphMsMTOrBUYkG1l+a7ztG5VcYoCJU90qBc/ZtIsdA6Eb6dFNhM9aqXif96vlh6OY2miWZEL4tZTOlgWR3klxHlpTQmmK98wAQ3XspkFBsqyWL/IObIhCjrE42ZosTwxBJMFLMVIDLFChNjW6/Yct3VKtdJt9lwnYb7cFVv3RY1l8EpOAMXwAXXoAXuQRt0AAET8AJewRt8h5/wC34vRkuwyJyAJcCfXw8FsV8=</latexit><latexit sha1_base64="KCjPQpLxYLz/XKLzPYh7QCEak50=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KTBF04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ302i3XabnPN83OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBjgrTc</latexit><latexit sha1_base64="KCjPQpLxYLz/XKLzPYh7QCEak50=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KTBF04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ302i3XabnPN83OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBjgrTc</latexit><latexit sha1_base64="KCjPQpLxYLz/XKLzPYh7QCEak50=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KTBF04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ302i3XabnPN83OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBjgrTc</latexit>

a3
<latexit sha1_base64="4TTz/Re5AwCBVo5MKxE/C2bO9bk=">AAACQnicbVDNSgMxGEzqX61/rR69BIugl7Krgh48FLx4rGh/oF1KNs22oUl2SbJCWfoIXvWFfAlfwZt49WB2uwe3dSAwzHyTfBk/4kwbx/mApbX1jc2t8nZlZ3dv/6BaO+zoMFaEtknIQ9XzsaacSdo2zHDaixTFwue060/vUr/7TJVmoXwys4h6Ao8lCxjBxkqPeHg5rNadhpMBrRI3J3WQozWswfPBKCSxoNIQjrXuu05kvAQrwwin88og1jTCZIrHtG+pxIJqL8l2naNTq4xQECp7pEGZ+jeRYKH1TPh2UmAz0cteKv7r+aLwchJNZpoRXRTTmNJBUe1nlxHlJTQmmC99wAQ3XsJkFBsqyWL/IObIhCjtE42YosTwmSWYKGYrQGSCFSbGtl6x5brLVa6SzkXDdRruw1W9eZvXXAbH4AScARdcgya4By3QBgSMwQt4BW/wHX7CL/i9GC3BPHMECoA/vxDhsWA=</latexit><latexit sha1_base64="jXJSPNzvC11PolB6s0hBzSHDnfs=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjAq6cFFw41LRPqAdSibNtKFJZkgywjD0E9z6Nf6In+BfmJnOwmldeCBwOOfeJPdcP2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSCxpdj+pNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1qu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gBlg7Td</latexit><latexit sha1_base64="jXJSPNzvC11PolB6s0hBzSHDnfs=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjAq6cFFw41LRPqAdSibNtKFJZkgywjD0E9z6Nf6In+BfmJnOwmldeCBwOOfeJPdcP2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSCxpdj+pNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1qu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gBlg7Td</latexit><latexit sha1_base64="jXJSPNzvC11PolB6s0hBzSHDnfs=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjAq6cFFw41LRPqAdSibNtKFJZkgywjD0E9z6Nf6In+BfmJnOwmldeCBwOOfeJPdcP2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSCxpdj+pNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1qu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gBlg7Td</latexit>

