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Plan:

• Introduction to Random SYK Models

• Operators in SYK models and their effects

• Coupled Majorana and complex SYK models and symmetry breaking



• A general non-relativistic Hamiltonian of  interacting particles:

Introduction to Random SYK Models

where

• In the second quantization representation it has the form (assume fermions)

where

And , eigenvalues and eigenfunctions of  

• If             are irregular and “random” we can assume that   are random 



Complex SYK model in Nuclear physics
• Two-body random interaction model 

was introduced in Nuclear Physics in 70s

[ J. French and S. Wong ‘70,
O. Bohigas and J. Flores ’71 ]

<latexit sha1_base64="t2mHS2Y7rcegRpEakLzF2aG7H2s="></latexit>

orbitals

7 identical particles
fixed total momentum

• Reproduction of  it[ J. French and S. Wong ‘70]
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p ro d u c t  s t r u c t u r e  o f th e  s p a c e  b e in g  ig n o r e d  in  
th e  r a n d o m  m a t r ix  c a lc u la t io n s ,  it is  lik e w is e  
n o t  s u r p r is in g  th a t  th e  s p e c t r u m  wh ic h  e m e r g e s  
is  a lt o g e t h e r  d iffe re n t .  

F ig .  la  g ive s  th e  r a n d o m - m a t r ix  s p e c t r u m  fo r  
a  s e t  o f 100 5 0 - d im e n s io n a l m a t r ic e s ,  th e  e n s e m -  
b le  b e in g  o n e  in  wh ic h  th e  in d iv id u a l m a t r ix  e le -  
m e n t s  H~.~ (i --< j)  a r e ,  in d e p e n d e n t ly ,  u n ifo r m ly  ~j 
d is t r ib u t e d  o v e r  th e  in t e r v a l ( -1 , 1 ) .  T h is  e n -  
s e m b le  s a t is fie s  th e  W ig n e r  c o n d it io n s  [4] fo r  a  
s e m i- c ir c u la r  s p e c t r u m  a n d ,  a s  fo u n d  in  s im ila r  
c a s e s  b y o t h e r  a u t h o r s  [2 ],  t h is  is  fo u n d  h e r e  
a ls o .  We  n o w "r e a liz e " th e  5 0 - d im e n s io n a l s p a c e  
in  t e r m s  o f th e  s t a t e s  o f s e v e r a l p a r t ic le s  c o n -  
s t r a in e d  to  a  s e t  o f s in g le - p a r t ic le  s t a t e s ,  t h e r e -  
b y in t ro d u c in g  a  d ir e c t - p r o d u c t  s t r u c t u r e .  At th e  
s a m e  t im e  we  r e s t r ic t  H to  b e  a  (0  + 1 + 2 ) -b o d y 
o p e r a t o r  a n d  to  h a ve  th e  s t a n d a r d  in v a r ia n c e s .  
Th e  r e a liz a t io n  wh ic h  we  c h o o s e  is  (f 7 /2 ,  f 5 /2 ) 
fo r  id e n t ic a l p a r t ic le s ,  wh ic h ,  fo r  7 p a r t ic le s  
(= a t o m ic f 7) with  J  = ½, h a s  d im e n s io n a lit y  50. 
T h e r e  a r e  21 t w o - p a r t ic le  m a t r ix  e le m e n t s ,  a s  
we ll a s  a  z e r o - b o d y  e n e r g y  a n d  two  o n e - b o d y  
e n e r g ie s  Cone  fo r  e a c h  j- o r b it ) ,  s o  th a t  th e  p r o p -  
e r ly  r e s t r ic t e d  H r e s id e s  in  a  s p a c e  o f 24 d im e n -  
s io n s  in s t e a d  o f th e  1275  o f th e  c o n ve n t io n a l 
t h e o ry .  F ig .  lb  s h o ws  th e  s p e c t r u m  fo r  a n  e n -  
s e m b le  o f 100  H a m ilt o n ia n s  with  in d e p e n d e n t  
two-body m a t r ix  e le m e n t s  c h o s e n  u n ifo r m ly  in  
( -1 ,  1) in t e r v a l,  th e  z e r o -  a n d  o n e - b o d y  p a r a m e t e r s  
b e in g  c h o s e n  z e r o  (a  c h o ic e  wh ic h  s h o u ld  h a ve  
n o  s ig n ific a n t  e ffe c t  o n  th e  r e s u lt s ) ;  th e  H a m il-  
ton ia n  s p a c e  is  now 2 1 -d im e n s io n a l.  We s e e  a n  
e xc e lle n t n o rm a l s p e c tru m **.  

