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WHY BATTERIES?



Jeff Murugan (UCT)

Quantum batteries 101
 A quantum battery is a d-dimensional quantum system with non-

degenerate energy levels from which energy can be reversibly 
extracted, or deposited into, by cyclic unitary operations. 

[Alicki-Fannes ’13, Binder et.al. ’15]

 A d-level battery:

H0 =
dX

j=1

"j |jihj|
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 Energy is extracted 
through the quench 
protocol
H(t) = H0 + V (t)
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 The system evolves 
according to the von 
Neumann equation
⇢̇(t) = �i[H(t), ⇢(t)]
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 A solution of the von Neumann equation is given by      
with  

⇢(t) = U(t)⇢U †(t)
<latexit sha1_base64="tPW9dKzy52CyCsgHs0QD3pEU+Ho=">AAACCnicdVDLSsNAFJ34rPUVdelmtAh1E5Iq2C6EohuXFUxbaGKZTCbp0MmDmYlQQtdu/BU3LhRx6xe482+ctBV8HhjmzDn3cuceL2VUSNN81+bmFxaXlksr5dW19Y1NfWu7LZKMY2LjhCW86yFBGI2JLalkpJtygiKPkY43PC/8zg3hgibxlRylxI1QGNOAYiSV1Nf3HD5IqvIQnkJbXcUL2te546MwJHyspL5eMY1ao24eNeBvYhnmBBUwQ6uvvzl+grOIxBIzJETPMlPp5ohLihkZl51MkBThIQpJT9EYRUS4+WSVMTxQig+DhKsTSzhRv3bkKBJiFHmqMkJyIH56hfiX18tkUHdzGqeZJDGeDgoyBmUCi1ygTznBko0UQZhT9VeIB4gjLFV6ZRXC56bwf9KuGZZpWJfHlebZLI4S2AX7oAoscAKa4AK0gA0wuAX34BE8aXfag/asvUxL57RZzw74Bu31AyHYmU4=</latexit><latexit sha1_base64="tPW9dKzy52CyCsgHs0QD3pEU+Ho=">AAACCnicdVDLSsNAFJ34rPUVdelmtAh1E5Iq2C6EohuXFUxbaGKZTCbp0MmDmYlQQtdu/BU3LhRx6xe482+ctBV8HhjmzDn3cuceL2VUSNN81+bmFxaXlksr5dW19Y1NfWu7LZKMY2LjhCW86yFBGI2JLalkpJtygiKPkY43PC/8zg3hgibxlRylxI1QGNOAYiSV1Nf3HD5IqvIQnkJbXcUL2te546MwJHyspL5eMY1ao24eNeBvYhnmBBUwQ6uvvzl+grOIxBIzJETPMlPp5ohLihkZl51MkBThIQpJT9EYRUS4+WSVMTxQig+DhKsTSzhRv3bkKBJiFHmqMkJyIH56hfiX18tkUHdzGqeZJDGeDgoyBmUCi1ygTznBko0UQZhT9VeIB4gjLFV6ZRXC56bwf9KuGZZpWJfHlebZLI4S2AX7oAoscAKa4AK0gA0wuAX34BE8aXfag/asvUxL57RZzw74Bu31AyHYmU4=</latexit><latexit sha1_base64="tPW9dKzy52CyCsgHs0QD3pEU+Ho=">AAACCnicdVDLSsNAFJ34rPUVdelmtAh1E5Iq2C6EohuXFUxbaGKZTCbp0MmDmYlQQtdu/BU3LhRx6xe482+ctBV8HhjmzDn3cuceL2VUSNN81+bmFxaXlksr5dW19Y1NfWu7LZKMY2LjhCW86yFBGI2JLalkpJtygiKPkY43PC/8zg3hgibxlRylxI1QGNOAYiSV1Nf3HD5IqvIQnkJbXcUL2te546MwJHyspL5eMY1ao24eNeBvYhnmBBUwQ6uvvzl+grOIxBIzJETPMlPp5ohLihkZl51MkBThIQpJT9EYRUS4+WSVMTxQig+DhKsTSzhRv3bkKBJiFHmqMkJyIH56hfiX18tkUHdzGqeZJDGeDgoyBmUCi1ygTznBko0UQZhT9VeIB4gjLFV6ZRXC56bwf9KuGZZpWJfHlebZLI4S2AX7oAoscAKa4AK0gA0wuAX34BE8aXfag/asvUxL57RZzw74Bu31AyHYmU4=</latexit><latexit sha1_base64="tPW9dKzy52CyCsgHs0QD3pEU+Ho=">AAACCnicdVDLSsNAFJ34rPUVdelmtAh1E5Iq2C6EohuXFUxbaGKZTCbp0MmDmYlQQtdu/BU3LhRx6xe482+ctBV8HhjmzDn3cuceL2VUSNN81+bmFxaXlksr5dW19Y1NfWu7LZKMY2LjhCW86yFBGI2JLalkpJtygiKPkY43PC/8zg3hgibxlRylxI1QGNOAYiSV1Nf3HD5IqvIQnkJbXcUL2te546MwJHyspL5eMY1ao24eNeBvYhnmBBUwQ6uvvzl+grOIxBIzJETPMlPp5ohLihkZl51MkBThIQpJT9EYRUS4+WSVMTxQig+DhKsTSzhRv3bkKBJiFHmqMkJyIH56hfiX18tkUHdzGqeZJDGeDgoyBmUCi1ygTznBko0UQZhT9VeIB4gjLFV6ZRXC56bwf9KuGZZpWJfHlebZLI4S2AX7oAoscAKa4AK0gA0wuAX34BE8aXfag/asvUxL57RZzw74Bu31AyHYmU4=</latexit><latexit sha1_base64="th+veknOpSBuLPbuosjdPaPCmWY=">AAACCnicbVDLSgMxFM3UV62vUZduokWomzJTC+0shKIblxWcttCOJZNmpqGZB0lGKEPXbvwVNy4UcesXuPNvTKeD+DoQ7sk595Lc48aMCmkYH1phaXllda24XtrY3Nre0Xf3OiJKOCY2jljEey4ShNGQ2JJKRnoxJyhwGem6k4u5370lXNAovJbTmDgB8kPqUYykkob64YCPo4o8gWfQVmV+g/ZNOhgh3yd8pqShXjaqNatpnFrwLzGrRoYyyNEe6u+DUYSTgIQSMyRE3zRi6aSIS4oZmZUGiSAxwhPkk76iIQqIcNJslRk8VsoIehFXJ5QwU79PpCgQYhq4qjNAcix+e3PxP6+fSK/ppDSME0lCvHjISxiUEZznAkeUEyzZVBGEOVV/hXiMOMJSpVfKQrAywAVp1HNimV8hdGpV06iaV/Vy6zyPowgOwBGoABM0QAtcgjawAQZ34AE8gWftXnvUXrTXRWtBy2f2wQ9ob59fzpne</latexit><latexit sha1_base64="th+veknOpSBuLPbuosjdPaPCmWY=">AAACCnicbVDLSgMxFM3UV62vUZduokWomzJTC+0shKIblxWcttCOJZNmpqGZB0lGKEPXbvwVNy4UcesXuPNvTKeD+DoQ7sk595Lc48aMCmkYH1phaXllda24XtrY3Nre0Xf3OiJKOCY2jljEey4ShNGQ2JJKRnoxJyhwGem6k4u5370lXNAovJbTmDgB8kPqUYykkob64YCPo4o8gWfQVmV+g/ZNOhgh3yd8pqShXjaqNatpnFrwLzGrRoYyyNEe6u+DUYSTgIQSMyRE3zRi6aSIS4oZmZUGiSAxwhPkk76iIQqIcNJslRk8VsoIehFXJ5QwU79PpCgQYhq4qjNAcix+e3PxP6+fSK/ppDSME0lCvHjISxiUEZznAkeUEyzZVBGEOVV/hXiMOMJSpVfKQrAywAVp1HNimV8hdGpV06iaV/Vy6zyPowgOwBGoABM0QAtcgjawAQZ34AE8gWftXnvUXrTXRWtBy2f2wQ9ob59fzpne</latexit>

U(t) = T exp

✓
�i

Z s

0
dsH(s)

◆

<latexit sha1_base64="hi0OoVthNuMN9MhGnRf8rfdbIfM="></latexit><latexit sha1_base64="hi0OoVthNuMN9MhGnRf8rfdbIfM="></latexit><latexit sha1_base64="hi0OoVthNuMN9MhGnRf8rfdbIfM="></latexit><latexit sha1_base64="hi0OoVthNuMN9MhGnRf8rfdbIfM="></latexit><latexit sha1_base64="sJIGvle5dIQ7NZq2x3jAsc3c5xw="></latexit><latexit sha1_base64="sJIGvle5dIQ7NZq2x3jAsc3c5xw="></latexit>

 The work extracted after time   is     ⌧
<latexit sha1_base64="XieRT6BL9Km/iSievyk5zrbeCeI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51Dc4HZQrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKe4jqU=</latexit><latexit sha1_base64="XieRT6BL9Km/iSievyk5zrbeCeI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51Dc4HZQrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKe4jqU=</latexit><latexit sha1_base64="XieRT6BL9Km/iSievyk5zrbeCeI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51Dc4HZQrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKe4jqU=</latexit><latexit sha1_base64="XieRT6BL9Km/iSievyk5zrbeCeI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51Dc4HZQrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKe4jqU=</latexit><latexit sha1_base64="CGtxc70CYQ3p3PHj5l1CXL4o6cY=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFchaQW2uyKblxWsA9oQ5lMp+3QmUmYmQgl9BfcuFDErT/kzr8xSYP4OnDhcM693HtPEHGmjeN8WGvrG5tb26Wd8u7e/sFh5ei4q8NYEdohIQ9VP8CaciZpxzDDaT9SFIuA014wv8783j1VmoXyziwi6gs8lWzCCDaZNDQ4HlWqjl3zms6lh/4S13ZyVKFAe1R5H45DEgsqDeFY64HrRMZPsDKMcLosD2NNI0zmeEoHKZVYUO0n+a1LdJ4qYzQJVVrSoFz9PpFgofVCBGmnwGamf3uZ+J83iM2k6SdMRrGhkqwWTWKOTIiyx9GYKUoMX6QEE8XSWxGZYYWJSeMp5yF4OdCKNOoF8dyvELo123Vs97ZebV0VcZTgFM7gAlxoQAtuoA0dIDCDB3iCZ0tYj9aL9bpqXbOKmRP4AevtE+WujzU=</latexit><latexit sha1_base64="CGtxc70CYQ3p3PHj5l1CXL4o6cY=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFchaQW2uyKblxWsA9oQ5lMp+3QmUmYmQgl9BfcuFDErT/kzr8xSYP4OnDhcM693HtPEHGmjeN8WGvrG5tb26Wd8u7e/sFh5ei4q8NYEdohIQ9VP8CaciZpxzDDaT9SFIuA014wv8783j1VmoXyziwi6gs8lWzCCDaZNDQ4HlWqjl3zms6lh/4S13ZyVKFAe1R5H45DEgsqDeFY64HrRMZPsDKMcLosD2NNI0zmeEoHKZVYUO0n+a1LdJ4qYzQJVVrSoFz9PpFgofVCBGmnwGamf3uZ+J83iM2k6SdMRrGhkqwWTWKOTIiyx9GYKUoMX6QEE8XSWxGZYYWJSeMp5yF4OdCKNOoF8dyvELo123Vs97ZebV0VcZTgFM7gAlxoQAtuoA0dIDCDB3iCZ0tYj9aL9bpqXbOKmRP4AevtE+WujzU=</latexit> W (⌧) = Tr (⇢H0)� Tr (⇢(⌧)H0)

<latexit sha1_base64="cJWglQRxxF07YVNgCo+TbB8pol0="></latexit><latexit sha1_base64="cJWglQRxxF07YVNgCo+TbB8pol0="></latexit><latexit sha1_base64="cJWglQRxxF07YVNgCo+TbB8pol0="></latexit><latexit sha1_base64="cJWglQRxxF07YVNgCo+TbB8pol0="></latexit><latexit sha1_base64="vU7L+XbZgMrMtjAWPsUq/zAPp+g="></latexit><latexit sha1_base64="vU7L+XbZgMrMtjAWPsUq/zAPp+g="></latexit>

 Ergotropy is the maximum amount of extractable work optimized over all 
unitary operations 



Jeff Murugan (UCT)

Some properties of batteries
[Alicki-Fannes ’13, Binder et.al. ’15]

 A passive state  is on from 
which no more work can be 
extracted.

      is a passive state iff�
<latexit sha1_base64="FcUnm1Mizm7mI4FPJ1opdQqsUQo=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILevEYwcRAMoSeTk/Sppehu0cIIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpxypmxQfDu5ZaWV1bX8uuFjc2t7Z3i7l7TqEwT2iCKK92KsaGcSdqwzHLaSjXFIub0Jh5eTP2bO6oNU/LajlIaCdyXLGEEWyc1O4b1Be4WS4FfrlaCkyr6TUI/mKEEC9S7xbdOT5FMUGkJx8a0wyC10Rhrywink0InMzTFZIj7tO2oxIKaaDy7doKOnNJDidKupEUz9evEGAtjRiJ2nQLbgfnpTcW/vHZmk0o0ZjLNLJVkvijJOLIKTV9HPaYpsXzkCCaauVsRGWCNiXUBFVwIn5+i/0mz7IeBH16dlmrnizjycACHcAwhnEENLqEODSBwC/fwCE+e8h68Z+9l3przFjP78A3e6wci+Y+A</latexit><latexit sha1_base64="FcUnm1Mizm7mI4FPJ1opdQqsUQo=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILevEYwcRAMoSeTk/Sppehu0cIIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpxypmxQfDu5ZaWV1bX8uuFjc2t7Z3i7l7TqEwT2iCKK92KsaGcSdqwzHLaSjXFIub0Jh5eTP2bO6oNU/LajlIaCdyXLGEEWyc1O4b1Be4WS4FfrlaCkyr6TUI/mKEEC9S7xbdOT5FMUGkJx8a0wyC10Rhrywink0InMzTFZIj7tO2oxIKaaDy7doKOnNJDidKupEUz9evEGAtjRiJ2nQLbgfnpTcW/vHZmk0o0ZjLNLJVkvijJOLIKTV9HPaYpsXzkCCaauVsRGWCNiXUBFVwIn5+i/0mz7IeBH16dlmrnizjycACHcAwhnEENLqEODSBwC/fwCE+e8h68Z+9l3przFjP78A3e6wci+Y+A</latexit><latexit sha1_base64="FcUnm1Mizm7mI4FPJ1opdQqsUQo=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILevEYwcRAMoSeTk/Sppehu0cIIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpxypmxQfDu5ZaWV1bX8uuFjc2t7Z3i7l7TqEwT2iCKK92KsaGcSdqwzHLaSjXFIub0Jh5eTP2bO6oNU/LajlIaCdyXLGEEWyc1O4b1Be4WS4FfrlaCkyr6TUI/mKEEC9S7xbdOT5FMUGkJx8a0wyC10Rhrywink0InMzTFZIj7tO2oxIKaaDy7doKOnNJDidKupEUz9evEGAtjRiJ2nQLbgfnpTcW/vHZmk0o0ZjLNLJVkvijJOLIKTV9HPaYpsXzkCCaauVsRGWCNiXUBFVwIn5+i/0mz7IeBH16dlmrnizjycACHcAwhnEENLqEODSBwC/fwCE+e8h68Z+9l3przFjP78A3e6wci+Y+A</latexit><latexit sha1_base64="FcUnm1Mizm7mI4FPJ1opdQqsUQo=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILevEYwcRAMoSeTk/Sppehu0cIIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpxypmxQfDu5ZaWV1bX8uuFjc2t7Z3i7l7TqEwT2iCKK92KsaGcSdqwzHLaSjXFIub0Jh5eTP2bO6oNU/LajlIaCdyXLGEEWyc1O4b1Be4WS4FfrlaCkyr6TUI/mKEEC9S7xbdOT5FMUGkJx8a0wyC10Rhrywink0InMzTFZIj7tO2oxIKaaDy7doKOnNJDidKupEUz9evEGAtjRiJ2nQLbgfnpTcW/vHZmk0o0ZjLNLJVkvijJOLIKTV9HPaYpsXzkCCaauVsRGWCNiXUBFVwIn5+i/0mz7IeBH16dlmrnizjycACHcAwhnEENLqEODSBwC/fwCE+e8h68Z+9l3przFjP78A3e6wci+Y+A</latexit><latexit sha1_base64="J9zzhabsnVmfN5HBJB5yliVAVaQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunFZwT6gDWUynbZj5xFmJkIJ/Qc3LhRx6/+482+cpkF8HbhwOOde7r0nihnVxvM+nMLa+sbmVnG7tLO7t39QPjzqaJkoTNpYMql6EdKEUUHahhpGerEiiEeMdKPZ1dLv3hOlqRS3Zh6TkKOJoGOKkbFSZ6DphKNhueK51aDhXQTwL/FdL0MF5GgNy++DkcQJJ8JghrTu+15swhQpQzEji9Ig0SRGeIYmpG+pQJzoMM2uXcAzq4zgWCpbwsBM/T6RIq71nEe2kyMz1b+9pfif10/MuBGmVMSJIQKvFo0TBo2Ey9fhiCqCDZtbgrCi9laIp0ghbGxApSyEIANckXotJ4H/FUKn6vqe69/UKs3LPI4iOAGn4Bz4oA6a4Bq0QBtgcAcewBN4dqTz6Lw4r6vWgpPPHIMfcN4+AWDvkBA=</latexit><latexit sha1_base64="J9zzhabsnVmfN5HBJB5yliVAVaQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunFZwT6gDWUynbZj5xFmJkIJ/Qc3LhRx6/+482+cpkF8HbhwOOde7r0nihnVxvM+nMLa+sbmVnG7tLO7t39QPjzqaJkoTNpYMql6EdKEUUHahhpGerEiiEeMdKPZ1dLv3hOlqRS3Zh6TkKOJoGOKkbFSZ6DphKNhueK51aDhXQTwL/FdL0MF5GgNy++DkcQJJ8JghrTu+15swhQpQzEji9Ig0SRGeIYmpG+pQJzoMM2uXcAzq4zgWCpbwsBM/T6RIq71nEe2kyMz1b+9pfif10/MuBGmVMSJIQKvFo0TBo2Ey9fhiCqCDZtbgrCi9laIp0ghbGxApSyEIANckXotJ4H/FUKn6vqe69/UKs3LPI4iOAGn4Bz4oA6a4Bq0QBtgcAcewBN4dqTz6Lw4r6vWgpPPHIMfcN4+AWDvkBA=</latexit>

Tr (�H0)  Tr
�
U�U

†
H0

�
<latexit sha1_base64="ILQ+IdX6iSnnPFGXcTFFJqMu96I="></latexit><latexit sha1_base64="ILQ+IdX6iSnnPFGXcTFFJqMu96I="></latexit><latexit sha1_base64="ILQ+IdX6iSnnPFGXcTFFJqMu96I="></latexit><latexit sha1_base64="ILQ+IdX6iSnnPFGXcTFFJqMu96I="></latexit><latexit sha1_base64="Nx55j1Hi+k9Jz9yOSq48BAwedyY="></latexit><latexit sha1_base64="Nx55j1Hi+k9Jz9yOSq48BAwedyY="></latexit>

for all unitaries.

 Any state    possesses a unique 
passive state for which 
Wmax = Tr (⇢H0)� Tr (�⇢H0)

<latexit sha1_base64="VnCAStNqSWn4MmcNKOKbRy840R4="></latexit><latexit sha1_base64="VnCAStNqSWn4MmcNKOKbRy840R4="></latexit><latexit sha1_base64="VnCAStNqSWn4MmcNKOKbRy840R4="></latexit><latexit sha1_base64="VnCAStNqSWn4MmcNKOKbRy840R4="></latexit><latexit sha1_base64="mAbHUpl2pDMwU7xk1chvsbilJrY="></latexit><latexit sha1_base64="mAbHUpl2pDMwU7xk1chvsbilJrY="></latexit>

⇢
<latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit>

and obtained by a unitary 
operation that rearranges the 
eigenvalues of    in non-increasing 
order.

⇢
<latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit>

 Ergotropy is bounded, since 
Wmax  tr (⇢H0)� tr

�
!�̄H0

�
<latexit sha1_base64="gLPTJ5p90tF1TldEvWygTTZc86o="></latexit><latexit sha1_base64="gLPTJ5p90tF1TldEvWygTTZc86o="></latexit><latexit sha1_base64="gLPTJ5p90tF1TldEvWygTTZc86o="></latexit><latexit sha1_base64="gLPTJ5p90tF1TldEvWygTTZc86o="></latexit><latexit sha1_base64="tTPAiPYJfq3tlfYThdmuFABMLoQ="></latexit><latexit sha1_base64="tTPAiPYJfq3tlfYThdmuFABMLoQ="></latexit>

where                                         is a canonical Gibbs state.!� = exp (��H0) /Z
<latexit sha1_base64="GsvkRr6OhKsSW3K68sP459/q/UA="></latexit><latexit sha1_base64="GsvkRr6OhKsSW3K68sP459/q/UA="></latexit><latexit sha1_base64="GsvkRr6OhKsSW3K68sP459/q/UA="></latexit><latexit sha1_base64="GsvkRr6OhKsSW3K68sP459/q/UA="></latexit><latexit sha1_base64="saqK2h8Z9aewhNDzEuZH6OTNlCw="></latexit><latexit sha1_base64="saqK2h8Z9aewhNDzEuZH6OTNlCw="></latexit>

      must be dialled so that the von Neumann entropy
S(⇢) = �tr (⇢ ln ⇢) = S(!�̄)

<latexit sha1_base64="vMzgB8RZs6RuszcwII0wl/iYp7c="></latexit><latexit sha1_base64="vMzgB8RZs6RuszcwII0wl/iYp7c="></latexit><latexit sha1_base64="vMzgB8RZs6RuszcwII0wl/iYp7c="></latexit><latexit sha1_base64="vMzgB8RZs6RuszcwII0wl/iYp7c="></latexit><latexit sha1_base64="V0/XqJP9Fubht1dzU9S7uJ7Q7DQ="></latexit><latexit sha1_base64="V0/XqJP9Fubht1dzU9S7uJ7Q7DQ="></latexit>

�̄
<latexit sha1_base64="IdShpDiax9+4cKXiuHFDx6Bn/6o=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmaiYHILevEYwSyQGUJPpydp0tM9dNcIYchnePGgiFe/xpt/Y2cRXB8UPN6roqpelApuwPPencLK6tr6RnGztLW9s7tX3j9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtH4auZ37pg2XMlbmKQsTMhQ8phTAlbqBRHReRAxINN+ueK51XrNO6vj38R3vTkqaIlmv/wWDBTNEiaBCmJMz/dSCHOigVPBpqUgMywldEyGrGepJAkzYT4/eYpPrDLAsdK2JOC5+nUiJ4kxkySynQmBkfnpzcS/vF4GcS3MuUwzYJIuFsWZwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF8for/J+2q63uuf3NeaVwu4yiiI3SMTpGPLlADXaMmaiGKFLpHj+jJAefBeXZeFq0FZzlziL7Bef0AEg+Rxg==</latexit><latexit sha1_base64="IdShpDiax9+4cKXiuHFDx6Bn/6o=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmaiYHILevEYwSyQGUJPpydp0tM9dNcIYchnePGgiFe/xpt/Y2cRXB8UPN6roqpelApuwPPencLK6tr6RnGztLW9s7tX3j9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtH4auZ37pg2XMlbmKQsTMhQ8phTAlbqBRHReRAxINN+ueK51XrNO6vj38R3vTkqaIlmv/wWDBTNEiaBCmJMz/dSCHOigVPBpqUgMywldEyGrGepJAkzYT4/eYpPrDLAsdK2JOC5+nUiJ4kxkySynQmBkfnpzcS/vF4GcS3MuUwzYJIuFsWZwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF8for/J+2q63uuf3NeaVwu4yiiI3SMTpGPLlADXaMmaiGKFLpHj+jJAefBeXZeFq0FZzlziL7Bef0AEg+Rxg==</latexit><latexit sha1_base64="IdShpDiax9+4cKXiuHFDx6Bn/6o=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmaiYHILevEYwSyQGUJPpydp0tM9dNcIYchnePGgiFe/xpt/Y2cRXB8UPN6roqpelApuwPPencLK6tr6RnGztLW9s7tX3j9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtH4auZ37pg2XMlbmKQsTMhQ8phTAlbqBRHReRAxINN+ueK51XrNO6vj38R3vTkqaIlmv/wWDBTNEiaBCmJMz/dSCHOigVPBpqUgMywldEyGrGepJAkzYT4/eYpPrDLAsdK2JOC5+nUiJ4kxkySynQmBkfnpzcS/vF4GcS3MuUwzYJIuFsWZwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF8for/J+2q63uuf3NeaVwu4yiiI3SMTpGPLlADXaMmaiGKFLpHj+jJAefBeXZeFq0FZzlziL7Bef0AEg+Rxg==</latexit><latexit sha1_base64="IdShpDiax9+4cKXiuHFDx6Bn/6o=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmaiYHILevEYwSyQGUJPpydp0tM9dNcIYchnePGgiFe/xpt/Y2cRXB8UPN6roqpelApuwPPencLK6tr6RnGztLW9s7tX3j9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtH4auZ37pg2XMlbmKQsTMhQ8phTAlbqBRHReRAxINN+ueK51XrNO6vj38R3vTkqaIlmv/wWDBTNEiaBCmJMz/dSCHOigVPBpqUgMywldEyGrGepJAkzYT4/eYpPrDLAsdK2JOC5+nUiJ4kxkySynQmBkfnpzcS/vF4GcS3MuUwzYJIuFsWZwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF8for/J+2q63uuf3NeaVwu4yiiI3SMTpGPLlADXaMmaiGKFLpHj+jJAefBeXZeFq0FZzlziL7Bef0AEg+Rxg==</latexit><latexit sha1_base64="v2htGhvUOxbqHZk9nnCfeyFYi5A=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2AckoUymk3boZBJmboQS+hluXCji1q9x59+YpkF8HbhwOOde7r0nSATXYFkfxtr6xubWdmWnuru3f3BYOzru6zhVlPVoLGI1DIhmgkvWAw6CDRPFSBQINghm10t/cM+U5rG8g3nC/IhMJA85JZBLrhcQlXkBA7IY1eqW2XDa1qWD/xLbtArUUYnuqPbujWOaRkwCFURr17YS8DOigFPBFlUv1SwhdEYmzM2pJBHTflacvMDnuTLGYazykoAL9ftERiKt51GQd0YEpvq3txT/89wUwrafcZmkwCRdLQpTgSHGy//xmCtGQcxzQqji+a2YTokiFPKUqkUITgG8Iq1mSRz7K4R+w7Qt075t1jtXZRwVdIrO0AWyUQt10A3qoh6iKEYP6Ak9G2A8Gi/G66p1zShnTtAPGG+fUAWSVg==</latexit><latexit sha1_base64="v2htGhvUOxbqHZk9nnCfeyFYi5A=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2AckoUymk3boZBJmboQS+hluXCji1q9x59+YpkF8HbhwOOde7r0nSATXYFkfxtr6xubWdmWnuru3f3BYOzru6zhVlPVoLGI1DIhmgkvWAw6CDRPFSBQINghm10t/cM+U5rG8g3nC/IhMJA85JZBLrhcQlXkBA7IY1eqW2XDa1qWD/xLbtArUUYnuqPbujWOaRkwCFURr17YS8DOigFPBFlUv1SwhdEYmzM2pJBHTflacvMDnuTLGYazykoAL9ftERiKt51GQd0YEpvq3txT/89wUwrafcZmkwCRdLQpTgSHGy//xmCtGQcxzQqji+a2YTokiFPKUqkUITgG8Iq1mSRz7K4R+w7Qt075t1jtXZRwVdIrO0AWyUQt10A3qoh6iKEYP6Ak9G2A8Gi/G66p1zShnTtAPGG+fUAWSVg==</latexit>

 All thermal states are passive 
and, for d=2, all passive states are 
thermal.
 The product of passive states 

is not necessarily a passive state
 A completely passive state 

satisfies ⌦n�⇢ = �⌦n⇢
<latexit sha1_base64="YsxBP904mlBVn8jyHSGaEXKqLAY=">AAACHHicdVDLSgMxFM3UV62vqks3wSK4GmZawXYhFN24rGBboVOHTJppQzPJkGSEMsyHuPFX3LhQxI0Lwb8xfSj1dSBw7jn3cnNPEDOqtOO8W7mFxaXllfxqYW19Y3OruL3TUiKRmDSxYEJeBUgRRjlpaqoZuYolQVHASDsYno399g2Rigp+qUcx6Uaoz2lIMdJG8osVT2gaEXWd8sxTtB8hP/XkQGTwBH7Vcy1jyy+WHLtcqzqVGvxNXNuZoARmaPjFV68ncBIRrjFDSnVcJ9bdFElNMSNZwUsUiREeoj7pGMqR2dZNJ8dl8MAoPRgKaR7XcKLOT6QoUmoUBaYzQnqgfnpj8S+vk+iw2k0pjxNNOJ4uChMGtYDjpGCPSoI1GxmCsKTmrxAPkERYmzwLJoTPS+H/pFW2Xcd2L45K9dNZHHmwB/bBIXDBMaiDc9AATYDBLbgHj+DJurMerGfrZdqas2Yzu+AbrLcP0iijtw==</latexit><latexit sha1_base64="YsxBP904mlBVn8jyHSGaEXKqLAY=">AAACHHicdVDLSgMxFM3UV62vqks3wSK4GmZawXYhFN24rGBboVOHTJppQzPJkGSEMsyHuPFX3LhQxI0Lwb8xfSj1dSBw7jn3cnNPEDOqtOO8W7mFxaXllfxqYW19Y3OruL3TUiKRmDSxYEJeBUgRRjlpaqoZuYolQVHASDsYno399g2Rigp+qUcx6Uaoz2lIMdJG8osVT2gaEXWd8sxTtB8hP/XkQGTwBH7Vcy1jyy+WHLtcqzqVGvxNXNuZoARmaPjFV68ncBIRrjFDSnVcJ9bdFElNMSNZwUsUiREeoj7pGMqR2dZNJ8dl8MAoPRgKaR7XcKLOT6QoUmoUBaYzQnqgfnpj8S+vk+iw2k0pjxNNOJ4uChMGtYDjpGCPSoI1GxmCsKTmrxAPkERYmzwLJoTPS+H/pFW2Xcd2L45K9dNZHHmwB/bBIXDBMaiDc9AATYDBLbgHj+DJurMerGfrZdqas2Yzu+AbrLcP0iijtw==</latexit><latexit sha1_base64="YsxBP904mlBVn8jyHSGaEXKqLAY=">AAACHHicdVDLSgMxFM3UV62vqks3wSK4GmZawXYhFN24rGBboVOHTJppQzPJkGSEMsyHuPFX3LhQxI0Lwb8xfSj1dSBw7jn3cnNPEDOqtOO8W7mFxaXllfxqYW19Y3OruL3TUiKRmDSxYEJeBUgRRjlpaqoZuYolQVHASDsYno399g2Rigp+qUcx6Uaoz2lIMdJG8osVT2gaEXWd8sxTtB8hP/XkQGTwBH7Vcy1jyy+WHLtcqzqVGvxNXNuZoARmaPjFV68ncBIRrjFDSnVcJ9bdFElNMSNZwUsUiREeoj7pGMqR2dZNJ8dl8MAoPRgKaR7XcKLOT6QoUmoUBaYzQnqgfnpj8S+vk+iw2k0pjxNNOJ4uChMGtYDjpGCPSoI1GxmCsKTmrxAPkERYmzwLJoTPS+H/pFW2Xcd2L45K9dNZHHmwB/bBIXDBMaiDc9AATYDBLbgHj+DJurMerGfrZdqas2Yzu+AbrLcP0iijtw==</latexit><latexit sha1_base64="YsxBP904mlBVn8jyHSGaEXKqLAY=">AAACHHicdVDLSgMxFM3UV62vqks3wSK4GmZawXYhFN24rGBboVOHTJppQzPJkGSEMsyHuPFX3LhQxI0Lwb8xfSj1dSBw7jn3cnNPEDOqtOO8W7mFxaXllfxqYW19Y3OruL3TUiKRmDSxYEJeBUgRRjlpaqoZuYolQVHASDsYno399g2Rigp+qUcx6Uaoz2lIMdJG8osVT2gaEXWd8sxTtB8hP/XkQGTwBH7Vcy1jyy+WHLtcqzqVGvxNXNuZoARmaPjFV68ncBIRrjFDSnVcJ9bdFElNMSNZwUsUiREeoj7pGMqR2dZNJ8dl8MAoPRgKaR7XcKLOT6QoUmoUBaYzQnqgfnpj8S+vk+iw2k0pjxNNOJ4uChMGtYDjpGCPSoI1GxmCsKTmrxAPkERYmzwLJoTPS+H/pFW2Xcd2L45K9dNZHHmwB/bBIXDBMaiDc9AATYDBLbgHj+DJurMerGfrZdqas2Yzu+AbrLcP0iijtw==</latexit><latexit sha1_base64="8VZqyYInzzyArMfWqEB9EKRRMs4=">AAACHHicbVBLSwMxGMzWV62vqkcvwSJ4Krttoe1BKHrxWME+oFtLNk3b0GyyJFmhLP0hXvwrXjwo4sWD4L8xu11KfQwEJjPz8SXjBYwqbdtfVmZtfWNzK7ud29nd2z/IHx61lQglJi0smJBdDynCKCctTTUj3UAS5HuMdLzpVex37olUVPBbPQtI30djTkcUI22kQb7sCk19ou4iPncVHftoELlyIubwAi7vK5HYGuQLdrFUr9nlOvxLnKKdoABSNAf5D3cocOgTrjFDSvUcO9D9CElNMSPznBsqEiA8RWPSM5Qjs60fJZ+bwzOjDOFISHO4hom6OhEhX6mZ75mkj/RE/fZi8T+vF+pRrR9RHoSacLxYNAoZ1ALGTcEhlQRrNjMEYUnNWyGeIImwNn3mkhLqCeCCVCspqTvLEtqlomMXnZtKoXGZ1pEFJ+AUnAMHVEEDXIMmaAEMHsATeAGv1qP1bL1Z74toxkpnjsEPWJ/fEC2kRw==</latexit><latexit sha1_base64="8VZqyYInzzyArMfWqEB9EKRRMs4=">AAACHHicbVBLSwMxGMzWV62vqkcvwSJ4Krttoe1BKHrxWME+oFtLNk3b0GyyJFmhLP0hXvwrXjwo4sWD4L8xu11KfQwEJjPz8SXjBYwqbdtfVmZtfWNzK7ud29nd2z/IHx61lQglJi0smJBdDynCKCctTTUj3UAS5HuMdLzpVex37olUVPBbPQtI30djTkcUI22kQb7sCk19ou4iPncVHftoELlyIubwAi7vK5HYGuQLdrFUr9nlOvxLnKKdoABSNAf5D3cocOgTrjFDSvUcO9D9CElNMSPznBsqEiA8RWPSM5Qjs60fJZ+bwzOjDOFISHO4hom6OhEhX6mZ75mkj/RE/fZi8T+vF+pRrR9RHoSacLxYNAoZ1ALGTcEhlQRrNjMEYUnNWyGeIImwNn3mkhLqCeCCVCspqTvLEtqlomMXnZtKoXGZ1pEFJ+AUnAMHVEEDXIMmaAEMHsATeAGv1qP1bL1Z74toxkpnjsEPWJ/fEC2kRw==</latexit>

 A state is completely passive iff 
it is thermal



Jeff Murugan (UCT)

Ensembles of batteries
[Alicki-Fannes ’13, Binder et.al. ’15]

…

 Now let’s build a battery out of an ensemble of N d-
dimensional unit cells with global Hamiltonian

 Can additional work be extracted from the product state until a 
passive state is reached? 

N
<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="6c7nPO23gbreOPS3JChrkPjBUtU=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiS10GZXdONKWrAPaEOZTCft2MmDmYlQQr/AjQtF3PpJ7vwbp2kQXwcuHM65l3vv8WLOpLKsD6Owtr6xuVXcLu3s7u0flA+PujJKBKEdEvFI9D0sKWch7SimOO3HguLA47Tnza6Wfu+eCsmi8FbNY+oGeBIynxGstNS+GZUrlll1GtaFg/4S27QyVCBHa1R+H44jkgQ0VIRjKQe2FSs3xUIxwumiNEwkjTGZ4QkdaBrigEo3zQ5doDOtjJEfCV2hQpn6fSLFgZTzwNOdAVZT+dtbiv95g0T5DTdlYZwoGpLVIj/hSEVo+TUaM0GJ4nNNMBFM34rIFAtMlM6mlIXgZEArUq/lxLG/QuhWTdsy7Xat0rzM4yjCCZzCOdhQhyZcQws6QIDCAzzBs3FnPBovxuuqtWDkM8fwA8bbJ2shjb8=</latexit><latexit sha1_base64="6c7nPO23gbreOPS3JChrkPjBUtU=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiS10GZXdONKWrAPaEOZTCft2MmDmYlQQr/AjQtF3PpJ7vwbp2kQXwcuHM65l3vv8WLOpLKsD6Owtr6xuVXcLu3s7u0flA+PujJKBKEdEvFI9D0sKWch7SimOO3HguLA47Tnza6Wfu+eCsmi8FbNY+oGeBIynxGstNS+GZUrlll1GtaFg/4S27QyVCBHa1R+H44jkgQ0VIRjKQe2FSs3xUIxwumiNEwkjTGZ4QkdaBrigEo3zQ5doDOtjJEfCV2hQpn6fSLFgZTzwNOdAVZT+dtbiv95g0T5DTdlYZwoGpLVIj/hSEVo+TUaM0GJ4nNNMBFM34rIFAtMlM6mlIXgZEArUq/lxLG/QuhWTdsy7Xat0rzM4yjCCZzCOdhQhyZcQws6QIDCAzzBs3FnPBovxuuqtWDkM8fwA8bbJ2shjb8=</latexit>
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<latexit sha1_base64="Hp7LgMgVgZJvjNchw7pda3LvB28=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWkCra7oi5cVrAPaEKYTCft0JkkzEzUErLxV9y4UMStn+HOv3HSVvB54MLhnHu5954gYVQq23435uYXFpeWSyvl1bX1jU1za7st41Rg0sIxi0U3QJIwGpGWooqRbiII4gEjnWB0VvidayIkjaMrNU6Ix9EgoiHFSGnJN3fdc8IUgjd+5nKkhoJnHN3muW9WbKtar9lHdfibOJY9QQXM0PTNN7cf45STSGGGpOw5dqK8DAlFMSN52U0lSRAeoQHpaRohTqSXTR7I4YFW+jCMha5IwYn6dSJDXMoxD3RncaT86RXiX14vVWHNy2iUpIpEeLooTBlUMSzSgH0qCFZsrAnCgupbIR4igbDSmZV1CJ+fwv9Ju2o5tuVcHlcap7M4SmAP7IND4IAT0AAXoAlaAIMc3INH8GTcGQ/Gs/EybZ0zZjM74BuM1w/mvJdF</latexit><latexit sha1_base64="Hp7LgMgVgZJvjNchw7pda3LvB28=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWkCra7oi5cVrAPaEKYTCft0JkkzEzUErLxV9y4UMStn+HOv3HSVvB54MLhnHu5954gYVQq23435uYXFpeWSyvl1bX1jU1za7st41Rg0sIxi0U3QJIwGpGWooqRbiII4gEjnWB0VvidayIkjaMrNU6Ix9EgoiHFSGnJN3fdc8IUgjd+5nKkhoJnHN3muW9WbKtar9lHdfibOJY9QQXM0PTNN7cf45STSGGGpOw5dqK8DAlFMSN52U0lSRAeoQHpaRohTqSXTR7I4YFW+jCMha5IwYn6dSJDXMoxD3RncaT86RXiX14vVWHNy2iUpIpEeLooTBlUMSzSgH0qCFZsrAnCgupbIR4igbDSmZV1CJ+fwv9Ju2o5tuVcHlcap7M4SmAP7IND4IAT0AAXoAlaAIMc3INH8GTcGQ/Gs/EybZ0zZjM74BuM1w/mvJdF</latexit><latexit sha1_base64="Hp7LgMgVgZJvjNchw7pda3LvB28=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWkCra7oi5cVrAPaEKYTCft0JkkzEzUErLxV9y4UMStn+HOv3HSVvB54MLhnHu5954gYVQq23435uYXFpeWSyvl1bX1jU1za7st41Rg0sIxi0U3QJIwGpGWooqRbiII4gEjnWB0VvidayIkjaMrNU6Ix9EgoiHFSGnJN3fdc8IUgjd+5nKkhoJnHN3muW9WbKtar9lHdfibOJY9QQXM0PTNN7cf45STSGGGpOw5dqK8DAlFMSN52U0lSRAeoQHpaRohTqSXTR7I4YFW+jCMha5IwYn6dSJDXMoxD3RncaT86RXiX14vVWHNy2iUpIpEeLooTBlUMSzSgH0qCFZsrAnCgupbIR4igbDSmZV1CJ+fwv9Ju2o5tuVcHlcap7M4SmAP7IND4IAT0AAXoAlaAIMc3INH8GTcGQ/Gs/EybZ0zZjM74BuM1w/mvJdF</latexit><latexit sha1_base64="Hp7LgMgVgZJvjNchw7pda3LvB28=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWkCra7oi5cVrAPaEKYTCft0JkkzEzUErLxV9y4UMStn+HOv3HSVvB54MLhnHu5954gYVQq23435uYXFpeWSyvl1bX1jU1za7st41Rg0sIxi0U3QJIwGpGWooqRbiII4gEjnWB0VvidayIkjaMrNU6Ix9EgoiHFSGnJN3fdc8IUgjd+5nKkhoJnHN3muW9WbKtar9lHdfibOJY9QQXM0PTNN7cf45STSGGGpOw5dqK8DAlFMSN52U0lSRAeoQHpaRohTqSXTR7I4YFW+jCMha5IwYn6dSJDXMoxD3RncaT86RXiX14vVWHNy2iUpIpEeLooTBlUMSzSgH0qCFZsrAnCgupbIR4igbDSmZV1CJ+fwv9Ju2o5tuVcHlcap7M4SmAP7IND4IAT0AAXoAlaAIMc3INH8GTcGQ/Gs/EybZ0zZjM74BuM1w/mvJdF</latexit><latexit sha1_base64="7eNSfOTdNHjyL7EPMfKzDrJqhrk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CoktdB2V9SFywr2AU0Ik+mkHTqThJmJWkI2/oobF4q49TPc+TcmaRFfBy4czrmXe+/xIkalMs0PrbS0vLK6Vl6vbGxube/ou3s9GcYCky4OWSgGHpKE0YB0FVWMDCJBEPcY6XvT89zv3xAhaRhcq1lEHI7GAfUpRiqTXP3AviBMIXjrJjZHaiJ4wtFdmrp61TRqraZ52oJ/iWWYBapggY6rv9ujEMecBAozJOXQMiPlJEgoihlJK3YsSYTwFI3JMKMB4kQ6SfFACo8zZQT9UGQVKFio3ycSxKWccS/rzI+Uv71c/M8bxspvOgkNoliRAM8X+TGDKoR5GnBEBcGKzTKCsKDZrRBPkEBYZZlVihBaBeCcNOoL0rK+QujVDMs0rKt6tX22iKMMDsEROAEWaIA2uAQd0AUYpOABPIFn7V571F6013lrSVvM7IMf0N4+ASTBl9U=</latexit><latexit sha1_base64="7eNSfOTdNHjyL7EPMfKzDrJqhrk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CoktdB2V9SFywr2AU0Ik+mkHTqThJmJWkI2/oobF4q49TPc+TcmaRFfBy4czrmXe+/xIkalMs0PrbS0vLK6Vl6vbGxube/ou3s9GcYCky4OWSgGHpKE0YB0FVWMDCJBEPcY6XvT89zv3xAhaRhcq1lEHI7GAfUpRiqTXP3AviBMIXjrJjZHaiJ4wtFdmrp61TRqraZ52oJ/iWWYBapggY6rv9ujEMecBAozJOXQMiPlJEgoihlJK3YsSYTwFI3JMKMB4kQ6SfFACo8zZQT9UGQVKFio3ycSxKWccS/rzI+Uv71c/M8bxspvOgkNoliRAM8X+TGDKoR5GnBEBcGKzTKCsKDZrRBPkEBYZZlVihBaBeCcNOoL0rK+QujVDMs0rKt6tX22iKMMDsEROAEWaIA2uAQd0AUYpOABPIFn7V571F6013lrSVvM7IMf0N4+ASTBl9U=</latexit>