a4
<latexit sha1_base64="oPnN9J/eAuCbl0wnJu2LO/SGqR8=">AAACQnicbVDNSgMxGEzqX61/rR69BIugl7IrBT14KHjxWNH+QLuUbJptQ5PskmSFZekjeNUX8iV8BW/i1YPZ7R5s60BgmPkm+TJ+xJk2jvMBSxubW9s75d3K3v7B4VG1dtzVYawI7ZCQh6rvY005k7RjmOG0HymKhc9pz5/dZX7vmSrNQvlkkoh6Ak8kCxjBxkqPeNQcVetOw8mB1olbkDoo0B7V4OVwHJJYUGkIx1oPXCcyXoqVYYTTeWUYaxphMsMTOrBUYkG1l+a7ztG5VcYoCJU90qBc/ZtIsdA6Eb6dFNhM9aqXif96vlh6OY2miWZEL4tZTOlgWR3klxHlpTQmmK98wAQ3XspkFBsqyWL/IObIhCjrE42ZosTwxBJMFLMVIDLFChNjW6/Yct3VKtdJ96rhOg33oVlv3RY1l8EpOAMXwAXXoAXuQRt0AAET8AJewRt8h5/wC34vRkuwyJyAJcCfXxK9sWE=</latexit><latexit sha1_base64="jnU/VPg5EtEqTtWsSjNd/8QFJoU=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjBR04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ30blqu03Kf283OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBnhLTe</latexit><latexit sha1_base64="jnU/VPg5EtEqTtWsSjNd/8QFJoU=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjBR04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ30blqu03Kf283OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBnhLTe</latexit><latexit sha1_base64="jnU/VPg5EtEqTtWsSjNd/8QFJoU=">AAACZ3icjVHLSgMxFM2Mr1ofbRVEcBMtgm7KjBR04aLgxqWifUA7lEyaaUOTzJBkhGHoJ7j1a/wRP8G/MDOdhdO68EDgcM69Se65fsSo0o7zZdkbm1vbO5Xd6t7+wWGt3jjqqTCWmHRxyEI58JEijArS1VQzMogkQdxnpO/PHzK//0akoqF41UlEPI6mggYUI22kFzRuj+tNp+XkgOvELUgTFPhf+bhhXY8mIY45ERozpNTQdSLtpUhqihlZVEexIhHCczQlQ0MF4kR5aT7QAl4aZQKDUJojNMzV3x0p4kol3DeVHOmZWvUy8U/P56WX02iWKIpVWczapArK6jC/DEsvJTFGbGUAHdx5KRVRrInAy/8HMYM6hFnocEIlwZolhiAsqYkA4hmSCGuzmqqJ1F0NcJ30blqu03Kf283OfbGLCjgDF+AKuOAWdMAjeAJdgMEUvIMP8Gl92zX7xD5dltpW0XMMSrDPfwBnhLTe</latexit>
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accessory parameters determine local 
source of energy-momentum to build the 
boundary branched cover geometry