We s hou ld  c o n s id e r wh e th e r the  s p e c tru m  
s h a p e s  a re  c h a ra c te r is t ic  fo r typ ica l m e m b e rs  

# For a  one-body H we ma y choose  a  s ingle -pa rticle  
ba s is  which diagona lizes  H, and then the  tota l energy 
is  a  s um of s ingle -pa rticle  e ne rgie s  to which, if 
P a uli principle  e ffe cts  a re  ignored, we ma y apply 
the  us ua l limit the ore m. For two-body inte ract'ions , 
things  a re  by no me a ns  we ll unders tood. It can be 
shown tha t, in s pa ce s  with a  la rge  number N of 
s ingle -pa rticle  s ta te s , the  dominant pa rt of a  given 
Hamiltonian will, with  high probability, tend, a s  the  
fe rmion numbe r incre a s e s , to a  number-dependent 
one-body H (an opera tor of lower than maximum 
s ymme try with re s pe ct to the  group U(N) of tra ns - 
forma tions  in the  s ingle -pa rticle  space), s o tha t the  
s a me  re s ult should e me rge  in this  ca s e ; but the  
re s u lts  a re  cle a rly more  genera l than tha t. 

** A s imila r a na lys is , with s imila r re s u lts ,  ha s  been 
made  for s e ts  of 500 50-dimens iona l tra ce le s s  fixed- 
s tre ngth ma trice s , in which e xtra  conditions  have  
been imposed tha t the  centroid of the  e igenva lues  be  
zero and the  tra ce  of H 2 have  a  fixed va lue . The 
re s ulta nt s pe ctra  a re  reproduced in re f. [7]. 
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Fig. i. The cumulative spectra for two 100-member sets 
of 50-dimensional matrices. (a) is for a conventional 
ensemble while (b) is for an ensemble of two-body 
operators acting in the 7-particle space f7 with 

T=J =3" 

o f th e  H a m ilt o n ia n  e n s e m b le s  o r  w h e t h e r  th e y  
e m e r g e  o n ly a ft e r  e n s e m b le  a v e r a g in g .  It  is  c o n -  
ve n ie n t  fo r  th is  p u r p o s e  to  d e fin e  fin it e - d im e n -  
s io n a l s e m i- c ir c u la r  a n d  n o r m a l s p e c t r a ,  a n d  a  
c o r r e la t io n  fu n c t io n  wh ic h  m e a s u r e s  h o w c lo s e  in  
s h a p e  (ignoring  e n e rg y tra n s la tio n s  a nd s c a le  e x- 
pa ns ions ) two s p e c tra  a re  to e a ch  o the r.  F o r the  
s p e c tra  we  u s e  a  p ro c e d u re  of Ra te liff [6]; if 
f(E ) is  the  fre q u e n c y func tion , the n  th e  (cumula tive ) 
d is trib u tio n  func tion  

E 
FC E) = / fCE')dE ' , 

wh e re  

F(~o) = d , 

th e  m a t r ix  d im e n s io n a lit y ,  is  a  m u lt i- s t e p  fu n c t io n  
with  u n it ju m p s  a t  th e  e ig e n v a lu e s .  A n a tu r a l c o r -  
r e s p o n d e n c e  th e n  with  a n y c o n t in u o u s  d is t r ib u t io n  
fu n c t io n  is  to  d e fin e  th e  e ig e n v a lu e  a s  th o s e  p o in t s  
w h e r e  th e  fu n c t io n  t a k e s  o n  h a lf- in t e g r a l v a lu e s ,  

• Energy histogram

• The main conclusion at that time – it is not the Wigner semicircle!

[S. Sachdev ’15]



How does this interaction affect free particles?

Quantum dot

[B. Altshuler, Y. Gefen, A. Kamenev, L. Levitov, ‘96
Y. Alhassid, Ph. Jacquod, A. Wobst, ’00
A. Lunkin, A. Kitaev, M. Feigel’man, ’20, …]

Random models for quantum dots

is a random quantity with zero average

• Hamiltonian of  interacting particles in quantum dot:



Non-random large N models
• There are  non-random models with the same large N limit

• Models of  these types are called tensor models

• Randomness is replaced by addition of  two “orbital” 
indices with a specific “tetrahedron” contraction:

[R. Gurau’10,
S. Carrozza, A. Tanasa’15,
E. Witten ‘16,
I. R. Klebanov, GT’16]



The Sachdev-Ye-Kitaev model
• Hamiltonian:

• N Majorana fermions:

[ S. Sachdev, J.Ye ‘93,  A.Georges, 
O. Parcollet, S. Sachdev ’01, A.Kitaev ’15 ]

• are antisymmetric Gaussian random

• The Hilbert space dimension is 2N/2

• One can compute numerically spectrum using  
Jordan-Wigner representation:



Spectrum of  the SYK model
• Energy levels for N=32 Majorana q=4 SYK model: 65536 energy levels