 The maximum amount of work per copy 
wmax(N) =
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<latexit sha1_base64="eGGVxMMKoY9OObJlEGd1gigEMkw="></latexit><latexit sha1_base64="eGGVxMMKoY9OObJlEGd1gigEMkw="></latexit><latexit sha1_base64="eGGVxMMKoY9OObJlEGd1gigEMkw="></latexit><latexit sha1_base64="eGGVxMMKoY9OObJlEGd1gigEMkw="></latexit><latexit sha1_base64="UDcxfGO4sWXVKRBkZKPn7zy7qro="></latexit><latexit sha1_base64="UDcxfGO4sWXVKRBkZKPn7zy7qro="></latexit>
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<latexit sha1_base64="G0GYmvcmDYOtF7o5ZJC/GencGAo=">AAACDHicdVDLSgMxFM34rPVVdekmWIQKMmSqYLsoFN10VSrYB7TjkEnTNjTzIMkIZZgPcOOvuHGhiFs/wJ1/Y6at4PNA4HDOudzc44acSYXQu7GwuLS8sppZy65vbG5t53Z2WzKIBKFNEvBAdFwsKWc+bSqmOO2EgmLP5bTtji9Sv31DhWSBf6UmIbU9PPTZgBGstOTk8jUnRsl1XKgfJbACezLynJhVLC3Vk9Q7ZolOIbNYLqGTMvxNLBNNkQdzNJzcW68fkMijviIcS9m1UKjsGAvFCKdJthdJGmIyxkPa1dTHHpV2PD0mgYda6cNBIPTzFZyqXydi7Ek58Vyd9LAayZ9eKv7ldSM1KNkx88NIUZ/MFg0iDlUA02ZgnwlKFJ9ogolg+q+QjLDAROn+srqEz0vh/6RVNC1kWpen+er5vI4M2AcHoAAscAaqoAYaoAkIuAX34BE8GXfGg/FsvMyiC8Z8Zg98g/H6AVOZmo4=</latexit><latexit sha1_base64="G0GYmvcmDYOtF7o5ZJC/GencGAo=">AAACDHicdVDLSgMxFM34rPVVdekmWIQKMmSqYLsoFN10VSrYB7TjkEnTNjTzIMkIZZgPcOOvuHGhiFs/wJ1/Y6at4PNA4HDOudzc44acSYXQu7GwuLS8sppZy65vbG5t53Z2WzKIBKFNEvBAdFwsKWc+bSqmOO2EgmLP5bTtji9Sv31DhWSBf6UmIbU9PPTZgBGstOTk8jUnRsl1XKgfJbACezLynJhVLC3Vk9Q7ZolOIbNYLqGTMvxNLBNNkQdzNJzcW68fkMijviIcS9m1UKjsGAvFCKdJthdJGmIyxkPa1dTHHpV2PD0mgYda6cNBIPTzFZyqXydi7Ek58Vyd9LAayZ9eKv7ldSM1KNkx88NIUZ/MFg0iDlUA02ZgnwlKFJ9ogolg+q+QjLDAROn+srqEz0vh/6RVNC1kWpen+er5vI4M2AcHoAAscAaqoAYaoAkIuAX34BE8GXfGg/FsvMyiC8Z8Zg98g/H6AVOZmo4=</latexit><latexit sha1_base64="G0GYmvcmDYOtF7o5ZJC/GencGAo=">AAACDHicdVDLSgMxFM34rPVVdekmWIQKMmSqYLsoFN10VSrYB7TjkEnTNjTzIMkIZZgPcOOvuHGhiFs/wJ1/Y6at4PNA4HDOudzc44acSYXQu7GwuLS8sppZy65vbG5t53Z2WzKIBKFNEvBAdFwsKWc+bSqmOO2EgmLP5bTtji9Sv31DhWSBf6UmIbU9PPTZgBGstOTk8jUnRsl1XKgfJbACezLynJhVLC3Vk9Q7ZolOIbNYLqGTMvxNLBNNkQdzNJzcW68fkMijviIcS9m1UKjsGAvFCKdJthdJGmIyxkPa1dTHHpV2PD0mgYda6cNBIPTzFZyqXydi7Ek58Vyd9LAayZ9eKv7ldSM1KNkx88NIUZ/MFg0iDlUA02ZgnwlKFJ9ogolg+q+QjLDAROn+srqEz0vh/6RVNC1kWpen+er5vI4M2AcHoAAscAaqoAYaoAkIuAX34BE8GXfGg/FsvMyiC8Z8Zg98g/H6AVOZmo4=</latexit><latexit sha1_base64="G0GYmvcmDYOtF7o5ZJC/GencGAo=">AAACDHicdVDLSgMxFM34rPVVdekmWIQKMmSqYLsoFN10VSrYB7TjkEnTNjTzIMkIZZgPcOOvuHGhiFs/wJ1/Y6at4PNA4HDOudzc44acSYXQu7GwuLS8sppZy65vbG5t53Z2WzKIBKFNEvBAdFwsKWc+bSqmOO2EgmLP5bTtji9Sv31DhWSBf6UmIbU9PPTZgBGstOTk8jUnRsl1XKgfJbACezLynJhVLC3Vk9Q7ZolOIbNYLqGTMvxNLBNNkQdzNJzcW68fkMijviIcS9m1UKjsGAvFCKdJthdJGmIyxkPa1dTHHpV2PD0mgYda6cNBIPTzFZyqXydi7Ek58Vyd9LAayZ9eKv7ldSM1KNkx88NIUZ/MFg0iDlUA02ZgnwlKFJ9ogolg+q+QjLDAROn+srqEz0vh/6RVNC1kWpen+er5vI4M2AcHoAAscAaqoAYaoAkIuAX34BE8GXfGg/FsvMyiC8Z8Zg98g/H6AVOZmo4=</latexit><latexit sha1_base64="+eXoeXQstGS9DfhTkOZ/KGaI1C0="></latexit><latexit sha1_base64="+eXoeXQstGS9DfhTkOZ/KGaI1C0="></latexit>

 For a large ensemble the energy in the passive state             
does not differ much from an ensemble of Gibbs states          

�⌦N⇢
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 The passive state 
associated to a product 
is separable but requires 
at least 2-body 
unitaries 
 Optimal work 

extraction can be 
attained without 
entanglement, but 
requires longer times
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Charging quantum batteries
[Alicki-Fannes ’13, Binder et.al. ’15]

…

 For finite magnitude Hamiltonians, unitary operations require a 
finite time to perform.
 If a pure state       is evolved to      by the unitary         generated by 

the time-dependent Hamiltonian         , this time is bounded by
| i
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<latexit sha1_base64="463t2b/W2ljlVhC0y57sLyq3w9E=">AAAB83icdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmAUyQ+jp9CRNenqa7h4hjPkNLx4U8erPePNv7CyC64OCx3tVVNWLJGfaeN67s7S8srq2Xtgobm5t7+yW9vZbOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUejy6nfvqVKs1TcmLGkYYIHgsWMYGOl4C6QQxYoLAac9kplz63Uqt5pDf0mvuvNUIYFGr3SW9BPSZZQYQjHWnd9T5owx8owwumkGGSaSkxGeEC7lgqcUB3ms5sn6NgqfRSnypYwaKZ+nchxovU4iWxngs1Q//Sm4l9eNzNxNcyZkJmhgswXxRlHJkXTAFCfKUoMH1uCiWL2VkSGWGFibExFG8Lnp+h/0qq4vuf612fl+sUijgIcwhGcgA/nUIcraEATCEi4h0d4cjLnwXl2XuatS85i5gC+wXn9AOHCkj0=</latexit><latexit sha1_base64="463t2b/W2ljlVhC0y57sLyq3w9E=">AAAB83icdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmAUyQ+jp9CRNenqa7h4hjPkNLx4U8erPePNv7CyC64OCx3tVVNWLJGfaeN67s7S8srq2Xtgobm5t7+yW9vZbOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUejy6nfvqVKs1TcmLGkYYIHgsWMYGOl4C6QQxYoLAac9kplz63Uqt5pDf0mvuvNUIYFGr3SW9BPSZZQYQjHWnd9T5owx8owwumkGGSaSkxGeEC7lgqcUB3ms5sn6NgqfRSnypYwaKZ+nchxovU4iWxngs1Q//Sm4l9eNzNxNcyZkJmhgswXxRlHJkXTAFCfKUoMH1uCiWL2VkSGWGFibExFG8Lnp+h/0qq4vuf612fl+sUijgIcwhGcgA/nUIcraEATCEi4h0d4cjLnwXl2XuatS85i5gC+wXn9AOHCkj0=</latexit><latexit sha1_base64="463t2b/W2ljlVhC0y57sLyq3w9E=">AAAB83icdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmAUyQ+jp9CRNenqa7h4hjPkNLx4U8erPePNv7CyC64OCx3tVVNWLJGfaeN67s7S8srq2Xtgobm5t7+yW9vZbOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUejy6nfvqVKs1TcmLGkYYIHgsWMYGOl4C6QQxYoLAac9kplz63Uqt5pDf0mvuvNUIYFGr3SW9BPSZZQYQjHWnd9T5owx8owwumkGGSaSkxGeEC7lgqcUB3ms5sn6NgqfRSnypYwaKZ+nchxovU4iWxngs1Q//Sm4l9eNzNxNcyZkJmhgswXxRlHJkXTAFCfKUoMH1uCiWL2VkSGWGFibExFG8Lnp+h/0qq4vuf612fl+sUijgIcwhGcgA/nUIcraEATCEi4h0d4cjLnwXl2XuatS85i5gC+wXn9AOHCkj0=</latexit><latexit sha1_base64="463t2b/W2ljlVhC0y57sLyq3w9E=">AAAB83icdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmAUyQ+jp9CRNenqa7h4hjPkNLx4U8erPePNv7CyC64OCx3tVVNWLJGfaeN67s7S8srq2Xtgobm5t7+yW9vZbOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUejy6nfvqVKs1TcmLGkYYIHgsWMYGOl4C6QQxYoLAac9kplz63Uqt5pDf0mvuvNUIYFGr3SW9BPSZZQYQjHWnd9T5owx8owwumkGGSaSkxGeEC7lgqcUB3ms5sn6NgqfRSnypYwaKZ+nchxovU4iWxngs1Q//Sm4l9eNzNxNcyZkJmhgswXxRlHJkXTAFCfKUoMH1uCiWL2VkSGWGFibExFG8Lnp+h/0qq4vuf612fl+sUijgIcwhGcgA/nUIcraEATCEi4h0d4cjLnwXl2XuatS85i5gC+wXn9AOHCkj0=</latexit><latexit sha1_base64="DbChbg6LgOhTq9bdv+wIA+bjy+E=">AAAB83icbZBLSwMxFIUz9VXrq+rSTbAIroaZWmhnV3TjsoJ9QGcomTTThmYyIckIZezfcONCEbf+GXf+G9PpIL4OBA7n3EsuXygYVdpxPqzS2vrG5lZ5u7Kzu7d/UD086qkklZh0ccISOQiRIoxy0tVUMzIQkqA4ZKQfzq6Wff+OSEUTfqvnggQxmnAaUYy0ifx7X0ypLxGfMDKq1hy77rWcCw/+Na7t5KqBQp1R9d0fJziNCdeYIaWGriN0kCGpKWZkUfFTRQTCMzQhQ2M5iokKsvzmBTwzyRhGiTSPa5in3zcyFCs1j0MzGSM9Vb+7ZfhfN0x11AoyykWqCcerj6KUQZ3AJQA4ppJgzebGICypuRXiKZIIa4OpkkPwcsGVaTYK47lfEHp123Vs96ZRa18WOMrgBJyCc+CCJmiDa9ABXYCBAA/gCTxbqfVovVivq9GSVewcgx+y3j4BH8eSzQ==</latexit><latexit sha1_base64="DbChbg6LgOhTq9bdv+wIA+bjy+E=">AAAB83icbZBLSwMxFIUz9VXrq+rSTbAIroaZWmhnV3TjsoJ9QGcomTTThmYyIckIZezfcONCEbf+GXf+G9PpIL4OBA7n3EsuXygYVdpxPqzS2vrG5lZ5u7Kzu7d/UD086qkklZh0ccISOQiRIoxy0tVUMzIQkqA4ZKQfzq6Wff+OSEUTfqvnggQxmnAaUYy0ifx7X0ypLxGfMDKq1hy77rWcCw/+Na7t5KqBQp1R9d0fJziNCdeYIaWGriN0kCGpKWZkUfFTRQTCMzQhQ2M5iokKsvzmBTwzyRhGiTSPa5in3zcyFCs1j0MzGSM9Vb+7ZfhfN0x11AoyykWqCcerj6KUQZ3AJQA4ppJgzebGICypuRXiKZIIa4OpkkPwcsGVaTYK47lfEHp123Vs96ZRa18WOMrgBJyCc+CCJmiDa9ABXYCBAA/gCTxbqfVovVivq9GSVewcgx+y3j4BH8eSzQ==</latexit>

U(t)
<latexit sha1_base64="82tx5pbko75X6vq38i4IhVET8U8=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkJSBdtb0YvHCqYttKFstpt26W4SdidCCf0LXjwo4tU/5M1/46at4OeDgcd7M8zMCxLBNTjOu1VYWV1b3yhulra2d3b3yvsHbR2nijKPxiJW3YBoJnjEPOAgWDdRjMhAsE4wucr9zh1TmsfRLUwT5ksyinjIKYFc8qpwOihXHLvWqDtnDfybuLYzRwUt0RqU3/rDmKaSRUAF0brnOgn4GVHAqWCzUj/VLCF0QkasZ2hEJNN+Nr91hk+MMsRhrExFgOfq14mMSK2nMjCdksBY//Ry8S+vl0JY9zMeJSmwiC4WhanAEOP8cTzkilEQU0MIVdzciumYKELBxFMyIXx+iv8n7ZrtOrZ7c15pXi7jKKIjdIyqyEUXqImuUQt5iKIxukeP6MmS1oP1bL0sWgvWcuYQfYP1+gHS344Z</latexit><latexit sha1_base64="82tx5pbko75X6vq38i4IhVET8U8=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkJSBdtb0YvHCqYttKFstpt26W4SdidCCf0LXjwo4tU/5M1/46at4OeDgcd7M8zMCxLBNTjOu1VYWV1b3yhulra2d3b3yvsHbR2nijKPxiJW3YBoJnjEPOAgWDdRjMhAsE4wucr9zh1TmsfRLUwT5ksyinjIKYFc8qpwOihXHLvWqDtnDfybuLYzRwUt0RqU3/rDmKaSRUAF0brnOgn4GVHAqWCzUj/VLCF0QkasZ2hEJNN+Nr91hk+MMsRhrExFgOfq14mMSK2nMjCdksBY//Ry8S+vl0JY9zMeJSmwiC4WhanAEOP8cTzkilEQU0MIVdzciumYKELBxFMyIXx+iv8n7ZrtOrZ7c15pXi7jKKIjdIyqyEUXqImuUQt5iKIxukeP6MmS1oP1bL0sWgvWcuYQfYP1+gHS344Z</latexit><latexit sha1_base64="82tx5pbko75X6vq38i4IhVET8U8=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkJSBdtb0YvHCqYttKFstpt26W4SdidCCf0LXjwo4tU/5M1/46at4OeDgcd7M8zMCxLBNTjOu1VYWV1b3yhulra2d3b3yvsHbR2nijKPxiJW3YBoJnjEPOAgWDdRjMhAsE4wucr9zh1TmsfRLUwT5ksyinjIKYFc8qpwOihXHLvWqDtnDfybuLYzRwUt0RqU3/rDmKaSRUAF0brnOgn4GVHAqWCzUj/VLCF0QkasZ2hEJNN+Nr91hk+MMsRhrExFgOfq14mMSK2nMjCdksBY//Ry8S+vl0JY9zMeJSmwiC4WhanAEOP8cTzkilEQU0MIVdzciumYKELBxFMyIXx+iv8n7ZrtOrZ7c15pXi7jKKIjdIyqyEUXqImuUQt5iKIxukeP6MmS1oP1bL0sWgvWcuYQfYP1+gHS344Z</latexit><latexit sha1_base64="82tx5pbko75X6vq38i4IhVET8U8=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkJSBdtb0YvHCqYttKFstpt26W4SdidCCf0LXjwo4tU/5M1/46at4OeDgcd7M8zMCxLBNTjOu1VYWV1b3yhulra2d3b3yvsHbR2nijKPxiJW3YBoJnjEPOAgWDdRjMhAsE4wucr9zh1TmsfRLUwT5ksyinjIKYFc8qpwOihXHLvWqDtnDfybuLYzRwUt0RqU3/rDmKaSRUAF0brnOgn4GVHAqWCzUj/VLCF0QkasZ2hEJNN+Nr91hk+MMsRhrExFgOfq14mMSK2nMjCdksBY//Ry8S+vl0JY9zMeJSmwiC4WhanAEOP8cTzkilEQU0MIVdzciumYKELBxFMyIXx+iv8n7ZrtOrZ7c15pXi7jKKIjdIyqyEUXqImuUQt5iKIxukeP6MmS1oP1bL0sWgvWcuYQfYP1+gHS344Z</latexit><latexit sha1_base64="jvl+dOsokxgyztKYt4NzEfkf69Q=">AAAB63icbVDLSsNAFJ34rPVVdelmsAh1E5JaaLMrunFZwT6gDWUynbRDZ5IwcyOU0F9w40IRt/6QO//GJA3i68CFwzn3cu89XiS4Bsv6MNbWNza3tks75d29/YPDytFxT4exoqxLQxGqgUc0EzxgXeAg2CBSjEhPsL43v878/j1TmofBHSwi5koyDbjPKYFM6tbgYlypWmbdaVmXDv5LbNPKUUUFOuPK+2gS0liyAKggWg9tKwI3IQo4FWxZHsWaRYTOyZQNUxoQybSb5Lcu8XmqTLAfqrQCwLn6fSIhUuuF9NJOSWCmf3uZ+J83jMFvuQkPohhYQFeL/FhgCHH2OJ5wxSiIRUoIVTy9FdMZUYRCGk85D8HJgVek2SiIY3+F0KubtmXat41q+6qIo4RO0RmqIRs1URvdoA7qIopm6AE9oWdDGo/Gi/G6al0zipkT9APG2ycQ5I6p</latexit><latexit sha1_base64="jvl+dOsokxgyztKYt4NzEfkf69Q=">AAAB63icbVDLSsNAFJ34rPVVdelmsAh1E5JaaLMrunFZwT6gDWUynbRDZ5IwcyOU0F9w40IRt/6QO//GJA3i68CFwzn3cu89XiS4Bsv6MNbWNza3tks75d29/YPDytFxT4exoqxLQxGqgUc0EzxgXeAg2CBSjEhPsL43v878/j1TmofBHSwi5koyDbjPKYFM6tbgYlypWmbdaVmXDv5LbNPKUUUFOuPK+2gS0liyAKggWg9tKwI3IQo4FWxZHsWaRYTOyZQNUxoQybSb5Lcu8XmqTLAfqrQCwLn6fSIhUuuF9NJOSWCmf3uZ+J83jMFvuQkPohhYQFeL/FhgCHH2OJ5wxSiIRUoIVTy9FdMZUYRCGk85D8HJgVek2SiIY3+F0KubtmXat41q+6qIo4RO0RmqIRs1URvdoA7qIopm6AE9oWdDGo/Gi/G6al0zipkT9APG2ycQ5I6p</latexit>

H(t)
<latexit sha1_base64="FHS/DHT6xOJ3WjGB/I0uSy46N1k=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GWaiYHILeskxglkgGUJPpydp0t0zdNcIYcgvePGgiFd/yJt/Y2cRXB8UPN6roqpemAhuwPPenZXVtfWNzdxWfntnd2+/cHDYMnGqKWvSWMS6ExLDBFesCRwE6ySaERkK1g7H1zO/fce04bG6hUnCAkmGikecEphJ9RKc9QtFzy1XK955Ff8mvuvNUURLNPqFt94gpqlkCqggxnR9L4EgIxo4FWya76WGJYSOyZB1LVVEMhNk81un+NQqAxzF2pYCPFe/TmREGjORoe2UBEbmpzcT//K6KUSVIOMqSYEpulgUpQJDjGeP4wHXjIKYWEKo5vZWTEdEEwo2nrwN4fNT/D9plV3fc/2bi2LtahlHDh2jE1RCPrpENVRHDdREFI3QPXpET450Hpxn52XRuuIsZ47QNzivH78Ejgw=</latexit><latexit sha1_base64="FHS/DHT6xOJ3WjGB/I0uSy46N1k=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GWaiYHILeskxglkgGUJPpydp0t0zdNcIYcgvePGgiFd/yJt/Y2cRXB8UPN6roqpemAhuwPPenZXVtfWNzdxWfntnd2+/cHDYMnGqKWvSWMS6ExLDBFesCRwE6ySaERkK1g7H1zO/fce04bG6hUnCAkmGikecEphJ9RKc9QtFzy1XK955Ff8mvuvNUURLNPqFt94gpqlkCqggxnR9L4EgIxo4FWya76WGJYSOyZB1LVVEMhNk81un+NQqAxzF2pYCPFe/TmREGjORoe2UBEbmpzcT//K6KUSVIOMqSYEpulgUpQJDjGeP4wHXjIKYWEKo5vZWTEdEEwo2nrwN4fNT/D9plV3fc/2bi2LtahlHDh2jE1RCPrpENVRHDdREFI3QPXpET450Hpxn52XRuuIsZ47QNzivH78Ejgw=</latexit><latexit sha1_base64="FHS/DHT6xOJ3WjGB/I0uSy46N1k=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GWaiYHILeskxglkgGUJPpydp0t0zdNcIYcgvePGgiFd/yJt/Y2cRXB8UPN6roqpemAhuwPPenZXVtfWNzdxWfntnd2+/cHDYMnGqKWvSWMS6ExLDBFesCRwE6ySaERkK1g7H1zO/fce04bG6hUnCAkmGikecEphJ9RKc9QtFzy1XK955Ff8mvuvNUURLNPqFt94gpqlkCqggxnR9L4EgIxo4FWya76WGJYSOyZB1LVVEMhNk81un+NQqAxzF2pYCPFe/TmREGjORoe2UBEbmpzcT//K6KUSVIOMqSYEpulgUpQJDjGeP4wHXjIKYWEKo5vZWTEdEEwo2nrwN4fNT/D9plV3fc/2bi2LtahlHDh2jE1RCPrpENVRHDdREFI3QPXpET450Hpxn52XRuuIsZ47QNzivH78Ejgw=</latexit><latexit sha1_base64="FHS/DHT6xOJ3WjGB/I0uSy46N1k=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GWaiYHILeskxglkgGUJPpydp0t0zdNcIYcgvePGgiFd/yJt/Y2cRXB8UPN6roqpemAhuwPPenZXVtfWNzdxWfntnd2+/cHDYMnGqKWvSWMS6ExLDBFesCRwE6ySaERkK1g7H1zO/fce04bG6hUnCAkmGikecEphJ9RKc9QtFzy1XK955Ff8mvuvNUURLNPqFt94gpqlkCqggxnR9L4EgIxo4FWya76WGJYSOyZB1LVVEMhNk81un+NQqAxzF2pYCPFe/TmREGjORoe2UBEbmpzcT//K6KUSVIOMqSYEpulgUpQJDjGeP4wHXjIKYWEKo5vZWTEdEEwo2nrwN4fNT/D9plV3fc/2bi2LtahlHDh2jE1RCPrpENVRHDdREFI3QPXpET450Hpxn52XRuuIsZ47QNzivH78Ejgw=</latexit><latexit sha1_base64="LbsFnVMDsv8jyXllvSmGW4j0kjs=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyGphba7opsuK9gHtKFMppN26GQSZiZCCf0FNy4UcesPufNvTNIgvg5cOJxzL/fe44acKW1ZH0ZhY3Nre6e4W9rbPzg8Kh+f9FUQSUJ7JOCBHLpYUc4E7WmmOR2GkmLf5XTgLm5Sf3BPpWKBuNPLkDo+ngnmMYJ1KnWq+nJSrlhmrdW0rlroL7FNK0MFcnQn5ffxNCCRT4UmHCs1sq1QOzGWmhFOV6VxpGiIyQLP6CihAvtUOXF26wpdJMoUeYFMSmiUqd8nYuwrtfTdpNPHeq5+e6n4nzeKtNd0YibCSFNB1ou8iCMdoPRxNGWSEs2XCcFEsuRWROZYYqKTeEpZCK0MaE0a9Zy07K8Q+jXTtkz7tl5pX+dxFOEMzqEKNjSgDR3oQg8IzOEBnuDZ8I1H48V4XbcWjHzmFH7AePsE/PqOnA==</latexit><latexit sha1_base64="LbsFnVMDsv8jyXllvSmGW4j0kjs=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyGphba7opsuK9gHtKFMppN26GQSZiZCCf0FNy4UcesPufNvTNIgvg5cOJxzL/fe44acKW1ZH0ZhY3Nre6e4W9rbPzg8Kh+f9FUQSUJ7JOCBHLpYUc4E7WmmOR2GkmLf5XTgLm5Sf3BPpWKBuNPLkDo+ngnmMYJ1KnWq+nJSrlhmrdW0rlroL7FNK0MFcnQn5ffxNCCRT4UmHCs1sq1QOzGWmhFOV6VxpGiIyQLP6CihAvtUOXF26wpdJMoUeYFMSmiUqd8nYuwrtfTdpNPHeq5+e6n4nzeKtNd0YibCSFNB1ou8iCMdoPRxNGWSEs2XCcFEsuRWROZYYqKTeEpZCK0MaE0a9Zy07K8Q+jXTtkz7tl5pX+dxFOEMzqEKNjSgDR3oQg8IzOEBnuDZ8I1H48V4XbcWjHzmFH7AePsE/PqOnA==</latexit>

T (| i, |�i) = ~ arccos|h |�i|/min{E,�E}
<latexit sha1_base64="fB7XcB8FR6aYcnu119H+XJyxkbY="></latexit><latexit sha1_base64="fB7XcB8FR6aYcnu119H+XJyxkbY="></latexit><latexit sha1_base64="fB7XcB8FR6aYcnu119H+XJyxkbY="></latexit><latexit sha1_base64="fB7XcB8FR6aYcnu119H+XJyxkbY="></latexit><latexit sha1_base64="KlUo63GxP6CHEaeghQQxLLA2duw="></latexit><latexit sha1_base64="KlUo63GxP6CHEaeghQQxLLA2duw="></latexit>

 The instantaneous power of some unitary charging between      
and                                      is 

⇢
<latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="BHQLT3vYi0k7RUsdG1Itpfonig0=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9nskJmdZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BW8tMEdoikkvVDbGmnCW0ZZjhtJsqikXIaSccX+V+544qzWRyayYpDQQeJSxiBJtc6qtYDsoVz63Wa95ZHf0mvuvNUYElmoPyW38oSSZoYgjHWvd8LzXBFCvDCKezUj/TNMVkjEe0Z2mCBdXBdH7rDJ1YZYgiqWwlBs3VrxNTLLSeiNB2Cmxi/dPLxb+8XmaiWjBlSZoZmpDFoijjyEiUP46GTFFi+MQSTBSztyISY4WJsfGUbAifn6L/Sbvq+p7r35xXGpfLOIpwBMdwCj5cQAOuoQktIBDDPTzCkyOcB+fZeVm0FpzlzCF8g/P6AaY3jqQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit><latexit sha1_base64="NJpl8iAHYsUfXznohI70EsaINog=">AAAB63icbVDLSsNAFJ34rPVVdelmsAiuQlILbXZFNy4r2Ae0oUymk2boPMLMRCihv+DGhSJu/SF3/o1JGsTXgQuHc+7l3nuCmFFtHOfDWlvf2NzaruxUd/f2Dw5rR8d9LROFSQ9LJtUwQJowKkjPUMPIMFYE8YCRQTC/zv3BPVGaSnFnFjHxOZoJGlKMTC6NVSQntbpjN7y2c+nBv8S1nQJ1UKI7qb2PpxInnAiDGdJ65Dqx8VOkDMWMLKvjRJMY4TmakVFGBeJE+2lx6xKeZ8oUhlJlJQws1O8TKeJaL3iQdXJkIv3by8X/vFFiwrafUhEnhgi8WhQmDBoJ88fhlCqCDVtkBGFFs1shjpBC2GTxVIsQvAJwRVrNknjuVwj9hu06tnvbrHeuyjgq4BScgQvgghbogBvQBT2AQQQewBN4trj1aL1Yr6vWNaucOQE/YL19AuQtjzQ=</latexit>

⇢(t) = U(t)⇢U †(t)
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P (t) =
d

dt
W = �itr ([H0 + V (t), ⇢(t)]H0)
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 The average power        is the ratio between the energy deposited 
on the battery and the time required to perform the unitary operation.
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 Local driving Hamiltonian
H

(N)
|| = c||

NX

i=1

(|1ihd|+ h.c.)⌦j 6=i 1j
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 Global driving Hamiltonian
H

(N)
] = c

N
] (|EihG|+ h.c.)
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subject to the constraint that 
||H||Op = Emax > 0

<latexit sha1_base64="ww/tWqRhs/vgQ3AWy7cmPDYWJQk=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0XoKiRVsF0oRRG6s4J9QFvKZDpph84kYWYiljS/4MZfceNCEbfu3Pk3Th/i+8CFwzn3cu89bsioVLb9ZqTm5hcWl9LLmZXVtfUNc3OrJoNIYFLFAQtEw0WSMOqTqqKKkUYoCOIuI3V3cDr261dESBr4l2oYkjZHPZ96FCOlpY6ZG43Ko1EnbnGk+oLH52GSwCN49qlwdJ0kx3bHzNpWvliw94vwN3Ese4IsmKHSMV9b3QBHnPgKMyRl07FD1Y6RUBQzkmRakSQhwgPUI01NfcSJbMeTjxK4p5Uu9AKhy1dwon6diBGXcshd3Tk+U/70xuJfXjNSXqEdUz+MFPHxdJEXMagCOI4HdqkgWLGhJggLqm+FuI8EwkqHmNEhfHwK/ye1vOXYlnNxkC2dzOJIgx2wC3LAAYegBMqgAqoAgxtwBx7Ao3Fr3BtPxvO0NWXMZrbBNxgv7xKFnm0=</latexit><latexit sha1_base64="8euNFj/YnFxEH1bjWi25uqorsgo=">AAACNnicjVDLSgMxFM3UV62vUZdugkXoqsxUwXahFEXoTgX7gLaUTJq2ocnMkGTEMjO/4Ne4cONPuHPjRsStn2CmrfgGDwQO59zLzTmOz6hUlvVgpGZm5+YX0ouZpeWV1TVzfaMmvUBgUsUe80TDQZIw6pKqooqRhi8I4g4jdWd4nPj1SyIk9dwLNfJJm6O+S3sUI6WljpmLokoUdcIWR2ogeHjqxzE8gCcfCkdXcXxodcyslS+UitZuCf4kdt4aIwum+N94x7xvdT0ccOIqzJCUTdvyVTtEQlHMSJxpBZL4CA9RnzQ1dREnsh2OY8dwRytd2POEfq6CY/XzRoi4lCPu6Mkki/zuJeJvXjNQvWI7pK4fKOLiyaFewKDyYNIh7FJBsGIjTRAWVP8V4gESCCvddEZHf88H/ya1Qt628vb5XrZ8NO0sDbbANsgBG+yDMqiAM1AFGFyDG3AHnoxb49F4Nl4moyljurMJvsB4fQNMWKZD</latexit><latexit sha1_base64="8euNFj/YnFxEH1bjWi25uqorsgo=">AAACNnicjVDLSgMxFM3UV62vUZdugkXoqsxUwXahFEXoTgX7gLaUTJq2ocnMkGTEMjO/4Ne4cONPuHPjRsStn2CmrfgGDwQO59zLzTmOz6hUlvVgpGZm5+YX0ouZpeWV1TVzfaMmvUBgUsUe80TDQZIw6pKqooqRhi8I4g4jdWd4nPj1SyIk9dwLNfJJm6O+S3sUI6WljpmLokoUdcIWR2ogeHjqxzE8gCcfCkdXcXxodcyslS+UitZuCf4kdt4aIwum+N94x7xvdT0ccOIqzJCUTdvyVTtEQlHMSJxpBZL4CA9RnzQ1dREnsh2OY8dwRytd2POEfq6CY/XzRoi4lCPu6Mkki/zuJeJvXjNQvWI7pK4fKOLiyaFewKDyYNIh7FJBsGIjTRAWVP8V4gESCCvddEZHf88H/ya1Qt628vb5XrZ8NO0sDbbANsgBG+yDMqiAM1AFGFyDG3AHnoxb49F4Nl4moyljurMJvsB4fQNMWKZD</latexit><latexit sha1_base64="8euNFj/YnFxEH1bjWi25uqorsgo=">AAACNnicjVDLSgMxFM3UV62vUZdugkXoqsxUwXahFEXoTgX7gLaUTJq2ocnMkGTEMjO/4Ne4cONPuHPjRsStn2CmrfgGDwQO59zLzTmOz6hUlvVgpGZm5+YX0ouZpeWV1TVzfaMmvUBgUsUe80TDQZIw6pKqooqRhi8I4g4jdWd4nPj1SyIk9dwLNfJJm6O+S3sUI6WljpmLokoUdcIWR2ogeHjqxzE8gCcfCkdXcXxodcyslS+UitZuCf4kdt4aIwum+N94x7xvdT0ccOIqzJCUTdvyVTtEQlHMSJxpBZL4CA9RnzQ1dREnsh2OY8dwRytd2POEfq6CY/XzRoi4lCPu6Mkki/zuJeJvXjNQvWI7pK4fKOLiyaFewKDyYNIh7FJBsGIjTRAWVP8V4gESCCvddEZHf88H/ya1Qt628vb5XrZ8NO0sDbbANsgBG+yDMqiAM1AFGFyDG3AHnoxb49F4Nl4moyljurMJvsB4fQNMWKZD</latexit><latexit sha1_base64="QKfa39IP6Wg08Pby5b/Fm1a6Xsc="></latexit><latexit sha1_base64="QKfa39IP6Wg08Pby5b/Fm1a6Xsc="></latexit>

 The collective Hamiltonian 
drives       to        along the 
shortest path in the space of 
entangled states giving a 
power advantage N-times 
that of the local Hamiltonian

|Gi
<latexit sha1_base64="pQVzDjdD14eUyIRReduTgtdPqWU=">AAAB8HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BD3qMYBZJhtDT6UmadPcM3T1CGPMVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvzsLi0vLKam4tv76xubVd2Nlt6DhVhNZJzGPVCrGmnElaN8xw2koUxSLktBkOzyd+85YqzWJ5bUYJDQTuSxYxgo2Vbu4uOgrLPqfdQtFzS5Wyd1xBv4nvelMUYY5at/DW6cUkFVQawrHWbd9LTJBhZRjhdJzvpJommAxxn7YtlVhQHWTTg8fo0Co9FMXKljRoqn6dyLDQeiRC2ymwGeif3kT8y2unJioHGZNJaqgks0VRypGJ0eR71GOKEsNHlmCimL0VkQFWmBibUd6G8Pkp+p80Sq7vuf7VSbF6No8jB/twAEfgwylU4RJqUAcCAu7hEZ4c5Tw4z87LrHXBmc/swTc4rx9fQJDJ</latexit><latexit sha1_base64="p0JxowypCgn1bhSdOG94evp6Aiw=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgn1IO5RMetuGJpkhyQhl7Fe4cOOvuBFxK7jzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lCgKVRrxSDVCooEzCVXDDIdGrICIkEM9HJyM/fo1KM0ieWmGMQSC9CTrMkqMla5uTluKyB6Hdr7gucVyyTso45/Ed70JCmiG/8Xb+ddWJ6KJAGkoJ1o3fS82QUqUYZTDKNdKNMSEDkgPmpZKIkAH6eSqEd6zSgd3I2WfNHiifp5IidB6KEKbFMT09XdvLP7mNRPTLQUpk3FiQNLpom7CsYnwuCLcYQqo4UNLCFXM/hXTPlGEGltkzp7+cR/+m9SKru+5/sVhoXI86yyLdtAu2kc+OkIVdIbOURVRJNAtukePzp3z4Dw5z9NoxpnNbKMvcF7eAcsumJ8=</latexit><latexit sha1_base64="p0JxowypCgn1bhSdOG94evp6Aiw=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgn1IO5RMetuGJpkhyQhl7Fe4cOOvuBFxK7jzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lCgKVRrxSDVCooEzCVXDDIdGrICIkEM9HJyM/fo1KM0ieWmGMQSC9CTrMkqMla5uTluKyB6Hdr7gucVyyTso45/Ed70JCmiG/8Xb+ddWJ6KJAGkoJ1o3fS82QUqUYZTDKNdKNMSEDkgPmpZKIkAH6eSqEd6zSgd3I2WfNHiifp5IidB6KEKbFMT09XdvLP7mNRPTLQUpk3FiQNLpom7CsYnwuCLcYQqo4UNLCFXM/hXTPlGEGltkzp7+cR/+m9SKru+5/sVhoXI86yyLdtAu2kc+OkIVdIbOURVRJNAtukePzp3z4Dw5z9NoxpnNbKMvcF7eAcsumJ8=</latexit><latexit sha1_base64="p0JxowypCgn1bhSdOG94evp6Aiw=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgn1IO5RMetuGJpkhyQhl7Fe4cOOvuBFxK7jzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lCgKVRrxSDVCooEzCVXDDIdGrICIkEM9HJyM/fo1KM0ieWmGMQSC9CTrMkqMla5uTluKyB6Hdr7gucVyyTso45/Ed70JCmiG/8Xb+ddWJ6KJAGkoJ1o3fS82QUqUYZTDKNdKNMSEDkgPmpZKIkAH6eSqEd6zSgd3I2WfNHiifp5IidB6KEKbFMT09XdvLP7mNRPTLQUpk3FiQNLpom7CsYnwuCLcYQqo4UNLCFXM/hXTPlGEGltkzp7+cR/+m9SKru+5/sVhoXI86yyLdtAu2kc+OkIVdIbOURVRJNAtukePzp3z4Dw5z9NoxpnNbKMvcF7eAcsumJ8=</latexit><latexit sha1_base64="iaY+g3JhWwr0TfSKMxIaOvhFTJE=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1d0YUuFWyttEPJpJk2NMkMSUYoY7/ChRt/xY2IW8Gdf2M6HcTXwgOBwznncnNPEDOqtOO8W4WFxaXlleJqaW19Y3OrvL3TVlEiMWnhiEWyEyBFGBWkpalmpBNLgnjAyFUwPpn5VzdEKhqJSz2Jic/RUNCQYqSNdH172pNIDBnplyuOXfUazpEHfxPXdjJUQI7/xfvlt94gwgknQmOGlOq6Tqz9FElNMSPTUi9RJEZ4jIaka6hAnCg/za6awgOjDGAYSfOEhpn6dSJFXKkJD0ySIz1SP72Z+JfXTXTY8FMq4kQTgeeLwoRBHcFZRXBAJcGaTQxBWFLzV4hHSCKsTZGl7HQvA5yTei0nnvt5ertqu47tXtQqzeO8syLYA/vgELigDprgDJyDFsCAgzvwAJ6se+vRerZe5tGClc/sgm+wXj8ACTOZLw==</latexit><latexit sha1_base64="iaY+g3JhWwr0TfSKMxIaOvhFTJE=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1d0YUuFWyttEPJpJk2NMkMSUYoY7/ChRt/xY2IW8Gdf2M6HcTXwgOBwznncnNPEDOqtOO8W4WFxaXlleJqaW19Y3OrvL3TVlEiMWnhiEWyEyBFGBWkpalmpBNLgnjAyFUwPpn5VzdEKhqJSz2Jic/RUNCQYqSNdH172pNIDBnplyuOXfUazpEHfxPXdjJUQI7/xfvlt94gwgknQmOGlOq6Tqz9FElNMSPTUi9RJEZ4jIaka6hAnCg/za6awgOjDGAYSfOEhpn6dSJFXKkJD0ySIz1SP72Z+JfXTXTY8FMq4kQTgeeLwoRBHcFZRXBAJcGaTQxBWFLzV4hHSCKsTZGl7HQvA5yTei0nnvt5ertqu47tXtQqzeO8syLYA/vgELigDprgDJyDFsCAgzvwAJ6se+vRerZe5tGClc/sgm+wXj8ACTOZLw==</latexit>

|Ei
<latexit sha1_base64="QxSLgyR7LE6INspX+kiRkTtvwdg=">AAAB8HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BETxGMIskQ+jp9CRNunuG7h4hjPkKLx4U8ernePNv7CyC64OCx3tVVNULE8608bx3Z2FxaXllNbeWX9/Y3Nou7Ow2dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gyH5xO/eUuVZrG8NqOEBgL3JYsYwcZKN3cXHYVln9Nuoei5pUrZO66g38R3vSmKMEetW3jr9GKSCioN4Vjrtu8lJsiwMoxwOs53Uk0TTIa4T9uWSiyoDrLpwWN0aJUeimJlSxo0Vb9OZFhoPRKh7RTYDPRPbyL+5bVTE5WDjMkkNVSS2aIo5cjEaPI96jFFieEjSzBRzN6KyAArTIzNKG9D+PwU/U8aJdf3XP/qpFg9m8eRg304gCPw4RSqcAk1qAMBAffwCE+Och6cZ+dl1rrgzGf24Buc1w9cKpDH</latexit><latexit sha1_base64="LaXlJVkSAoZCgbrZ+h50Y7lKiEY=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsriuBSwT6kHUomvW1Dk8yQZIQy9itcuPFX3Ii4Fdz5N6YPwSd4IHA451xu7gljzrTxvDcnMze/sLiUXc6trK6tb+Q3t2o6ShSFKo14pBoh0cCZhKphhkMjVkBEyKEeDk7Gfv0alGaRvDTDGAJBepJ1GSXGSlc3py1FZI9DO1/w3GK55B2U8U/iu94EBTTD/+Lt/GurE9FEgDSUE62bvhebICXKMMphlGslGmJCB6QHTUslEaCDdHLVCO9ZpYO7kbJPGjxRP0+kRGg9FKFNCmL6+rs3Fn/zmonploKUyTgxIOl0UTfh2ER4XBHuMAXU8KElhCpm/4ppnyhCjS0yZ0//uA//TWpF1/dc/+KwUDmedZZFO2gX7SMfHaEKOkPnqIooEugW3aNH5855cJ6c52k048xmttEXOC/vx86YnQ==</latexit><latexit sha1_base64="LaXlJVkSAoZCgbrZ+h50Y7lKiEY=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsriuBSwT6kHUomvW1Dk8yQZIQy9itcuPFX3Ii4Fdz5N6YPwSd4IHA451xu7gljzrTxvDcnMze/sLiUXc6trK6tb+Q3t2o6ShSFKo14pBoh0cCZhKphhkMjVkBEyKEeDk7Gfv0alGaRvDTDGAJBepJ1GSXGSlc3py1FZI9DO1/w3GK55B2U8U/iu94EBTTD/+Lt/GurE9FEgDSUE62bvhebICXKMMphlGslGmJCB6QHTUslEaCDdHLVCO9ZpYO7kbJPGjxRP0+kRGg9FKFNCmL6+rs3Fn/zmonploKUyTgxIOl0UTfh2ER4XBHuMAXU8KElhCpm/4ppnyhCjS0yZ0//uA//TWpF1/dc/+KwUDmedZZFO2gX7SMfHaEKOkPnqIooEugW3aNH5855cJ6c52k048xmttEXOC/vx86YnQ==</latexit><latexit sha1_base64="LaXlJVkSAoZCgbrZ+h50Y7lKiEY=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsriuBSwT6kHUomvW1Dk8yQZIQy9itcuPFX3Ii4Fdz5N6YPwSd4IHA451xu7gljzrTxvDcnMze/sLiUXc6trK6tb+Q3t2o6ShSFKo14pBoh0cCZhKphhkMjVkBEyKEeDk7Gfv0alGaRvDTDGAJBepJ1GSXGSlc3py1FZI9DO1/w3GK55B2U8U/iu94EBTTD/+Lt/GurE9FEgDSUE62bvhebICXKMMphlGslGmJCB6QHTUslEaCDdHLVCO9ZpYO7kbJPGjxRP0+kRGg9FKFNCmL6+rs3Fn/zmonploKUyTgxIOl0UTfh2ER4XBHuMAXU8KElhCpm/4ppnyhCjS0yZ0//uA//TWpF1/dc/+KwUDmedZZFO2gX7SMfHaEKOkPnqIooEugW3aNH5855cJ6c52k048xmttEXOC/vx86YnQ==</latexit><latexit sha1_base64="W+XlzZrn0CktMJHMueu2ZUil47U=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1dUQSXCrZW2qFk0kwbmmSGJCOUsV/hwo2/4kbEreDOvzGdDuJr4YHA4ZxzubkniBlV2nHercLC4tLySnG1tLa+sblV3t5pqyiRmLRwxCLZCZAijArS0lQz0oklQTxg5CoYn8z8qxsiFY3EpZ7ExOdoKGhIMdJGur497Ukkhoz0yxXHrnoN58iDv4lrOxkqIMf/4v3yW28Q4YQToTFDSnVdJ9Z+iqSmmJFpqZcoEiM8RkPSNVQgTpSfZldN4YFRBjCMpHlCw0z9OpEirtSEBybJkR6pn95M/MvrJjps+CkVcaKJwPNFYcKgjuCsIjigkmDNJoYgLKn5K8QjJBHWpshSdrqXAc5JvZYTz/08vV21Xcd2L2qV5nHeWRHsgX1wCFxQB01wBs5BC2DAwR14AE/WvfVoPVsv82jBymd2wTdYrx8F05kt</latexit><latexit sha1_base64="W+XlzZrn0CktMJHMueu2ZUil47U=">AAACFXicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1dUQSXCrZW2qFk0kwbmmSGJCOUsV/hwo2/4kbEreDOvzGdDuJr4YHA4ZxzubkniBlV2nHercLC4tLySnG1tLa+sblV3t5pqyiRmLRwxCLZCZAijArS0lQz0oklQTxg5CoYn8z8qxsiFY3EpZ7ExOdoKGhIMdJGur497Ukkhoz0yxXHrnoN58iDv4lrOxkqIMf/4v3yW28Q4YQToTFDSnVdJ9Z+iqSmmJFpqZcoEiM8RkPSNVQgTpSfZldN4YFRBjCMpHlCw0z9OpEirtSEBybJkR6pn95M/MvrJjps+CkVcaKJwPNFYcKgjuCsIjigkmDNJoYgLKn5K8QjJBHWpshSdrqXAc5JvZYTz/08vV21Xcd2L2qV5nHeWRHsgX1wCFxQB01wBs5BC2DAwR14AE/WvfVoPVsv82jBymd2wTdYrx8F05kt</latexit>