pi(aj)
<latexit sha1_base64="29mBkIvRSIf0qE3aTy4PXZD+lks=">AAACR3icbVBPS8MwHE3mvzn/bXr0UhzCdhmtCHrwMPDicYL7A1spaZZucUkbklQoZV/Cq34hP4Kfwpt4NO16sJsPAo/3fi/55fmCUaVt+xNWtrZ3dveq+7WDw6Pjk3rjdKCiWGLSxxGL5MhHijAakr6mmpGRkARxn5Ghv7jP/OELkYpG4ZNOBHE5moU0oBhpI42ER1vIe2579abdsXNYm8QpSBMU6HkN2J5MIxxzEmrMkFJjxxbaTZHUFDOyrE1iRQTCCzQjY0NDxIly03zhpXVplKkVRNKcUFu5+jeRIq5Uwn0zyZGeq3UvE//1fF56ORXzRFGsymIWkyooq+P8MizdlMQYsbUP6ODWTWkoYk1CvNo/iJmlIysr1ZpSSbBmiSEIS2oqsPAcSYS1qb5mynXWq9wkg6uOY3ecx+tm966ouQrOwQVoAQfcgC54AD3QBxgw8ArewDv8gF/wG/6sRiuwyJyBEirwFxSUslM=</latexit><latexit sha1_base64="iS5Yjc0js4RsANexwjrJz6o1qzk=">AAACbHicjVHLSgMxFM2Mr1pfrborQrAo7abMiKALFwU3LhXsA9phyKSZNprMhCQjDEN/wq1f42f4E36DmeksbOvCA4HDOfcmuecGglGlHefLsjc2t7Z3KrvVvf2Dw6Na/biv4kRi0sMxi+UwQIowGpGeppqRoZAE8YCRQfB6n/uDNyIVjaNnnQricTSNaEgx0kYaCp+2kP/S9mtNp+MUgOvELUkTlPhfuV+32uNJjBNOIo0ZUmrkOkJ7GZKaYkbm1XGiiED4FU3JyNAIcaK8rJhqDi+MMoFhLM2JNCzU3x0Z4kqlPDCVHOmZWvVy8U8v4EsvZ2KWKorVspi3SRUuq6PiMiy9jCQYsZUBdHjrZTQSiSYRXvw/TBjUMcyThxMqCdYsNQRhSU0EEM+QRFib/VRNpO5qgOukf9VxnY77dN3s3pW7qIAGOAct4IIb0AUP4BH0AAYMvIMP8Gl926d2wz5blNpW2XMClmBf/gCrrbbP</latexit><latexit sha1_base64="iS5Yjc0js4RsANexwjrJz6o1qzk=">AAACbHicjVHLSgMxFM2Mr1pfrborQrAo7abMiKALFwU3LhXsA9phyKSZNprMhCQjDEN/wq1f42f4E36DmeksbOvCA4HDOfcmuecGglGlHefLsjc2t7Z3KrvVvf2Dw6Na/biv4kRi0sMxi+UwQIowGpGeppqRoZAE8YCRQfB6n/uDNyIVjaNnnQricTSNaEgx0kYaCp+2kP/S9mtNp+MUgOvELUkTlPhfuV+32uNJjBNOIo0ZUmrkOkJ7GZKaYkbm1XGiiED4FU3JyNAIcaK8rJhqDi+MMoFhLM2JNCzU3x0Z4kqlPDCVHOmZWvVy8U8v4EsvZ2KWKorVspi3SRUuq6PiMiy9jCQYsZUBdHjrZTQSiSYRXvw/TBjUMcyThxMqCdYsNQRhSU0EEM+QRFib/VRNpO5qgOukf9VxnY77dN3s3pW7qIAGOAct4IIb0AUP4BH0AAYMvIMP8Gl926d2wz5blNpW2XMClmBf/gCrrbbP</latexit><latexit sha1_base64="iS5Yjc0js4RsANexwjrJz6o1qzk=">AAACbHicjVHLSgMxFM2Mr1pfrborQrAo7abMiKALFwU3LhXsA9phyKSZNprMhCQjDEN/wq1f42f4E36DmeksbOvCA4HDOfcmuecGglGlHefLsjc2t7Z3KrvVvf2Dw6Na/biv4kRi0sMxi+UwQIowGpGeppqRoZAE8YCRQfB6n/uDNyIVjaNnnQricTSNaEgx0kYaCp+2kP/S9mtNp+MUgOvELUkTlPhfuV+32uNJjBNOIo0ZUmrkOkJ7GZKaYkbm1XGiiED4FU3JyNAIcaK8rJhqDi+MMoFhLM2JNCzU3x0Z4kqlPDCVHOmZWvVy8U8v4EsvZ2KWKorVspi3SRUuq6PiMiy9jCQYsZUBdHjrZTQSiSYRXvw/TBjUMcyThxMqCdYsNQRhSU0EEM+QRFib/VRNpO5qgOukf9VxnY77dN3s3pW7qIAGOAct4IIb0AUP4BH0AAYMvIMP8Gl926d2wz5blNpW2XMClmBf/gCrrbbP</latexit>

✴ Bulk geometry:

✴ On shell action:
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✴ Rényi entropy:

local contribution to Euler character 
set by accessory parameter.

variation easier to compute 
because it localizes

(PC)



SUMMARY  &  OPEN  QUESTIONS

✴ Non-Gaussian features of non-Markovian modes… 

✴ Correlated noise systems…   

✴ Other non-perturbative saddles: 

✴ long-time behaviour of correlators 

✴ replicas and islands 

✴ Beyond general relativity….

✴ Progress in understanding real-time gravitational path integrals: 
replica contours for Renyi computations and thermal correlators.   

✴ Holography provides a useful paradigm for analyzing open quantum 
effective field theories.



Thank You! 