• is zero temperature entropys0

<latexit sha1_base64="hVjy3hZADKUIeuFri4NTYHMS2cU="></latexit>



• Most of  the random SYK-like models admit scale invariant solution in IR for the 
two-point functions at large N limit  

• This scale invariance is related to high density of  energy levels near the ground state

• To check theoretically if  such a scaling invariant solution is stable 
and find corrections to it one has to analyze spectrum of  two-particle operators 



• For the two-particle operators we consider the 3pt function
and can derive the Bethe-Salpeter equation using large N:

the Bethe-Salpeter equation reduces to

Operators in the SYK model

[D. Gross, V. Rosenhaus ’16]

• Assume that in IR 3pt function has conformal form

• This Bethe-Salpeter equation determines     and reads



[J. Maldacena, D. Stanford ’16
D. Gross, V. Rosenhaus ’16]

• Graphical solution of  this equation gives operator spectrum

• The higher scaling dimensions are 

• The first solution is            ; breaks conformal invariance. 

approaching

Operators in the SYK model

Scaling dimensions

• The Bethe-Salpeter equation:



• Next order     corrections to the Green’s function are given 
by conformal perturbation theory:

SYK as Nearly CFT
• We can think about SYK as CFT perturbed by irrelevant operators 

where       are couplings

[A. Kitaev ’15, 
J. Maldacena, D. Stanford ‘16]
[D. Gross, V. Rosenhaus’17]

Scaling dimensions



SYK two-point function
• General formula for the full SYK two-point function

• Comparison with numerics at zero temperature:

• We can detect irrational scaling exponent numerically

Scaling dimensions



• We can think about SYK as CFT perturbed by irrelevant operators 

Thermodynamics of  the SYK model

where       are couplings

[A. Kitaev ’15, 
J. Maldacena, D. Stanford ‘16]
[D. Gross, V. Rosenhaus’17]

• Free energy for the SYK model using conformal perturbation theory: 

• Computing the integrals we find

zero temperature entropyground energy
specific heat

Scaling dimensions

Schwarzian coupling



• In the complex SYK we have two sets of  operators and 

Thermodynamics of  the complex SYK model

• The free energy reads

zero temperature entropyground energy
specific heat

Scaling dimensions

Schwarzian coupling

• Perturbation by conserved U(1) charge                  is a marginal 
deformation of  the theory 

• In both SYK and complex SYK the small temperature thermodynamics
is governed by  operator



Coupled Majorana SYK models
• Consider two types of  Majorana fermions          and         with Hamiltonian: 

• is the interaction strength. Using symmetry one can show

• We assume that

• are Gaussian random, exactly as in the SYK models

• Under this assumption we find that            coincides with SYK two-point function and we 
can find anomalous dimensions of  various bilinear operators



Operator spectrum
• Hamiltonian:

• For                           the model is similar to the SYK Scaling dimensions

The operator is relevant. 
If  we perturbed by it
the spectrum will be gapped         [J. Maldacena, X. Qi’18]

• For
the operator
has complex anomalous 
dimension and acquires a vev
The Z2 symmetry 
is spontaneously broken



• For coupling we find symmetric Hamiltonian  

• The Hamiltonian has symmetry 

Coupled complex SYK models
• Hamiltonian of  the coupled complex SYK models

• Random couplings 

[see also S.Sahoo, E. Lantagne-Hurtubise, S. Plugge, M. Franz ’20
E. Lantagne-Hurtubise, S. Sahoo, M. Franz, 20]



Operator spectrum

• Hamiltonian:

Scaling dimensions
• For                      the model is similar to the cSYK

The operators          and         are relevant. 
If  we perturbed the Hamiltonian by them
the spectrum will be gapped         

• For and 
the operators          and  
have complex anomalous 
dimension and acquire vev
The U(1) symmetry is spontaneously broken

• For there is a U(2) global symmetry
and all quadratic operators are marginal 



[J. Maldacena, D. Stanford, Z. Yang ’16,
A. Milekhin ‘21]

Operator spectrum

Scaling dimensions

• Hamiltonian:

• For there is an operator 

with the scaling dimension 

• This operator is not generated in the effective action, 
but we can add it. In the Hamiltonian formalism this corresponds
to changing commutation relations between fermions 

[A. Milekhin ‘21]

• In this case the low-energy effective action is not Schwarzian, but



Conclusions

• There is a variety of  random models with similar large N physics, 
described by conformal solution

• The operator spectrum of  such models can be very different

• In some models the operator spectrum implies instability of  the conformal solution
and spontaneous symmetry breaking

• In some models there exists an operator with scaling dimension 1 < h < 3/2
which leads to the non-local IR effective action instead of  the Schwarzian action



Thank you for your attention!