Jeff Murugan (UCT)

Entangled Batteries
[Alicki-Fannes ’13, Friis et.al. ’17]

 The advantage of 
using entangling 
operations over local 
ones can be 
parameterised by the 
quantum advantage

� = hP i/hP||i
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 Bounds on    depend on the constraints on the driving Hamiltonian.�
<latexit sha1_base64="N96Gv0N//xoplZJ9mk6PGFssG/E=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILetBjBLNAMoSeTk/Spnt66O4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzmLaMMxw2k4UxSLktBWOLqZ+644qzWR8Y8YJDQQexCxiBBsrNbuXWAjcK5Y8t1yteCdV9Jv4rjdDCRao94pv3b4kqaCxIRxr3fG9xAQZVoYRTieFbqppgskID2jH0hgLqoNsdu0EHVmljyKpbMUGzdSvExkWWo9FaDsFNkP905uKf3md1ESVIGNxkhoak/miKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXx+iv4nzbLre65/fVqqnS/iyMMBHMIx+HAGNbiCOjSAwC3cwyM8OdJ5cJ6dl3lrzlnM7MM3OK8f3HaPUg==</latexit><latexit sha1_base64="wS7RGK0uLWZBVHDdeL/hy5AUdPM=">AAACEnicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgq2Fdih30kwbm2SGJCOUof/gwo2/4kbErSt3/o3pQ/AJHggczjmXm3vChDNtPO/Nyc3NLywu5ZcLK6tr6xvFza2GjlNFaJ3EPFbNEDTlTNK6YYbTZqIoiJDTq3BwMvavbqjSLJaXZpjQQEBPsogRMFZqtE9BCOgUS55brla8gyr+SXzXm6CEZvhfvFN8bXdjkgoqDeGgdcv3EhNkoAwjnI4K7VTTBMgAerRlqQRBdZBNThrhPat0cRQr+6TBE/XzRAZC66EIbVKA6evv3lj8zWulJqoEGZNJaqgk00VRyrGJ8bgf3GWKEsOHlgBRzP4Vkz4oIMa2WLCnf9yH/yaNsut7rn9xWKodzzrLox20i/aRj45QDZ2hc1RHBF2jW3SPHp0758F5cp6n0Zwzm9lGX+C8vAMWJ5co</latexit><latexit sha1_base64="wS7RGK0uLWZBVHDdeL/hy5AUdPM=">AAACEnicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgq2Fdih30kwbm2SGJCOUof/gwo2/4kbErSt3/o3pQ/AJHggczjmXm3vChDNtPO/Nyc3NLywu5ZcLK6tr6xvFza2GjlNFaJ3EPFbNEDTlTNK6YYbTZqIoiJDTq3BwMvavbqjSLJaXZpjQQEBPsogRMFZqtE9BCOgUS55brla8gyr+SXzXm6CEZvhfvFN8bXdjkgoqDeGgdcv3EhNkoAwjnI4K7VTTBMgAerRlqQRBdZBNThrhPat0cRQr+6TBE/XzRAZC66EIbVKA6evv3lj8zWulJqoEGZNJaqgk00VRyrGJ8bgf3GWKEsOHlgBRzP4Vkz4oIMa2WLCnf9yH/yaNsut7rn9xWKodzzrLox20i/aRj45QDZ2hc1RHBF2jW3SPHp0758F5cp6n0Zwzm9lGX+C8vAMWJ5co</latexit><latexit sha1_base64="wS7RGK0uLWZBVHDdeL/hy5AUdPM=">AAACEnicjVDLSgMxFM3UV62vqks3wSK4GmaqYLsrutClgq2Fdih30kwbm2SGJCOUof/gwo2/4kbErSt3/o3pQ/AJHggczjmXm3vChDNtPO/Nyc3NLywu5ZcLK6tr6xvFza2GjlNFaJ3EPFbNEDTlTNK6YYbTZqIoiJDTq3BwMvavbqjSLJaXZpjQQEBPsogRMFZqtE9BCOgUS55brla8gyr+SXzXm6CEZvhfvFN8bXdjkgoqDeGgdcv3EhNkoAwjnI4K7VTTBMgAerRlqQRBdZBNThrhPat0cRQr+6TBE/XzRAZC66EIbVKA6evv3lj8zWulJqoEGZNJaqgk00VRyrGJ8bgf3GWKEsOHlgBRzP4Vkz4oIMa2WLCnf9yH/yaNsut7rn9xWKodzzrLox20i/aRj45QDZ2hc1RHBF2jW3SPHp0758F5cp6n0Zwzm9lGX+C8vAMWJ5co</latexit><latexit sha1_base64="3Er5BAdV5LVA073E8dcQ3TrlK8E=">AAACEnicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1d0YUuFewD2qFk0kwbm2SGJCOUof/gwo2/4kbErSt3/o3pdBBfCw8EDuecy809Qcyo0o7zbhWWlldW14rrpY3Nre2d8u5eW0WJxKSFIxbJboAUYVSQlqaakW4sCeIBI51gcjb3O7dEKhqJaz2Nic/RSNCQYqSN1O6fI87RoFxx7KrXcE48+Ju4tpOhAnL8Lz4ov/WHEU44ERozpFTPdWLtp0hqihmZlfqJIjHCEzQiPUMF4kT5aXbSDB4ZZQjDSJonNMzUrxMp4kpNeWCSHOmx+unNxb+8XqLDhp9SESeaCLxYFCYM6gjO+4FDKgnWbGoIwpKav0I8RhJhbVosZad7GeCC1Gs58dzP09tV23Vs96pWaZ7mnRXBATgEx8AFddAEF+AStAAGN+AOPIAn6956tJ6tl0W0YOUz++AbrNcPVB2XuA==</latexit><latexit sha1_base64="3Er5BAdV5LVA073E8dcQ3TrlK8E=">AAACEnicjVDLSgMxFM3UV62vqks3wSK4GmZqoZ1d0YUuFewD2qFk0kwbm2SGJCOUof/gwo2/4kbErSt3/o3pdBBfCw8EDuecy809Qcyo0o7zbhWWlldW14rrpY3Nre2d8u5eW0WJxKSFIxbJboAUYVSQlqaakW4sCeIBI51gcjb3O7dEKhqJaz2Nic/RSNCQYqSN1O6fI87RoFxx7KrXcE48+Ju4tpOhAnL8Lz4ov/WHEU44ERozpFTPdWLtp0hqihmZlfqJIjHCEzQiPUMF4kT5aXbSDB4ZZQjDSJonNMzUrxMp4kpNeWCSHOmx+unNxb+8XqLDhp9SESeaCLxYFCYM6gjO+4FDKgnWbGoIwpKav0I8RhJhbVosZad7GeCC1Gs58dzP09tV23Vs96pWaZ7mnRXBATgEx8AFddAEF+AStAAGN+AOPIAn6956tJ6tl0W0YOUz++AbrNcPVB2XuA==</latexit>

 Constraining the standard deviation of the Hamiltonian gives an 
advantage                  while constraining the average energy of H results 
in a quantum advantage  

� ⇠
p
N

<latexit sha1_base64="YcFny7/df3jWrzjXI4nqzToTshc=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCq2GmCra7ogtdSQX7gM5QMmmmDU0yY5IR6lD8FTcuFHHrf7jzb0wfgs8D93I4515yc8KEUaVd993Kzc0vLC7llwsrq2vrG/bmVkPFqcSkjmMWy1aIFGFUkLqmmpFWIgniISPNcHA69ps3RCoaiys9TEjAUU/QiGKkjdSxd/wzxDmCvqLctGups4tRxy66TqlSdg8r8DfxHHeCIpih1rHf/G6MU06Exgwp1fbcRAcZkppiRkYFP1UkQXiAeqRtqECcqCCbXD+C+0bpwiiWpoSGE/XrRoa4UkMemkmOdF/99MbiX1471VE5yKhIUk0Enj4UpQzqGI6jgF0qCdZsaAjCkppbIe4jibA2gRVMCJ8/hf+TRsnxXMe7PCpWT2Zx5MEu2AMHwAPHoArOQQ3UAQa34B48gifrznqwnq2X6WjOmu1sg2+wXj8AqP6VYA==</latexit><latexit sha1_base64="CQWS8hMS9t+iJz5vnCXwDZMBaAU=">AAACInicjVBJSwMxGM3UrdZtXG5egkXwNMxUwfZW9KAnUbALdIaSSTNtaJIZk4xQh/4XD178K15EPQn+GNNFcAU/SHi89z6S98KEUaVd99XKzczOzS/kFwtLyyura/b6Rl3FqcSkhmMWy2aIFGFUkJqmmpFmIgniISONsH880hvXRCoai0s9SEjAUVfQiGKkDdW2t/wTxDmCvqLcXFdSZ2fDtl10nVKl7O5X4E/gOe54imA6/7O37We/E+OUE6ExQ0q1PDfRQYakppiRYcFPFUkQ7qMuaRkoECcqyMYRh3DXMB0YxdIcoeGY/byRIa7UgIfGyZHuqe/aiPxNa6U6KgcZFUmqicCTh6KUQR3DUV+wQyXBmg0MQFhS81eIe0girE2rBRP9Ix/8G9RLjuc63sVBsXo07SwPtsEO2AMeOARVcArOQQ1gcANuwT14tO6sB+vJeplYc9Z0ZxN8GevtHa3lnTY=</latexit><latexit sha1_base64="CQWS8hMS9t+iJz5vnCXwDZMBaAU=">AAACInicjVBJSwMxGM3UrdZtXG5egkXwNMxUwfZW9KAnUbALdIaSSTNtaJIZk4xQh/4XD178K15EPQn+GNNFcAU/SHi89z6S98KEUaVd99XKzczOzS/kFwtLyyura/b6Rl3FqcSkhmMWy2aIFGFUkJqmmpFmIgniISONsH880hvXRCoai0s9SEjAUVfQiGKkDdW2t/wTxDmCvqLcXFdSZ2fDtl10nVKl7O5X4E/gOe54imA6/7O37We/E+OUE6ExQ0q1PDfRQYakppiRYcFPFUkQ7qMuaRkoECcqyMYRh3DXMB0YxdIcoeGY/byRIa7UgIfGyZHuqe/aiPxNa6U6KgcZFUmqicCTh6KUQR3DUV+wQyXBmg0MQFhS81eIe0girE2rBRP9Ix/8G9RLjuc63sVBsXo07SwPtsEO2AMeOARVcArOQQ1gcANuwT14tO6sB+vJeplYc9Z0ZxN8GevtHa3lnTY=</latexit><latexit sha1_base64="CQWS8hMS9t+iJz5vnCXwDZMBaAU=">AAACInicjVBJSwMxGM3UrdZtXG5egkXwNMxUwfZW9KAnUbALdIaSSTNtaJIZk4xQh/4XD178K15EPQn+GNNFcAU/SHi89z6S98KEUaVd99XKzczOzS/kFwtLyyura/b6Rl3FqcSkhmMWy2aIFGFUkJqmmpFmIgniISONsH880hvXRCoai0s9SEjAUVfQiGKkDdW2t/wTxDmCvqLcXFdSZ2fDtl10nVKl7O5X4E/gOe54imA6/7O37We/E+OUE6ExQ0q1PDfRQYakppiRYcFPFUkQ7qMuaRkoECcqyMYRh3DXMB0YxdIcoeGY/byRIa7UgIfGyZHuqe/aiPxNa6U6KgcZFUmqicCTh6KUQR3DUV+wQyXBmg0MQFhS81eIe0girE2rBRP9Ix/8G9RLjuc63sVBsXo07SwPtsEO2AMeOARVcArOQQ1gcANuwT14tO6sB+vJeplYc9Z0ZxN8GevtHa3lnTY=</latexit><latexit sha1_base64="BhH4VfS4DbHI5OFuNIiItLVYWWE=">AAACInicjVBLSwMxGMz6rPW1Pm5egkXwtOzWQru3ogc9iYJ9QHcp2TRtQ5PdNckKdel/8eDFv+JF1JPgjzHdLuLr4EDCMPN9JDNBzKhUtv1mzM0vLC4tF1aKq2vrG5vm1nZTRonApIEjFol2gCRhNCQNRRUj7VgQxANGWsHoZOq3boiQNAqv1DgmPkeDkPYpRkpLXXPXO0WcI+hJyvV1LVR6PumaJdsquzX7yIW/iWPZGUogx//Gu+aL14twwkmoMENSdhw7Vn6KhKKYkUnRSySJER6hAeloGiJOpJ9mESfwQCs92I+EPqGCmfp1I0VcyjEP9CRHaih/elPxL6+TqH7NT2kYJ4qEePZQP2FQRXDaF+xRQbBiY00QFlT/FeIhEggr3Woxi+5mgDNSreTEdT6jN8uWY1vOZaVUP847K4A9sA8OgQOqoA7OwAVoAAxuwR14AE/GvfFoPBuvs9E5I9/ZAd9gvH8A69udxg==</latexit><latexit sha1_base64="BhH4VfS4DbHI5OFuNIiItLVYWWE=">AAACInicjVBLSwMxGMz6rPW1Pm5egkXwtOzWQru3ogc9iYJ9QHcp2TRtQ5PdNckKdel/8eDFv+JF1JPgjzHdLuLr4EDCMPN9JDNBzKhUtv1mzM0vLC4tF1aKq2vrG5vm1nZTRonApIEjFol2gCRhNCQNRRUj7VgQxANGWsHoZOq3boiQNAqv1DgmPkeDkPYpRkpLXXPXO0WcI+hJyvV1LVR6PumaJdsquzX7yIW/iWPZGUogx//Gu+aL14twwkmoMENSdhw7Vn6KhKKYkUnRSySJER6hAeloGiJOpJ9mESfwQCs92I+EPqGCmfp1I0VcyjEP9CRHaih/elPxL6+TqH7NT2kYJ4qEePZQP2FQRXDaF+xRQbBiY00QFlT/FeIhEggr3Woxi+5mgDNSreTEdT6jN8uWY1vOZaVUP847K4A9sA8OgQOqoA7OwAVoAAxuwR14AE/GvfFoPBuvs9E5I9/ZAd9gvH8A69udxg==</latexit>

� ⇠ N
<latexit sha1_base64="IXdLj1noE4JI80tHUOA0ThJgkCA=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgKiRVsN0VXehKKtgHNKFMppN26EwSZyaFEvodblwo4taPceffOH0IPg9cOJxzL/feEyScKe0471ZuaXlldS2/XtjY3NreKe7uNVWcSkIbJOaxbAdYUc4i2tBMc9pOJMUi4LQVDC+mfmtEpWJxdKvHCfUF7kcsZARrI/neJRYCI08xga67xZJjl6sV56SKfhPXdmYowQL1bvHN68UkFTTShGOlOq6TaD/DUjPC6aTgpYommAxxn3YMjbCgys9mR0/QkVF6KIylqUijmfp1IsNCqbEITKfAeqB+elPxL6+T6rDiZyxKUk0jMl8UphzpGE0TQD0mKdF8bAgmkplbERlgiYk2ORVMCJ+fov9Js2y7ju3enJZq54s48nAAh3AMLpxBDa6gDg0gcAf38AhP1sh6sJ6tl3lrzlrM7MM3WK8fSv+Ryw==</latexit><latexit sha1_base64="WE9hQm3pHAZAtLNLBty01c76vvw=">AAACGXicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6EJXomAf0BlKJs20ocnMmGSEMvQ7XLjxV9yIuNSVf2P6EHyCBwKHc87l5p4g4Uxpx3mzcnPzC4tL+eXCyura+kZxc6uh4lQSWicxj2UrwIpyFtG6ZprTViIpFgGnzWBwMvabN1QqFkdXephQX+BexEJGsDaS751iITDyFBPovFMsOXa5WnEOqugncW1nghLM8L94p/jidWOSChppwrFSbddJtJ9hqRnhdFTwUkUTTAa4R9uGRlhQ5WeTy0ZozyhdFMbSvEijifp5IsNCqaEITFJg3VffvbH4m9dOdVjxMxYlqaYRmS4KU450jMY1oS6TlGg+NAQTycxfEeljiYk2ZRbM6R/3ob9Jo2y7ju1eHpZqx7PO8rADu7APLhxBDc7gAupA4Bpu4R4erTvrwXqynqfRnDWb2YYvsF7fAdcDmaE=</latexit><latexit sha1_base64="WE9hQm3pHAZAtLNLBty01c76vvw=">AAACGXicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6EJXomAf0BlKJs20ocnMmGSEMvQ7XLjxV9yIuNSVf2P6EHyCBwKHc87l5p4g4Uxpx3mzcnPzC4tL+eXCyura+kZxc6uh4lQSWicxj2UrwIpyFtG6ZprTViIpFgGnzWBwMvabN1QqFkdXephQX+BexEJGsDaS751iITDyFBPovFMsOXa5WnEOqugncW1nghLM8L94p/jidWOSChppwrFSbddJtJ9hqRnhdFTwUkUTTAa4R9uGRlhQ5WeTy0ZozyhdFMbSvEijifp5IsNCqaEITFJg3VffvbH4m9dOdVjxMxYlqaYRmS4KU450jMY1oS6TlGg+NAQTycxfEeljiYk2ZRbM6R/3ob9Jo2y7ju1eHpZqx7PO8rADu7APLhxBDc7gAupA4Bpu4R4erTvrwXqynqfRnDWb2YYvsF7fAdcDmaE=</latexit><latexit sha1_base64="WE9hQm3pHAZAtLNLBty01c76vvw=">AAACGXicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6EJXomAf0BlKJs20ocnMmGSEMvQ7XLjxV9yIuNSVf2P6EHyCBwKHc87l5p4g4Uxpx3mzcnPzC4tL+eXCyura+kZxc6uh4lQSWicxj2UrwIpyFtG6ZprTViIpFgGnzWBwMvabN1QqFkdXephQX+BexEJGsDaS751iITDyFBPovFMsOXa5WnEOqugncW1nghLM8L94p/jidWOSChppwrFSbddJtJ9hqRnhdFTwUkUTTAa4R9uGRlhQ5WeTy0ZozyhdFMbSvEijifp5IsNCqaEITFJg3VffvbH4m9dOdVjxMxYlqaYRmS4KU450jMY1oS6TlGg+NAQTycxfEeljiYk2ZRbM6R/3ob9Jo2y7ju1eHpZqx7PO8rADu7APLhxBDc7gAupA4Bpu4R4erTvrwXqynqfRnDWb2YYvsF7fAdcDmaE=</latexit><latexit sha1_base64="fqxUaDct1QT39uWpNbQ5gqEdVmg=">AAACGXicjVDLSgMxFM34rPVVdekmWARXw0wttLMrutCVKNgHdIaSSTNtaJIZk4xQSr/DhRt/xY2IS135N6bTQXwtPBA4nHMuN/eECaNKO867tbC4tLyyWlgrrm9sbm2XdnZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej05nfviVS0Vhc63FCAo4GgkYUI22kwD9DnCPoK8rhRa9UduyKV3eOPfibuLaToQxy/C/eK736/RinnAiNGVKq6zqJDiZIaooZmRb9VJEE4REakK6hAnGigkl22RQeGqUPo1iaJzTM1K8TE8SVGvPQJDnSQ/XTm4l/ed1UR/VgQkWSaiLwfFGUMqhjOKsJ9qkkWLOxIQhLav4K8RBJhLUps5id7mWAc1Kr5sRzP09vVWzXsd2rarlxkndWAPvgABwBF9RAA5yDS9AEGNyAO/AAnqx769F6tl7m0QUrn9kD32C9fQAVCJox</latexit><latexit sha1_base64="fqxUaDct1QT39uWpNbQ5gqEdVmg=">AAACGXicjVDLSgMxFM34rPVVdekmWARXw0wttLMrutCVKNgHdIaSSTNtaJIZk4xQSr/DhRt/xY2IS135N6bTQXwtPBA4nHMuN/eECaNKO867tbC4tLyyWlgrrm9sbm2XdnZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej05nfviVS0Vhc63FCAo4GgkYUI22kwD9DnCPoK8rhRa9UduyKV3eOPfibuLaToQxy/C/eK736/RinnAiNGVKq6zqJDiZIaooZmRb9VJEE4REakK6hAnGigkl22RQeGqUPo1iaJzTM1K8TE8SVGvPQJDnSQ/XTm4l/ed1UR/VgQkWSaiLwfFGUMqhjOKsJ9qkkWLOxIQhLav4K8RBJhLUps5id7mWAc1Kr5sRzP09vVWzXsd2rarlxkndWAPvgABwBF9RAA5yDS9AEGNyAO/AAnqx769F6tl7m0QUrn9kD32C9fQAVCJox</latexit>

 For a k-local Hamiltonian with                      and participation number 
at most            bounds the quantum advantage         

2  k < N
<latexit sha1_base64="Bm7ViliV3qJ7X9eTsY33ul/JbMY=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgadmNggl4CHrxJBGMCWyWMDuZTYbMzqwzvUII+QwvHhTx6td482+cPASfBQ1FVTfdXVEquAHPe3dyC4tLyyv51cLa+sbmVnF758aoTFPWoEoo3YqIYYJL1gAOgrVSzUgSCdaMBucTv3nHtOFKXsMwZWFCepLHnBKwUlBuC3aLB/gUX3aKJc8tVyveURX/Jr7rTVFCc9Q7xbd2V9EsYRKoIMYEvpdCOCIaOBVsXGhnhqWEDkiPBZZKkjATjqYnj/GBVbo4VtqWBDxVv06MSGLMMIlsZ0Kgb356E/EvL8ggroQjLtMMmKSzRXEmMCg8+R93uWYUxNASQjW3t2LaJ5pQsCkVbAifn+L/yU3Z9T3Xvzou1c7mceTRHtpHh8hHJ6iGLlAdNRBFCt2jR/TkgPPgPDsvs9acM5/ZRd/gvH4A/dGQag==</latexit><latexit sha1_base64="J+Hlf1pL8aSW+JWmtJLd5p6993s=">AAACF3icjVDLSgMxFM3UV62vqks3wSK4GmaqYAsuim5ciYJ9wHQomfROG5rJjElGKEM/w4Ubf8WNiFvd+TemD8EneCBwOOdcbu4JEs6Udpw3Kzc3v7C4lF8urKyurW8UN7caKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxicjv3mDUjFYnGlhwn4EekJFjJKtJG8cpvDNR7gY3zeKZYcu1ytOAdV/JO4tjNBCc3wv3in+NruxjSNQGjKiVKe6yTaz4jUjHIYFdqpgoTQAemBZ6ggESg/m9w1wntG6eIwluYJjSfq54mMREoNo8AkI6L76rs3Fn/zvFSHFT9jIkk1CDpdFKYc6xiPS8JdJoFqPjSEUMnMXzHtE0moNlUWzOkf9+G/SaNsu47tXh6WaiezzvJoB+2ifeSiI1RDZ+gC1RFFMbpF9+jRurMerCfreRrNWbOZbfQF1ss7WXmYQA==</latexit><latexit sha1_base64="J+Hlf1pL8aSW+JWmtJLd5p6993s=">AAACF3icjVDLSgMxFM3UV62vqks3wSK4GmaqYAsuim5ciYJ9wHQomfROG5rJjElGKEM/w4Ubf8WNiFvd+TemD8EneCBwOOdcbu4JEs6Udpw3Kzc3v7C4lF8urKyurW8UN7caKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxicjv3mDUjFYnGlhwn4EekJFjJKtJG8cpvDNR7gY3zeKZYcu1ytOAdV/JO4tjNBCc3wv3in+NruxjSNQGjKiVKe6yTaz4jUjHIYFdqpgoTQAemBZ6ggESg/m9w1wntG6eIwluYJjSfq54mMREoNo8AkI6L76rs3Fn/zvFSHFT9jIkk1CDpdFKYc6xiPS8JdJoFqPjSEUMnMXzHtE0moNlUWzOkf9+G/SaNsu47tXh6WaiezzvJoB+2ifeSiI1RDZ+gC1RFFMbpF9+jRurMerCfreRrNWbOZbfQF1ss7WXmYQA==</latexit><latexit sha1_base64="J+Hlf1pL8aSW+JWmtJLd5p6993s=">AAACF3icjVDLSgMxFM3UV62vqks3wSK4GmaqYAsuim5ciYJ9wHQomfROG5rJjElGKEM/w4Ubf8WNiFvd+TemD8EneCBwOOdcbu4JEs6Udpw3Kzc3v7C4lF8urKyurW8UN7caKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxicjv3mDUjFYnGlhwn4EekJFjJKtJG8cpvDNR7gY3zeKZYcu1ytOAdV/JO4tjNBCc3wv3in+NruxjSNQGjKiVKe6yTaz4jUjHIYFdqpgoTQAemBZ6ggESg/m9w1wntG6eIwluYJjSfq54mMREoNo8AkI6L76rs3Fn/zvFSHFT9jIkk1CDpdFKYc6xiPS8JdJoFqPjSEUMnMXzHtE0moNlUWzOkf9+G/SaNsu47tXh6WaiezzvJoB+2ifeSiI1RDZ+gC1RFFMbpF9+jRurMerCfreRrNWbOZbfQF1ss7WXmYQA==</latexit><latexit sha1_base64="XhWDUitlq7KfDCanI0qqaXyrxTY=">AAACF3icjVDLSgMxFM34rPVVdekmWARXw0wttAMuim5ciYJ9wHQomTRtQzPJmGSEMvQzXLjxV9yIuNWdf2M6HcTXwgOBwznncnNPGDOqtOO8WwuLS8srq4W14vrG5tZ2aWe3pUQiMWliwYTshEgRRjlpaqoZ6cSSoChkpB2Oz2Z++5ZIRQW/1pOYBBEacjqgGGkj+ZUuIzdwDE/gRa9UduyKV3eOPfibuLaToQxy/C/eK711+wInEeEaM6SU7zqxDlIkNcWMTIvdRJEY4TEaEt9QjiKigjS7awoPjdKHAyHN4xpm6teJFEVKTaLQJCOkR+qnNxP/8vxED+pBSnmcaMLxfNEgYVALOCsJ9qkkWLOJIQhLav4K8QhJhLWpspid7mWAc1Kr5sRzP09vVWzXsd2rarlxmndWAPvgABwBF9RAA5yDS9AEGAhwBx7Ak3VvPVrP1ss8umDlM3vgG6zXD5dvmNA=</latexit><latexit sha1_base64="XhWDUitlq7KfDCanI0qqaXyrxTY=">AAACF3icjVDLSgMxFM34rPVVdekmWARXw0wttAMuim5ciYJ9wHQomTRtQzPJmGSEMvQzXLjxV9yIuNWdf2M6HcTXwgOBwznncnNPGDOqtOO8WwuLS8srq4W14vrG5tZ2aWe3pUQiMWliwYTshEgRRjlpaqoZ6cSSoChkpB2Oz2Z++5ZIRQW/1pOYBBEacjqgGGkj+ZUuIzdwDE/gRa9UduyKV3eOPfibuLaToQxy/C/eK711+wInEeEaM6SU7zqxDlIkNcWMTIvdRJEY4TEaEt9QjiKigjS7awoPjdKHAyHN4xpm6teJFEVKTaLQJCOkR+qnNxP/8vxED+pBSnmcaMLxfNEgYVALOCsJ9qkkWLOJIQhLav4K8QhJhLWpspid7mWAc1Kr5sRzP09vVWzXsd2rarlxmndWAPvgABwBF9RAA5yDS9AEGAhwBx7Ak3VvPVrP1ss8umDlM3vgG6zXD5dvmNA=</latexit>

m > 1
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 Charging power 
cannot be enhanced by 
increasing the number of 
unit cells in the battery.

 The order of the 
interactions (k) 
between unit cells is an 
effective resource
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 In a system of harmonic oscillators in the Gibbs state charged by 
unitary operations, charging precision can be optimised by using 
Gaussian unitary operations: pure single-mode squeezing or 
combinations of squeezing and displacements



Jeff Murugan (UCT)

SYK Batteries
[Rosa et.al. ’20, Rossini et.al. ’20]The Sachdev-Ye-Kitaev model is a quantum mechanical system of 

N Majorana fermions with all-to-all random q-body interactions 
conjectured to be dual to a nearly            geometry.             AdS2

 It is solvable in the large N 
limit
 It has an emergent low-

energy conformal symmetry 
 It is maximally chaotic

 SYK Hamiltonian

with Gaussian random 
couplings Ji1···iq

<latexit sha1_base64="UNKaJNb6j6XO5cLG3LGb4+0y9dg=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpgu2u6EZcVbAPaEOYTKbt0MlMnJkIJQT8FTcuFHHrd7jzb5w+BJ8HLhzOuZd77wkTRpV23XersLC4tLxSXC2trW9sbtnbOy0lUolJEwsmZCdEijDKSVNTzUgnkQTFISPtcHQ+8du3RCoq+LUeJ8SP0YDTPsVIGymw9y6DjAaZl/dwJLSCht/keWCXXadSq7rHNfibeI47RRnM0Qjst14kcBoTrjFDSnU9N9F+hqSmmJG81EsVSRAeoQHpGspRTJSfTc/P4aFRItgX0hTXcKp+nchQrNQ4Dk1njPRQ/fQm4l9eN9X9qp9RnqSacDxb1E8Z1AJOsoARlQRrNjYEYUnNrRAPkURYm8RKJoTPT+H/pFVxPNfxrk7K9bN5HEWwDw7AEfDAKaiDC9AATYBBBu7BI3iy7qwH69l6mbUWrPnMLvgG6/UDD+yWNg==</latexit><latexit sha1_base64="SXQM9bzsNd2bOtlbIgRs68PfOpQ=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEV8NMFWx3RTfiSsE+oB2GTCZtQzPJmGSEMszHuHDjr7iR4saF/2L6EHyCBwKHc87l5p4wYVRp1321CguLS8srxdXS2vrG5pa9vdNUIpWYNLBgQrZDpAijnDQ01Yy0E0lQHDLSCofnE791R6Sigt/oUUL8GPU57VGMtJECe+8yyGiQeXkXR0IraPhtngd22XUqtap7XIM/iee4U5TBHP+LB/a4GwmcxoRrzJBSHc9NtJ8hqSlmJC91U0UShIeoTzqGchQT5WfTG3N4aJQI9oQ0j2s4VT9PZChWahSHJhkjPVDfvYn4m9dJda/qZ5QnqSYczxb1Uga1gJPCYEQlwZqNDEFYUvNXiAdIIqxNrSVz+sd98G/SrDie63jXJ+X62byzItgHB+AIeOAU1MEFuAINgEEG7sEjeLYerCdrbL3MogVrPrMLvsB6ewcydJ4M</latexit><latexit sha1_base64="SXQM9bzsNd2bOtlbIgRs68PfOpQ=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEV8NMFWx3RTfiSsE+oB2GTCZtQzPJmGSEMszHuHDjr7iR4saF/2L6EHyCBwKHc87l5p4wYVRp1321CguLS8srxdXS2vrG5pa9vdNUIpWYNLBgQrZDpAijnDQ01Yy0E0lQHDLSCofnE791R6Sigt/oUUL8GPU57VGMtJECe+8yyGiQeXkXR0IraPhtngd22XUqtap7XIM/iee4U5TBHP+LB/a4GwmcxoRrzJBSHc9NtJ8hqSlmJC91U0UShIeoTzqGchQT5WfTG3N4aJQI9oQ0j2s4VT9PZChWahSHJhkjPVDfvYn4m9dJda/qZ5QnqSYczxb1Uga1gJPCYEQlwZqNDEFYUvNXiAdIIqxNrSVz+sd98G/SrDie63jXJ+X62byzItgHB+AIeOAU1MEFuAINgEEG7sEjeLYerCdrbL3MogVrPrMLvsB6ewcydJ4M</latexit><latexit sha1_base64="SXQM9bzsNd2bOtlbIgRs68PfOpQ=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEV8NMFWx3RTfiSsE+oB2GTCZtQzPJmGSEMszHuHDjr7iR4saF/2L6EHyCBwKHc87l5p4wYVRp1321CguLS8srxdXS2vrG5pa9vdNUIpWYNLBgQrZDpAijnDQ01Yy0E0lQHDLSCofnE791R6Sigt/oUUL8GPU57VGMtJECe+8yyGiQeXkXR0IraPhtngd22XUqtap7XIM/iee4U5TBHP+LB/a4GwmcxoRrzJBSHc9NtJ8hqSlmJC91U0UShIeoTzqGchQT5WfTG3N4aJQI9oQ0j2s4VT9PZChWahSHJhkjPVDfvYn4m9dJda/qZ5QnqSYczxb1Uga1gJPCYEQlwZqNDEFYUvNXiAdIIqxNrSVz+sd98G/SrDie63jXJ+X62byzItgHB+AIeOAU1MEFuAINgEEG7sEjeLYerCdrbL3MogVrPrMLvsB6ewcydJ4M</latexit><latexit sha1_base64="ofpZJxKcbX9oQF7PZHH6fuzl1Qc=">AAACI3icjVDLSsNAFJ3UV62vqLhyM1gEVyGphTa7ohtxpWBtoQ1hMpm0QycPZyZCCfkYF278FTdS3LjwX5ymQXwtPDBwOOdc7tzjJYwKaZpvWmVpeWV1rbpe29jc2t7Rd/duRZxyTLo4ZjHve0gQRiPSlVQy0k84QaHHSM+bnM/93j3hgsbRjZwmxAnRKKIBxUgqydUPLt2MupmVD7EfSwEVv8tzV6+bRsNum6c2/E0swyxQByX+F3f12dCPcRqSSGKGhBhYZiKdDHFJMSN5bZgKkiA8QSMyUDRCIRFOVtyYw2Ol+DCIuXqRhIX6dSJDoRDT0FPJEMmx+OnNxb+8QSqDtpPRKEklifBiUZAyKGM4Lwz6lBMs2VQRhDlVf4V4jDjCUtVaK063C8AFaTVLYlufp982DMs0rOtmvXNWdlYFh+AInAALtEAHXIAr0AUYZOABPIEX7VF71mba6yJa0cqZffAN2vsHcGqenA==</latexit><latexit sha1_base64="ofpZJxKcbX9oQF7PZHH6fuzl1Qc=">AAACI3icjVDLSsNAFJ3UV62vqLhyM1gEVyGphTa7ohtxpWBtoQ1hMpm0QycPZyZCCfkYF278FTdS3LjwX5ymQXwtPDBwOOdc7tzjJYwKaZpvWmVpeWV1rbpe29jc2t7Rd/duRZxyTLo4ZjHve0gQRiPSlVQy0k84QaHHSM+bnM/93j3hgsbRjZwmxAnRKKIBxUgqydUPLt2MupmVD7EfSwEVv8tzV6+bRsNum6c2/E0swyxQByX+F3f12dCPcRqSSGKGhBhYZiKdDHFJMSN5bZgKkiA8QSMyUDRCIRFOVtyYw2Ol+DCIuXqRhIX6dSJDoRDT0FPJEMmx+OnNxb+8QSqDtpPRKEklifBiUZAyKGM4Lwz6lBMs2VQRhDlVf4V4jDjCUtVaK063C8AFaTVLYlufp982DMs0rOtmvXNWdlYFh+AInAALtEAHXIAr0AUYZOABPIEX7VF71mba6yJa0cqZffAN2vsHcGqenA==</latexit>

 Some properties:

 Charging protocol:

�(t) =

⇢
0 t < 0, t > ⌧
1 0 < t < ⌧

<latexit sha1_base64="iSFg0UW0MdeE6R7O2IXuHoNMlbM="></latexit><latexit sha1_base64="8Ne+z1PTPveZAXvYKel9d7IH3Mk="></latexit><latexit sha1_base64="8Ne+z1PTPveZAXvYKel9d7IH3Mk="></latexit><latexit sha1_base64="8Ne+z1PTPveZAXvYKel9d7IH3Mk="></latexit><latexit sha1_base64="ZLmz48cEYaLwuWDYpsiVuI6QIwk="></latexit><latexit sha1_base64="ZLmz48cEYaLwuWDYpsiVuI6QIwk="></latexit>

 Energy stored after time ⌧
<latexit sha1_base64="5Q3DlMj2C73K/lHLWWaQy5Eg6V4=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqYHsrevFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlvTD8EPx8MPN6bYWZekEhh0HHercLK6tr6RnGztLW9s7tX3j9omTjVjHsslrHuBNRwKRT3UKDknURzGgWSt4Px1cxv33FtRKxucZJwP6JDJULBKOaS10OalvrlimNX6zXnrE5+E9d25qjAEs1++a03iFkacYVMUmO6rpOgn1GNgkk+LfVSwxPKxnTIuzlVNOLGz+bHTslJrgxIGOu8FJK5+nUio5ExkyjIOyOKI/PTm4l/ed0Uw5qfCZWkyBVbLApTSTAms8/JQGjOUE5yQpkW+a2EjaimDPN8ZiF8fkr+J62q7Tq2e3NeaVwu4yjCERzDKbhwAQ24hiZ4wEDAPTzCk6WsB+vZelm0FqzlzCF8g/X6Ad1wjrk=</latexit><latexit sha1_base64="Aw3JgcylxembOZigyULDeLO6WuA=">AAACEXicjVC7SgNBFL3rM8ZX1NJmMAhWy24UTLqgjaWCmwSSJcxOJsmQ2Qczd4Ww5BssbPwVGxFbOzv/xtkkgk/wwMDhnHO5c0+QSKHRcd6shcWl5ZXVwlpxfWNza7u0s9vQcaoY91gsY9UKqOZSRNxDgZK3EsVpGEjeDEbnud+84UqLOLrGccL9kA4i0ReMopG8DtK02C2VHbtSqzrHNfKTuLYzRRnm+F+8W3rt9GKWhjxCJqnWbddJ0M+oQsEknxQ7qeYJZSM64G1DIxpy7WfTiybk0Cg90o+VeRGSqfp5IqOh1uMwMMmQ4lB/93LxN6+dYr/qZyJKUuQRmy3qp5JgTPJ6SE8ozlCODaFMCfNXwoZUUYamxLypj/vI36RRsV3Hdq9OyvWzeWcF2IcDOAIXTqEOF3AJHjAQcAv38GjdWQ/Wk/U8iy5Y85k9+ALr5R0CUZaP</latexit><latexit sha1_base64="Aw3JgcylxembOZigyULDeLO6WuA=">AAACEXicjVC7SgNBFL3rM8ZX1NJmMAhWy24UTLqgjaWCmwSSJcxOJsmQ2Qczd4Ww5BssbPwVGxFbOzv/xtkkgk/wwMDhnHO5c0+QSKHRcd6shcWl5ZXVwlpxfWNza7u0s9vQcaoY91gsY9UKqOZSRNxDgZK3EsVpGEjeDEbnud+84UqLOLrGccL9kA4i0ReMopG8DtK02C2VHbtSqzrHNfKTuLYzRRnm+F+8W3rt9GKWhjxCJqnWbddJ0M+oQsEknxQ7qeYJZSM64G1DIxpy7WfTiybk0Cg90o+VeRGSqfp5IqOh1uMwMMmQ4lB/93LxN6+dYr/qZyJKUuQRmy3qp5JgTPJ6SE8ozlCODaFMCfNXwoZUUYamxLypj/vI36RRsV3Hdq9OyvWzeWcF2IcDOAIXTqEOF3AJHjAQcAv38GjdWQ/Wk/U8iy5Y85k9+ALr5R0CUZaP</latexit><latexit sha1_base64="Aw3JgcylxembOZigyULDeLO6WuA=">AAACEXicjVC7SgNBFL3rM8ZX1NJmMAhWy24UTLqgjaWCmwSSJcxOJsmQ2Qczd4Ww5BssbPwVGxFbOzv/xtkkgk/wwMDhnHO5c0+QSKHRcd6shcWl5ZXVwlpxfWNza7u0s9vQcaoY91gsY9UKqOZSRNxDgZK3EsVpGEjeDEbnud+84UqLOLrGccL9kA4i0ReMopG8DtK02C2VHbtSqzrHNfKTuLYzRRnm+F+8W3rt9GKWhjxCJqnWbddJ0M+oQsEknxQ7qeYJZSM64G1DIxpy7WfTiybk0Cg90o+VeRGSqfp5IqOh1uMwMMmQ4lB/93LxN6+dYr/qZyJKUuQRmy3qp5JgTPJ6SE8ozlCODaFMCfNXwoZUUYamxLypj/vI36RRsV3Hdq9OyvWzeWcF2IcDOAIXTqEOF3AJHjAQcAv38GjdWQ/Wk/U8iy5Y85k9+ALr5R0CUZaP</latexit><latexit sha1_base64="P93iUSo8krCA6f8Q4ZYa25qQTE4=">AAACEXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunGpYB/QhjKZTtqhk0mYuRFK6De4cOOvuBFx686df2OaBPG18MDA4ZxzuXOPFwmuwbLejdLK6tr6RnmzsrW9s7tX3T/o6jBWlHVoKELV94hmgkvWAQ6C9SPFSOAJ1vNmF0u/d8uU5qG8gXnE3IBMJPc5JZBKnSGQuDKq1iyz7rSsMwf/JrZpZaihAv+Lj6pvw3FI44BJoIJoPbCtCNyEKOBUsEVlGGsWETojEzZIqSQB026SXbTAJ6kyxn6o0icBZ+rXiYQEWs8DL00GBKb6p7cU//IGMfgtN+EyioFJmi/yY4EhxMt68JgrRkHMU0Ko4ulfMZ0SRSikJeZNORlwTpqNgjj25+ndumlbpn3dqLXPi87K6Agdo1NkoyZqo0t0hTqIIo7u0AN6Mu6NR+PZeMmjJaOYOUTfYLx+AEBHlx8=</latexit><latexit sha1_base64="P93iUSo8krCA6f8Q4ZYa25qQTE4=">AAACEXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunGpYB/QhjKZTtqhk0mYuRFK6De4cOOvuBFx686df2OaBPG18MDA4ZxzuXOPFwmuwbLejdLK6tr6RnmzsrW9s7tX3T/o6jBWlHVoKELV94hmgkvWAQ6C9SPFSOAJ1vNmF0u/d8uU5qG8gXnE3IBMJPc5JZBKnSGQuDKq1iyz7rSsMwf/JrZpZaihAv+Lj6pvw3FI44BJoIJoPbCtCNyEKOBUsEVlGGsWETojEzZIqSQB026SXbTAJ6kyxn6o0icBZ+rXiYQEWs8DL00GBKb6p7cU//IGMfgtN+EyioFJmi/yY4EhxMt68JgrRkHMU0Ko4ulfMZ0SRSikJeZNORlwTpqNgjj25+ndumlbpn3dqLXPi87K6Agdo1NkoyZqo0t0hTqIIo7u0AN6Mu6NR+PZeMmjJaOYOUTfYLx+AEBHlx8=</latexit>

E(⌧) = h (⌧)|H0| (⌧)i � h0|H0|0i
<latexit sha1_base64="Hy5UPfh1ou5u5Vh2t+OKI0XQGPs="></latexit><latexit sha1_base64="62/i44H/bvbmJuj2x8mZ4tiIG1c="></latexit><latexit sha1_base64="62/i44H/bvbmJuj2x8mZ4tiIG1c="></latexit><latexit sha1_base64="62/i44H/bvbmJuj2x8mZ4tiIG1c="></latexit><latexit sha1_base64="mE6ILRKJUumE7yK9OK2+qwR4edY="></latexit><latexit sha1_base64="mE6ILRKJUumE7yK9OK2+qwR4edY="></latexit>

 The stored energy:

 Grows until some model-
dependent time-scale ⌧⇤<latexit sha1_base64="dNN0nahq7dRwnrhIdamDLSthgKE=">AAAB73icdVDJSgNBEK1xjXGLevTSGATxMMxEweQW9OIxglkgGUNPpydp0rPYXSOEIT/hxYMiXv0db/6NnUVwfVDweK+Kqnp+IoVGx3m3FhaXlldWc2v59Y3Nre3Czm5Dx6livM5iGauWTzWXIuJ1FCh5K1Gchr7kTX94MfGbd1xpEUfXOEq4F9J+JALBKBqp1UGa3mTH426h6NilStk5qZDfxLWdKYowR61beOv0YpaGPEImqdZt10nQy6hCwSQf5zup5gllQ9rnbUMjGnLtZdN7x+TQKD0SxMpUhGSqfp3IaKj1KPRNZ0hxoH96E/Evr51iUPYyESUp8ojNFgWpJBiTyfOkJxRnKEeGUKaEuZWwAVWUoYkob0L4/JT8Txol23Vs9+q0WD2fx5GDfTiAI3DhDKpwCTWoAwMJ9/AIT9at9WA9Wy+z1gVrPrMH32C9fgCKa5BN</latexit><latexit sha1_base64="ynLuZNw1qrWot239jyd15YOTbuc=">AAACFHicjVC7SgNBFL0bXzG+opY2g0EQi2U3CiZd0MZSwcRAsobZyWwyZPbBzF0hLPkJCxt/xUbE1sLOv3HyEHyCBwYO55zLnXv8RAqNjvNm5ebmFxaX8suFldW19Y3i5lZDx6livM5iGaumTzWXIuJ1FCh5M1Gchr7kV/7gdOxf3XClRRxd4jDhXkh7kQgEo2ikZhtpep0djDrFkmOXqxXnsEp+Etd2JijBDP+Ld4qv7W7M0pBHyCTVuuU6CXoZVSiY5KNCO9U8oWxAe7xlaERDrr1sctSI7BmlS4JYmRchmaifJzIaaj0MfZMMKfb1d28s/ua1UgwqXiaiJEUesemiIJUEYzJuiHSF4gzl0BDKlDB/JaxPFWVoeiyY0z/uI3+TRtl2Hdu9OCrVTmad5WEHdmEfXDiGGpzBOdSBgYRbuIdH6856sJ6s52k0Z81mtuELrJd35bqYIw==</latexit><latexit sha1_base64="ynLuZNw1qrWot239jyd15YOTbuc=">AAACFHicjVC7SgNBFL0bXzG+opY2g0EQi2U3CiZd0MZSwcRAsobZyWwyZPbBzF0hLPkJCxt/xUbE1sLOv3HyEHyCBwYO55zLnXv8RAqNjvNm5ebmFxaX8suFldW19Y3i5lZDx6livM5iGaumTzWXIuJ1FCh5M1Gchr7kV/7gdOxf3XClRRxd4jDhXkh7kQgEo2ikZhtpep0djDrFkmOXqxXnsEp+Etd2JijBDP+Ld4qv7W7M0pBHyCTVuuU6CXoZVSiY5KNCO9U8oWxAe7xlaERDrr1sctSI7BmlS4JYmRchmaifJzIaaj0MfZMMKfb1d28s/ua1UgwqXiaiJEUesemiIJUEYzJuiHSF4gzl0BDKlDB/JaxPFWVoeiyY0z/uI3+TRtl2Hdu9OCrVTmad5WEHdmEfXDiGGpzBOdSBgYRbuIdH6856sJ6s52k0Z81mtuELrJd35bqYIw==</latexit><latexit sha1_base64="ynLuZNw1qrWot239jyd15YOTbuc=">AAACFHicjVC7SgNBFL0bXzG+opY2g0EQi2U3CiZd0MZSwcRAsobZyWwyZPbBzF0hLPkJCxt/xUbE1sLOv3HyEHyCBwYO55zLnXv8RAqNjvNm5ebmFxaX8suFldW19Y3i5lZDx6livM5iGaumTzWXIuJ1FCh5M1Gchr7kV/7gdOxf3XClRRxd4jDhXkh7kQgEo2ikZhtpep0djDrFkmOXqxXnsEp+Etd2JijBDP+Ld4qv7W7M0pBHyCTVuuU6CXoZVSiY5KNCO9U8oWxAe7xlaERDrr1sctSI7BmlS4JYmRchmaifJzIaaj0MfZMMKfb1d28s/ua1UgwqXiaiJEUesemiIJUEYzJuiHSF4gzl0BDKlDB/JaxPFWVoeiyY0z/uI3+TRtl2Hdu9OCrVTmad5WEHdmEfXDiGGpzBOdSBgYRbuIdH6856sJ6s52k0Z81mtuELrJd35bqYIw==</latexit><latexit sha1_base64="+Fz0jO0O03nk9HIOos+D6qstWRg=">AAACFHicjVC7SgNBFL0bXzG+opY2g0EQi2U3BpLtgjaWCuYByRpmJ7PJkNkHM7NCWPITFjb+io2IrYWdf+Nks4ivwgMDh3PO5c49XsyZVJb1bhSWlldW14rrpY3Nre2d8u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yfnc79xSIVkUXqtpTN0Aj0LmM4KVlrp9hZOb9GQ2KFcss+o0rFMH/Sa2aWWoQI7/xQflt/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00+yoGTrSyhD5kdAvVChTv06kOJByGng6GWA1lj+9ufiX10uU33BTFsaJoiFZLPITjlSE5g2hIROUKD7VBBPB9F8RGWOBidI9lrLTnQxoQeq1nDj25+ntqmlbpn1VqzTP8s6KcACHcAw21KEJF3AJLSDA4Q4e4Mm4Nx6NZ+NlES0Y+cw+fIPx+gEjv5iz</latexit><latexit sha1_base64="+Fz0jO0O03nk9HIOos+D6qstWRg=">AAACFHicjVC7SgNBFL0bXzG+opY2g0EQi2U3BpLtgjaWCuYByRpmJ7PJkNkHM7NCWPITFjb+io2IrYWdf+Nks4ivwgMDh3PO5c49XsyZVJb1bhSWlldW14rrpY3Nre2d8u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yfnc79xSIVkUXqtpTN0Aj0LmM4KVlrp9hZOb9GQ2KFcss+o0rFMH/Sa2aWWoQI7/xQflt/4wIklAQ0U4lrJnW7FyUywUI5zOSv1E0hiTCR7RnqYhDqh00+yoGTrSyhD5kdAvVChTv06kOJByGng6GWA1lj+9ufiX10uU33BTFsaJoiFZLPITjlSE5g2hIROUKD7VBBPB9F8RGWOBidI9lrLTnQxoQeq1nDj25+ntqmlbpn1VqzTP8s6KcACHcAw21KEJF3AJLSDA4Q4e4Mm4Nx6NZ+NlES0Y+cw+fIPx+gEjv5iz</latexit>

 Then fluctuates wildly 
about some averageE<latexit sha1_base64="s986ksftv2AO0dP76KVP1g7fQ8M=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFcDTNVsN0VRXBZwT6gM5RMmrahmWRIMkIZ+htuXCji1p9x59+YaSv4PBA4nHMP9+ZECWfaeN67s7S8srq2Xtgobm5t7+yW9vZbWqaK0CaRXKpOhDXlTNCmYYbTTqIojiNO29H4Mvfbd1RpJsWtmSQ0jPFQsAEj2FgpCKQ182x2Ne2Vyp5bqVW90xr6TXzXm6EMCzR6pbegL0kaU2EIx1p3fS8xYYaVYYTTaTFINU0wGeMh7VoqcEx1mM1unqJjq/TRQCr7hEEz9Wsiw7HWkziykzE2I/3Ty8W/vG5qBtUwYyJJDRVkvmiQcmQkygtAfaYoMXxiCSaK2VsRGWGFibE1FW0Jnz9F/5NWxfU91785K9cvFnUU4BCO4AR8OIc6XEMDmkAggXt4hCcndR6cZ+dlPrrkLDIH8A3O6wf4hpJM</latexit><latexit sha1_base64="s3bQiSpvZbbCbRITlGG1Vc/ID3o=">AAACGHicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0VRXCpYB/QhDKZTtqhk0mYmQgl9DdcuPFX3Ii47c6/cdJW8AkeGDiccy93zgkSzpR2nDersLS8srpWXC9tbG5t75R391oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkYXud++o1KxWNzqcUL9CA8ECxnB2kieFxsz380uJ71yxbGr9ZpzUkc/iWs7M1Rggf+N98pTrx+TNKJCE46V6rpOov0MS80Ip5OSlyqaYDLCA9o1VOCIKj+bBZugI6P0URhL84RGM/XzRoYjpcZRYCYjrIfqu5eLv3ndVIc1P2MiSTUVZH4oTDnSMcpbQn0mKdF8bAgmkpm/IjLEEhNtuiyZ6B/50N+kVbVdx3ZvTiuN80VnRTiAQzgGF86gAVdwDU0gkMA9PMKz9WA9WS/W63y0YC129uELrOk7mIuaIg==</latexit><latexit sha1_base64="s3bQiSpvZbbCbRITlGG1Vc/ID3o=">AAACGHicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0VRXCpYB/QhDKZTtqhk0mYmQgl9DdcuPFX3Ii47c6/cdJW8AkeGDiccy93zgkSzpR2nDersLS8srpWXC9tbG5t75R391oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkYXud++o1KxWNzqcUL9CA8ECxnB2kieFxsz380uJ71yxbGr9ZpzUkc/iWs7M1Rggf+N98pTrx+TNKJCE46V6rpOov0MS80Ip5OSlyqaYDLCA9o1VOCIKj+bBZugI6P0URhL84RGM/XzRoYjpcZRYCYjrIfqu5eLv3ndVIc1P2MiSTUVZH4oTDnSMcpbQn0mKdF8bAgmkpm/IjLEEhNtuiyZ6B/50N+kVbVdx3ZvTiuN80VnRTiAQzgGF86gAVdwDU0gkMA9PMKz9WA9WS/W63y0YC129uELrOk7mIuaIg==</latexit><latexit sha1_base64="s3bQiSpvZbbCbRITlGG1Vc/ID3o=">AAACGHicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0VRXCpYB/QhDKZTtqhk0mYmQgl9DdcuPFX3Ii47c6/cdJW8AkeGDiccy93zgkSzpR2nDersLS8srpWXC9tbG5t75R391oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkYXud++o1KxWNzqcUL9CA8ECxnB2kieFxsz380uJ71yxbGr9ZpzUkc/iWs7M1Rggf+N98pTrx+TNKJCE46V6rpOov0MS80Ip5OSlyqaYDLCA9o1VOCIKj+bBZugI6P0URhL84RGM/XzRoYjpcZRYCYjrIfqu5eLv3ndVIc1P2MiSTUVZH4oTDnSMcpbQn0mKdF8bAgmkpm/IjLEEhNtuiyZ6B/50N+kVbVdx3ZvTiuN80VnRTiAQzgGF86gAVdwDU0gkMA9PMKz9WA9WS/W63y0YC129uELrOk7mIuaIg==</latexit><latexit sha1_base64="lLrvtE/yodWydS4ziadRScUacGc=">AAACGHicjVDLSgMxFM34rPVVdekmWARXw0wttLMriuBSwT6gM5RMmrahmWRIMkIZ+hsu3PgrbkTcduffmJkO4mvhgcDhnHu5OSeMGVXacd6tldW19Y3N0lZ5e2d3b79ycNhRIpGYtLFgQvZCpAijnLQ11Yz0YklQFDLSDaeXmd+9J1JRwe/0LCZBhMacjihG2ki+L4yZ7aZX80Gl6tg1r+mce/A3cW0nRxUU+N/4oLLwhwInEeEaM6RU33ViHaRIaooZmZf9RJEY4Skak76hHEVEBWkebA5PjTKEIyHN4xrm6teNFEVKzaLQTEZIT9RPLxP/8vqJHjWDlPI40YTj5aFRwqAWMGsJDqkkWLOZIQhLav4K8QRJhLXpspxH93LAJWnUC+K5n9E7Ndt1bPe2Xm1dFJ2VwDE4AWfABQ3QAtfgBrQBBjF4AE/gxXq0nq1X6205umIVO0fgG6zFB9aBmrI=</latexit><latexit sha1_base64="lLrvtE/yodWydS4ziadRScUacGc=">AAACGHicjVDLSgMxFM34rPVVdekmWARXw0wttLMriuBSwT6gM5RMmrahmWRIMkIZ+hsu3PgrbkTcduffmJkO4mvhgcDhnHu5OSeMGVXacd6tldW19Y3N0lZ5e2d3b79ycNhRIpGYtLFgQvZCpAijnLQ11Yz0YklQFDLSDaeXmd+9J1JRwe/0LCZBhMacjihG2ki+L4yZ7aZX80Gl6tg1r+mce/A3cW0nRxUU+N/4oLLwhwInEeEaM6RU33ViHaRIaooZmZf9RJEY4Skak76hHEVEBWkebA5PjTKEIyHN4xrm6teNFEVKzaLQTEZIT9RPLxP/8vqJHjWDlPI40YTj5aFRwqAWMGsJDqkkWLOZIQhLav4K8QRJhLXpspxH93LAJWnUC+K5n9E7Ndt1bPe2Xm1dFJ2VwDE4AWfABQ3QAtfgBrQBBjF4AE/gxXq0nq1X6205umIVO0fgG6zFB9aBmrI=</latexit>

 with a model-dependent 
relative size �E = �E/E

<latexit sha1_base64="psZtgGpVThdG2WNU9weYPcvmWP8=">AAACCXicdVDNS8MwHE39nPOr6tFLcAieajsFt4Mw1IHHCe4D1jLSNN3C0rQkqTDKrl78V7x4UMSr/4E3/xvTbYKfDwKP934vye/5CaNS2fa7MTe/sLi0XFgprq6tb2yaW9stGacCkyaOWSw6PpKEUU6aiipGOokgKPIZafvD89xv3xAhacyv1SghXoT6nIYUI6WlngndgDCFYB2eQvdiSg/dWEfyG7P6uGeWbKtcrdhHVfibOJY9QQnM0OiZb24Q4zQiXGGGpOw6dqK8DAlFMSPjoptKkiA8RH3S1ZSjiEgvm2wyhvtaCWAYC324ghP1ayJDkZSjyNeTEVID+dPLxb+8bqrCipdRnqSKcDx9KEwZVDHMa4EBFQQrNtIEYUH1XyEeIIGw0uUVdQmfm8L/SatsObblXB2XamezOgpgF+yBA+CAE1ADl6ABmgCDW3APHsGTcWc8GM/Gy3R0zphldsA3GK8fKxeZZw==</latexit><latexit sha1_base64="3w6n/oHD+xWaqtTVpHYxGQ4pTJ8=">AAACLnicjVBNS8MwGE79nPOr6tFLcAieajsFt4Mw1IFHBfcBaxlpmm5haVOSVBhlV3+NBy/+EQ+CiHj1Z5huE/wEXwg8PB9J3sdPGJXKtp+Mmdm5+YXFwlJxeWV1bd3c2GxKngpMGpgzLto+koTRmDQUVYy0E0FQ5DPS8genud66JkJSHl+pYUK8CPViGlKMlKa6JnQDwhSCdXgM3bMJ3He5juQ3ZvVR1yzZVrlasQ+q8CdwLHs8JTCd/9m75oMbcJxGJFaYISk7jp0oL0NCUczIqOimkiQID1CPdDSMUUSkl43XHcFdzQQw5EKfWMEx+zmRoUjKYeRrZ4RUX37XcvI3rZOqsOJlNE5SRWI8eShMGVQc5t3BgAqCFRtqgLCg+q8Q95FAWOmGi3r1j/3g36BZthzbci4PS7WTaWcFsA12wB5wwBGogXNwARoAgxtwC+7Bs3FnPBovxuvEOmNMM1vgyxhv77VloT0=</latexit><latexit sha1_base64="3w6n/oHD+xWaqtTVpHYxGQ4pTJ8=">AAACLnicjVBNS8MwGE79nPOr6tFLcAieajsFt4Mw1IFHBfcBaxlpmm5haVOSVBhlV3+NBy/+EQ+CiHj1Z5huE/wEXwg8PB9J3sdPGJXKtp+Mmdm5+YXFwlJxeWV1bd3c2GxKngpMGpgzLto+koTRmDQUVYy0E0FQ5DPS8genud66JkJSHl+pYUK8CPViGlKMlKa6JnQDwhSCdXgM3bMJ3He5juQ3ZvVR1yzZVrlasQ+q8CdwLHs8JTCd/9m75oMbcJxGJFaYISk7jp0oL0NCUczIqOimkiQID1CPdDSMUUSkl43XHcFdzQQw5EKfWMEx+zmRoUjKYeRrZ4RUX37XcvI3rZOqsOJlNE5SRWI8eShMGVQc5t3BgAqCFRtqgLCg+q8Q95FAWOmGi3r1j/3g36BZthzbci4PS7WTaWcFsA12wB5wwBGogXNwARoAgxtwC+7Bs3FnPBovxuvEOmNMM1vgyxhv77VloT0=</latexit><latexit sha1_base64="3w6n/oHD+xWaqtTVpHYxGQ4pTJ8=">AAACLnicjVBNS8MwGE79nPOr6tFLcAieajsFt4Mw1IFHBfcBaxlpmm5haVOSVBhlV3+NBy/+EQ+CiHj1Z5huE/wEXwg8PB9J3sdPGJXKtp+Mmdm5+YXFwlJxeWV1bd3c2GxKngpMGpgzLto+koTRmDQUVYy0E0FQ5DPS8genud66JkJSHl+pYUK8CPViGlKMlKa6JnQDwhSCdXgM3bMJ3He5juQ3ZvVR1yzZVrlasQ+q8CdwLHs8JTCd/9m75oMbcJxGJFaYISk7jp0oL0NCUczIqOimkiQID1CPdDSMUUSkl43XHcFdzQQw5EKfWMEx+zmRoUjKYeRrZ4RUX37XcvI3rZOqsOJlNE5SRWI8eShMGVQc5t3BgAqCFRtqgLCg+q8Q95FAWOmGi3r1j/3g36BZthzbci4PS7WTaWcFsA12wB5wwBGogXNwARoAgxtwC+7Bs3FnPBovxuvEOmNMM1vgyxhv77VloT0=</latexit><latexit sha1_base64="6tmF4dRKRxyTTwPa54nzMUVSniE=">AAACLnicjVBJSwMxGM3UrdZt1KOXYBE81ZlaaOcgFLXgUcEu0BlKJk3b0MxCkhHK0Ku/xoMX/4gHQUS8+jPMLIjbwQeBx3vfl+Q9N2RUSMN41goLi0vLK8XV0tr6xuaWvr3TEUHEMWnjgAW85yJBGPVJW1LJSC/kBHkuI113epb43RvCBQ38azkLieOhsU9HFCOppIEO7SFhEsEWPIH2eUaP7ECtJDfGrflALxuVqtUwji34m5gVI0UZ5Pjf+EB/tIcBjjziS8yQEH3TCKUTIy4pZmResiNBQoSnaEz6ivrII8KJ07hzeKCUIRwFXB1fwlT9uhEjT4iZ56pJD8mJ+Okl4l9eP5KjhhNTP4wk8XH20ChiUAYw6Q4OKSdYspkiCHOq/grxBHGEpWq4lEa3UsCM1Gs5sczP6J1qxTQq5lWt3DzNOyuCPbAPDoEJ6qAJLsAlaAMMbsEdeAAv2r32pL1qb9loQct3dsE3aO8f81uhzQ==</latexit><latexit sha1_base64="6tmF4dRKRxyTTwPa54nzMUVSniE=">AAACLnicjVBJSwMxGM3UrdZt1KOXYBE81ZlaaOcgFLXgUcEu0BlKJk3b0MxCkhHK0Ku/xoMX/4gHQUS8+jPMLIjbwQeBx3vfl+Q9N2RUSMN41goLi0vLK8XV0tr6xuaWvr3TEUHEMWnjgAW85yJBGPVJW1LJSC/kBHkuI113epb43RvCBQ38azkLieOhsU9HFCOppIEO7SFhEsEWPIH2eUaP7ECtJDfGrflALxuVqtUwji34m5gVI0UZ5Pjf+EB/tIcBjjziS8yQEH3TCKUTIy4pZmResiNBQoSnaEz6ivrII8KJ07hzeKCUIRwFXB1fwlT9uhEjT4iZ56pJD8mJ+Okl4l9eP5KjhhNTP4wk8XH20ChiUAYw6Q4OKSdYspkiCHOq/grxBHGEpWq4lEa3UsCM1Gs5sczP6J1qxTQq5lWt3DzNOyuCPbAPDoEJ6qAJLsAlaAMMbsEdeAAv2r32pL1qb9loQct3dsE3aO8f81uhzQ==</latexit>

Hq = i
q/2

Ji1···iq i1 · · · iq
<latexit sha1_base64="QU7pQwAar7WVLXB0AZefD5SwFFE="></latexit><latexit sha1_base64="glnmPVTtPyPbnmlgivdcAD7ugEA="></latexit><latexit sha1_base64="glnmPVTtPyPbnmlgivdcAD7ugEA="></latexit><latexit sha1_base64="glnmPVTtPyPbnmlgivdcAD7ugEA="></latexit><latexit sha1_base64="M8sZzNiLl2+3Ytj1SXtziluMirA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qTjkFuWSMOw8uj5oqJAzjlPgKic=">AAACIHicbZBLSwMxFIXv+Ky16ujWTbAIrupMN7oRRDfFVQX7gLYOmTRtQzOPJhmhhPk/bvwrLnThA3+MmXYQbT0QOJwv4eYeP+ZMKsf5sFZW19Y3Ngtbxe3Szu6evV9qyigRhDZIxCPR9rGknIW0oZjitB0LigOf05Y/vs5464EKyaLwTk1j2gvwMGQDRrAykWdf1Tw9SdEFYvd6clpNbzzNPO2mXdKPlEQso2k3lizPc/CTGOrZZafizISWjZubMuSqe/ZLtx+RJKChIhxL2XGdWPU0FooRTtNiN5E0xmSMh7RjbIgDKnt6tmuKjk3SR4NImBMqNEt/v9A4kHIa+OZmgNVILrIs/I91EjU472kWxomiIZkPGiQcqQhlxaE+E5QoPjUGE8HMXxEZYYGJMvUWTQnu4srLplmtuE7FvXWgAIdwBCfgwhlcQg3q0AACj/AMb/BuPVmv1ue8rhUr7+0A/sj6+gaLmae8</latexit><latexit sha1_base64="J/MSAia1hfK0vLCxv5R0Fh9hWaE=">AAACIHicdZBLSwMxFIXv+Ky16ujWTbAIrsaZurBdCKKb4qqCfUBbh0yaaUMzjyYZoQzzf9z4V1zowgf+GNOH4vNA4HC+hJt7vJgzqWz7xVhYXFpeWc2t5dcLG5tb5nahIaNEEFonEY9Ey8OSchbSumKK01YsKA48Tpve8HzCmzdUSBaFV2oc026A+yHzGcFKR655VnXTUYZOELtOR4el7MJNmZs6WYf0IiURm9CsE0s2z+fgM9HUNYu2VaqU7aMK+m0cy56qCHPVXPOh04tIEtBQEY6lbDt2rLopFooRTrN8J5E0xmSI+7StbYgDKrvpdNcM7eukh/xI6BMqNE2/vkhxIOU48PTNAKuB/Mkm4V+snSi/3E1ZGCeKhmQ2yE84UhGaFId6TFCi+FgbTATTf0VkgAUmSteb1yV8bIr+N42S5diWc2lDDnZhDw7AgWM4hSrUoA4EbuEenuDZuDMejddZXQvGvLcd+Cbj7R0ONKgZ</latexit><latexit sha1_base64="L3AmRiDqx2uMjbdl1Iq+g7BhkvE="></latexit><latexit sha1_base64="QU7pQwAar7WVLXB0AZefD5SwFFE="></latexit><latexit sha1_base64="QU7pQwAar7WVLXB0AZefD5SwFFE="></latexit><latexit sha1_base64="KcpKm1tCJKrLG+v2iirFl5TNZ5U="></latexit><latexit sha1_base64="z4DcI2X7M0VXvL3hZAymY4iC2+4="></latexit><latexit sha1_base64="z4DcI2X7M0VXvL3hZAymY4iC2+4="></latexit><latexit sha1_base64="z4DcI2X7M0VXvL3hZAymY4iC2+4="></latexit><latexit sha1_base64="z4DcI2X7M0VXvL3hZAymY4iC2+4="></latexit>

H(t) = H0 + �(t)(H0 �H1)
<latexit sha1_base64="W2V+d7u3Q0xfc8xrHJICtO1Lw/Q=">AAACGHicdVDLSgMxFM3UV62vqks3wSK0iHWmCrYLoeimywr2AZ2h3EnTNjTzIMkIZehnuPFX3LhQxG13/o2ZtoLPA4HDOecmuccNOZPKNN+N1NLyyupaej2zsbm1vZPd3WvKIBKENkjAA9F2QVLOfNpQTHHaDgUFz+W05Y6uE791R4VkgX+rxiF1PBj4rM8IKC11s6e1vCrgS1zrxuYEH2N7BGEI2Ob6ih4kXn5mnSQJa1LoZnNmsVQpm2cV/JtYRXOGHFqg3s1O7V5AIo/6inCQsmOZoXJiEIoRTicZO5I0BDKCAe1o6oNHpRPPFpvgI630cD8Q+vgKz9SvEzF4Uo49Vyc9UEP500vEv7xOpPplJ2Z+GCnqk/lD/YhjFeCkJdxjghLFx5oAEUz/FZMhCCBKd5nRJXxuiv8nzVLRMovWzXmuerWoI40O0CHKIwtdoCqqoTpqIILu0SN6Ri/Gg/FkvBpv82jKWMzso28wph+Vm50K</latexit><latexit sha1_base64="YZreWrXWL3gWRC+eXm8FT0csazQ="></latexit><latexit sha1_base64="YZreWrXWL3gWRC+eXm8FT0csazQ="></latexit><latexit sha1_base64="YZreWrXWL3gWRC+eXm8FT0csazQ="></latexit><latexit sha1_base64="xpR9Hqnbzd95JSVvtUJJ13kHKio="></latexit><latexit sha1_base64="xpR9Hqnbzd95JSVvtUJJ13kHKio="></latexit>



Jeff Murugan (UCT)

SYK Batteries
[Julià-Farré et.al. ’20, Rossini et.al. ’20] To compare SYK batteries to other models, look at the optimal 

average power                 where                                                 and PN (⌧⇤)
<latexit sha1_base64="+i8vIzDil5lmavD0+TrGjyXyz/o=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoLkJSBdtd0Y0rqWAf0MYwmU7boZNJmIdQQ77EjQtF3Pop7vwbpw/B54ELh3Pu5d57woRRqVz33VpYXFpeWc2t5dc3NrcK9vZOU8ZaYNLAMYtFO0SSMMpJQ1HFSDsRBEUhI61wdD7xW7dESBrzazVOiB+hAad9ipEyUmAX6kF6mZW6Cumb9Cg7DOyi65SrFfe4Cn8Tz3GnKII56oH91u3FWEeEK8yQlB3PTZSfIqEoZiTLd7UkCcIjNCAdQzmKiPTT6eEZPDBKD/ZjYYorOFW/TqQoknIchaYzQmoof3oT8S+vo1W/4qeUJ1oRjmeL+ppBFcNJCrBHBcGKjQ1BWFBzK8RDJBBWJqu8CeHzU/g/aZYdz3W8q5Ni7WweRw7sgX1QAh44BTVwAeqgATDQ4B48gifrznqwnq2XWeuCNZ/ZBd9gvX4AkwyTCg==</latexit><latexit sha1_base64="xN55NLq/3+3SV4bChh2FAq5BO38=">AAACHXicjVDLSsNAFJ3UV62PRl26GSxCdRGSKtjuim5cSQX7gDaGyXTSDp1MwsxEKCFf4sKNv+JGxIUb8W+cPgSf4IGBwznncuceP2ZUKtt+M3ILi0vLK/nVwtr6xmbR3NpuySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU389g0Rkkb8So1j4oZowGlAMVJa8sxiw0svsnJPoeQ6PcwOPLNkW5Va1T6qwZ/EsewpSmCO/8U986XXj3ASEq4wQ1J2HTtWboqEopiRrNBLJIkRHqEB6WrKUUikm06vy+C+VvowiIR+XMGp+nkiRaGU49DXyRCpofzuTcTfvG6igqqbUh4ninA8WxQkDKoITqqCfSoIVmysCcKC6r9CPEQCYaULLejTP+6Df5NWxXJsy7k8LtVP553lwS7YA2XggBNQB+egAZoAgwTcgnvwaNwZD8aT8TyL5oz5zA74AuP1HUgGmuA=</latexit><latexit sha1_base64="xN55NLq/3+3SV4bChh2FAq5BO38=">AAACHXicjVDLSsNAFJ3UV62PRl26GSxCdRGSKtjuim5cSQX7gDaGyXTSDp1MwsxEKCFf4sKNv+JGxIUb8W+cPgSf4IGBwznncuceP2ZUKtt+M3ILi0vLK/nVwtr6xmbR3NpuySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU389g0Rkkb8So1j4oZowGlAMVJa8sxiw0svsnJPoeQ6PcwOPLNkW5Va1T6qwZ/EsewpSmCO/8U986XXj3ASEq4wQ1J2HTtWboqEopiRrNBLJIkRHqEB6WrKUUikm06vy+C+VvowiIR+XMGp+nkiRaGU49DXyRCpofzuTcTfvG6igqqbUh4ninA8WxQkDKoITqqCfSoIVmysCcKC6r9CPEQCYaULLejTP+6Df5NWxXJsy7k8LtVP553lwS7YA2XggBNQB+egAZoAgwTcgnvwaNwZD8aT8TyL5oz5zA74AuP1HUgGmuA=</latexit><latexit sha1_base64="xN55NLq/3+3SV4bChh2FAq5BO38=">AAACHXicjVDLSsNAFJ3UV62PRl26GSxCdRGSKtjuim5cSQX7gDaGyXTSDp1MwsxEKCFf4sKNv+JGxIUb8W+cPgSf4IGBwznncuceP2ZUKtt+M3ILi0vLK/nVwtr6xmbR3NpuySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU389g0Rkkb8So1j4oZowGlAMVJa8sxiw0svsnJPoeQ6PcwOPLNkW5Va1T6qwZ/EsewpSmCO/8U986XXj3ASEq4wQ1J2HTtWboqEopiRrNBLJIkRHqEB6WrKUUikm06vy+C+VvowiIR+XMGp+nkiRaGU49DXyRCpofzuTcTfvG6igqqbUh4ninA8WxQkDKoITqqCfSoIVmysCcKC6r9CPEQCYaULLejTP+6Df5NWxXJsy7k8LtVP553lwS7YA2XggBNQB+egAZoAgwTcgnvwaNwZD8aT8TyL5oz5zA74AuP1HUgGmuA=</latexit><latexit sha1_base64="T7n7r27RteW7KbWHpNXC0TVqKkE=">AAACHXicjVDLSsNAFJ34rPXRqEs3g0WoLkJSC212RTeupIJ9QBvDZDpth04ezEMoIV/iwo2/4kbEhRvxb0zTIL4WHhg4nHMud+7xIkaFNM13bWl5ZXVtvbBR3Nza3inpu3sdESqOSRuHLOQ9DwnCaEDakkpGehEnyPcY6XrT87nfvSVc0DC4lrOIOD4aB3REMZKp5OqllhtfJpWBROomPkmOXb1sGlW7YZ7a8DexDDNDGeT4X9zVXwfDECufBBIzJETfMiPpxIhLihlJigMlSITwFI1JP6UB8olw4uy6BB6lyhCOQp6+QMJM/ToRI1+Ime+lSR/JifjpzcW/vL6So4YT0yBSkgR4sWikGJQhnFcFh5QTLNksJQhzmv4V4gniCMu00GJ2up0BLki9lhPb+jy9UzUs07CuauXmWd5ZARyAQ1ABFqiDJrgALdAGGChwBx7Ak3avPWrP2ssiuqTlM/vgG7S3D4X8m3A=</latexit><latexit sha1_base64="T7n7r27RteW7KbWHpNXC0TVqKkE=">AAACHXicjVDLSsNAFJ34rPXRqEs3g0WoLkJSC212RTeupIJ9QBvDZDpth04ezEMoIV/iwo2/4kbEhRvxb0zTIL4WHhg4nHMud+7xIkaFNM13bWl5ZXVtvbBR3Nza3inpu3sdESqOSRuHLOQ9DwnCaEDakkpGehEnyPcY6XrT87nfvSVc0DC4lrOIOD4aB3REMZKp5OqllhtfJpWBROomPkmOXb1sGlW7YZ7a8DexDDNDGeT4X9zVXwfDECufBBIzJETfMiPpxIhLihlJigMlSITwFI1JP6UB8olw4uy6BB6lyhCOQp6+QMJM/ToRI1+Ime+lSR/JifjpzcW/vL6So4YT0yBSkgR4sWikGJQhnFcFh5QTLNksJQhzmv4V4gniCMu00GJ2up0BLki9lhPb+jy9UzUs07CuauXmWd5ZARyAQ1ABFqiDJrgALdAGGChwBx7Ak3avPWrP2ssiuqTlM/vgG7S3D4X8m3A=</latexit>

 Specifically:                   charging           
speed while                   distance travelled in the Hilbert space.

 Quench Hamiltonians:
a = x, z

<latexit sha1_base64="f1P2PKOmBde4hzklZzxQNZYhsA0=">AAAB7nicdVDLSsNAFL2pr1pfUZduBovgQkJSBduFUHTjsoJ9QBvKZDpph04mYWYi1tCPcONCEbd+jzv/xulD8HngwuGce7n3niDhTGnXfbdyC4tLyyv51cLa+sbmlr2901BxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLyY+M0bKhWLxbUeJdSPcF+wkBGsjdTE6AzdHt117aLrlCpl97iCfhPPcacowhy1rv3W6cUkjajQhGOl2p6baD/DUjPC6bjQSRVNMBniPm0bKnBElZ9Nzx2jA6P0UBhLU0Kjqfp1IsORUqMoMJ0R1gP105uIf3ntVIdlP2MiSTUVZLYoTDnSMZr8jnpMUqL5yBBMJDO3IjLAEhNtEiqYED4/Rf+TRsnxXMe7OilWz+dx5GEP9uEQPDiFKlxCDepAYAj38AhPVmI9WM/Wy6w1Z81nduEbrNcPm9yPGQ==</latexit><latexit sha1_base64="HEJezhIZAfcrOSMAVrw5AUbXxos=">AAACE3icjVDLSgMxFL1TX7W+qi7dBIvgQoaZVrBdCEU3LhXsA9qhZNJMG5rJDElGrEM/woUbf8WNiFs37vwb04fgEzwQOJxzLjf3+DFnSjvOm5WZm19YXMou51ZW19Y38ptbdRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g9Ox37iiUrFIXOphTL0Q9wQLGMHaSA2MjtH1wU0nX3DsYqXslCroJ3FtZ4ICzPC/eCf/2u5GJAmp0IRjpVquE2svxVIzwuko104UjTEZ4B5tGSpwSJWXTm4aoT2jdFEQSfOERhP180SKQ6WGoW+SIdZ99d0bi795rUQHZS9lIk40FWS6KEg40hEaF4S6TFKi+dAQTCQzf0WkjyUm2tSYM6d/3If+JvWi7Tq2e3FYqJ7MOsvCDuzCPrhwBFU4g3OoAYEB3MI9PFp31oP1ZD1PoxlrNrMNX2C9vAPL9Jbv</latexit><latexit sha1_base64="HEJezhIZAfcrOSMAVrw5AUbXxos=">AAACE3icjVDLSgMxFL1TX7W+qi7dBIvgQoaZVrBdCEU3LhXsA9qhZNJMG5rJDElGrEM/woUbf8WNiFs37vwb04fgEzwQOJxzLjf3+DFnSjvOm5WZm19YXMou51ZW19Y38ptbdRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g9Ox37iiUrFIXOphTL0Q9wQLGMHaSA2MjtH1wU0nX3DsYqXslCroJ3FtZ4ICzPC/eCf/2u5GJAmp0IRjpVquE2svxVIzwuko104UjTEZ4B5tGSpwSJWXTm4aoT2jdFEQSfOERhP180SKQ6WGoW+SIdZ99d0bi795rUQHZS9lIk40FWS6KEg40hEaF4S6TFKi+dAQTCQzf0WkjyUm2tSYM6d/3If+JvWi7Tq2e3FYqJ7MOsvCDuzCPrhwBFU4g3OoAYEB3MI9PFp31oP1ZD1PoxlrNrMNX2C9vAPL9Jbv</latexit><latexit sha1_base64="HEJezhIZAfcrOSMAVrw5AUbXxos=">AAACE3icjVDLSgMxFL1TX7W+qi7dBIvgQoaZVrBdCEU3LhXsA9qhZNJMG5rJDElGrEM/woUbf8WNiFs37vwb04fgEzwQOJxzLjf3+DFnSjvOm5WZm19YXMou51ZW19Y38ptbdRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g9Ox37iiUrFIXOphTL0Q9wQLGMHaSA2MjtH1wU0nX3DsYqXslCroJ3FtZ4ICzPC/eCf/2u5GJAmp0IRjpVquE2svxVIzwuko104UjTEZ4B5tGSpwSJWXTm4aoT2jdFEQSfOERhP180SKQ6WGoW+SIdZ99d0bi795rUQHZS9lIk40FWS6KEg40hEaF4S6TFKi+dAQTCQzf0WkjyUm2tSYM6d/3If+JvWi7Tq2e3FYqJ7MOsvCDuzCPrhwBFU4g3OoAYEB3MI9PFp31oP1ZD1PoxlrNrMNX2C9vAPL9Jbv</latexit><latexit sha1_base64="IDDtHPYfsY68P/tp84NtTujfY7c=">AAACE3icjVC7SgNBFL0bXzG+opY2g0GwkGU3BpIthKCNpYJ5QLKE2clsMmT2wcysGEM+wsLGX7ERsbWx82+cbBbxVXhg4HDOudy5x4s5k8qy3o3cwuLS8kp+tbC2vrG5VdzeacooEYQ2SMQj0fawpJyFtKGY4rQdC4oDj9OWNzqb+a1rKiSLwis1jqkb4EHIfEaw0lILoxN0c3TbK5Yss+zUrGMH/Sa2aaUoQYb/xXvFt24/IklAQ0U4lrJjW7FyJ1goRjidFrqJpDEmIzygHU1DHFDpTtKbpuhAK33kR0K/UKFU/ToxwYGU48DTyQCrofzpzcS/vE6i/Jo7YWGcKBqS+SI/4UhFaFYQ6jNBieJjTTARTP8VkSEWmChdYyE93UmB5qRayYhjf57eLJu2ZdqXlVL9NOssD3uwD4dgQxXqcA4X0AACI7iDB3gy7o1H49l4mUdzRjazC99gvH4ACfmXfw==</latexit><latexit sha1_base64="IDDtHPYfsY68P/tp84NtTujfY7c=">AAACE3icjVC7SgNBFL0bXzG+opY2g0GwkGU3BpIthKCNpYJ5QLKE2clsMmT2wcysGEM+wsLGX7ERsbWx82+cbBbxVXhg4HDOudy5x4s5k8qy3o3cwuLS8kp+tbC2vrG5VdzeacooEYQ2SMQj0fawpJyFtKGY4rQdC4oDj9OWNzqb+a1rKiSLwis1jqkb4EHIfEaw0lILoxN0c3TbK5Yss+zUrGMH/Sa2aaUoQYb/xXvFt24/IklAQ0U4lrJjW7FyJ1goRjidFrqJpDEmIzygHU1DHFDpTtKbpuhAK33kR0K/UKFU/ToxwYGU48DTyQCrofzpzcS/vE6i/Jo7YWGcKBqS+SI/4UhFaFYQ6jNBieJjTTARTP8VkSEWmChdYyE93UmB5qRayYhjf57eLJu2ZdqXlVL9NOssD3uwD4dgQxXqcA4X0AACI7iDB3gy7o1H49l4mUdzRjazC99gvH4ACfmXfw==</latexit>

q = 2, 4
<latexit sha1_base64="RNNGxSQt+1g+Z4GSXplPotO6wYY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgQkJSC7YLoejGZQXTFtpQJtNJO3QyiTMToYR+gxsXirj1g9z5N04fgs8DFw7n3Mu99wQJZ0o7zruVW1peWV3Lrxc2Nre2d4q7e00Vp5JQj8Q8lu0AK8qZoJ5mmtN2IimOAk5bwehy6rfuqFQsFjd6nFA/wgPBQkawNpJ3e14+qfSKJccu16rOaQ39Jq7tzFCCBRq94lu3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7doKOjNJHYSxNCY1m6teJDEdKjaPAdEZYD9VPbyr+5XVSHVb9jIkk1VSQ+aIw5UjHaPo56jNJieZjQzCRzNyKyBBLTLTJp2BC+PwU/U+aZdt1bPe6UqpfLOLIwwEcwjG4cAZ1uIIGeECAwT08wpMlrAfr2XqZt+asxcw+fIP1+gEyuI5J</latexit><latexit sha1_base64="9qEaLRs0TEtqSE4F5wBrdinaWn8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgQoaZWrBdCEU3LhWctlCHkkkzbWgmMyYZoQz9Bhdu/BU3Im7dufNvTB+CT/BA4HDOudzcEyScKe04b1Zubn5hcSm/XFhZXVvfKG5uNVScSkI9EvNYtgKsKGeCepppTluJpDgKOG0Gg9Ox37yhUrFYXOphQv0I9wQLGcHaSN71cfmg0imWHLtcqzqHNfSTuLYzQQlm+F+8U3y96sYkjajQhGOl2q6TaD/DUjPC6ahwlSqaYDLAPdo2VOCIKj+bXDRCe0bpojCW5gmNJurniQxHSg2jwCQjrPvquzcWf/PaqQ6rfsZEkmoqyHRRmHKkYzSuB3WZpETzoSGYSGb+ikgfS0y0KbFgTv+4D/1NGmXbdWz3olKqn8w6y8MO7MI+uHAEdTiDc/CAAINbuIdH6856sJ6s52k0Z81mtuELrJd3R1qWHw==</latexit><latexit sha1_base64="9qEaLRs0TEtqSE4F5wBrdinaWn8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgQoaZWrBdCEU3LhWctlCHkkkzbWgmMyYZoQz9Bhdu/BU3Im7dufNvTB+CT/BA4HDOudzcEyScKe04b1Zubn5hcSm/XFhZXVvfKG5uNVScSkI9EvNYtgKsKGeCepppTluJpDgKOG0Gg9Ox37yhUrFYXOphQv0I9wQLGcHaSN71cfmg0imWHLtcqzqHNfSTuLYzQQlm+F+8U3y96sYkjajQhGOl2q6TaD/DUjPC6ahwlSqaYDLAPdo2VOCIKj+bXDRCe0bpojCW5gmNJurniQxHSg2jwCQjrPvquzcWf/PaqQ6rfsZEkmoqyHRRmHKkYzSuB3WZpETzoSGYSGb+ikgfS0y0KbFgTv+4D/1NGmXbdWz3olKqn8w6y8MO7MI+uHAEdTiDc/CAAINbuIdH6856sJ6s52k0Z81mtuELrJd3R1qWHw==</latexit><latexit sha1_base64="9qEaLRs0TEtqSE4F5wBrdinaWn8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgQoaZWrBdCEU3LhWctlCHkkkzbWgmMyYZoQz9Bhdu/BU3Im7dufNvTB+CT/BA4HDOudzcEyScKe04b1Zubn5hcSm/XFhZXVvfKG5uNVScSkI9EvNYtgKsKGeCepppTluJpDgKOG0Gg9Ox37yhUrFYXOphQv0I9wQLGcHaSN71cfmg0imWHLtcqzqHNfSTuLYzQQlm+F+8U3y96sYkjajQhGOl2q6TaD/DUjPC6ahwlSqaYDLAPdo2VOCIKj+bXDRCe0bpojCW5gmNJurniQxHSg2jwCQjrPvquzcWf/PaqQ6rfsZEkmoqyHRRmHKkYzSuB3WZpETzoSGYSGb+ikgfS0y0KbFgTv+4D/1NGmXbdWz3olKqn8w6y8MO7MI+uHAEdTiDc/CAAINbuIdH6856sJ6s52k0Z81mtuELrJd3R1qWHw==</latexit><latexit sha1_base64="FyN2T2qVIaHl0a0pSXF9dX1VNiQ=">AAACEXicjVC7SgNBFL3rM8ZX1NJmMAgWsuzGQJJCCNpYKrhJIFnC7GQ2GTL7cGZWCEu+wcLGX7ERsbWz82+cbBbxVXhg4HDOudy5x4s5k8qy3o2FxaXlldXCWnF9Y3Nru7Sz25JRIgh1SMQj0fGwpJyF1FFMcdqJBcWBx2nbG5/P/PYtFZJF4bWaxNQN8DBkPiNYacm5Oa0cV/ulsmVWGnXrpIF+E9u0MpQhx//i/dJbbxCRJKChIhxL2bWtWLkpFooRTqfFXiJpjMkYD2lX0xAHVLppdtEUHWplgPxI6BcqlKlfJ1IcSDkJPJ0MsBrJn95M/MvrJsqvuykL40TRkMwX+QlHKkKzetCACUoUn2iCiWD6r4iMsMBE6RKL2emNDGhOatWcNOzP01sV07ZM+6pabp7lnRVgHw7gCGyoQRMu4BIcIMDgDh7gybg3Ho1n42UeXTDymT34BuP1A4VQlq8=</latexit><latexit sha1_base64="FyN2T2qVIaHl0a0pSXF9dX1VNiQ=">AAACEXicjVC7SgNBFL3rM8ZX1NJmMAgWsuzGQJJCCNpYKrhJIFnC7GQ2GTL7cGZWCEu+wcLGX7ERsbWz82+cbBbxVXhg4HDOudy5x4s5k8qy3o2FxaXlldXCWnF9Y3Nru7Sz25JRIgh1SMQj0fGwpJyF1FFMcdqJBcWBx2nbG5/P/PYtFZJF4bWaxNQN8DBkPiNYacm5Oa0cV/ulsmVWGnXrpIF+E9u0MpQhx//i/dJbbxCRJKChIhxL2bWtWLkpFooRTqfFXiJpjMkYD2lX0xAHVLppdtEUHWplgPxI6BcqlKlfJ1IcSDkJPJ0MsBrJn95M/MvrJsqvuykL40TRkMwX+QlHKkKzetCACUoUn2iCiWD6r4iMsMBE6RKL2emNDGhOatWcNOzP01sV07ZM+6pabp7lnRVgHw7gCGyoQRMu4BIcIMDgDh7gybg3Ho1n42UeXTDymT34BuP1A4VQlq8=</latexit>
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<latexit sha1_base64="g5BElTZLYgeG3TP0p79+u41nfm4="></latexit><latexit sha1_base64="OVzmeAV4lrvgM4ScesBqa4qRgV8="></latexit><latexit sha1_base64="OVzmeAV4lrvgM4ScesBqa4qRgV8="></latexit><latexit sha1_base64="OVzmeAV4lrvgM4ScesBqa4qRgV8="></latexit><latexit sha1_base64="Rk+MpUHchWVkTF5ceMmceypX54g="></latexit><latexit sha1_base64="Rk+MpUHchWVkTF5ceMmceypX54g="></latexit>

�H
2
1
(⌧) $

<latexit sha1_base64="CecxmOsvOpF7/flIvJio+DHph3c="></latexit><latexit sha1_base64="ccjanq1fBKdgZ7+vbaWWUbhYZ7w="></latexit><latexit sha1_base64="ccjanq1fBKdgZ7+vbaWWUbhYZ7w="></latexit><latexit sha1_base64="ccjanq1fBKdgZ7+vbaWWUbhYZ7w="></latexit><latexit sha1_base64="BQxVPSXff2M2p3itzwvBtZv8HzI="></latexit><latexit sha1_base64="BQxVPSXff2M2p3itzwvBtZv8HzI="></latexit>

�H
2
0
(⌧) $

<latexit sha1_base64="oA1pCQRVXphlV5R7breW+5KFshQ="></latexit><latexit sha1_base64="5fLPTLfCltPeaAWvmvj7w8Rj/0Y="></latexit><latexit sha1_base64="5fLPTLfCltPeaAWvmvj7w8Rj/0Y="></latexit><latexit sha1_base64="5fLPTLfCltPeaAWvmvj7w8Rj/0Y="></latexit><latexit sha1_base64="XEUcbJo0Q7Ei+CQ/940ALmnhfc8="></latexit><latexit sha1_base64="XEUcbJo0Q7Ei+CQ/940ALmnhfc8="></latexit>
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<latexit sha1_base64="l6tBOf+X6FuLVGx7ZoqZ7PYw+vI="></latexit><latexit sha1_base64="ATiTJVz26YI/2veEEa/kFuTf0kQ="></latexit><latexit sha1_base64="ATiTJVz26YI/2veEEa/kFuTf0kQ="></latexit><latexit sha1_base64="ATiTJVz26YI/2veEEa/kFuTf0kQ="></latexit><latexit sha1_base64="4NWThnG4L18F9F03V8FoA/vNYck="></latexit><latexit sha1_base64="4NWThnG4L18F9F03V8FoA/vNYck="></latexit>

H1 = H
(q)
SYK

<latexit sha1_base64="zuaEleQxSAY1Jvl5szsAm4BHyew=">AAACB3icdVDLSgMxFM3UV62vUZeCBItQN8NMFWwXQtFNwU1F+5B2HDJp2oZmHiYZoQyzc+OvuHGhiFt/wZ1/Y6at4PNAyOGce7n3HjdkVEjTfNcyM7Nz8wvZxdzS8srqmr6+0RBBxDGp44AFvOUiQRj1SV1SyUgr5AR5LiNNd3iS+s0bwgUN/As5Contob5PexQjqSRH3646sZXAI6j+jofkgHvx+eVpklzFheu9xNHzplEsl8z9MvxNLMMcIw+mqDn6W6cb4MgjvsQMCdG2zFDaMeKSYkaSXCcSJER4iPqkraiPPCLseHxHAneV0oW9gKvnSzhWv3bEyBNi5LmqMl1V/PRS8S+vHcleyY6pH0aS+HgyqBcxKAOYhgK7lBMs2UgRhDlVu0I8QBxhqaLLqRA+L4X/k0bRsEzDOjvIV46ncWTBFtgBBWCBQ1ABVVADdYDBLbgHj+BJu9MetGftZVKa0aY9m+AbtNcPaT2ZDA==</latexit><latexit sha1_base64="cdxgGkhgxsb5iRRFBns9UqZnPok=">AAACLHicjVBLSwMxGMzWV62vVY+CBItQL8tuFWwPQtFLwYuifUi7Ltk0bUOzD5OsUJa9+Ws8ePGfiJciXv0dZtsKPsEPQoaZ+Uhm3JBRIU1zpGVmZufmF7KLuaXlldU1fX2jLoKIY1LDAQt400WCMOqTmqSSkWbICfJcRhru4CTVG7eECxr4l3IYEttDPZ92KUZSUY6+XXViK4FHUN1tD8k+9+KLq9MkuY4LN3uJo+dNo1gumftl+BNYhjmePJjO/+yO/tTuBDjyiC8xQ0K0LDOUdoy4pJiRJNeOBAkRHqAeaSnoI48IOx6HTeCuYjqwG3B1fAnH7OeNGHlCDD1XOdM84ruWkr9prUh2S3ZM/TCSxMeTh7oRgzKAaXOwQznBkg0VQJhT9VeI+4gjLFW/ORX9Ix/8G9SLhmUa1vlBvnI87SwLtsAOKAALHIIKqIIzUAMY3IF78AhG2oP2rL1orxNrRpvubIIvo729A+j+oOI=</latexit><latexit sha1_base64="cdxgGkhgxsb5iRRFBns9UqZnPok=">AAACLHicjVBLSwMxGMzWV62vVY+CBItQL8tuFWwPQtFLwYuifUi7Ltk0bUOzD5OsUJa9+Ws8ePGfiJciXv0dZtsKPsEPQoaZ+Uhm3JBRIU1zpGVmZufmF7KLuaXlldU1fX2jLoKIY1LDAQt400WCMOqTmqSSkWbICfJcRhru4CTVG7eECxr4l3IYEttDPZ92KUZSUY6+XXViK4FHUN1tD8k+9+KLq9MkuY4LN3uJo+dNo1gumftl+BNYhjmePJjO/+yO/tTuBDjyiC8xQ0K0LDOUdoy4pJiRJNeOBAkRHqAeaSnoI48IOx6HTeCuYjqwG3B1fAnH7OeNGHlCDD1XOdM84ruWkr9prUh2S3ZM/TCSxMeTh7oRgzKAaXOwQznBkg0VQJhT9VeI+4gjLFW/ORX9Ix/8G9SLhmUa1vlBvnI87SwLtsAOKAALHIIKqIIzUAMY3IF78AhG2oP2rL1orxNrRpvubIIvo729A+j+oOI=</latexit><latexit sha1_base64="cdxgGkhgxsb5iRRFBns9UqZnPok=">AAACLHicjVBLSwMxGMzWV62vVY+CBItQL8tuFWwPQtFLwYuifUi7Ltk0bUOzD5OsUJa9+Ws8ePGfiJciXv0dZtsKPsEPQoaZ+Uhm3JBRIU1zpGVmZufmF7KLuaXlldU1fX2jLoKIY1LDAQt400WCMOqTmqSSkWbICfJcRhru4CTVG7eECxr4l3IYEttDPZ92KUZSUY6+XXViK4FHUN1tD8k+9+KLq9MkuY4LN3uJo+dNo1gumftl+BNYhjmePJjO/+yO/tTuBDjyiC8xQ0K0LDOUdoy4pJiRJNeOBAkRHqAeaSnoI48IOx6HTeCuYjqwG3B1fAnH7OeNGHlCDD1XOdM84ruWkr9prUh2S3ZM/TCSxMeTh7oRgzKAaXOwQznBkg0VQJhT9VeI+4gjLFW/ORX9Ix/8G9SLhmUa1vlBvnI87SwLtsAOKAALHIIKqIIzUAMY3IF78AhG2oP2rL1orxNrRpvubIIvo729A+j+oOI=</latexit><latexit sha1_base64="xw6lQm2GnckEPVDeBLDYeok4/OI="></latexit><latexit sha1_base64="xw6lQm2GnckEPVDeBLDYeok4/OI="></latexit>

 Quantum advantage      faster-than-linear scaling of            with  !
<latexit sha1_base64="XVpfPTuJOSxCYYoqY+PbACz6l4Y=">AAAB/HicdVDJSgNBEO1xjXEbzdFLYxA8hZkomNyCXjxGMAskIfR0epImPd1Dd40yDPFXvHhQxKsf4s2/sbMIrg8KHu9VUVUviAU34HnvztLyyuraem4jv7m1vbPr7u03jUo0ZQ2qhNLtgBgmuGQN4CBYO9aMRIFgrWB8MfVbN0wbruQ1pDHrRWQoecgpASv13UJXKDkULATNhyMgWqvbvlv0SuVqxTup4t/EL3kzFNEC9b771h0omkRMAhXEmI7vxdDLiAZOBZvku4lhMaFjMmQdSyWJmOlls+Mn+MgqAxwqbUsCnqlfJzISGZNGge2MCIzMT28q/uV1EggrvYzLOAEm6XxRmAgMCk+TwAOuGQWRWkKo5vZWTEdEEwo2r7wN4fNT/D9plku+V/KvTou180UcOXSADtEx8tEZqqFLVEcNRFGK7tEjenLunAfn2XmZty45i5kC+gbn9QMwBZXG</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="IvNgwUB+sIGgnlpjBFMBdIDcsDk=">AAACIXicjVDLSgMxFM3UV62vapdugkVwVWZqoZ1d0Y1LBfuAtpRMmmlDM8mQ3FHK0G9x4cZfcSPSnfgzTqeD+Fp4IHA451xu7vFCwQ3Y9puVW1vf2NzKbxd2dvf2D4qHR22jIk1ZiyqhdNcjhgkuWQs4CNYNNSOBJ1jHm14u/c4d04YreQuzkA0CMpbc55RAIg2Lpb5QciyYD5qPJ0C0VvfDYtmuVN2Gfe7i38Sp2CnKKMP/4sPioj9SNAqYBCqIMT3HDmEQEw2cCjYv9CPDQkKnZMx6CZUkYGYQpxfO8WmijLCvdPIk4FT9OhGTwJhZ4CXJgMDE/PSW4l9eLwK/MYi5DCNgkq4W+ZHAoPCyLjzimlEQs4QQqnnyV0wnRBMKSamF9HQ3BV6Rei0jrvN5ertaceyKc1MrNy+yzvLoGJ2gM+SgOmqiK3SNWoiiGXpAT+jFerSerVdrsYrmrGymhL7Bev8Agu2eLA==</latexit><latexit sha1_base64="IvNgwUB+sIGgnlpjBFMBdIDcsDk=">AAACIXicjVDLSgMxFM3UV62vapdugkVwVWZqoZ1d0Y1LBfuAtpRMmmlDM8mQ3FHK0G9x4cZfcSPSnfgzTqeD+Fp4IHA451xu7vFCwQ3Y9puVW1vf2NzKbxd2dvf2D4qHR22jIk1ZiyqhdNcjhgkuWQs4CNYNNSOBJ1jHm14u/c4d04YreQuzkA0CMpbc55RAIg2Lpb5QciyYD5qPJ0C0VvfDYtmuVN2Gfe7i38Sp2CnKKMP/4sPioj9SNAqYBCqIMT3HDmEQEw2cCjYv9CPDQkKnZMx6CZUkYGYQpxfO8WmijLCvdPIk4FT9OhGTwJhZ4CXJgMDE/PSW4l9eLwK/MYi5DCNgkq4W+ZHAoPCyLjzimlEQs4QQqnnyV0wnRBMKSamF9HQ3BV6Rei0jrvN5ertaceyKc1MrNy+yzvLoGJ2gM+SgOmqiK3SNWoiiGXpAT+jFerSerVdrsYrmrGymhL7Bev8Agu2eLA==</latexit>

PN (⌧)
<latexit sha1_base64="U/O+E+845nRcux6iMZgkrinA0QM=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMQL8tuFExuQS+eJIIxgc0SZieTZMjszDLTK4Qln+HFgyJe/Rpv/o2Th+CzoKGo6qa7K0oEN+B5705uaXlldS2/XtjY3NreKe7u3RqVasqaVAml2xExTHDJmsBBsHaiGYkjwVrR6GLqt+6YNlzJGxgnLIzJQPI+pwSsFDS62dWk3AGSHneLJc+t1KreSQ3/Jr7rzVBCCzS6xbdOT9E0ZhKoIMYEvpdAmBENnAo2KXRSwxJCR2TAAksliZkJs9nJE3xklR7uK21LAp6pXycyEhszjiPbGRMYmp/eVPzLC1LoV8OMyyQFJul8UT8VGBSe/o97XDMKYmwJoZrbWzEdEk0o2JQKNoTPT/H/5Lbi+p7rX5+W6ueLOPLoAB2iMvLRGaqjS9RATUSRQvfoET054Dw4z87LvDXnLGb20Tc4rx8ueJEx</latexit><latexit sha1_base64="G8ql294gj/00aYMFpg17pnxDLtY=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunElFewDpkPJpJk2NDMZkjtCGfoZLtz4K25E3OrOvzF9CD7BA4HDOedyc0+QCK7Bcd6shcWl5ZXV3Fp+fWNza7uws9vUMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPzid+6YUpzGV/DKGF+RPoxDzklYCSv3s0ux6UOkPSoWyg6drlacY6r+CdxbWeKIprjf/Fu4bXTkzSNWAxUEK0910nAz4gCTgUb5zupZgmhQ9JnnqExiZj2s+ldY3xolB4OpTIvBjxVP09kJNJ6FAUmGREY6O/eRPzN81IIK37G4yQFFtPZojAVGCSelIR7XDEKYmQIoYqbv2I6IIpQMFXmzekf9+G/SbNsu47tXp0Ua2fzznJoHx2gEnLRKaqhC1RHDUSRRLfoHj1ad9aD9WQ9z6IL1nxmD32B9fIOptSZBw==</latexit><latexit sha1_base64="G8ql294gj/00aYMFpg17pnxDLtY=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunElFewDpkPJpJk2NDMZkjtCGfoZLtz4K25E3OrOvzF9CD7BA4HDOedyc0+QCK7Bcd6shcWl5ZXV3Fp+fWNza7uws9vUMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPzid+6YUpzGV/DKGF+RPoxDzklYCSv3s0ux6UOkPSoWyg6drlacY6r+CdxbWeKIprjf/Fu4bXTkzSNWAxUEK0910nAz4gCTgUb5zupZgmhQ9JnnqExiZj2s+ldY3xolB4OpTIvBjxVP09kJNJ6FAUmGREY6O/eRPzN81IIK37G4yQFFtPZojAVGCSelIR7XDEKYmQIoYqbv2I6IIpQMFXmzekf9+G/SbNsu47tXp0Ua2fzznJoHx2gEnLRKaqhC1RHDUSRRLfoHj1ad9aD9WQ9z6IL1nxmD32B9fIOptSZBw==</latexit><latexit sha1_base64="G8ql294gj/00aYMFpg17pnxDLtY=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunElFewDpkPJpJk2NDMZkjtCGfoZLtz4K25E3OrOvzF9CD7BA4HDOedyc0+QCK7Bcd6shcWl5ZXV3Fp+fWNza7uws9vUMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPzid+6YUpzGV/DKGF+RPoxDzklYCSv3s0ux6UOkPSoWyg6drlacY6r+CdxbWeKIprjf/Fu4bXTkzSNWAxUEK0910nAz4gCTgUb5zupZgmhQ9JnnqExiZj2s+ldY3xolB4OpTIvBjxVP09kJNJ6FAUmGREY6O/eRPzN81IIK37G4yQFFtPZojAVGCSelIR7XDEKYmQIoYqbv2I6IIpQMFXmzekf9+G/SbNsu47tXp0Ua2fzznJoHx2gEnLRKaqhC1RHDUSRRLfoHj1ad9aD9WQ9z6IL1nxmD32B9fIOptSZBw==</latexit><latexit sha1_base64="6MFyYPnqJRnaKnyhc2k7fVBRsQ4=">AAACF3icjVDLSsNAFJ3UV62vqks3g0Wom5DUQptd0Y0rqWAfkIYymU7aoZOZMDMRSuhnuHDjr7gRcas7/8Y0DeJr4YGBwznncuceP2JUact6Nworq2vrG8XN0tb2zu5eef+gq0QsMelgwYTs+0gRRjnpaKoZ6UeSoNBnpOdPLxZ+75ZIRQW/0bOIeCEacxpQjHQque1hcjWvDjSKT4flimXWnKZ15sDfxDatDBWQ43/xYfltMBI4DgnXmCGlXNuKtJcgqSlmZF4axIpECE/RmLgp5Sgkykuyu+bwJFVGMBAyfVzDTP06kaBQqVnop8kQ6Yn66S3Evzw31kHTSyiPYk04Xi4KYga1gIuS4IhKgjWbpQRhSdO/QjxBEmGdVlnKTncywCVp1HPi2J+nd2umbZn2db3SOs87K4IjcAyqwAYN0AKXoA06AAMB7sADeDLujUfj2XhZRgtGPnMIvsF4/QDkypmX</latexit><latexit sha1_base64="6MFyYPnqJRnaKnyhc2k7fVBRsQ4=">AAACF3icjVDLSsNAFJ3UV62vqks3g0Wom5DUQptd0Y0rqWAfkIYymU7aoZOZMDMRSuhnuHDjr7gRcas7/8Y0DeJr4YGBwznncuceP2JUact6Nworq2vrG8XN0tb2zu5eef+gq0QsMelgwYTs+0gRRjnpaKoZ6UeSoNBnpOdPLxZ+75ZIRQW/0bOIeCEacxpQjHQque1hcjWvDjSKT4flimXWnKZ15sDfxDatDBWQ43/xYfltMBI4DgnXmCGlXNuKtJcgqSlmZF4axIpECE/RmLgp5Sgkykuyu+bwJFVGMBAyfVzDTP06kaBQqVnop8kQ6Yn66S3Evzw31kHTSyiPYk04Xi4KYga1gIuS4IhKgjWbpQRhSdO/QjxBEmGdVlnKTncywCVp1HPi2J+nd2umbZn2db3SOs87K4IjcAyqwAYN0AKXoA06AAMB7sADeDLujUfj2XhZRgtGPnMIvsF4/QDkypmX</latexit>

N
<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit>

 Genuine quantum advantage       superlinear    -scaling of N
<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit>

 !
<latexit sha1_base64="XVpfPTuJOSxCYYoqY+PbACz6l4Y=">AAAB/HicdVDJSgNBEO1xjXEbzdFLYxA8hZkomNyCXjxGMAskIfR0epImPd1Dd40yDPFXvHhQxKsf4s2/sbMIrg8KHu9VUVUviAU34HnvztLyyuraem4jv7m1vbPr7u03jUo0ZQ2qhNLtgBgmuGQN4CBYO9aMRIFgrWB8MfVbN0wbruQ1pDHrRWQoecgpASv13UJXKDkULATNhyMgWqvbvlv0SuVqxTup4t/EL3kzFNEC9b771h0omkRMAhXEmI7vxdDLiAZOBZvku4lhMaFjMmQdSyWJmOlls+Mn+MgqAxwqbUsCnqlfJzISGZNGge2MCIzMT28q/uV1EggrvYzLOAEm6XxRmAgMCk+TwAOuGQWRWkKo5vZWTEdEEwo2r7wN4fNT/D9plku+V/KvTou180UcOXSADtEx8tEZqqFLVEcNRFGK7tEjenLunAfn2XmZty45i5kC+gbn9QMwBZXG</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="x+JaKvdtcZkux6U4ctRyNmNRGRo=">AAACIXicjVDLSgMxFM34rPU12qWbYBFcDTNVsN0V3bhUsA9oh5JJM21oJhmSO0op/RYXbvwVNyLdiT9j+hB8ggcCh3PO5eaeKBXcgO+/OkvLK6tr67mN/ObW9s6uu7dfNyrTlNWoEko3I2KY4JLVgINgzVQzkkSCNaLBxdRv3DJtuJI3MExZmJCe5DGnBKzUcQttoWRPsBg07/WBaK3uOm7R90qVsn9SwT9J4PkzFNEC/4t33Em7q2iWMAlUEGNagZ9COCIaOBVsnG9nhqWEDkiPtSyVJGEmHM0uHOMjq3RxrLR9EvBM/TwxIokxwySyyYRA33z3puJvXiuDuByOuEwzYJLOF8WZwKDwtC7c5ZpREENLCNXc/hXTPtGEgi01b0//uA//TeolL/C94Pq0WD1fdJZDB+gQHaMAnaEqukRXqIYoGqJ79IienQfnyXlxJvPokrOYKaAvcN7eAUT3nZw=</latexit><latexit sha1_base64="IvNgwUB+sIGgnlpjBFMBdIDcsDk=">AAACIXicjVDLSgMxFM3UV62vapdugkVwVWZqoZ1d0Y1LBfuAtpRMmmlDM8mQ3FHK0G9x4cZfcSPSnfgzTqeD+Fp4IHA451xu7vFCwQ3Y9puVW1vf2NzKbxd2dvf2D4qHR22jIk1ZiyqhdNcjhgkuWQs4CNYNNSOBJ1jHm14u/c4d04YreQuzkA0CMpbc55RAIg2Lpb5QciyYD5qPJ0C0VvfDYtmuVN2Gfe7i38Sp2CnKKMP/4sPioj9SNAqYBCqIMT3HDmEQEw2cCjYv9CPDQkKnZMx6CZUkYGYQpxfO8WmijLCvdPIk4FT9OhGTwJhZ4CXJgMDE/PSW4l9eLwK/MYi5DCNgkq4W+ZHAoPCyLjzimlEQs4QQqnnyV0wnRBMKSamF9HQ3BV6Rei0jrvN5ertaceyKc1MrNy+yzvLoGJ2gM+SgOmqiK3SNWoiiGXpAT+jFerSerVdrsYrmrGymhL7Bev8Agu2eLA==</latexit><latexit sha1_base64="IvNgwUB+sIGgnlpjBFMBdIDcsDk=">AAACIXicjVDLSgMxFM3UV62vapdugkVwVWZqoZ1d0Y1LBfuAtpRMmmlDM8mQ3FHK0G9x4cZfcSPSnfgzTqeD+Fp4IHA451xu7vFCwQ3Y9puVW1vf2NzKbxd2dvf2D4qHR22jIk1ZiyqhdNcjhgkuWQs4CNYNNSOBJ1jHm14u/c4d04YreQuzkA0CMpbc55RAIg2Lpb5QciyYD5qPJ0C0VvfDYtmuVN2Gfe7i38Sp2CnKKMP/4sPioj9SNAqYBCqIMT3HDmEQEw2cCjYv9CPDQkKnZMx6CZUkYGYQpxfO8WmijLCvdPIk4FT9OhGTwJhZ4CXJgMDE/PSW4l9eLwK/MYi5DCNgkq4W+ZHAoPCyLjzimlEQs4QQqnnyV0wnRBMKSamF9HQ3BV6Rei0jrvN5ertaceyKc1MrNy+yzvLoGJ2gM+SgOmqiK3SNWoiiGXpAT+jFerSerVdrsYrmrGymhL7Bev8Agu2eLA==</latexit> �H
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<latexit sha1_base64="bVp7rEWu80EhrSgLY7e7o4YG3+Y=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchUkVbHdFXXRZwT6gjWEynbRDJ5MwMxFLyK+4caGIW3/EnX/j9CH4PHDhcM693HtPkHCmNELv1tLyyuraemGjuLm1vbNr75XaKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGF1O/c0ulYrG41pOEehEeChYygrWRfLvUv6RcYz9r+BnKb7JKnvt2GTmVWhWd1OBv4jpohjJYoOnbb/1BTNKICk04VqrnokR7GZaaEU7zYj9VNMFkjIe0Z6jAEVVeNrs9h0dGGcAwlqaEhjP160SGI6UmUWA6I6xH6qc3Ff/yeqkOq17GRJJqKsh8UZhyqGM4DQIOmKRE84khmEhmboVkhCUm2sRVNCF8fgr/J+2K4yLHvTot188XcRTAATgEx8AFZ6AOGqAJWoCAO3APHsGTlVsP1rP1Mm9dshYz++AbrNcPZ4aUsA==</latexit><latexit sha1_base64="G1fAED58R/h/zZkptsOAcx76zoY=">AAACIHicjVDLSgMxFM3UV62vsS7dBIvgashUwXZX1EWXCvYBbR0yaaYNzWSGJCOWYX7FhRt/xY2I7vRrTB+CT/BA4HDOudzc48ecKY3Qq5VbWFxaXsmvFtbWNza37O1iU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6HTit66pVCwSl3oc016IB4IFjGBtJM8uds8o19hL616Ksqu0nGWeXUJOuVpBh1X4k7gOmqIE5vhf3LNfuv2IJCEVmnCsVMdFse6lWGpGOM0K3UTRGJMRHtCOoQKHVPXS6YEZ3DdKHwaRNE9oOFU/T6Q4VGoc+iYZYj1U372J+JvXSXRQ6aVMxImmgswWBQmHOoKTtmCfSUo0HxuCiWTmr5AMscREm04L5vSP++DfpFl2XOS4F0el2sm8szzYBXvgALjgGNRAHZyDBiDgBtyCe/Bo3VkP1pP1PIvmrPnMDvgC6+0dVZechg==</latexit><latexit sha1_base64="G1fAED58R/h/zZkptsOAcx76zoY=">AAACIHicjVDLSgMxFM3UV62vsS7dBIvgashUwXZX1EWXCvYBbR0yaaYNzWSGJCOWYX7FhRt/xY2I7vRrTB+CT/BA4HDOudzc48ecKY3Qq5VbWFxaXsmvFtbWNza37O1iU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6HTit66pVCwSl3oc016IB4IFjGBtJM8uds8o19hL616Ksqu0nGWeXUJOuVpBh1X4k7gOmqIE5vhf3LNfuv2IJCEVmnCsVMdFse6lWGpGOM0K3UTRGJMRHtCOoQKHVPXS6YEZ3DdKHwaRNE9oOFU/T6Q4VGoc+iYZYj1U372J+JvXSXRQ6aVMxImmgswWBQmHOoKTtmCfSUo0HxuCiWTmr5AMscREm04L5vSP++DfpFl2XOS4F0el2sm8szzYBXvgALjgGNRAHZyDBiDgBtyCe/Bo3VkP1pP1PIvmrPnMDvgC6+0dVZechg==</latexit><latexit sha1_base64="G1fAED58R/h/zZkptsOAcx76zoY=">AAACIHicjVDLSgMxFM3UV62vsS7dBIvgashUwXZX1EWXCvYBbR0yaaYNzWSGJCOWYX7FhRt/xY2I7vRrTB+CT/BA4HDOudzc48ecKY3Qq5VbWFxaXsmvFtbWNza37O1iU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6HTit66pVCwSl3oc016IB4IFjGBtJM8uds8o19hL616Ksqu0nGWeXUJOuVpBh1X4k7gOmqIE5vhf3LNfuv2IJCEVmnCsVMdFse6lWGpGOM0K3UTRGJMRHtCOoQKHVPXS6YEZ3DdKHwaRNE9oOFU/T6Q4VGoc+iYZYj1U372J+JvXSXRQ6aVMxImmgswWBQmHOoKTtmCfSUo0HxuCiWTmr5AMscREm04L5vSP++DfpFl2XOS4F0el2sm8szzYBXvgALjgGNRAHZyDBiDgBtyCe/Bo3VkP1pP1PIvmrPnMDvgC6+0dVZechg==</latexit><latexit sha1_base64="NdFLhvICeJ3dZYyLEXfFr/sQjkU=">AAACIHicjVDLSsNAFJ3UV62vWJduBovgKiS10GZX1EWXCrYW2hgm00k7dPJgZiKWkF9x4cZfcSOiO/0ap2kQXwsPDBzOOZc793gxo0Ka5ptWWlpeWV0rr1c2Nre2d/Tdak9ECcekiyMW8b6HBGE0JF1JJSP9mBMUeIxcedPTuX91Q7igUXgpZzFxAjQOqU8xkkpy9erwjDCJ3LTjpmZ2ndazzNVrplG3W+axDX8TyzBz1ECB/8Vd/XU4inASkFBihoQYWGYsnRRxSTEjWWWYCBIjPEVjMlA0RAERTpofmMFDpYygH3H1Qglz9etEigIhZoGnkgGSE/HTm4t/eYNE+i0npWGcSBLixSI/YVBGcN4WHFFOsGQzRRDmVP0V4gniCEvVaSU/3c4BF6TZKIhtfZ7eqxuWaVgXjVr7pOisDPbBATgCFmiCNuiAc9AFGNyCO/AAnrR77VF71l4W0ZJWzOyBb9DePwCTjZ0W</latexit><latexit sha1_base64="NdFLhvICeJ3dZYyLEXfFr/sQjkU=">AAACIHicjVDLSsNAFJ3UV62vWJduBovgKiS10GZX1EWXCrYW2hgm00k7dPJgZiKWkF9x4cZfcSOiO/0ap2kQXwsPDBzOOZc793gxo0Ka5ptWWlpeWV0rr1c2Nre2d/Tdak9ECcekiyMW8b6HBGE0JF1JJSP9mBMUeIxcedPTuX91Q7igUXgpZzFxAjQOqU8xkkpy9erwjDCJ3LTjpmZ2ndazzNVrplG3W+axDX8TyzBz1ECB/8Vd/XU4inASkFBihoQYWGYsnRRxSTEjWWWYCBIjPEVjMlA0RAERTpofmMFDpYygH3H1Qglz9etEigIhZoGnkgGSE/HTm4t/eYNE+i0npWGcSBLixSI/YVBGcN4WHFFOsGQzRRDmVP0V4gniCEvVaSU/3c4BF6TZKIhtfZ7eqxuWaVgXjVr7pOisDPbBATgCFmiCNuiAc9AFGNyCO/AAnrR77VF71l4W0ZJWzOyBb9DePwCTjZ0W</latexit>

 For a quantum battery built from     local termsN
<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit>
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<latexit sha1_base64="0CiutLEsNgbtHadCP5G/mvnk4UM="></latexit><latexit sha1_base64="MyY/Eq8jqiMVpa+6ZgFIzoqGtJM="></latexit><latexit sha1_base64="MyY/Eq8jqiMVpa+6ZgFIzoqGtJM="></latexit><latexit sha1_base64="MyY/Eq8jqiMVpa+6ZgFIzoqGtJM="></latexit><latexit sha1_base64="V41qDWwYB7/7cZUrg6iY+sN7zfw="></latexit><latexit sha1_base64="V41qDWwYB7/7cZUrg6iY+sN7zfw="></latexit>

               is the sum of           terms and vanishes if                is a 
product state. 
�ent
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0
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<latexit sha1_base64="fIygcLkoxcKBZRQ0hM2CmykWUn8=">AAACEHicdVDLSgMxFM3UV62vUZdugkWsmzJTBdtdURddVrAP6NQhk6ZtaOZBckcow3yCG3/FjQtF3Lp059+YPgSfBxIO59yb3Hu8SHAFlvVuZBYWl5ZXsqu5tfWNzS1ze6epwlhS1qChCGXbI4oJHrAGcBCsHUlGfE+wljc6n/itGyYVD4MrGEes65NBwPucEtCSax46F0wAcZOam1jpdVJK9eX4BIbST1gAaVpwgMRHrpm3iqVK2Tqu4N/ELlpT5NEcddd8c3ohjX39BhVEqY5tRdBNiAROBUtzTqxYROiIDFhH04D4THWT6UIpPtBKD/dDqU8AeKp+7UiIr9TY93TlZFT105uIf3mdGPrlbsKDKAYW0NlH/VhgCPEkHdzjklEQY00IlVzPiumQSEJBZ5jTIXxuiv8nzVLRtor25Um+ejaPI4v20D4qIBudoiqqoTpqIIpu0T16RE/GnfFgPBsvs9KMMe/ZRd9gvH4AKved8w==</latexit><latexit sha1_base64="ZRWml4hhpl8jq1Mh1gQZg0YBlU4=">AAACNXicjVDJSgNBEO2JW4zbqEcvjUGMlzATBZNbUA85KpgFMnHo6XSSJj0L3TVCGOYT/BoPXvwKbx68iHj1F+wsgiv4oJvHq1dUvfIiwRVY1qORmZtfWFzKLudWVtfWN8zNrYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vB0XG9eM6l4GFzCKGIdn/QD3uOUgJZcc985YwKIm9TcxEqvklKqP8cnMJB+wgJI04IDJD5wzbxVLFXK1mEF/yR20Zogj2b4n901H5xuSGNfD6KCKNW2rQg6CZHAqWBpzokViwgdkj5raxoQn6lOMkmd4j2tdHEvlPoFgCfq546E+EqNfE87x3nU99pY/K3WjqFX7iQ8iGJgAZ0O6sUCQ4jHJ8RdLhkFMdKEUMn1rpgOiCQU9KFzOvpHPvw3aZSKtlW0L47y1ZPZzbJoB+2iArLRMaqiGjpHdUTRDbpF9+jZuDOejBfjdWrNGLOebfQFxts7VHWlyQ==</latexit><latexit sha1_base64="ZRWml4hhpl8jq1Mh1gQZg0YBlU4=">AAACNXicjVDJSgNBEO2JW4zbqEcvjUGMlzATBZNbUA85KpgFMnHo6XSSJj0L3TVCGOYT/BoPXvwKbx68iHj1F+wsgiv4oJvHq1dUvfIiwRVY1qORmZtfWFzKLudWVtfWN8zNrYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vB0XG9eM6l4GFzCKGIdn/QD3uOUgJZcc985YwKIm9TcxEqvklKqP8cnMJB+wgJI04IDJD5wzbxVLFXK1mEF/yR20Zogj2b4n901H5xuSGNfD6KCKNW2rQg6CZHAqWBpzokViwgdkj5raxoQn6lOMkmd4j2tdHEvlPoFgCfq546E+EqNfE87x3nU99pY/K3WjqFX7iQ8iGJgAZ0O6sUCQ4jHJ8RdLhkFMdKEUMn1rpgOiCQU9KFzOvpHPvw3aZSKtlW0L47y1ZPZzbJoB+2iArLRMaqiGjpHdUTRDbpF9+jZuDOejBfjdWrNGLOebfQFxts7VHWlyQ==</latexit><latexit sha1_base64="ZRWml4hhpl8jq1Mh1gQZg0YBlU4=">AAACNXicjVDJSgNBEO2JW4zbqEcvjUGMlzATBZNbUA85KpgFMnHo6XSSJj0L3TVCGOYT/BoPXvwKbx68iHj1F+wsgiv4oJvHq1dUvfIiwRVY1qORmZtfWFzKLudWVtfWN8zNrYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vB0XG9eM6l4GFzCKGIdn/QD3uOUgJZcc985YwKIm9TcxEqvklKqP8cnMJB+wgJI04IDJD5wzbxVLFXK1mEF/yR20Zogj2b4n901H5xuSGNfD6KCKNW2rQg6CZHAqWBpzokViwgdkj5raxoQn6lOMkmd4j2tdHEvlPoFgCfq546E+EqNfE87x3nU99pY/K3WjqFX7iQ8iGJgAZ0O6sUCQ4jHJ8RdLhkFMdKEUMn1rpgOiCQU9KFzOvpHPvw3aZSKtlW0L47y1ZPZzbJoB+2iArLRMaqiGjpHdUTRDbpF9+jZuDOejBfjdWrNGLOebfQFxts7VHWlyQ==</latexit><latexit sha1_base64="e9OqONUQFgSnL+KB3eEOqRMiykw="></latexit><latexit sha1_base64="e9OqONUQFgSnL+KB3eEOqRMiykw="></latexit>

⇠ N2
<latexit sha1_base64="X425xLjn1pr6kTiNs9k/Y0T5sFI=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kglkwGUNPpydp0t0zdPcIYchfePGgiFf/xpt/Y2cRXB8UPN6roqpemHCmjee9OwuLS8srq7m1/PrG5tZ2YWe3oeNUEVonMY9VK8SaciZp3TDDaStRFIuQ02Y4PJ/4zTuqNIvltRklNBC4L1nECDZWuuloJtDlbVYadwtFzy1Vyt5xBf0mvutNUYQ5at3CW6cXk1RQaQjHWrd9LzFBhpVhhNNxvpNqmmAyxH3atlRiQXWQTS8eo0Or9FAUK1vSoKn6dSLDQuuRCG2nwGagf3oT8S+vnZqoHGRMJqmhkswWRSlHJkaT91GPKUoMH1mCiWL2VkQGWGFibEh5G8Lnp+h/0ii5vuf6VyfF6tk8jhzswwEcgQ+nUIULqEEdCEi4h0d4crTz4Dw7L7PWBWc+swff4Lx+AIrgkNY=</latexit><latexit sha1_base64="b+ZVwW7mkA6qbeNfqr1RdLPVSxA=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6MaVKNgHtmPJpGkbmmSGJCOUoX/hwo2/4kbErbjzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lChCqyTikWqEWFPOJK0aZjhtxIpiEXJaDwcnY79+Q5Vmkbw0w5gGAvck6zKCjZWuWpoJdHadFkftfMFzi+WSd1BGP4nvehMUYIb/xdv511YnIomg0hCOtW76XmyCFCvDCKejXCvRNMZkgHu0aanEguognZw1QntW6aBupOyTBk3UzxMpFloPRWiTApu+/u6Nxd+8ZmK6pSBlMk4MlWS6qJtwZCI07gh1mKLE8KElmChm/4pIHytMjG0yZ0//uA/9TWpF1/dc/+KwUDmedZaFHdiFffDhCCpwCudQBQISbuEeHp0758F5cp6n0Ywzm9mGL3Be3gH3Ypis</latexit><latexit sha1_base64="b+ZVwW7mkA6qbeNfqr1RdLPVSxA=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6MaVKNgHtmPJpGkbmmSGJCOUoX/hwo2/4kbErbjzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lChCqyTikWqEWFPOJK0aZjhtxIpiEXJaDwcnY79+Q5Vmkbw0w5gGAvck6zKCjZWuWpoJdHadFkftfMFzi+WSd1BGP4nvehMUYIb/xdv511YnIomg0hCOtW76XmyCFCvDCKejXCvRNMZkgHu0aanEguognZw1QntW6aBupOyTBk3UzxMpFloPRWiTApu+/u6Nxd+8ZmK6pSBlMk4MlWS6qJtwZCI07gh1mKLE8KElmChm/4pIHytMjG0yZ0//uA/9TWpF1/dc/+KwUDmedZaFHdiFffDhCCpwCudQBQISbuEeHp0758F5cp6n0Ywzm9mGL3Be3gH3Ypis</latexit><latexit sha1_base64="b+ZVwW7mkA6qbeNfqr1RdLPVSxA=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapipgu2u6MaVKNgHtmPJpGkbmmSGJCOUoX/hwo2/4kbErbjzb0wfgk/wQOBwzrnc3BPGnGnjeW9OZm5+YXEpu5xbWV1b38hvbtV0lChCqyTikWqEWFPOJK0aZjhtxIpiEXJaDwcnY79+Q5Vmkbw0w5gGAvck6zKCjZWuWpoJdHadFkftfMFzi+WSd1BGP4nvehMUYIb/xdv511YnIomg0hCOtW76XmyCFCvDCKejXCvRNMZkgHu0aanEguognZw1QntW6aBupOyTBk3UzxMpFloPRWiTApu+/u6Nxd+8ZmK6pSBlMk4MlWS6qJtwZCI07gh1mKLE8KElmChm/4pIHytMjG0yZ0//uA/9TWpF1/dc/+KwUDmedZaFHdiFffDhCCpwCudQBQISbuEeHp0758F5cp6n0Ywzm9mGL3Be3gH3Ypis</latexit><latexit sha1_base64="pcI0TFErHIBunx4Pz6zKANRVuXw=">AAACFnicjVDLSgMxFM34rPVVdekmWARXw0wttLMrunElCvaB7VgyaaYNTTJDkhHK0L9w4cZfcSPiVtz5N6bTQXwtPBA4nHMuN/cEMaNKO867tbC4tLyyWlgrrm9sbm2XdnZbKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQfj05nfviVS0Uhc6UlMfI6GgoYUI22k656iHJ7fpJVpv1R27IpXd449+Ju4tpOhDHL8L94vvfUGEU44ERozpFTXdWLtp0hqihmZFnuJIjHCYzQkXUMF4kT5aXbWFB4aZQDDSJonNMzUrxMp4kpNeGCSHOmR+unNxL+8bqLDup9SESeaCDxfFCYM6gjOOoIDKgnWbGIIwpKav0I8QhJhbZosZqd7GeCc1Ko58dzP01sV23Vs97JabpzknRXAPjgAR8AFNdAAZ+ACNAEGAtyBB/Bk3VuP1rP1Mo8uWPnMHvgG6/UDNWeZPA==</latexit><latexit sha1_base64="pcI0TFErHIBunx4Pz6zKANRVuXw=">AAACFnicjVDLSgMxFM34rPVVdekmWARXw0wttLMrunElCvaB7VgyaaYNTTJDkhHK0L9w4cZfcSPiVtz5N6bTQXwtPBA4nHMuN/cEMaNKO867tbC4tLyyWlgrrm9sbm2XdnZbKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQfj05nfviVS0Uhc6UlMfI6GgoYUI22k656iHJ7fpJVpv1R27IpXd449+Ju4tpOhDHL8L94vvfUGEU44ERozpFTXdWLtp0hqihmZFnuJIjHCYzQkXUMF4kT5aXbWFB4aZQDDSJonNMzUrxMp4kpNeGCSHOmR+unNxL+8bqLDup9SESeaCDxfFCYM6gjOOoIDKgnWbGIIwpKav0I8QhJhbZosZqd7GeCc1Ko58dzP01sV23Vs97JabpzknRXAPjgAR8AFNdAAZ+ACNAEGAtyBB/Bk3VuP1rP1Mo8uWPnMHvgG6/UDNWeZPA==</latexit>

e�iH1t|0i
<latexit sha1_base64="mzV9g95WenIF0YboYQi+Mnma28g=">AAAB/nicdVDJSgNBEO2JW4zbqHjy0hgEL4aZKJjcgl5yjGAWSMahp1NJmvT0DN09QhgD/ooXD4p49Tu8+Td2FsH1QcHjvSqq6gUxZ0o7zruVWVhcWl7JrubW1jc2t+ztnYaKEkmhTiMeyVZAFHAmoK6Z5tCKJZAw4NAMhhcTv3kDUrFIXOlRDF5I+oL1GCXaSL69B9fpMav6qTvW41unI4noc/DtvFMolkvOSRn/Jm7BmSKP5qj59lunG9EkBKEpJ0q1XSfWXkqkZpTDONdJFMSEDkkf2oYKEoLy0un5Y3xolC7uRdKU0Hiqfp1ISajUKAxMZ0j0QP30JuJfXjvRvZKXMhEnGgSdLeolHOsIT7LAXSaBaj4yhFDJzK2YDogkVJvEciaEz0/x/6RRLLhOwb08zVfO53Fk0T46QEfIRWeogqqohuqIohTdo0f0ZN1ZD9az9TJrzVjzmV30DdbrB6PTlfA=</latexit><latexit sha1_base64="MpnTCBFcTXYaop8M4HrtXYszcio=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEN5aZKtjuim66VLAPaMchk962oZnMkGSEMvZjXLjxV9xIcePCfzF9CD7BA4HDOedyc08Qc6a047xamYXFpeWV7GpubX1jc8ve3qmrKJEUajTikWwGRAFnAmqaaQ7NWAIJAw6NYHAx8Ru3IBWLxLUexuCFpCdYl1GijeTbe3CTHrOqn7ojPbpz2pKIHgffzjuFYrnknJTxT+IWnCnyaI7/xX173O5ENAlBaMqJUi3XibWXEqkZ5TDKtRMFMaED0oOWoYKEoLx0euMIHxqlg7uRNE9oPFU/T6QkVGoYBiYZEt1X372J+JvXSnS35KVMxIkGQWeLugnHOsKTwnCHSaCaDw0hVDLzV0z7RBKqTa05c/rHffhvUi8WXKfgXp3mK+fzzrJoHx2gI+SiM1RBVXSJaoiiFN2jR/RsPVhP1th6mUUz1nxmF32B9fYOvD2dxg==</latexit><latexit sha1_base64="MpnTCBFcTXYaop8M4HrtXYszcio=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEN5aZKtjuim66VLAPaMchk962oZnMkGSEMvZjXLjxV9xIcePCfzF9CD7BA4HDOedyc08Qc6a047xamYXFpeWV7GpubX1jc8ve3qmrKJEUajTikWwGRAFnAmqaaQ7NWAIJAw6NYHAx8Ru3IBWLxLUexuCFpCdYl1GijeTbe3CTHrOqn7ojPbpz2pKIHgffzjuFYrnknJTxT+IWnCnyaI7/xX173O5ENAlBaMqJUi3XibWXEqkZ5TDKtRMFMaED0oOWoYKEoLx0euMIHxqlg7uRNE9oPFU/T6QkVGoYBiYZEt1X372J+JvXSnS35KVMxIkGQWeLugnHOsKTwnCHSaCaDw0hVDLzV0z7RBKqTa05c/rHffhvUi8WXKfgXp3mK+fzzrJoHx2gI+SiM1RBVXSJaoiiFN2jR/RsPVhP1th6mUUz1nxmF32B9fYOvD2dxg==</latexit><latexit sha1_base64="MpnTCBFcTXYaop8M4HrtXYszcio=">AAACI3icjVDLSgMxFM3UV62vUXHlJlgEN5aZKtjuim66VLAPaMchk962oZnMkGSEMvZjXLjxV9xIcePCfzF9CD7BA4HDOedyc08Qc6a047xamYXFpeWV7GpubX1jc8ve3qmrKJEUajTikWwGRAFnAmqaaQ7NWAIJAw6NYHAx8Ru3IBWLxLUexuCFpCdYl1GijeTbe3CTHrOqn7ojPbpz2pKIHgffzjuFYrnknJTxT+IWnCnyaI7/xX173O5ENAlBaMqJUi3XibWXEqkZ5TDKtRMFMaED0oOWoYKEoLx0euMIHxqlg7uRNE9oPFU/T6QkVGoYBiYZEt1X372J+JvXSnS35KVMxIkGQWeLugnHOsKTwnCHSaCaDw0hVDLzV0z7RBKqTa05c/rHffhvUi8WXKfgXp3mK+fzzrJoHx2gI+SiM1RBVXSJaoiiFN2jR/RsPVhP1th6mUUz1nxmF32B9fYOvD2dxg==</latexit><latexit sha1_base64="TpjjKNy1YRLAfEwuvLzZEl4SNPA=">AAACI3icjVDLSsNAFJ34rPVVFVduBovgxpLUQttd0U2XCvYBbSyT6U07dDIJMxOhxHyMCzf+ihspblz4L6ZpEF8LDwwczjmXO/c4AWdKm+absbS8srq2ntvIb25t7+wW9vbbyg8lhRb1uS+7DlHAmYCWZppDN5BAPIdDx5lczv3OHUjFfHGjpwHYHhkJ5jJKdCINCodwG52x5iCyYh3fm31JxIjDoFA0S+V6zTyv49/EKpkpiijD/+KDwqw/9GnogdCUE6V6lhloOyJSM8ohzvdDBQGhEzKCXkIF8UDZUXpjjE8SZYhdXyZPaJyqXyci4ik19Zwk6RE9Vj+9ufiX1wu1W7MjJoJQg6CLRW7IsfbxvDA8ZBKo5tOEECpZ8ldMx0QSqpNa8+np9RR4QaqVjNStz9Pb5ZJllqzrSrFxkXWWQ0foGJ0iC1VRAzXRFWohiiL0gJ7Qi/FoPBsz43URXTKymQP0Dcb7B/oznlY=</latexit><latexit sha1_base64="TpjjKNy1YRLAfEwuvLzZEl4SNPA=">AAACI3icjVDLSsNAFJ34rPVVFVduBovgxpLUQttd0U2XCvYBbSyT6U07dDIJMxOhxHyMCzf+ihspblz4L6ZpEF8LDwwczjmXO/c4AWdKm+absbS8srq2ntvIb25t7+wW9vbbyg8lhRb1uS+7DlHAmYCWZppDN5BAPIdDx5lczv3OHUjFfHGjpwHYHhkJ5jJKdCINCodwG52x5iCyYh3fm31JxIjDoFA0S+V6zTyv49/EKpkpiijD/+KDwqw/9GnogdCUE6V6lhloOyJSM8ohzvdDBQGhEzKCXkIF8UDZUXpjjE8SZYhdXyZPaJyqXyci4ik19Zwk6RE9Vj+9ufiX1wu1W7MjJoJQg6CLRW7IsfbxvDA8ZBKo5tOEECpZ8ldMx0QSqpNa8+np9RR4QaqVjNStz9Pb5ZJllqzrSrFxkXWWQ0foGJ0iC1VRAzXRFWohiiL0gJ7Qi/FoPBsz43URXTKymQP0Dcb7B/oznlY=</latexit>
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<latexit sha1_base64="fVXObo97e7/SDdHxqmqbutTqzUE=">AAACEHicdVDLSsNAFJ34rPUVdelmsIiuYlIF20Wh6KYrqWAf0MQwmU7boTNJmJkIJeQT3Pgrblwo4talO//G6UPweeDCmXPuZe49QcyoVLb9bszNLywuLedW8qtr6xub5tZ2U0aJwKSBIxaJdoAkYTQkDUUVI+1YEMQDRlrB8Hzst26IkDQKr9QoJh5H/ZD2KEZKS755UPNTO4MVOHBlwv2UVpzsOr04KmaupH2OtKLfKPPNgm0VyyX7uAx/E8eyJyiAGeq++eZ2I5xwEirMkJQdx46VlyKhKGYky7uJJDHCQ9QnHU1DxIn00slBGdzXShf2IqErVHCifp1IEZdyxAPdyZEayJ/eWPzL6ySqV/JSGsaJIiGeftRLGFQRHKcDu1QQrNhIE4QF1btCPEACYaUzzOsQPi+F/5Nm0XJsy7k8KVTPZnHkwC7YA4fAAaegCmqgDhoAg1twDx7Bk3FnPBjPxsu0dc6YzeyAbzBePwCpvp0K</latexit><latexit sha1_base64="mDjsPokglAHGINQobmQ/DepkXro="></latexit><latexit sha1_base64="mDjsPokglAHGINQobmQ/DepkXro="></latexit><latexit sha1_base64="mDjsPokglAHGINQobmQ/DepkXro="></latexit><latexit sha1_base64="E3AiN4whXsR232eIUgMQ136qfes="></latexit><latexit sha1_base64="E3AiN4whXsR232eIUgMQ136qfes="></latexit>

hJ2
i1···iq i =

J2(q � 1)!

Nq�1
<latexit sha1_base64="MAfVf3ksYkqfWkslYSUa2YYnNXg="></latexit><latexit sha1_base64="CTtlw5FffLUkqgv7WliZ4eFcTa0="></latexit><latexit sha1_base64="CTtlw5FffLUkqgv7WliZ4eFcTa0="></latexit><latexit sha1_base64="CTtlw5FffLUkqgv7WliZ4eFcTa0="></latexit><latexit sha1_base64="J7GkGK1OfI4YGTBJ/YA0Emjs9e8="></latexit><latexit sha1_base64="J7GkGK1OfI4YGTBJ/YA0Emjs9e8="></latexit>

 Jordan-Wigner map
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SYK Batteries - Numerical Results
[Rosa et.al. ’20, Carrega-Kim-JM-Ole-Rosa ]

 The SYK quantum battery 
does even better, exhibiting a 
greater precision and 
stability at all times!

 MBL quantum batteries 
outperform (Anderson) spin-
chain batteries but still has 
significant energy fluctuations 
at early times..

 The SYK battery saturates at 
a larger charge and faster 
with decreasing optimal 
charging time and increasing 
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SYK Batteries - Numerical Results
[Rosa et.al. ’20, Carrega-Kim-JM-Ole-Rosa ]

 The x-models are (roughly) 
insensitive to the degree of 
locality of the quench 
Hamiltonian with respect to its 
scaling with N

<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit>

 This behaviour is a 
consequence of  the operator 
size of       . The simple 
operators in the battery 
Hamiltonian are no longer so in 
the Majorana representation :
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Jeff Murugan (UCT)

Beyond SYK - Batteries on Graphs
[Carrega-Kim-JM-Ole-Rosa ] How does a change of the interactions of the quantum system 

affect the quantum battery properties?
 SYK model       complete (hyper)graph         general connected 

(hyper)graph
 !
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 We consider two graph 
topologies with :

Each Majorana 
is connected 
with its nearest 
neighbours

A single 
Majorana       is 
connected to all 
others
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 In both cases we set
 Notice that the star-graph 

x-model out-performs even  
standard SYK  and SYK 
quantum batteries!



Jeff Murugan (UCT)

Batteries on Graphs - Perturbation theory
[Carrega-Kim-JM-Ole-Rosa ]

 We want to compute the power: P (⌧) = |h[H1, e
iH1⌧H0e

�iH1⌧ ]i|
<latexit sha1_base64="80laU3JzrNySwGY4Gzf8vjvN1Fc="></latexit><latexit sha1_base64="nz2tbx29UORR4waMHfxKmd/Y2GE="></latexit><latexit sha1_base64="nz2tbx29UORR4waMHfxKmd/Y2GE="></latexit><latexit sha1_base64="nz2tbx29UORR4waMHfxKmd/Y2GE="></latexit><latexit sha1_base64="fHFMr1OgdBnBP1ZzhXTD4QvgiGE="></latexit><latexit sha1_base64="fHFMr1OgdBnBP1ZzhXTD4QvgiGE="></latexit>

 With some simplification coming from the average over Gaussian couplings
[H1, e

iH1⌧H0e
�iH1⌧ ] ⇠ i⌧ [H1, [H1, H0]]

<latexit sha1_base64="86GVKpsJXapDwWTSCQ7xhbpt/KA="></latexit><latexit sha1_base64="ENhmS0ZpUPgRPGOw9OHxTJAdWyg="></latexit><latexit sha1_base64="ENhmS0ZpUPgRPGOw9OHxTJAdWyg="></latexit><latexit sha1_base64="ENhmS0ZpUPgRPGOw9OHxTJAdWyg="></latexit><latexit sha1_base64="SqOqPA09Z2tEnZTvygI6G2dh10A="></latexit><latexit sha1_base64="SqOqPA09Z2tEnZTvygI6G2dh10A="></latexit>

+
(i⌧)3

3!
[H1, [H1, [H1, [H1, H0]]]] + · · ·

<latexit sha1_base64="et3/PufAx5oBPXeiP2kkixHYc6Q="></latexit><latexit sha1_base64="4iVvR6LV49S73iKB2t5+XYFiONk="></latexit><latexit sha1_base64="4iVvR6LV49S73iKB2t5+XYFiONk="></latexit><latexit sha1_base64="4iVvR6LV49S73iKB2t5+XYFiONk="></latexit><latexit sha1_base64="mhY+eXTHrZ+T4j7tZib/tQuQAuE="></latexit><latexit sha1_base64="mhY+eXTHrZ+T4j7tZib/tQuQAuE="></latexit>

 In practice, computing the 
proliferating nested commutators is 
formidable.
 To check the formula, let’s take 

for      the x-model and for      the 
quadratic SYK model. 
H0

<latexit sha1_base64="jZGTZ9gClE54FMWF1+vkfl/K+zI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7OZ72yxXsVus1fFZHv4nn4jkqsESrX37rDRKaxUwaKojWXQ+nJsiJMpwKNi31Ms1SQsdkyLqWShIzHeTzY6foxCoDFCXKljRorn6dyEms9SQObWdMzEj/9GbiX143M1EtyLlMM8MkXSyKMoFMgmafowFXjBoxsYRQxe2tiI6IItTYfEo2hM9P0f+kXXU97HrX55XG5TKOIhzBMZyCBxfQgCa0wAcKHO7hEZ4c6Tw4z87LorXgLGcO4Ruc1w8L247Y</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit>

H1
<latexit sha1_base64="2Nvs0AfjRyeQOFNxpn7RzLM9st4=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7uTftlyvYrdZr+KyOfhPPxXNUYIlWv/zWGyQ0i5k0VBCtux5OTZATZTgVbFrqZZqlhI7JkHUtlSRmOsjnx07RiVUGKEqULWnQXP06kZNY60kc2s6YmJH+6c3Ev7xuZqJakHOZZoZJulgUZQKZBM0+RwOuGDViYgmhittbER0RRaix+ZRsCJ+fov9Ju+p62PWuzyuNy2UcRTiCYzgFDy6gAU1ogQ8UONzDIzw50nlwnp2XRWvBWc4cwjc4rx8NYI7Z</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit>

 We can compute up to 8 nested 
commutators to get an expression 
for  P (8)(⌧)

<latexit sha1_base64="GRCWJYnlZ9yHeBEQFzND5nmKFEA=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSxCuwlJFWx3RTcuK9gHNLFMppN26GQSZiZCCXHjr7hxoYhb/8Kdf+OkreDzwMDhnHu4c48fMyqVbb8bC4tLyyurhbXi+sbm1ra5s9uWUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj8+z/3ODRGSRvxKTWLihWjIaUAxUlrqm/tupO08nTav03KtkpVdhZJK1jdLtlWt1+zjOvxNHMueogTmaPbNN3cQ4SQkXGGGpOw5dqy8FAlFMSNZ0U0kiREeoyHpacpRSKSXTi/I4JFWBjCIhH5cwan6NZGiUMpJ6OvJEKmR/Onl4l9eL1FBzUspjxNFOJ4tChIGVQTzOuCACoIVm2iCsKD6rxCPkEBY6dKKuoTPS+H/pF21HNtyLk9KjbN5HQVwAA5BGTjgFDTABWiCFsDgFtyDR/Bk3BkPxrPxMhtdMOaZPfANxusHXlaW1g==</latexit><latexit sha1_base64="IlqgvA26GrLsTKUl2/KGz4FjTho=">AAACJnicjVDLSsNAFJ3UV62vqBvBzWAR2k1IqmC7K7pxWcE+oI1lMp20QyeTMDMRSohf48KNv+JCEXHnpzhpK/gEDwwczrmXO+d4EaNS2farkVtYXFpeya8W1tY3NrfM7Z2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3xWea3r4mQNOSXahIRN0BDTn2KkdJS39zrhdrOtpPGVVKqltNST6G4nPbNom1ValX7qAZ/EseypyiCOf433jcfe4MQxwHhCjMkZdexI+UmSCiKGUkLvViSCOExGpKuphwFRLrJNGYKD7UygH4o9OMKTtXPGwkKpJwEnp4MkBrJ714m/uZ1Y+VX3YTyKFaE49khP2ZQhTDrDA6oIFixiSYIC6r/CvEICYSVbrago3/kg3+TVsVybMu5OC7WT+ed5cE+OAAl4IATUAfnoAGaAIMbcAvuwZNxZzwYz8bLbDRnzHd2wRcYb++UF56s</latexit><latexit sha1_base64="IlqgvA26GrLsTKUl2/KGz4FjTho=">AAACJnicjVDLSsNAFJ3UV62vqBvBzWAR2k1IqmC7K7pxWcE+oI1lMp20QyeTMDMRSohf48KNv+JCEXHnpzhpK/gEDwwczrmXO+d4EaNS2farkVtYXFpeya8W1tY3NrfM7Z2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3xWea3r4mQNOSXahIRN0BDTn2KkdJS39zrhdrOtpPGVVKqltNST6G4nPbNom1ValX7qAZ/EseypyiCOf433jcfe4MQxwHhCjMkZdexI+UmSCiKGUkLvViSCOExGpKuphwFRLrJNGYKD7UygH4o9OMKTtXPGwkKpJwEnp4MkBrJ714m/uZ1Y+VX3YTyKFaE49khP2ZQhTDrDA6oIFixiSYIC6r/CvEICYSVbrago3/kg3+TVsVybMu5OC7WT+ed5cE+OAAl4IATUAfnoAGaAIMbcAvuwZNxZzwYz8bLbDRnzHd2wRcYb++UF56s</latexit><latexit sha1_base64="IlqgvA26GrLsTKUl2/KGz4FjTho=">AAACJnicjVDLSsNAFJ3UV62vqBvBzWAR2k1IqmC7K7pxWcE+oI1lMp20QyeTMDMRSohf48KNv+JCEXHnpzhpK/gEDwwczrmXO+d4EaNS2farkVtYXFpeya8W1tY3NrfM7Z2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3xWea3r4mQNOSXahIRN0BDTn2KkdJS39zrhdrOtpPGVVKqltNST6G4nPbNom1ValX7qAZ/EseypyiCOf433jcfe4MQxwHhCjMkZdexI+UmSCiKGUkLvViSCOExGpKuphwFRLrJNGYKD7UygH4o9OMKTtXPGwkKpJwEnp4MkBrJ714m/uZ1Y+VX3YTyKFaE49khP2ZQhTDrDA6oIFixiSYIC6r/CvEICYSVbrago3/kg3+TVsVybMu5OC7WT+ed5cE+OAAl4IATUAfnoAGaAIMbcAvuwZNxZzwYz8bLbDRnzHd2wRcYb++UF56s</latexit><latexit sha1_base64="Hmz1NM8wyz22PV30v6y/eUzl5c8=">AAACJnicjVDLSsNAFJ34rPUVdSO4GSxCuylJLbTZFd24rGAf0MYymU7boZNJmJkIJcSvceHGX3GhiLjzU5ymQXwtPDBwOOde7pzjhYxKZVlvxtLyyuraem4jv7m1vbNr7u23ZRAJTFo4YIHoekgSRjlpKaoY6YaCIN9jpONNz+d+54YISQN+pWYhcX005nREMVJaGpiH/UDb8+24eR0X66Wk2FcoKiUDs2CVK07dOnXgb2KXrRQFkOF/4wPzqT8McOQTrjBDUvZsK1RujISimJEk348kCRGeojHpacqRT6QbpzETeKKVIRwFQj+uYKp+3YiRL+XM9/Skj9RE/vTm4l9eL1KjuhtTHkaKcLw4NIoYVAGcdwaHVBCs2EwThAXVf4V4ggTCSjebT6M7KeCC1KoZcezP6O1K2bbK9mW10DjLOsuBI3AMisAGNdAAF6AJWgCDW3AHHsCzcW88Gi/G62J0ych2DsA3GO8f0g2fPA==</latexit><latexit sha1_base64="Hmz1NM8wyz22PV30v6y/eUzl5c8=">AAACJnicjVDLSsNAFJ34rPUVdSO4GSxCuylJLbTZFd24rGAf0MYymU7boZNJmJkIJcSvceHGX3GhiLjzU5ymQXwtPDBwOOde7pzjhYxKZVlvxtLyyuraem4jv7m1vbNr7u23ZRAJTFo4YIHoekgSRjlpKaoY6YaCIN9jpONNz+d+54YISQN+pWYhcX005nREMVJaGpiH/UDb8+24eR0X66Wk2FcoKiUDs2CVK07dOnXgb2KXrRQFkOF/4wPzqT8McOQTrjBDUvZsK1RujISimJEk348kCRGeojHpacqRT6QbpzETeKKVIRwFQj+uYKp+3YiRL+XM9/Skj9RE/vTm4l9eL1KjuhtTHkaKcLw4NIoYVAGcdwaHVBCs2EwThAXVf4V4ggTCSjebT6M7KeCC1KoZcezP6O1K2bbK9mW10DjLOsuBI3AMisAGNdAAF6AJWgCDW3AHHsCzcW88Gi/G62J0ych2DsA3GO8f0g2fPA==</latexit>

 All    -dependence comes from the 
size of the static Hamiltonian

N
<latexit sha1_base64="uzSw65caP9UnIC+5iFgQgq4mhOQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BL54kAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdWlpeWV1bz23kN7e2d3YLe/tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTv3WHUrF4+hGjxP0QjqIeMAZ1UaqX/cKRccuVcrOaYX8Jq7tzFCEBWq9wlu3H7M0xEgzQZXquE6ivYxKzZnASb6bKkwoG9EBdgyNaIjKy2aHTsixUfokiKWpSJOZ+nUio6FS49A3nSHVQ/XTm4p/eZ1UB2Uv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yyZsQPj8l/5NmyXYd262fFasXizhycAhHcAIunEMVrqAGDWCAcA+P8GTdWg/Ws/Uyb12yFjMH8A3W6wctK40v</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="CnUmUAdJvpovgs0PCB5Qb/V7ZGc=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwWnajYNIFbazEgImBZAmzk7vJkNkHM7NCWPIFFjb+io2Irb2df+PkIfgEDwwczjmXO/f4ieBKO86blVtYXFpeya8W1tY3NreK2ztNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT88m/jXNygVj6MrPUrQC2k/4gFnVBupftEtlhy7XK04R1Xyk7i2M0UJ5vhfvFt87fRiloYYaSaoUm3XSbSXUak5EzgudFKFCWVD2se2oRENUXnZ9JoxOTBKjwSxNC/SZKp+nshoqNQo9E0ypHqgvnsT8Tevneqg4mU8SlKNEZstClJBdEwm1ZAel8i0GBlCmeTmr4QNqKRMmwIL5vSP+8jfpFm2Xcd268el2um8szzswT4cggsnUINzuIQGMEC4hXt4tO6sB+vJep5Fc9Z8Zhe+wHp5Bx4/lQU=</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit><latexit sha1_base64="UTqcI60w0if4iapKnWhFLIlKIis=">AAACDXicjVDLSsNAFJ3UV62vqks3g0VwFZJaaLMrunElFuwD2lAm05t26GQSZiZCCf0CF278FTcibt27829M0yC+Fh4YOJxzLnfu8SLOlLasd6Owsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9ebXiz87i1IxUJxo2cRuAEZC+YzSnQqta6G5YplVp2Gdebg38Q2rQwVlON/8WH5bTAKaRyA0JQTpfq2FWk3IVIzymFeGsQKIkKnZAz9lAoSgHKT7Jo5PkmVEfZDmT6hcaZ+nUhIoNQs8NJkQPRE/fQW4l9eP9Z+w02YiGINgi4X+THHOsSLavCISaCaz1JCqGTpXzGdEEmoTgssZac7GfCS1Gs5cezP0ztV07ZMu1WrNM/zzoroCB2jU2SjOmqiS3SN2ogiQHfoAT0Z98aj8Wy8LKMFI585RN9gvH4AXDWVlQ==</latexit>



 Some properties of K-complexity (      ):
       depends on the Hamiltonian      and the reference operator      only.

Jeff Murugan (UCT)

Operator Complexity
[Rabinovici et.al.’20,  Barbón et.al. ’19]

 How to characterise operator 
spreading in a network?

 Krylov (K-)complexity 
quantifies the growth of an operator 
in Hilbert space with respect to a 
specific basis - the Krylov basis - 
by successive nested commutators.

H1
<latexit sha1_base64="2Nvs0AfjRyeQOFNxpn7RzLM9st4=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7uTftlyvYrdZr+KyOfhPPxXNUYIlWv/zWGyQ0i5k0VBCtux5OTZATZTgVbFrqZZqlhI7JkHUtlSRmOsjnx07RiVUGKEqULWnQXP06kZNY60kc2s6YmJH+6c3Ev7xuZqJakHOZZoZJulgUZQKZBM0+RwOuGDViYgmhittbER0RRaix+ZRsCJ+fov9Ju+p62PWuzyuNy2UcRTiCYzgFDy6gAU1ogQ8UONzDIzw50nlwnp2XRWvBWc4cwjc4rx8NYI7Z</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit>

H0
<latexit sha1_base64="jZGTZ9gClE54FMWF1+vkfl/K+zI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7OZ72yxXsVus1fFZHv4nn4jkqsESrX37rDRKaxUwaKojWXQ+nJsiJMpwKNi31Ms1SQsdkyLqWShIzHeTzY6foxCoDFCXKljRorn6dyEms9SQObWdMzEj/9GbiX143M1EtyLlMM8MkXSyKMoFMgmafowFXjBoxsYRQxe2tiI6IItTYfEo2hM9P0f+kXXU97HrX55XG5TKOIhzBMZyCBxfQgCa0wAcKHO7hEZ4c6Tw4z87LorXgLGcO4Ruc1w8L247Y</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit>

 It is able to distinguish between all linearly-independent operators of a fixed length

CK
<latexit sha1_base64="nBJY9RSBjTid8QTpXrWMf3T6+D4=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRVsN0VuxHcVDBtoQ1lMp20QyeTMDMRQug3uHGhiFs/yJ1/4/Qh+Dxw4XDOvdx7T5BwprTjvFuFldW19Y3iZmlre2d3r7x/0FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTJozv3NHpWKxuNVZQv0IjwQLGcHaSF5zkF9PB+WKY1frNeesjn4T13bmqMASrUH5rT+MSRpRoQnHSvVcJ9F+jqVmhNNpqZ8qmmAywSPaM1TgiCo/nx87RSdGGaIwlqaERnP160SOI6WyKDCdEdZj9dObiX95vVSHNT9nIkk1FWSxKEw50jGafY6GTFKieWYIJpKZWxEZY4mJNvmUTAifn6L/Sbtqu47t3pxXGpfLOIpwBMdwCi5cQAOuoAUeEGBwD4/wZAnrwXq2XhatBWs5cwjfYL1+AC06ju4=</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit>

CK
<latexit sha1_base64="nBJY9RSBjTid8QTpXrWMf3T6+D4=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRVsN0VuxHcVDBtoQ1lMp20QyeTMDMRQug3uHGhiFs/yJ1/4/Qh+Dxw4XDOvdx7T5BwprTjvFuFldW19Y3iZmlre2d3r7x/0FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTJozv3NHpWKxuNVZQv0IjwQLGcHaSF5zkF9PB+WKY1frNeesjn4T13bmqMASrUH5rT+MSRpRoQnHSvVcJ9F+jqVmhNNpqZ8qmmAywSPaM1TgiCo/nx87RSdGGaIwlqaERnP160SOI6WyKDCdEdZj9dObiX95vVSHNT9nIkk1FWSxKEw50jGafY6GTFKieWYIJpKZWxEZY4mJNvmUTAifn6L/Sbtqu47t3pxXGpfLOIpwBMdwCi5cQAOuoAUeEGBwD4/wZAnrwXq2XhatBWs5cwjfYL1+AC06ju4=</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit>

 It is bounded above since                                   with                                CK  D2 �D + 1
<latexit sha1_base64="eJLSVdeVA9adAk1tYs63mdszgWQ=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLIIghqYLtrtguBDcV7APaGCbTaTt0MokzE6GEbPwVNy4UcetnuPNvnD4EnwcuHM65l3vv8SNGpbLtdyMzN7+wuJRdzq2srq1vmJtbDRnGApM6DlkoWj6ShFFO6ooqRlqRICjwGWn6w8rYb94SIWnIr9QoIm6A+pz2KEZKS565U/GSi7TDyA2sXieFFB7BKjyEjmfmbatQKtrHJfibOJY9QR7MUPPMt043xHFAuMIMSdl27Ei5CRKKYkbSXCeWJEJ4iPqkrSlHAZFuMnkghfta6cJeKHRxBSfq14kEBVKOAl93BkgN5E9vLP7ltWPVK7oJ5VGsCMfTRb2YQRXCcRqwSwXBio00QVhQfSvEAyQQVjqznA7h81P4P2kULMe2nMuTfPlsFkcW7II9cAAccArK4BzUQB1gkIJ78AiejDvjwXg2XqatGWM2sw2+wXj9AOj4lKo=</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="zc5tEJvw5CNWl6VOsWUBkOUASuo=">AAACJXicjVDLSsNAFJ3UV62vqAsXbgaLIIghqYU2u2K7ENwo2FpoY5hMJ+3QycOZiVBCvsaFG3/FTRHBlb9imgbxtfDAwOGcc7lzjxMyKqSuvymFhcWl5ZXiamltfWNzS93e6Ygg4pi0ccAC3nWQIIz6pC2pZKQbcoI8h5EbZ9yc+Tf3hAsa+NdyEhLLQ0OfuhQjmUq2ute044ukz8gdbN3GlQSewBY8hoatlnWtYtb1UxP+JoamZyiDHP+L2+q0Pwhw5BFfYoaE6Bl6KK0YcUkxI0mpHwkSIjxGQ9JLqY88Iqw4uzKBh6kygG7A0+dLmKlfJ2LkCTHxnDTpITkSP72Z+JfXi6Rbt2Lqh5EkPp4vciMGZQBnlcEB5QRLNkkJwpymf4V4hDjCMi22lJ1uZoBzUqvmxDQ+T+9UNEPXjKtquXGWd1YE++AAHAED1EADnINL0AYYJOABPIGp8qg8Ky/K6zxaUPKZXfANyvsHDa+dEA==</latexit><latexit sha1_base64="zc5tEJvw5CNWl6VOsWUBkOUASuo=">AAACJXicjVDLSsNAFJ3UV62vqAsXbgaLIIghqYU2u2K7ENwo2FpoY5hMJ+3QycOZiVBCvsaFG3/FTRHBlb9imgbxtfDAwOGcc7lzjxMyKqSuvymFhcWl5ZXiamltfWNzS93e6Ygg4pi0ccAC3nWQIIz6pC2pZKQbcoI8h5EbZ9yc+Tf3hAsa+NdyEhLLQ0OfuhQjmUq2ute044ukz8gdbN3GlQSewBY8hoatlnWtYtb1UxP+JoamZyiDHP+L2+q0Pwhw5BFfYoaE6Bl6KK0YcUkxI0mpHwkSIjxGQ9JLqY88Iqw4uzKBh6kygG7A0+dLmKlfJ2LkCTHxnDTpITkSP72Z+JfXi6Rbt2Lqh5EkPp4vciMGZQBnlcEB5QRLNkkJwpymf4V4hDjCMi22lJ1uZoBzUqvmxDQ+T+9UNEPXjKtquXGWd1YE++AAHAED1EADnINL0AYYJOABPIGp8qg8Ky/K6zxaUPKZXfANyvsHDa+dEA==</latexit>

D = dim(H)
<latexit sha1_base64="z+pn5drRog+GiKHqG+0SnSxFtGw=">AAACBnicdVDLSsNAFJ3UV62vqksRBotQNyGpgu1CKOqiywr2AW0ok8mkHTqThJmJUEJWbvwVNy4Uces3uPNvnKYVfB4YOHPOvdx7jxsxKpVlvRu5hcWl5ZX8amFtfWNzq7i905ZhLDBp4ZCFousiSRgNSEtRxUg3EgRxl5GOO76Y+p0bIiQNg2s1iYjD0TCgPsVIaWlQ3L+EZ7DPkRoJnniUp+XsgxFLGunRoFiyzEqtah3X4G9im1aGEpijOSi+9b0Qx5wECjMkZc+2IuUkSCiKGUkL/ViSCOExGpKepgHiRDpJdkYKD7XiQT8U+gUKZurXjgRxKSfc1ZXTHeVPbyr+5fVi5VedhAZRrEiAZ4P8mEEVwmkm0KOCYMUmmiAsqN4V4hESCCudXEGH8Hkp/J+0K6ZtmfbVSal+Po8jD/bAASgDG5yCOmiAJmgBDG7BPXgET8ad8WA8Gy+z0pwx79kF32C8fgDkSpjJ</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="yAgOTZ8bY5G0i3sUP+LD4ZlmkGM=">AAACK3icjVBLS8NAGNz4rPUV9SjCYhHqJSS10OYgFPXQo4J9QBvKZrNtl+4mYXcjlNCTv8aDF3+KXlS8+j9M0iC+Dg4szM58H7szbsioVKb5oi0sLi2vrBbWiusbm1vb+s5uWwaRwKSFAxaIroskYdQnLUUVI91QEMRdRjru5Dz1OzdESBr412oaEoejkU+HFCOVSAP94AKewj5Haix47FE+K2cXjFjcnB0P9JJpVOy6eWLD38QyzAwlkON/4wP9se8FOOLEV5ghKXuWGSonRkJRzMis2I8kCRGeoBHpJdRHnEgnzrLO4FGieHAYiOT4Cmbq140YcSmn3E0m0yDyp5eKf3m9SA3rTkz9MFLEx/OHhhGDKoBpcdCjgmDFpglBWNDkrxCPkUBYJfUWs+h2BjgntWpObOszertiWKZhXVVLjbO8swLYB4egDCxQAw3QBJegBTC4BXfgATxr99qT9qq9zUcXtHxnD3yD9v4Bma6hLw==</latexit><latexit sha1_base64="yAgOTZ8bY5G0i3sUP+LD4ZlmkGM=">AAACK3icjVBLS8NAGNz4rPUV9SjCYhHqJSS10OYgFPXQo4J9QBvKZrNtl+4mYXcjlNCTv8aDF3+KXlS8+j9M0iC+Dg4szM58H7szbsioVKb5oi0sLi2vrBbWiusbm1vb+s5uWwaRwKSFAxaIroskYdQnLUUVI91QEMRdRjru5Dz1OzdESBr412oaEoejkU+HFCOVSAP94AKewj5Haix47FE+K2cXjFjcnB0P9JJpVOy6eWLD38QyzAwlkON/4wP9se8FOOLEV5ghKXuWGSonRkJRzMis2I8kCRGeoBHpJdRHnEgnzrLO4FGieHAYiOT4Cmbq140YcSmn3E0m0yDyp5eKf3m9SA3rTkz9MFLEx/OHhhGDKoBpcdCjgmDFpglBWNDkrxCPkUBYJfUWs+h2BjgntWpObOszertiWKZhXVVLjbO8swLYB4egDCxQAw3QBJegBTC4BXfgATxr99qT9qq9zUcXtHxnD3yD9v4Bma6hLw==</latexit>

 Chaotic Hamiltonians are conjectured to saturate the bound.     

Lanczos  
algorithm

(·|·)
<latexit sha1_base64="q6fvDAFy8aWGAdzwNxjxdLyFLBw=">AAAB9HicdVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunFZwT6gHUomk2lDM5MxuVMoY7/DjQtF3Pox7vwb04fg88C9HM65l9wcPxFcg+O8W0vLK6tr67mN/ObW9s5uYW+/qWWqKGtQKaRq+0QzwWPWAA6CtRPFSOQL1vKHl1O/NWJKcxnfwDhhXkT6MQ85JWAkr9SlgYS7WT/pFYqOXa5WnNMq/k1c25mhiBao9wpv3UDSNGIxUEG07rhOAl5GFHAq2CTfTTVLCB2SPusYGpOIaS+bHT3Bx0YJcCiVqRjwTP26kZFI63Hkm8mIwED/9KbiX14nhbDiZTxOUmAxnT8UpgKDxNMEcMAVoyDGhhCquLkV0wFRhILJKW9C+Pwp/p80y7br2O71WbF2sYgjhw7RESohF52jGrpCddRAFN2ie/SInqyR9WA9Wy/z0SVrsXOAvsF6/QDoG5Iy</latexit><latexit sha1_base64="HUImortsnkc/ZelqMbcY6vuDXQU=">AAACGXicjVDLSgMxFM34rPVVdekmWIS6KTNVsN0V3bhUsA9oh5LJZNrQTGZM7ghl7He4cOOvuBFxqSv/xnRawSd4IeFwzrkk53ix4Bps+82am19YXFrOreRX19Y3Ngtb200dJYqyBo1EpNoe0UxwyRrAQbB2rBgJPcFa3vB0oreumdI8kpcwipkbkr7kAacEDOWWutSP4Ca7D3qFol2u1Kr2YQ3/BE7ZzqaIZvM/e6/w0vUjmoRMAhVE645jx+CmRAGngo3z3USzmNAh6bOOgZKETLtplmyM9w3j4yBS5kjAGft5IyWh1qPQM86QwEB/1ybkb1ongaDqplzGCTBJpw8FicAQ4UlN2OeKURAjAwhV3PwV0wFRhIIpM2+if+TDf4NmpezYZefiqFg/mXWWQ7toD5WQg45RHZ2hc9RAFF2hW3SPHq0768F6sp6n1jlrtrODvoz1+g6DEZoI</latexit><latexit sha1_base64="HUImortsnkc/ZelqMbcY6vuDXQU=">AAACGXicjVDLSgMxFM34rPVVdekmWIS6KTNVsN0V3bhUsA9oh5LJZNrQTGZM7ghl7He4cOOvuBFxqSv/xnRawSd4IeFwzrkk53ix4Bps+82am19YXFrOreRX19Y3Ngtb200dJYqyBo1EpNoe0UxwyRrAQbB2rBgJPcFa3vB0oreumdI8kpcwipkbkr7kAacEDOWWutSP4Ca7D3qFol2u1Kr2YQ3/BE7ZzqaIZvM/e6/w0vUjmoRMAhVE645jx+CmRAGngo3z3USzmNAh6bOOgZKETLtplmyM9w3j4yBS5kjAGft5IyWh1qPQM86QwEB/1ybkb1ongaDqplzGCTBJpw8FicAQ4UlN2OeKURAjAwhV3PwV0wFRhIIpM2+if+TDf4NmpezYZefiqFg/mXWWQ7toD5WQg45RHZ2hc9RAFF2hW3SPHq0768F6sp6n1jlrtrODvoz1+g6DEZoI</latexit><latexit sha1_base64="HUImortsnkc/ZelqMbcY6vuDXQU=">AAACGXicjVDLSgMxFM34rPVVdekmWIS6KTNVsN0V3bhUsA9oh5LJZNrQTGZM7ghl7He4cOOvuBFxqSv/xnRawSd4IeFwzrkk53ix4Bps+82am19YXFrOreRX19Y3Ngtb200dJYqyBo1EpNoe0UxwyRrAQbB2rBgJPcFa3vB0oreumdI8kpcwipkbkr7kAacEDOWWutSP4Ca7D3qFol2u1Kr2YQ3/BE7ZzqaIZvM/e6/w0vUjmoRMAhVE645jx+CmRAGngo3z3USzmNAh6bOOgZKETLtplmyM9w3j4yBS5kjAGft5IyWh1qPQM86QwEB/1ybkb1ongaDqplzGCTBJpw8FicAQ4UlN2OeKURAjAwhV3PwV0wFRhIIpM2+if+TDf4NmpezYZefiqFg/mXWWQ7toD5WQg45RHZ2hc9RAFF2hW3SPHq0768F6sp6n1jlrtrODvoz1+g6DEZoI</latexit><latexit sha1_base64="tCzJeyfoqdjEi1diqZssok3a6ro=">AAACGXicjVA7T8MwGHTKq5RXgZHFokIqS5SUSm22ChZGkOhDaqPKcZzWqhMH20GqQn8HAwt/hQUhRpj4N7hphHgNnGTrdPd9su+8mFGpLOvdKCwtr6yuFddLG5tb2zvl3b2O5InApI0546LnIUkYjUhbUcVILxYEhR4jXW9yNve7N0RIyqMrNY2JG6JRRAOKkdKSWx1gn6vb7D4eliuWWXOa1okDfxPbtDJUQI7/jQ/LrwOf4yQkkcIMSdm3rVi5KRKKYkZmpUEiSYzwBI1IX9MIhUS6aZZsBo+04sOAC30iBTP160aKQimnoacnQ6TG8qc3F//y+okKmm5KozhRJMKLh4KEQcXhvCboU0GwYlNNEBZU/xXiMRIIK11mKYvuZIAL0qjnxLE/o3dqpm2Z9mW90jrNOyuCA3AIqsAGDdAC5+ACtAEG1+AOPIAn4954NJ6Nl8Vowch39sE3GG8fwQeamA==</latexit><latexit sha1_base64="tCzJeyfoqdjEi1diqZssok3a6ro=">AAACGXicjVA7T8MwGHTKq5RXgZHFokIqS5SUSm22ChZGkOhDaqPKcZzWqhMH20GqQn8HAwt/hQUhRpj4N7hphHgNnGTrdPd9su+8mFGpLOvdKCwtr6yuFddLG5tb2zvl3b2O5InApI0546LnIUkYjUhbUcVILxYEhR4jXW9yNve7N0RIyqMrNY2JG6JRRAOKkdKSWx1gn6vb7D4eliuWWXOa1okDfxPbtDJUQI7/jQ/LrwOf4yQkkcIMSdm3rVi5KRKKYkZmpUEiSYzwBI1IX9MIhUS6aZZsBo+04sOAC30iBTP160aKQimnoacnQ6TG8qc3F//y+okKmm5KozhRJMKLh4KEQcXhvCboU0GwYlNNEBZU/xXiMRIIK11mKYvuZIAL0qjnxLE/o3dqpm2Z9mW90jrNOyuCA3AIqsAGDdAC5+ACtAEG1+AOPIAn4954NJ6Nl8Vowch39sE3GG8fwQeamA==</latexit>

HO = span {LnO}1n=0
<latexit sha1_base64="gODd5DHcTEcU3iQ7TXrmGsMJ3w0="></latexit><latexit sha1_base64="3t7GJgsaVNlmWvT+8dBYczygMNg="></latexit><latexit sha1_base64="3t7GJgsaVNlmWvT+8dBYczygMNg="></latexit><latexit sha1_base64="3t7GJgsaVNlmWvT+8dBYczygMNg="></latexit><latexit sha1_base64="igFWMCcr8AvRZSYGSSq0l5lnK3E="></latexit><latexit sha1_base64="igFWMCcr8AvRZSYGSSq0l5lnK3E="></latexit>

{On}
K�1
n=0

<latexit sha1_base64="KhvQiVTvVcTyMjanD6XeoWjtUcU=">AAACE3icdVBNS8NAEN34bf2KevSyWAQRLIkKtgdB9CJ4sIJVoYlls920i5tN2J0IJeQ/ePGvePGgiFcv3vw3btoKfj4YeLw3w8y8IBFcg+O8WyOjY+MTk1PTpZnZufkFe3HpXMepoqxBYxGry4BoJrhkDeAg2GWiGIkCwS6C68PCv7hhSvNYnkEvYX5EOpKHnBIwUsve8AQLwcu8iECXEpGd5K1M5p7inS54Bd9z8qvseNPNW3bZqWzVqs52Df8mbsXpo4yGqLfsN68d0zRiEqggWjddJwE/Iwo4FSwvealmCaHXpMOahkoSMe1n/Z9yvGaUNg5jZUoC7qtfJzISad2LAtNZnK5/eoX4l9dMIaz6GZdJCkzSwaIwFRhiXASE21wxCqJnCKGKm1sx7RJFKJgYSyaEz0/x/+R8q+I6Ffd0p7x/MIxjCq2gVbSOXLSL9tERqqMGougW3aNH9GTdWQ/Ws/UyaB2xhjPL6Bus1w+66Z9Q</latexit><latexit sha1_base64="Xn57p3KseLsv3EV5Gcq9aX5olyM="></latexit><latexit sha1_base64="Xn57p3KseLsv3EV5Gcq9aX5olyM="></latexit><latexit sha1_base64="Xn57p3KseLsv3EV5Gcq9aX5olyM="></latexit><latexit sha1_base64="2uc6iap1XjZFyyotoVSV57SGXCQ="></latexit><latexit sha1_base64="2uc6iap1XjZFyyotoVSV57SGXCQ="></latexit>

{bn}K�1
n=1

<latexit sha1_base64="i4I3T/TkV1Gw8NFXZxbhIxyfLi8=">AAACCXicdVDJSgNBEO2JW4xb1KOXxiB4McxEweQgBL0IXiKYBTIx9HR6kiY9PUN3jRCGuXrxV7x4UMSrf+DNv7GzCK4PCh7vVVFVz4sE12Db71Zmbn5hcSm7nFtZXVvfyG9uNXQYK8rqNBShanlEM8ElqwMHwVqRYiTwBGt6w7Ox37xhSvNQXsEoYp2A9CX3OSVgpG4eu4L54CZeN5Gpq3h/AG5q+ImTXicXB07azRfsYqlStg8r+DdxivYEBTRDrZt/c3shjQMmgQqidduxI+gkRAGngqU5N9YsInRI+qxtqCQB051k8kmK94zSw36oTEnAE/XrREICrUeBZzoDAgP90xuLf3ntGPxyJ+EyioFJOl3kxwJDiMex4B5XjIIYGUKo4uZWTAdEEQomvJwJ4fNT/D9plIqOXXQujwrV01kcWbSDdtE+ctAxqqJzVEN1RNEtukeP6Mm6sx6sZ+tl2pqxZjPb6Bus1w9465rS</latexit><latexit sha1_base64="C/R7OHKhJz1MKxr3USuH9glhwso=">AAACLnicjVDLSgMxFM3UV62vqks3wSK4scxUwXYhFN0IbhTsAzq1ZNJMG5rJDMkdoQyz9WtcuPFHXAgi4tbPMH0IPsEDgcM553JzjxcJrsG2n6zMzOzc/EJ2Mbe0vLK6ll/fqOswVpTVaChC1fSIZoJLVgMOgjUjxUjgCdbwBicjv3HNlOahvIRhxNoB6Unuc0rASJ08dgXzwU28TiJTV/FeH9zU8CMnvUrO9py0ky/YxVKlbO9X8E/iFO0xCmiK/8U7+Qe3G9I4YBKoIFq3HDuCdkIUcCpYmnNjzSJCB6THWoZKEjDdTsbnpnjHKF3sh8o8CXisfp5ISKD1MPBMMiDQ19+9kfib14rBL7cTLqMYmKSTRX4sMIR41B3ucsUoiKEhhCpu/oppnyhCwTScM6d/3If/JvVS0bGLzsVBoXo87SyLttA22kUOOkRVdIrOUQ1RdINu0T16tu6sR+vFep1EM9Z0ZhN9gfX2Dje/oqg=</latexit><latexit sha1_base64="C/R7OHKhJz1MKxr3USuH9glhwso=">AAACLnicjVDLSgMxFM3UV62vqks3wSK4scxUwXYhFN0IbhTsAzq1ZNJMG5rJDMkdoQyz9WtcuPFHXAgi4tbPMH0IPsEDgcM553JzjxcJrsG2n6zMzOzc/EJ2Mbe0vLK6ll/fqOswVpTVaChC1fSIZoJLVgMOgjUjxUjgCdbwBicjv3HNlOahvIRhxNoB6Unuc0rASJ08dgXzwU28TiJTV/FeH9zU8CMnvUrO9py0ky/YxVKlbO9X8E/iFO0xCmiK/8U7+Qe3G9I4YBKoIFq3HDuCdkIUcCpYmnNjzSJCB6THWoZKEjDdTsbnpnjHKF3sh8o8CXisfp5ISKD1MPBMMiDQ19+9kfib14rBL7cTLqMYmKSTRX4sMIR41B3ucsUoiKEhhCpu/oppnyhCwTScM6d/3If/JvVS0bGLzsVBoXo87SyLttA22kUOOkRVdIrOUQ1RdINu0T16tu6sR+vFep1EM9Z0ZhN9gfX2Dje/oqg=</latexit><latexit sha1_base64="C/R7OHKhJz1MKxr3USuH9glhwso=">AAACLnicjVDLSgMxFM3UV62vqks3wSK4scxUwXYhFN0IbhTsAzq1ZNJMG5rJDMkdoQyz9WtcuPFHXAgi4tbPMH0IPsEDgcM553JzjxcJrsG2n6zMzOzc/EJ2Mbe0vLK6ll/fqOswVpTVaChC1fSIZoJLVgMOgjUjxUjgCdbwBicjv3HNlOahvIRhxNoB6Unuc0rASJ08dgXzwU28TiJTV/FeH9zU8CMnvUrO9py0ky/YxVKlbO9X8E/iFO0xCmiK/8U7+Qe3G9I4YBKoIFq3HDuCdkIUcCpYmnNjzSJCB6THWoZKEjDdTsbnpnjHKF3sh8o8CXisfp5ISKD1MPBMMiDQ19+9kfib14rBL7cTLqMYmKSTRX4sMIR41B3ucsUoiKEhhCpu/oppnyhCwTScM6d/3If/JvVS0bGLzsVBoXo87SyLttA22kUOOkRVdIrOUQ1RdINu0T16tu6sR+vFep1EM9Z0ZhN9gfX2Dje/oqg=</latexit><latexit sha1_base64="IiCxNH+ejfI96Pxm+akYE0BybSQ=">AAACLnicjVDLSsNAFJ34tr6iLt0MFsGNJamCZiGIbgQ3ClYLTSyT6aQdnEzCzI1QQrZ+jQs3/ogLQUTc+hlO0yK+Fh4YOJxzLnfuCVPBNTjOszU2PjE5NT0zW5mbX1hcspdXLnSSKcoaNBGJaoZEM8ElawAHwZqpYiQOBbsMr48G/uUNU5on8hz6KQti0pU84pSAkdo29gWLwM/Ddi4LX/FuD/zC8H23uMpPttyibVedWt3bc7Y9/Ju4NadEFY3wv3jbfvQ7Cc1iJoEKonXLdVIIcqKAU8GKip9plhJ6TbqsZagkMdNBXp5b4A2jdHCUKPMk4FL9OpGTWOt+HJpkTKCnf3oD8S+vlUG0F+RcphkwSYeLokxgSPCgO9zhilEQfUMIVdz8FdMeUYSCabhSnu6VwEOyuzMinvt5+kW95jo192ynenA46mwGraF1tIlctIsO0DE6RQ1E0S26Qw/oxbq3nqxX620YHbNGM6voG6z3D3W1ozg=</latexit><latexit sha1_base64="IiCxNH+ejfI96Pxm+akYE0BybSQ=">AAACLnicjVDLSsNAFJ34tr6iLt0MFsGNJamCZiGIbgQ3ClYLTSyT6aQdnEzCzI1QQrZ+jQs3/ogLQUTc+hlO0yK+Fh4YOJxzLnfuCVPBNTjOszU2PjE5NT0zW5mbX1hcspdXLnSSKcoaNBGJaoZEM8ElawAHwZqpYiQOBbsMr48G/uUNU5on8hz6KQti0pU84pSAkdo29gWLwM/Ddi4LX/FuD/zC8H23uMpPttyibVedWt3bc7Y9/Ju4NadEFY3wv3jbfvQ7Cc1iJoEKonXLdVIIcqKAU8GKip9plhJ6TbqsZagkMdNBXp5b4A2jdHCUKPMk4FL9OpGTWOt+HJpkTKCnf3oD8S+vlUG0F+RcphkwSYeLokxgSPCgO9zhilEQfUMIVdz8FdMeUYSCabhSnu6VwEOyuzMinvt5+kW95jo192ynenA46mwGraF1tIlctIsO0DE6RQ1E0S26Qw/oxbq3nqxX620YHbNGM6voG6z3D3W1ozg=</latexit>



 Some properties of K-complexity (      ):
       depends on the Hamiltonian      and the reference operator      only.

Jeff Murugan (UCT)

Operator Complexity
[Rabinovici et.al.’20,  Barbón et.al. ’19]

 How to characterise operator 
spreading in a network?

 Krylov (K-)complexity 
quantifies the growth of an operator 
in Hilbert space with respect to a 
specific basis - the Krylov basis - 
by successive nested commutators.

H1
<latexit sha1_base64="2Nvs0AfjRyeQOFNxpn7RzLM9st4=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7uTftlyvYrdZr+KyOfhPPxXNUYIlWv/zWGyQ0i5k0VBCtux5OTZATZTgVbFrqZZqlhI7JkHUtlSRmOsjnx07RiVUGKEqULWnQXP06kZNY60kc2s6YmJH+6c3Ev7xuZqJakHOZZoZJulgUZQKZBM0+RwOuGDViYgmhittbER0RRaix+ZRsCJ+fov9Ju+p62PWuzyuNy2UcRTiCYzgFDy6gAU1ogQ8UONzDIzw50nlwnp2XRWvBWc4cwjc4rx8NYI7Z</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="rlGnyXEXkPJEqCSLHFaRK1SopTo=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiRVsN0V3XSpYNpCG8pkOmmHTiZhZiKU0G9w4cZfcSPi1p07/8ZJW8EneGDgcM653LknSDhT2nHerMLS8srqWnG9tLG5tb1T3t1rqTiVhHok5rHsBFhRzgT1NNOcdhJJcRRw2g7GF7nfvqFSsVhc60lC/QgPBQsZwdpIXrOfudN+ueLY1XrNOamjn8S1nRkqsMD/4v3ya28QkzSiQhOOleq6TqL9DEvNCKfTUi9VNMFkjIe0a6jAEVV+Nrtoio6MMkBhLM0TGs3UzxMZjpSaRIFJRliP1HcvF3/zuqkOa37GRJJqKsh8UZhypGOU14MGTFKi+cQQTCQzf0VkhCUm2pRYMqd/3If+Jq2q7Tq2e3VaaZwvOivCARzCMbhwBg1owiV4QIDBLdzDo3VnPVhP1vM8WrAWM/vwBdbLOzbSlq8=</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit><latexit sha1_base64="fggecHz5a4wqgblQbGLVMFFszaU=">AAACEXicjVDLSsNAFL3xWeur6tLNYBFchaQW2uyKbrpUMG2hDWUynbRDJw9mJkIJ/QYXbvwVNyJu3bnzb5ymQXwtPDBwOOdc7tzjJ5xJZVnvxsrq2vrGZmmrvL2zu7dfOTjsyDgVhLok5rHo+VhSziLqKqY47SWC4tDntOtPLxd+95YKyeLoRs0S6oV4HLGAEay05LaHmT0fVqqWWXOa1rmDfhPbtHJUocD/4sPK22AUkzSkkSIcS9m3rUR5GRaKEU7n5UEqaYLJFI9pX9MIh1R6WX7RHJ1qZYSCWOgXKZSrXycyHEo5C32dDLGayJ/eQvzL66cqaHoZi5JU0YgsFwUpRypGi3rQiAlKFJ9pgolg+q+ITLDAROkSy/npTg60JI16QRz78/ROzbQt076uV1sXRWclOIYTOAMbGtCCNlyBCwQY3MEDPBn3xqPxbLwsoytGMXME32C8fgB0yJc/</latexit>

H0
<latexit sha1_base64="jZGTZ9gClE54FMWF1+vkfl/K+zI=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgaZmNgskt6CXHCG4MJEuYncwmQ2Znl5lZISz5Bi8eFPHqB3nzb5w8BJ8FDUVVN91dYSq4Nhi/O4WV1bX1jeJmaWt7Z3evvH/Q1kmmKPNpIhLVCYlmgkvmG24E66SKkTgU7DYcX8382zumNE/kjZmkLIjJUPKIU2Ks5Df7OZ72yxXsVus1fFZHv4nn4jkqsESrX37rDRKaxUwaKojWXQ+nJsiJMpwKNi31Ms1SQsdkyLqWShIzHeTzY6foxCoDFCXKljRorn6dyEms9SQObWdMzEj/9GbiX143M1EtyLlMM8MkXSyKMoFMgmafowFXjBoxsYRQxe2tiI6IItTYfEo2hM9P0f+kXXU97HrX55XG5TKOIhzBMZyCBxfQgCa0wAcKHO7hEZ4c6Tw4z87LorXgLGcO4Ruc1w8L247Y</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="zCTEFlND6sSA8xZQadk+cEOkgDY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgashUwXZXdNOlgtMW2qFk0rQNzWSGJCOUod/gwo2/4kbErTt3/o3pQ/AJHggczjmXm3vCRHBtMH5zckvLK6tr+fXCxubW9k5xd6+h41RR5tNYxKoVEs0El8w33AjWShQjUShYMxxdTP3mDVOax/LajBMWRGQgeZ9TYqzk17sZnnSLJeyWqxV8UkU/iefiGUqwwP/i3eJrpxfTNGLSUEG0bns4MUFGlOFUsEmhk2qWEDoiA9a2VJKI6SCbXTRBR1bpoX6s7JMGzdTPExmJtB5HoU1GxAz1d28q/ua1U9OvBBmXSWqYpPNF/VQgE6NpPajHFaNGjC0hVHH7V0SHRBFqbIkFe/rHfehv0ii7Hna9q9NS7XzRWR4O4BCOwYMzqEEdLsEHChxu4R4enTvnwXlynufRnLOY2YcvcF7eATUolq4=</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit><latexit sha1_base64="uz2A6HkwIhPbvrOARDVIZAEZRXg=">AAACEXicjVDLSgMxFM34rPVVdekmWARXQ6YW2tkV3XSp4LSFdiiZNNOGZjJDkhHK0G9w4cZfcSPi1p07/8Z0OoivhQcCh3PO5eaeIOFMaYTerZXVtfWNzdJWeXtnd2+/cnDYUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMLxd+95ZKxWJxo2cJ9SM8FixkBGsjee1hhubDShXZNbeJzl34mzg2ylEFBf4XH1beBqOYpBEVmnCsVN9BifYzLDUjnM7Lg1TRBJMpHtO+oQJHVPlZftEcnhplBMNYmic0zNWvExmOlJpFgUlGWE/UT28h/uX1Ux02/YyJJNVUkOWiMOVQx3BRDxwxSYnmM0Mwkcz8FZIJlphoU2I5P93NAZekUS+I63ye3qnZDrKd63q1dVF0VgLH4AScAQc0QAu0wRXwAAEM3IEH8GTdW4/Ws/WyjK5YxcwR+Abr9QNzHpc+</latexit>

 It is able to distinguish between all linearly-independent operators of a fixed length

CK
<latexit sha1_base64="nBJY9RSBjTid8QTpXrWMf3T6+D4=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRVsN0VuxHcVDBtoQ1lMp20QyeTMDMRQug3uHGhiFs/yJ1/4/Qh+Dxw4XDOvdx7T5BwprTjvFuFldW19Y3iZmlre2d3r7x/0FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTJozv3NHpWKxuNVZQv0IjwQLGcHaSF5zkF9PB+WKY1frNeesjn4T13bmqMASrUH5rT+MSRpRoQnHSvVcJ9F+jqVmhNNpqZ8qmmAywSPaM1TgiCo/nx87RSdGGaIwlqaERnP160SOI6WyKDCdEdZj9dObiX95vVSHNT9nIkk1FWSxKEw50jGafY6GTFKieWYIJpKZWxEZY4mJNvmUTAifn6L/Sbtqu47t3pxXGpfLOIpwBMdwCi5cQAOuoAUeEGBwD4/wZAnrwXq2XhatBWs5cwjfYL1+AC06ju4=</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit>

CK
<latexit sha1_base64="nBJY9RSBjTid8QTpXrWMf3T6+D4=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRVsN0VuxHcVDBtoQ1lMp20QyeTMDMRQug3uHGhiFs/yJ1/4/Qh+Dxw4XDOvdx7T5BwprTjvFuFldW19Y3iZmlre2d3r7x/0FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTJozv3NHpWKxuNVZQv0IjwQLGcHaSF5zkF9PB+WKY1frNeesjn4T13bmqMASrUH5rT+MSRpRoQnHSvVcJ9F+jqVmhNNpqZ8qmmAywSPaM1TgiCo/nx87RSdGGaIwlqaERnP160SOI6WyKDCdEdZj9dObiX95vVSHNT9nIkk1FWSxKEw50jGafY6GTFKieWYIJpKZWxEZY4mJNvmUTAifn6L/Sbtqu47t3pxXGpfLOIpwBMdwCi5cQAOuoAUeEGBwD4/wZAnrwXq2XhatBWs5cwjfYL1+AC06ju4=</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="GuTYJruv4pACJE+nH4KdT+ABTC8=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtdsRvBjYLTFtqhZNJMG5rJDElGKEO/wYUbf8WNiFt37vwb04fgEzwQOJxzLjf3BAlnSjvOm5VbWl5ZXcuvFzY2t7Z3irt7TRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvBqDH1WzdUKhaLaz1OqB/hgWAhI1gbyWv0sotJr1hy7HKt6pzU0E/i2s4MJVjgf/Fe8bXbj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5tdNEFHRumjMJbmCY1m6ueJDEdKjaPAJCOsh+q7NxV/8zqpDqt+xkSSairIfFGYcqRjNK0H9ZmkRPOxIZhIZv6KyBBLTLQpsWBO/7gP/U2aZdt1bPeqUqqfLTrLwwEcwjG4cAp1OIdL8IAAg1u4h0frznqwnqzneTRnLWb24Qusl3dZtZbE</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit><latexit sha1_base64="KUZ8VejPEwZCCcNzgpSS7Ku+P6A=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZX7EZwo2Af0IYymU7aoZNJmJkIJfQbXLjxV9yIuHXnzr8xTYP4Wnhg4HDOudy5x4s4U9qy3o3Cyura+kZxs7S1vbO7V94/6KgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm7YWfveWSsVCcaNnEXUDPBbMZwTrVGq3hsnlfFiuWGbVaVhnDvpNbNPKUIEc/4sPy2+DUUjigApNOFaqb1uRdhMsNSOczkuDWNEIkyke035KBQ6ocpPsojk6SZUR8kOZPqFRpn6dSHCg1Czw0mSA9UT99BbiX14/1n7DTZiIYk0FWS7yY450iBb1oBGTlGg+SwkmkqV/RWSCJSY6LbGUne5kQEtSr+XEsT9P71RN2zLt61qleZ53VoQjOIZTsKEOTbiAK2gDAQZ38ABPxr3xaDwbL8towchnDuEbjNcPl6uXVA==</latexit>

 It is bounded above since                                   with                                CK  D2 �D + 1
<latexit sha1_base64="eJLSVdeVA9adAk1tYs63mdszgWQ=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLIIghqYLtrtguBDcV7APaGCbTaTt0MokzE6GEbPwVNy4UcetnuPNvnD4EnwcuHM65l3vv8SNGpbLtdyMzN7+wuJRdzq2srq1vmJtbDRnGApM6DlkoWj6ShFFO6ooqRlqRICjwGWn6w8rYb94SIWnIr9QoIm6A+pz2KEZKS565U/GSi7TDyA2sXieFFB7BKjyEjmfmbatQKtrHJfibOJY9QR7MUPPMt043xHFAuMIMSdl27Ei5CRKKYkbSXCeWJEJ4iPqkrSlHAZFuMnkghfta6cJeKHRxBSfq14kEBVKOAl93BkgN5E9vLP7ltWPVK7oJ5VGsCMfTRb2YQRXCcRqwSwXBio00QVhQfSvEAyQQVjqznA7h81P4P2kULMe2nMuTfPlsFkcW7II9cAAccArK4BzUQB1gkIJ78AiejDvjwXg2XqatGWM2sw2+wXj9AOj4lKo=</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="ksfwFwbTqP+2q3aDYzm5zrkTJ9Q=">AAACJXicjVDLSgMxFM3UV62vURcu3ASLIIjDTBVsd8V2IbhRsA9oxyGTpm1oJjMmGaEM8zUu3PgrbooIrvwV04fgEzwQOJxzLjf3+BGjUtn2q5GZm19YXMou51ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8QWXsN+6IkDTk12oYETdAPU67FCOlJc/cqXjJRdpm5BZWb5JCCo9gFR5CxzPztlUoFe3jEvxJHMueIA9m+F/cM0ftTojjgHCFGZKy5diRchMkFMWMpLl2LEmE8AD1SEtTjgIi3WRyZQr3tdKB3VDoxxWcqJ8nEhRIOQx8nQyQ6svv3lj8zWvFqlt0E8qjWBGOp4u6MYMqhOPKYIcKghUbaoKwoPqvEPeRQFjpYnP69I/74N+kXrAc23KuTvLls1lnWbAL9sABcMApKINzcAlqAIMU3INHMDIejCfj2XiZRjPGbGYbfIHx9g7PqpyA</latexit><latexit sha1_base64="zc5tEJvw5CNWl6VOsWUBkOUASuo=">AAACJXicjVDLSsNAFJ3UV62vqAsXbgaLIIghqYU2u2K7ENwo2FpoY5hMJ+3QycOZiVBCvsaFG3/FTRHBlb9imgbxtfDAwOGcc7lzjxMyKqSuvymFhcWl5ZXiamltfWNzS93e6Ygg4pi0ccAC3nWQIIz6pC2pZKQbcoI8h5EbZ9yc+Tf3hAsa+NdyEhLLQ0OfuhQjmUq2ute044ukz8gdbN3GlQSewBY8hoatlnWtYtb1UxP+JoamZyiDHP+L2+q0Pwhw5BFfYoaE6Bl6KK0YcUkxI0mpHwkSIjxGQ9JLqY88Iqw4uzKBh6kygG7A0+dLmKlfJ2LkCTHxnDTpITkSP72Z+JfXi6Rbt2Lqh5EkPp4vciMGZQBnlcEB5QRLNkkJwpymf4V4hDjCMi22lJ1uZoBzUqvmxDQ+T+9UNEPXjKtquXGWd1YE++AAHAED1EADnINL0AYYJOABPIGp8qg8Ky/K6zxaUPKZXfANyvsHDa+dEA==</latexit><latexit sha1_base64="zc5tEJvw5CNWl6VOsWUBkOUASuo=">AAACJXicjVDLSsNAFJ3UV62vqAsXbgaLIIghqYU2u2K7ENwo2FpoY5hMJ+3QycOZiVBCvsaFG3/FTRHBlb9imgbxtfDAwOGcc7lzjxMyKqSuvymFhcWl5ZXiamltfWNzS93e6Ygg4pi0ccAC3nWQIIz6pC2pZKQbcoI8h5EbZ9yc+Tf3hAsa+NdyEhLLQ0OfuhQjmUq2ute044ukz8gdbN3GlQSewBY8hoatlnWtYtb1UxP+JoamZyiDHP+L2+q0Pwhw5BFfYoaE6Bl6KK0YcUkxI0mpHwkSIjxGQ9JLqY88Iqw4uzKBh6kygG7A0+dLmKlfJ2LkCTHxnDTpITkSP72Z+JfXi6Rbt2Lqh5EkPp4vciMGZQBnlcEB5QRLNkkJwpymf4V4hDjCMi22lJ1uZoBzUqvmxDQ+T+9UNEPXjKtquXGWd1YE++AAHAED1EADnINL0AYYJOABPIGp8qg8Ky/K6zxaUPKZXfANyvsHDa+dEA==</latexit>

D = dim(H)
<latexit sha1_base64="z+pn5drRog+GiKHqG+0SnSxFtGw=">AAACBnicdVDLSsNAFJ3UV62vqksRBotQNyGpgu1CKOqiywr2AW0ok8mkHTqThJmJUEJWbvwVNy4Uces3uPNvnKYVfB4YOHPOvdx7jxsxKpVlvRu5hcWl5ZX8amFtfWNzq7i905ZhLDBp4ZCFousiSRgNSEtRxUg3EgRxl5GOO76Y+p0bIiQNg2s1iYjD0TCgPsVIaWlQ3L+EZ7DPkRoJnniUp+XsgxFLGunRoFiyzEqtah3X4G9im1aGEpijOSi+9b0Qx5wECjMkZc+2IuUkSCiKGUkL/ViSCOExGpKepgHiRDpJdkYKD7XiQT8U+gUKZurXjgRxKSfc1ZXTHeVPbyr+5fVi5VedhAZRrEiAZ4P8mEEVwmkm0KOCYMUmmiAsqN4V4hESCCudXEGH8Hkp/J+0K6ZtmfbVSal+Po8jD/bAASgDG5yCOmiAJmgBDG7BPXgET8ad8WA8Gy+z0pwx79kF32C8fgDkSpjJ</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="JABls6mfPIYpYsKNXTDQNxT9dTU=">AAACK3icjVBLSwMxGMzWV62vqkcRgkWol2W3CrYHoaiHHhXsA9qlZLNpG5pklyQrlKUnf40HL/4Uvah49X+Ybiv4BAcCk5nvI5nxI0aVdpxnKzM3v7C4lF3OrayurW/kN7caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDs4nfvCZS0VBc6VFEPI76gvYoRtpI3fzuOTyBHY70QPIkoHxcTC8YsaQ2PujmC45dqpSdwwr8SVzbSVEAM/xvvJt/6AQhjjkRGjOkVNt1Iu0lSGqKGRnnOrEiEcJD1CdtQwXiRHlJmnUM940SwF4ozREapurnjQRxpUbcN5OTIOq7NxF/89qx7pW9hIoo1kTg6UO9mEEdwklxMKCSYM1GhiAsqfkrxAMkEdam3pyJ/pEP/k0aJdt1bPfyqFA9nXWWBTtgDxSBC45BFdTABagDDG7ALbgHT9ad9Wi9WK/T0Yw129kGX2C9vQNbuKCf</latexit><latexit sha1_base64="yAgOTZ8bY5G0i3sUP+LD4ZlmkGM=">AAACK3icjVBLS8NAGNz4rPUV9SjCYhHqJSS10OYgFPXQo4J9QBvKZrNtl+4mYXcjlNCTv8aDF3+KXlS8+j9M0iC+Dg4szM58H7szbsioVKb5oi0sLi2vrBbWiusbm1vb+s5uWwaRwKSFAxaIroskYdQnLUUVI91QEMRdRjru5Dz1OzdESBr412oaEoejkU+HFCOVSAP94AKewj5Haix47FE+K2cXjFjcnB0P9JJpVOy6eWLD38QyzAwlkON/4wP9se8FOOLEV5ghKXuWGSonRkJRzMis2I8kCRGeoBHpJdRHnEgnzrLO4FGieHAYiOT4Cmbq140YcSmn3E0m0yDyp5eKf3m9SA3rTkz9MFLEx/OHhhGDKoBpcdCjgmDFpglBWNDkrxCPkUBYJfUWs+h2BjgntWpObOszertiWKZhXVVLjbO8swLYB4egDCxQAw3QBJegBTC4BXfgATxr99qT9qq9zUcXtHxnD3yD9v4Bma6hLw==</latexit><latexit sha1_base64="yAgOTZ8bY5G0i3sUP+LD4ZlmkGM=">AAACK3icjVBLS8NAGNz4rPUV9SjCYhHqJSS10OYgFPXQo4J9QBvKZrNtl+4mYXcjlNCTv8aDF3+KXlS8+j9M0iC+Dg4szM58H7szbsioVKb5oi0sLi2vrBbWiusbm1vb+s5uWwaRwKSFAxaIroskYdQnLUUVI91QEMRdRjru5Dz1OzdESBr412oaEoejkU+HFCOVSAP94AKewj5Haix47FE+K2cXjFjcnB0P9JJpVOy6eWLD38QyzAwlkON/4wP9se8FOOLEV5ghKXuWGSonRkJRzMis2I8kCRGeoBHpJdRHnEgnzrLO4FGieHAYiOT4Cmbq140YcSmn3E0m0yDyp5eKf3m9SA3rTkz9MFLEx/OHhhGDKoBpcdCjgmDFpglBWNDkrxCPkUBYJfUWs+h2BjgntWpObOszertiWKZhXVVLjbO8swLYB4egDCxQAw3QBJegBTC4BXfgATxr99qT9qq9zUcXtHxnD3yD9v4Bma6hLw==</latexit>

 Chaotic Hamiltonians are conjectured to saturate the bound.     

 Given a set of Lanczos 
coefficients and a Krylov basis,

|O(t)) =
K�1X

n=0

in�n(t)|On)
<latexit sha1_base64="sILE4iC618vTG2aZPIOIXbBLXyw="></latexit><latexit sha1_base64="9uN8WoACuUxUGgOSRcbjK/DeMG0="></latexit><latexit sha1_base64="9uN8WoACuUxUGgOSRcbjK/DeMG0="></latexit><latexit sha1_base64="9uN8WoACuUxUGgOSRcbjK/DeMG0="></latexit><latexit sha1_base64="Ye0jhAFbIP2Gux//tC88df23+Es="></latexit><latexit sha1_base64="Ye0jhAFbIP2Gux//tC88df23+Es="></latexit>

where the “wavefunctions”          �n(t)
<latexit sha1_base64="+/d87mnTrD5ElvFzif8xBJoeJA4=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDEyzATBZNb0IvHCGaBZAg9nZ6kSU/30F0jhCGf4cWDIl79Gm/+jZ1FcH1Q8Hiviqp6YSK4Ac97d3Irq2vrG/nNwtb2zu5ecf+gZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjq5nfvmPacCVvYZKwICZDySNOCVip20tGvJ/JaRlO+8WS51ZqVe+shn8T3/XmKKElGv3iW2+gaBozCVQQY7q+l0CQEQ2cCjYt9FLDEkLHZMi6lkoSMxNk85On+MQqAxwpbUsCnqtfJzISGzOJQ9sZExiZn95M/MvrphBVg4zLJAUm6WJRlAoMCs/+xwOuGQUxsYRQze2tmI6IJhRsSgUbwuen+H/Sqri+5/o356X65TKOPDpCx6iMfHSB6ugaNVATUaTQPXpETw44D86z87JozTnLmUP0Dc7rB4n1kWw=</latexit><latexit sha1_base64="meXR89gEz076fM4qtSvDFA7j0is=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunGpYB8wHUomTdvQTDIkd4Qy9DNcuPFX3Ii41Z1/Y/oQfIIHAodzzuXmnigR3IDnvTkLi0vLK6u5tfz6xubWdmFnt2FUqimrUyWUbkXEMMElqwMHwVqJZiSOBGtGw/OJ37xh2nAlr2GUsDAmfcl7nBKwUtBOBryTyXEJjjqFoueWqxXvuIp/Et/1piiiOf4X7xRe211F05hJoIIYE/heAmFGNHAq2DjfTg1LCB2SPgsslSRmJsymd43xoVW6uKe0fRLwVP08kZHYmFEc2WRMYGC+exPxNy9IoVcJMy6TFJiks0W9VGBQeFIS7nLNKIiRJYRqbv+K6YBoQsFWmbenf9yH/yaNsut7rn91UqydzTvLoX10gErIR6eohi7QJaojihS6Rffo0blzHpwn53kWXXDmM3voC5yXdwrnmUI=</latexit><latexit sha1_base64="meXR89gEz076fM4qtSvDFA7j0is=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunGpYB8wHUomTdvQTDIkd4Qy9DNcuPFX3Ii41Z1/Y/oQfIIHAodzzuXmnigR3IDnvTkLi0vLK6u5tfz6xubWdmFnt2FUqimrUyWUbkXEMMElqwMHwVqJZiSOBGtGw/OJ37xh2nAlr2GUsDAmfcl7nBKwUtBOBryTyXEJjjqFoueWqxXvuIp/Et/1piiiOf4X7xRe211F05hJoIIYE/heAmFGNHAq2DjfTg1LCB2SPgsslSRmJsymd43xoVW6uKe0fRLwVP08kZHYmFEc2WRMYGC+exPxNy9IoVcJMy6TFJiks0W9VGBQeFIS7nLNKIiRJYRqbv+K6YBoQsFWmbenf9yH/yaNsut7rn91UqydzTvLoX10gErIR6eohi7QJaojihS6Rffo0blzHpwn53kWXXDmM3voC5yXdwrnmUI=</latexit><latexit sha1_base64="meXR89gEz076fM4qtSvDFA7j0is=">AAACF3icjVDLSgMxFM34rPVVdekmWIS6GWaqYLsrunGpYB8wHUomTdvQTDIkd4Qy9DNcuPFX3Ii41Z1/Y/oQfIIHAodzzuXmnigR3IDnvTkLi0vLK6u5tfz6xubWdmFnt2FUqimrUyWUbkXEMMElqwMHwVqJZiSOBGtGw/OJ37xh2nAlr2GUsDAmfcl7nBKwUtBOBryTyXEJjjqFoueWqxXvuIp/Et/1piiiOf4X7xRe211F05hJoIIYE/heAmFGNHAq2DjfTg1LCB2SPgsslSRmJsymd43xoVW6uKe0fRLwVP08kZHYmFEc2WRMYGC+exPxNy9IoVcJMy6TFJiks0W9VGBQeFIS7nLNKIiRJYRqbv+K6YBoQsFWmbenf9yH/yaNsut7rn91UqydzTvLoX10gErIR6eohi7QJaojihS6Rffo0blzHpwn53kWXXDmM3voC5yXdwrnmUI=</latexit><latexit sha1_base64="9A4GHLMA3Z/Km/2qkmUdEHmyLZs=">AAACF3icjVDLSgMxFM3UV62vqks3wSLUzTBTC+3sim5cKtgHtEPJpJk2NJMMSUYoQz/DhRt/xY2IW935N6bTQXwtPBA4nHMuN/cEMaNKO867VVhZXVvfKG6WtrZ3dvfK+wcdJRKJSRsLJmQvQIowyklbU81IL5YERQEj3WB6sfC7t0QqKviNnsXEj9CY05BipI3UH8QTOkz5vKpPh+WKY9e8pnPmwd/EtZ0MFZDjf/Fh+W0wEjiJCNeYIaX6rhNrP0VSU8zIvDRIFIkRnqIx6RvKUUSUn2Z3zeGJUUYwFNI8rmGmfp1IUaTULApMMkJ6on56C/Evr5/osOmnlMeJJhwvF4UJg1rARUlwRCXBms0MQVhS81eIJ0girE2Vpex0LwNckkY9J577eXqnZruO7V7XK63zvLMiOALHoApc0AAtcAmuQBtgIMAdeABP1r31aD1bL8towcpnDsE3WK8fSN2Z0g==</latexit><latexit sha1_base64="9A4GHLMA3Z/Km/2qkmUdEHmyLZs=">AAACF3icjVDLSgMxFM3UV62vqks3wSLUzTBTC+3sim5cKtgHtEPJpJk2NJMMSUYoQz/DhRt/xY2IW935N6bTQXwtPBA4nHMuN/cEMaNKO867VVhZXVvfKG6WtrZ3dvfK+wcdJRKJSRsLJmQvQIowyklbU81IL5YERQEj3WB6sfC7t0QqKviNnsXEj9CY05BipI3UH8QTOkz5vKpPh+WKY9e8pnPmwd/EtZ0MFZDjf/Fh+W0wEjiJCNeYIaX6rhNrP0VSU8zIvDRIFIkRnqIx6RvKUUSUn2Z3zeGJUUYwFNI8rmGmfp1IUaTULApMMkJ6on56C/Evr5/osOmnlMeJJhwvF4UJg1rARUlwRCXBms0MQVhS81eIJ0girE2Vpex0LwNckkY9J577eXqnZruO7V7XK63zvLMiOALHoApc0AAtcAmuQBtgIMAdeABP1r31aD1bL8towcpnDsE3WK8fSN2Z0g==</latexit>

encode how the operator is 
distributed over the Krylov basis         
 K-Complexity:

CK(t) =
K�1X

n=0

n|�n(t)|2
<latexit sha1_base64="8a+DHv9TDBSlSci1rbrJaymyU2M="></latexit><latexit sha1_base64="L8RA/HC9vA1tgmzV0ve6Z35XQuM="></latexit><latexit sha1_base64="L8RA/HC9vA1tgmzV0ve6Z35XQuM="></latexit><latexit sha1_base64="L8RA/HC9vA1tgmzV0ve6Z35XQuM="></latexit><latexit sha1_base64="v+IaAfcbHx/GSLZnpGgvgFci7HI="></latexit><latexit sha1_base64="v+IaAfcbHx/GSLZnpGgvgFci7HI="></latexit>
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Jeff Murugan (UCT)

Small-World Networks
[Watts-Strogatz ’98, Watts ’99]

 the typical distance between two randomly selected nodes in 
the network                     

An N-node small world network is a graph in which:

 there is a large degree of clustering.                      
L =

P
i 6=j dij/(N

2 �N) ⇠ logN
<latexit sha1_base64="XjqJo5y40aRFLLg19i+xqxBsZlQ="></latexit><latexit sha1_base64="qvs6dBdCvsqH1Awlgt3yMGWJJzw="></latexit><latexit sha1_base64="qvs6dBdCvsqH1Awlgt3yMGWJJzw="></latexit><latexit sha1_base64="bRwXyresCfnT/nLdp5HBAjkXg+Q="></latexit>

Small worldness of a graph can be measured by:
 The smallness coefficient                                    which is >1 for a 

small world network but very dependent on the network size.
� = (C/Cr)/(L/Lr)

<latexit sha1_base64="nJW40ZXLv4l7VrRelYE3IZFtTlc=">AAACBXicdVC7SgNBFL0bXzG+opZaDAlCREh2Y2FSCME0FikimAdklzA7mSRDZh/MzAphSWPjb1jaWChi6z/Y+TdOEgWfBy4czrmXe+9xQ86kMs03I7GwuLS8klxNra1vbG6lt3eaMogEoQ0S8EC0XSwpZz5tKKY4bYeCYs/ltOWOqlO/dUWFZIF/qcYhdTw88FmfEay01E3v25INPIxOUa5aqHZjMTks5GqF2ox101kzXyyXzOMy+k2svDlDtpKxj24BoN5Nv9q9gEQe9RXhWMqOZYbKibFQjHA6SdmRpCEmIzygHU197FHpxLMvJuhAKz3UD4QuX6GZ+nUixp6UY8/VnR5WQ/nTm4p/eZ1I9UtOzPwwUtQn80X9iCMVoGkkqMcEJYqPNcFEMH0rIkMsMFE6uJQO4fNT9D9pFvOWmbcurGzlDOZIwh5kIAcWnEAFzqEODSBwDXfwAI/GjXFvPBnP89aE8TGzC99gvLwD8SiYbw==</latexit><latexit sha1_base64="JlW19vCwAT8lu1nRprp00z8elzU=">AAACBXicdVDLSsNAFJ34rPUVdamLoUWoCG1SF7YLIdiNiy4q2Ae0JUymk3bo5MHMRAihGzf+gB/hxoUibv0Hd/0bp6mCzwMXDufcy733OCGjQhrGVFtYXFpeWc2sZdc3Nre29Z3dlggijkkTByzgHQcJwqhPmpJKRjohJ8hzGGk749rMb18TLmjgX8k4JH0PDX3qUoykkmz9oCfo0EPwDBZqpZqd8MlRqVAv1VNm63mjWK5WjJMq/E3MopEib+V6x3dTK27Y+ltvEODII77EDAnRNY1Q9hPEJcWMTLK9SJAQ4TEakq6iPvKI6CfpFxN4qJQBdAOuypcwVb9OJMgTIvYc1ekhORI/vZn4l9eNpFvpJ9QPI0l8PF/kRgzKAM4igQPKCZYsVgRhTtWtEI8QR1iq4LIqhM9P4f+kVS6aRtG8NPPWOZgjA/ZBDhSACU6BBS5AAzQBBjfgHjyCJ+1We9CetZd564L2MbMHvkF7fQf6kpn1</latexit><latexit sha1_base64="JlW19vCwAT8lu1nRprp00z8elzU=">AAACBXicdVDLSsNAFJ34rPUVdamLoUWoCG1SF7YLIdiNiy4q2Ae0JUymk3bo5MHMRAihGzf+gB/hxoUibv0Hd/0bp6mCzwMXDufcy733OCGjQhrGVFtYXFpeWc2sZdc3Nre29Z3dlggijkkTByzgHQcJwqhPmpJKRjohJ8hzGGk749rMb18TLmjgX8k4JH0PDX3qUoykkmz9oCfo0EPwDBZqpZqd8MlRqVAv1VNm63mjWK5WjJMq/E3MopEib+V6x3dTK27Y+ltvEODII77EDAnRNY1Q9hPEJcWMTLK9SJAQ4TEakq6iPvKI6CfpFxN4qJQBdAOuypcwVb9OJMgTIvYc1ekhORI/vZn4l9eNpFvpJ9QPI0l8PF/kRgzKAM4igQPKCZYsVgRhTtWtEI8QR1iq4LIqhM9P4f+kVS6aRtG8NPPWOZgjA/ZBDhSACU6BBS5AAzQBBjfgHjyCJ+1We9CetZd564L2MbMHvkF7fQf6kpn1</latexit><latexit sha1_base64="fhJPirTxrICn0zSmsErlvC8YtaY=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBahbtKkLmwXQrEbF11UsA9oQ5hMp+3QmSTMTIQSunHjr7hxoYhb/8Gdf+M0reDzwIXDOfdy7z1+xKhUtv1uZJaWV1bXsuu5jc2t7R1zd68lw1hg0sQhC0XHR5IwGpCmooqRTiQI4j4jbX9cm/ntGyIkDYNrNYmIy9EwoAOKkdKSZx72JB1yBM9hoVaseYmYnhQL9WI9ZZ6Zt61SpWyfVuBv4lh2ijxYoOGZb71+iGNOAoUZkrLr2JFyEyQUxYxMc71YkgjhMRqSrqYB4kS6SfrFFB5rpQ8HodAVKJiqXycSxKWccF93cqRG8qc3E//yurEalN2EBlGsSIDniwYxgyqEs0hgnwqCFZtogrCg+laIR0ggrHRwOR3C56fwf9IqWY5tOVdOvnqxiCMLDsARKAAHnIEquAQN0AQY3IJ78AiejDvjwXg2XuatGWMxsw++wXj9AN6pluY=</latexit>

 The small world parameter                                               which 
ranges between 0 (regular) and 1 (small world)

! = 1� |(Lr/L� C/Cl)|
<latexit sha1_base64="9JyqSIfecQGnOaNNf7obtYR0L8c="></latexit><latexit sha1_base64="VMz+9JpVfazOL6mbQKn1n2YGW+0="></latexit><latexit sha1_base64="VMz+9JpVfazOL6mbQKn1n2YGW+0="></latexit><latexit sha1_base64="/Evo8HdjV8UVeUhtBPkQnzzklcg="></latexit>

Small world networks 
interpolate between the 
clustering (localising) 
properties of regular graphs 
and the rapid spreading of 
information in random 
networks.

Scale-free networks are a 
special class of small word 
graphs that proliferate a large 
number of hubs. As a result, 
the mean path length are 
significantly shorter and scale 
like L ⇠ log logN

<latexit sha1_base64="VfGKOgu4UnKZuJpy9S7iIU+hjXY=">AAAB+XicdVDLSsNAFL3xWesr6lIXg0VwFZK6sN0V3bgQacE+oAllMp20QycPZiaFEvonblwo4taN3+HOnZ/ipFXweeDC4Zx7ufceP+FMKtt+NRYWl5ZXVgtrxfWNza1tc2e3JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+6Dz322MqJIujazVJqBfiQcQCRrDSUs80L13JQuTyeJAXuuqZJdsqVyv2SRX9Jo5lz1CqHTw33gCg3jNf3H5M0pBGinAsZdexE+VlWChGOJ0W3VTSBJMRHtCuphEOqfSy2eVTdKSVPgpioStSaKZ+nchwKOUk9HVniNVQ/vRy8S+vm6qg4mUsSlJFIzJfFKQcqRjlMaA+E5QoPtEEE8H0rYgMscBE6bCKOoTPT9H/pFW2HNtyGk6pdgZzFGAfDuEYHDiFGlxAHZpAYAw3cAf3RmbcGg/G47x1wfiY2YNvMJ7eAUQElaU=</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="cVPyF1BQrYhVnY+uERl1gdKj/0c=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK6sN0V3bgQqWAf0IQymU7bofMIM5NCCf0TNy4UceufuPNvnLQVfB64cDjnXu69J04Y1cb3353Cyura+kZxs7S1vbO75+4ftLRMFSZNLJlUnRhpwqggTUMNI51EEcRjRtrx+DL32xOiNJXizkwTEnE0FHRAMTJW6rnudagphyGTw7zgTc8t+16lVvXPavA3CTx/jjJYotFz38K+xCknwmCGtO4GfmKiDClDMSOzUphqkiA8RkPStVQgTnSUzS+fwROr9OFAKlvCwLn6dSJDXOspj20nR2akf3q5+JfXTc2gGmVUJKkhAi8WDVIGjYR5DLBPFcGGTS1BWFF7K8QjpBA2NqySDeHzU/g/aVW8wPeC26Bcv1jGUQRH4BicggCcgzq4Ag3QBBhMwD14BE9O5jw4z87LorXgLGcOwTc4rx80CpNg</latexit>



Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]

 Start with a regular N-node lattice with k/2-nearest-neighbour edges.
 At each node      :   ni

<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

 Iterate through each edge        connecting      to
 With probability p, rewire the edge by replacing         with a random  

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

ni
<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

nj 6= ni
<latexit sha1_base64="TUzJ4HBUC0K4rECvwVzy1uIqzlI=">AAAB+HicdVC7TsNAEFyHVwiPGChpTgQkKssOBUkXQUMZJPKQEis6Xy7JkfPZ3J2RgpUvoaEAIVoKar6Bjg+h55KAxHOklUYzu9rdCWLOlHbdVyszN7+wuJRdzq2srq3n7Y3NuooSSWiNRDySzQArypmgNc00p81YUhwGnDaC4fHEb1xSqVgkzvQopn6I+4L1GMHaSB07Lzrp+bgt6AUyjI07dsF1iuWSe1BGv4nnuFMUKrtvT88AUO3YL+1uRJKQCk04VqrlubH2Uyw1I5yOc+1E0RiTIe7TlqECh1T56fTwMdozShf1ImlKaDRVv06kOFRqFAamM8R6oH56E/Evr5XoXslPmYgTTQWZLeolHOkITVJAXSYp0XxkCCaSmVsRGWCJiTZZ5UwIn5+i/0m96Hiu4516hcoRzJCFbdiBffDgECpwAlWoAYEEruEW7qwr68a6tx5mrRnrY2YLvsF6fAds45aH</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="O6uQdeM3fTMsMVgh65rIYEmIDHQ=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgKiR1YbsrunFZwT6gDWEynbRjJ5M4MxFq6Je4caGIWz/FnX/j9CH4PHDhcM693HtPmHKmtOu+W0vLK6tr64WN4ubW9k7J3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscnU/99i2ViiXiSo9T6sd4IFjECNZGCuySCPLrSU/QG2QYmwR22XUqtap7UkO/iee4M5RhgUZgv/X6CcliKjThWKmu56baz7HUjHA6KfYyRVNMRnhAu4YKHFPl57PDJ+jIKH0UJdKU0Gimfp3IcazUOA5NZ4z1UP30puJfXjfTUdXPmUgzTQWZL4oyjnSCpimgPpOUaD42BBPJzK2IDLHERJusiiaEz0/R/6RVcTzX8S69cv1sEUcBDuAQjsGDU6jDBTSgCQQyuIdHeLLurAfr2XqZty5Zi5l9+Abr9QOic5O4</latexit>

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

(i, k)
<latexit sha1_base64="vepxzTZI3CPG5S9vsful6JbXQBo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LC1CRQlJPdjeil48VjBtoQ1ls920SzebsLsRSuhv8OJBEcGTP8ib/8Ztq+Dng4HHezPMmwkSzpR2nDcrt7S8srqWXy9sbG5t7xR391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/HFzG/fUKlYLK71JKF+hIeChYxgbSSvwk7GR/1i2bGr9ZpzWke/iWs7c5Qbpd7xMwA0+8XX3iAmaUSFJhwr1XWdRPsZlpoRTqeFXqpogskYD2nXUIEjqvxsHnaKDo0yQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uV1Ux3W/IyJJNVUkMWiMOVIx2h2ORowSYnmE0MwkcxkRWSEJSba/KdgnvB5KfqftKq269julVtunMMCeTiAElTAhTNowCU0wQMCDG7hHh4sYd1Zj9bTojVnfczswzdYL+9dno/g</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="e8AyJj1xLfM2pLK1uzpUhi29vqs=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBahgoSkHmxvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jdu0gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJldzv3NHpWKxuNXThPoRHgkWMoK1kbwqO5ucDsoVx6416s55A/0mru3kqMASrUH5rT+MSRpRoQnHSvVcJ9F+hqVmhNNZqZ8qmmAywSPaM1TgiCo/y4+doROjDFEYS1NCo1z9OpHhSKlpFJjOCOux+unNxb+8XqrDup8xkaSaCrJYFKYc6RjNP0dDJinRfGoIJpKZWxEZY4mJNvmUTAifn6L/Sbtmu47t3riV5uUyjiIcwTFUwYULaMI1tMADAgzu4RGeLGE9WM/Wy6K1YC1nDuEbrNcPSx+OVw==</latexit>

The resulting small 
world network inherits 
its clustering 
properties from the 
underlying lattice and 
its short path length 
from the random 
long-range 
connections.

 The clustering coefficient Ci = 2Ei/(ki(ki � 1))
<latexit sha1_base64="2cX+H28TaOiDpl5yKLRt9J2CxjU=">AAAB/nicdVDJSgNBEK2JW4zbqHjy0iQICWKciQeTgxAMgscIZoFkGHo6HdOkZ6G7RwhDwE/RiwdFvPod3vwbO4mC64OCx3tVVNXzIs6ksqw3IzU3v7C4lF7OrKyurW+Ym1tNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vKGtYnfuqZCsjC4VKOIOj6+ClifEay05Jo7NZedlM5cdpgfumxSB3ah4Jo5q1iqlK2jCvpN7KI1Ra6a7e7fAkDdNV+7vZDEPg0U4VjKjm1FykmwUIxwOs50Y0kjTIb4inY0DbBPpZNMzx+jPa30UD8UugKFpurXiQT7Uo58T3f6WA3kT28i/uV1YtUvOwkLoljRgMwW9WOOVIgmWaAeE5QoPtIEE8H0rYgMsMBE6cQyOoTPT9H/pFkq2lbRvrBz1VOYIQ27kIU82HAMVTiHOjSAQAJ38ACPxo1xbzwZz7PWlPExsw3fYLy8A6evlXw=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="7efrmj/5XYUFriv6XG/svhFgfUw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQLoxJXdguhGIRXFawD2hDmEwn7dDJJMxMhBIK/oobF4q49Tvc+TdO2go+D1w4nHMv997jx4xKZdvvxsLi0vLKam4tv76xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2P6pnfviVC0ojfqHFM3BANOA0oRkpLnrlf9+h5+dKjJ8WRR7M6dkolzyzYVrlasU+r8DdxLHuKApij4ZlvvX6Ek5BwhRmSsuvYsXJTJBTFjEzyvUSSGOERGpCuphyFRLrp9PwJPNJKHwaR0MUVnKpfJ1IUSjkOfd0ZIjWUP71M/MvrJiqouCnlcaIIx7NFQcKgimCWBexTQbBiY00QFlTfCvEQCYSVTiyvQ/j8FP5PWmXLsS3n2inULuZx5MABOARF4IAzUANXoAGaAIMU3INH8GTcGQ/Gs/Eya10w5jN74BuM1w+VMJPz</latexit>

measures how cliquey the graph is.
 The path length L =

P
i 6=j dij/(N(N � 1))

<latexit sha1_base64="5NC/pKs0orRPMnpJmlvWWjEZoTQ="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="1YNpi10+OL4axa+hhMpSLv7inVk=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahXViTurBdCEU3LqRUsLXQhDKZTNtpJ5MwMxFK6NKNv+LGhSJu/QR3/o3Th+DzwIXDOfdy7z1exKhUlvVupObmFxaX0suZldW19Q1zc6shw1hgUschC0XTQ5IwykldUcVIMxIEBR4j197gbOxf3xAhaciv1DAiboC6nHYoRkpLbXP34sSRcdBOqMMJ7I+gr2l/dJir5qoHdj7fNrNWoVguWUdl+JvYBWuCLJih1jbfHD/EcUC4wgxJ2bKtSLkJEopiRkYZJ5YkQniAuqSlKUcBkW4yeWQE97Xiw04odHEFJ+rXiQQFUg4DT3cGSPXkT28s/uW1YtUpuQnlUawIx9NFnZhBFcJxKtCngmDFhpogLKi+FeIeEggrnV1Gh/D5KfyfNIoF2yrYl3a2cjqLIw12wB7IARscgwo4BzVQBxjcgnvwCJ6MO+PBeDZepq0pYzazDb7BeP0AmlSYZw==</latexit>

of the network is the average of the shortest geodesic 
between any two nodes.



Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]
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Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]

 Start with a regular N-node lattice with k/2-nearest-neighbour edges.
 At each node      :   ni

<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

 Iterate through each edge        connecting      to
 With probability p, rewire the edge by replacing         with a random  

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

ni
<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

nj 6= ni
<latexit sha1_base64="TUzJ4HBUC0K4rECvwVzy1uIqzlI=">AAAB+HicdVC7TsNAEFyHVwiPGChpTgQkKssOBUkXQUMZJPKQEis6Xy7JkfPZ3J2RgpUvoaEAIVoKar6Bjg+h55KAxHOklUYzu9rdCWLOlHbdVyszN7+wuJRdzq2srq3n7Y3NuooSSWiNRDySzQArypmgNc00p81YUhwGnDaC4fHEb1xSqVgkzvQopn6I+4L1GMHaSB07Lzrp+bgt6AUyjI07dsF1iuWSe1BGv4nnuFMUKrtvT88AUO3YL+1uRJKQCk04VqrlubH2Uyw1I5yOc+1E0RiTIe7TlqECh1T56fTwMdozShf1ImlKaDRVv06kOFRqFAamM8R6oH56E/Evr5XoXslPmYgTTQWZLeolHOkITVJAXSYp0XxkCCaSmVsRGWCJiTZZ5UwIn5+i/0m96Hiu4516hcoRzJCFbdiBffDgECpwAlWoAYEEruEW7qwr68a6tx5mrRnrY2YLvsF6fAds45aH</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="O6uQdeM3fTMsMVgh65rIYEmIDHQ=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgKiR1YbsrunFZwT6gDWEynbRjJ5M4MxFq6Je4caGIWz/FnX/j9CH4PHDhcM693HtPmHKmtOu+W0vLK6tr64WN4ubW9k7J3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscnU/99i2ViiXiSo9T6sd4IFjECNZGCuySCPLrSU/QG2QYmwR22XUqtap7UkO/iee4M5RhgUZgv/X6CcliKjThWKmu56baz7HUjHA6KfYyRVNMRnhAu4YKHFPl57PDJ+jIKH0UJdKU0Gimfp3IcazUOA5NZ4z1UP30puJfXjfTUdXPmUgzTQWZL4oyjnSCpimgPpOUaD42BBPJzK2IDLHERJusiiaEz0/R/6RVcTzX8S69cv1sEUcBDuAQjsGDU6jDBTSgCQQyuIdHeLLurAfr2XqZty5Zi5l9+Abr9QOic5O4</latexit>

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

(i, k)
<latexit sha1_base64="vepxzTZI3CPG5S9vsful6JbXQBo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LC1CRQlJPdjeil48VjBtoQ1ls920SzebsLsRSuhv8OJBEcGTP8ib/8Ztq+Dng4HHezPMmwkSzpR2nDcrt7S8srqWXy9sbG5t7xR391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/HFzG/fUKlYLK71JKF+hIeChYxgbSSvwk7GR/1i2bGr9ZpzWke/iWs7c5Qbpd7xMwA0+8XX3iAmaUSFJhwr1XWdRPsZlpoRTqeFXqpogskYD2nXUIEjqvxsHnaKDo0yQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uV1Ux3W/IyJJNVUkMWiMOVIx2h2ORowSYnmE0MwkcxkRWSEJSba/KdgnvB5KfqftKq269julVtunMMCeTiAElTAhTNowCU0wQMCDG7hHh4sYd1Zj9bTojVnfczswzdYL+9dno/g</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="e8AyJj1xLfM2pLK1uzpUhi29vqs=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBahgoSkHmxvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jdu0gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJldzv3NHpWKxuNXThPoRHgkWMoK1kbwqO5ucDsoVx6416s55A/0mru3kqMASrUH5rT+MSRpRoQnHSvVcJ9F+hqVmhNNZqZ8qmmAywSPaM1TgiCo/y4+doROjDFEYS1NCo1z9OpHhSKlpFJjOCOux+unNxb+8XqrDup8xkaSaCrJYFKYc6RjNP0dDJinRfGoIJpKZWxEZY4mJNvmUTAifn6L/Sbtmu47t3riV5uUyjiIcwTFUwYULaMI1tMADAgzu4RGeLGE9WM/Wy6K1YC1nDuEbrNcPSx+OVw==</latexit>

The resulting small 
world network inherits 
its clustering 
properties from the 
underlying lattice and 
its short path length 
from the random 
long-range 
connections.

 The clustering coefficient Ci = 2Ei/(ki(ki � 1))
<latexit sha1_base64="2cX+H28TaOiDpl5yKLRt9J2CxjU=">AAAB/nicdVDJSgNBEK2JW4zbqHjy0iQICWKciQeTgxAMgscIZoFkGHo6HdOkZ6G7RwhDwE/RiwdFvPod3vwbO4mC64OCx3tVVNXzIs6ksqw3IzU3v7C4lF7OrKyurW+Ym1tNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vKGtYnfuqZCsjC4VKOIOj6+ClifEay05Jo7NZedlM5cdpgfumxSB3ah4Jo5q1iqlK2jCvpN7KI1Ra6a7e7fAkDdNV+7vZDEPg0U4VjKjm1FykmwUIxwOs50Y0kjTIb4inY0DbBPpZNMzx+jPa30UD8UugKFpurXiQT7Uo58T3f6WA3kT28i/uV1YtUvOwkLoljRgMwW9WOOVIgmWaAeE5QoPtIEE8H0rYgMsMBE6cQyOoTPT9H/pFkq2lbRvrBz1VOYIQ27kIU82HAMVTiHOjSAQAJ38ACPxo1xbzwZz7PWlPExsw3fYLy8A6evlXw=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="7efrmj/5XYUFriv6XG/svhFgfUw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQLoxJXdguhGIRXFawD2hDmEwn7dDJJMxMhBIK/oobF4q49Tvc+TdO2go+D1w4nHMv997jx4xKZdvvxsLi0vLKam4tv76xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2P6pnfviVC0ojfqHFM3BANOA0oRkpLnrlf9+h5+dKjJ8WRR7M6dkolzyzYVrlasU+r8DdxLHuKApij4ZlvvX6Ek5BwhRmSsuvYsXJTJBTFjEzyvUSSGOERGpCuphyFRLrp9PwJPNJKHwaR0MUVnKpfJ1IUSjkOfd0ZIjWUP71M/MvrJiqouCnlcaIIx7NFQcKgimCWBexTQbBiY00QFlTfCvEQCYSVTiyvQ/j8FP5PWmXLsS3n2inULuZx5MABOARF4IAzUANXoAGaAIMU3INH8GTcGQ/Gs/Eya10w5jN74BuM1w+VMJPz</latexit>

measures how cliquey the graph is.
 The path length L =

P
i 6=j dij/(N(N � 1))

<latexit sha1_base64="5NC/pKs0orRPMnpJmlvWWjEZoTQ="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="1YNpi10+OL4axa+hhMpSLv7inVk=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahXViTurBdCEU3LqRUsLXQhDKZTNtpJ5MwMxFK6NKNv+LGhSJu/QR3/o3Th+DzwIXDOfdy7z1exKhUlvVupObmFxaX0suZldW19Q1zc6shw1hgUschC0XTQ5IwykldUcVIMxIEBR4j197gbOxf3xAhaciv1DAiboC6nHYoRkpLbXP34sSRcdBOqMMJ7I+gr2l/dJir5qoHdj7fNrNWoVguWUdl+JvYBWuCLJih1jbfHD/EcUC4wgxJ2bKtSLkJEopiRkYZJ5YkQniAuqSlKUcBkW4yeWQE97Xiw04odHEFJ+rXiQQFUg4DT3cGSPXkT28s/uW1YtUpuQnlUawIx9NFnZhBFcJxKtCngmDFhpogLKi+FeIeEggrnV1Gh/D5KfyfNIoF2yrYl3a2cjqLIw12wB7IARscgwo4BzVQBxjcgnvwCJ6MO+PBeDZepq0pYzazDb7BeP0AmlSYZw==</latexit>

of the network is the average of the shortest geodesic 
between any two nodes.
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CK(t)  For small operators, the            model does not 
perform significantly better than the low probability 
small-world graphs                     is not a scrambling 
system.  

 However the situation is very different when large 
operators are involved: a highly connected graph 
like            does the job very well.  

 Finally, notice that the small-world graph works just 
as well as            for large p. This is interesting 
because it has far fewer edges than                               
(       vs       ) but the interactions are very 
efficient.

 <latexit sha1_base64="awcLNVHx3aDjMi8oYMxCT2mWXFo=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchaQKtruiG5cV7APaUCbTSTp0kokzk0oJ/RM3LhRx65+482+cPgSfBy4czrmXe+8JUs6Udt13a2l5ZXVtvbBR3Nza3tm19/abSmSS0AYRXMh2gBXlLKENzTSn7VRSHAectoLh5dRvjahUTCQ3epxSP8ZRwkJGsDZSz7a7kkUDrW4zFmEpxV3PLrlOuVpxT6voN/Ecd4YSLFDv2W/dviBZTBNNOFaq47mp9nMsNSOcTordTNEUkyGOaMfQBMdU+fns8gk6NkofhUKaSjSaqV8nchwrNY4D0xljPVA/van4l9fJdFjxc5akmaYJmS8KM460QNMYUJ9JSjQfG4KJZOZWRAZYYqJNWEUTwuen6H/SLDue63jXZ6XaxSKOAhzCEZyAB+dQgyuoQwMIjOAeHuHJyq0H69l6mbcuWYuZA/gG6/UD3BaUdg==</latexit><latexit sha1_base64="kSoirPRK6MfuAqdlsGUa6Kh1AvA=">AAACHnicjVDLSgMxFL1TX7W+Rl26CRbB1TBTBdtd0Y1LBfuAtpRMmpmGZjJjkqmUoX/iwo2/4kZEcKV/Y/oQfIIHAodzzuXmHj/hTGnXfbNyC4tLyyv51cLa+sbmlr29U1dxKgmtkZjHsuljRTkTtKaZ5rSZSIojn9OGPzib+I0hlYrF4kqPEtqJcChYwAjWRuradluysK/VdcpCLGV807WLrlOqlN2jCvpJPMedoghz/C/etV/avZikERWacKxUy3MT3cmw1IxwOi60U0UTTAY4pC1DBY6o6mTT88bowCg9FMTSPKHRVP08keFIqVHkm2SEdV999ybib14r1UG5kzGRpJoKMlsUpBzpGE26Qj0mKdF8ZAgmkpm/ItLHEhNtGi2Y0z/uQ3+TesnxXMe7PC5WT+ed5WEP9uEQPDiBKpzDBdSAwBBu4R4erTvrwXqynmfRnDWf2YUvsF7fAcRfnEw=</latexit><latexit sha1_base64="kSoirPRK6MfuAqdlsGUa6Kh1AvA=">AAACHnicjVDLSgMxFL1TX7W+Rl26CRbB1TBTBdtd0Y1LBfuAtpRMmpmGZjJjkqmUoX/iwo2/4kZEcKV/Y/oQfIIHAodzzuXmHj/hTGnXfbNyC4tLyyv51cLa+sbmlr29U1dxKgmtkZjHsuljRTkTtKaZ5rSZSIojn9OGPzib+I0hlYrF4kqPEtqJcChYwAjWRuradluysK/VdcpCLGV807WLrlOqlN2jCvpJPMedoghz/C/etV/avZikERWacKxUy3MT3cmw1IxwOi60U0UTTAY4pC1DBY6o6mTT88bowCg9FMTSPKHRVP08keFIqVHkm2SEdV999ybib14r1UG5kzGRpJoKMlsUpBzpGE26Qj0mKdF8ZAgmkpm/ItLHEhNtGi2Y0z/uQ3+TesnxXMe7PC5WT+ed5WEP9uEQPDiBKpzDBdSAwBBu4R4erTvrwXqynmfRnDWf2YUvsF7fAcRfnEw=</latexit><latexit sha1_base64="kSoirPRK6MfuAqdlsGUa6Kh1AvA=">AAACHnicjVDLSgMxFL1TX7W+Rl26CRbB1TBTBdtd0Y1LBfuAtpRMmpmGZjJjkqmUoX/iwo2/4kZEcKV/Y/oQfIIHAodzzuXmHj/hTGnXfbNyC4tLyyv51cLa+sbmlr29U1dxKgmtkZjHsuljRTkTtKaZ5rSZSIojn9OGPzib+I0hlYrF4kqPEtqJcChYwAjWRuradluysK/VdcpCLGV807WLrlOqlN2jCvpJPMedoghz/C/etV/avZikERWacKxUy3MT3cmw1IxwOi60U0UTTAY4pC1DBY6o6mTT88bowCg9FMTSPKHRVP08keFIqVHkm2SEdV999ybib14r1UG5kzGRpJoKMlsUpBzpGE26Qj0mKdF8ZAgmkpm/ItLHEhNtGi2Y0z/uQ3+TesnxXMe7PC5WT+ed5WEP9uEQPDiBKpzDBdSAwBBu4R4erTvrwXqynmfRnDWf2YUvsF7fAcRfnEw=</latexit><latexit sha1_base64="vXZpQS7zZKh1q6U9Y7e4HpAzYgo=">AAACHnicjVDLSsNAFJ3UV62vqEs3g0VwFZJaaLMrunGpYFuhDWUynaRDJzNxZlIpoX/iwo2/4kZEcKV/Y5oG8bXwwMDhnHO5c48fM6q0bb8bpaXlldW18nplY3Nre8fc3esokUhM2lgwIa99pAijnLQ11Yxcx5KgyGek64/P5n53QqSigl/paUy8CIWcBhQjnUkD0+xLGo60ukloiKQUtwOzals1t2mfuPA3cSw7RxUU+F98YL72hwInEeEaM6RUz7Fj7aVIaooZmVX6iSIxwmMUkl5GOYqI8tL8vBk8ypQhDITMHtcwV79OpChSahr5WTJCeqR+enPxL6+X6KDppZTHiSYcLxYFCYNawHlXcEglwZpNM4KwpNlfIR4hibDOGq3kp7s54II06gVxnc/TOzXLsS3nsl5tnRadlcEBOATHwAEN0ALn4AK0AQYTcAcewJNxbzwaz8bLIloyipl98A3G2wcCZJzc</latexit><latexit sha1_base64="vXZpQS7zZKh1q6U9Y7e4HpAzYgo=">AAACHnicjVDLSsNAFJ3UV62vqEs3g0VwFZJaaLMrunGpYFuhDWUynaRDJzNxZlIpoX/iwo2/4kZEcKV/Y5oG8bXwwMDhnHO5c48fM6q0bb8bpaXlldW18nplY3Nre8fc3esokUhM2lgwIa99pAijnLQ11Yxcx5KgyGek64/P5n53QqSigl/paUy8CIWcBhQjnUkD0+xLGo60ukloiKQUtwOzals1t2mfuPA3cSw7RxUU+F98YL72hwInEeEaM6RUz7Fj7aVIaooZmVX6iSIxwmMUkl5GOYqI8tL8vBk8ypQhDITMHtcwV79OpChSahr5WTJCeqR+enPxL6+X6KDppZTHiSYcLxYFCYNawHlXcEglwZpNM4KwpNlfIR4hibDOGq3kp7s54II06gVxnc/TOzXLsS3nsl5tnRadlcEBOATHwAEN0ALn4AK0AQYTcAcewJNxbzwaz8bLIloyipl98A3G2wcCZJzc</latexit>

SYK2
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SYK2
<latexit sha1_base64="p9Ob50R3psDqIKUCa2XL845ssiM=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNcxUwXZXdCO4qWgf0g5DJk3b0CQzJJlCGeZP3LhQxK1/4s6/MdNW8HkgcDjnXu7JCWNGlXbdd6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOyFShFFBmppqRjqxJIiHjLTD8UXutydEKhqJWz2Nic/RUNABxUgbKbDtHkd6JHl6c3eVBWklC+yy61RqVfekBn8Tz3FnKIMFGoH91utHOOFEaMyQUl3PjbWfIqkpZiQr9RJFYoTHaEi6hgrEifLTWfIMHhmlDweRNE9oOFO/bqSIKzXloZnMc6qfXi7+5XUTPaj6KRVxoonA80ODhEEdwbwG2KeSYM2mhiAsqckK8QhJhLUpq2RK+Pwp/J+0Ko7nOt71abl+vqijCA7AITgGHjgDdXAJGqAJMJiAe/AInqzUerCerZf5aMFa7OyDb7BePwAu+JQF</latexit><latexit sha1_base64="8KHmWRWMk3wURF+X64NoRc98EQg=">AAACHnicjVDLSgMxFM34rPU16tJNsAiuhpkq2O6KbgQ3ivYh7TBk0kwbmmSGJFMoQ//EhRt/xY2I4Er/xkxbwSd4IHA4515uzgkTRpV23Tdrbn5hcWm5sFJcXVvf2LS3thsqTiUmdRyzWLZCpAijgtQ11Yy0EkkQDxlphoPT3G8OiVQ0Ftd6lBCfo56gEcVIGymw7Q5Hui95dnVzPg6y8jiwS65Trlbcwyr8STzHnaAEZvjfeGC/dLoxTjkRGjOkVNtzE+1nSGqKGRkXO6kiCcID1CNtQwXiRPnZJN4Y7hulC6NYmic0nKifNzLElRrx0EzmYdR3Lxd/89qpjip+RkWSaiLw9FCUMqhjmHcFu1QSrNnIEIQlNX+FuI8kwto0WjTRP/LBv0mj7Hiu410elWons84KYBfsgQPggWNQA2fgAtQBBkNwC+7Bo3VnPVhP1vN0dM6a7eyAL7Be3wEG7Jvb</latexit><latexit sha1_base64="8KHmWRWMk3wURF+X64NoRc98EQg=">AAACHnicjVDLSgMxFM34rPU16tJNsAiuhpkq2O6KbgQ3ivYh7TBk0kwbmmSGJFMoQ//EhRt/xY2I4Er/xkxbwSd4IHA4515uzgkTRpV23Tdrbn5hcWm5sFJcXVvf2LS3thsqTiUmdRyzWLZCpAijgtQ11Yy0EkkQDxlphoPT3G8OiVQ0Ftd6lBCfo56gEcVIGymw7Q5Hui95dnVzPg6y8jiwS65Trlbcwyr8STzHnaAEZvjfeGC/dLoxTjkRGjOkVNtzE+1nSGqKGRkXO6kiCcID1CNtQwXiRPnZJN4Y7hulC6NYmic0nKifNzLElRrx0EzmYdR3Lxd/89qpjip+RkWSaiLw9FCUMqhjmHcFu1QSrNnIEIQlNX+FuI8kwto0WjTRP/LBv0mj7Hiu410elWons84KYBfsgQPggWNQA2fgAtQBBkNwC+7Bo3VnPVhP1vN0dM6a7eyAL7Be3wEG7Jvb</latexit><latexit sha1_base64="8KHmWRWMk3wURF+X64NoRc98EQg=">AAACHnicjVDLSgMxFM34rPU16tJNsAiuhpkq2O6KbgQ3ivYh7TBk0kwbmmSGJFMoQ//EhRt/xY2I4Er/xkxbwSd4IHA4515uzgkTRpV23Tdrbn5hcWm5sFJcXVvf2LS3thsqTiUmdRyzWLZCpAijgtQ11Yy0EkkQDxlphoPT3G8OiVQ0Ftd6lBCfo56gEcVIGymw7Q5Hui95dnVzPg6y8jiwS65Trlbcwyr8STzHnaAEZvjfeGC/dLoxTjkRGjOkVNtzE+1nSGqKGRkXO6kiCcID1CNtQwXiRPnZJN4Y7hulC6NYmic0nKifNzLElRrx0EzmYdR3Lxd/89qpjip+RkWSaiLw9FCUMqhjmHcFu1QSrNnIEIQlNX+FuI8kwto0WjTRP/LBv0mj7Hiu410elWons84KYBfsgQPggWNQA2fgAtQBBkNwC+7Bo3VnPVhP1vN0dM6a7eyAL7Be3wEG7Jvb</latexit><latexit sha1_base64="PnE0AXEjRPj0D6yNX4Qu0YtLqe4=">AAACHnicjVDLSsNAFJ3UV62vqEs3g0VwFZJaaLMruhHcKNqHtCFMppN26EwSZiaFEvonLtz4K25EBFf6NyZpEF8LDwwczrmXO+d4EaNSmea7VlpaXlldK69XNja3tnf03b2ODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JWeZ3p0RIGgY3ahYRh6NRQH2KkUolV9cHHKmx4Mn17cXcTWpzV6+aRs1umic2/E0sw8xRBQX+N+7qr4NhiGNOAoUZkrJvmZFyEiQUxYzMK4NYkgjhCRqRfkoDxIl0kjzeHB6lyhD6oUhfoGCuft1IEJdyxr10Mgsjf3qZ+JfXj5XfdBIaRLEiAV4c8mMGVQizruCQCoIVm6UEYUHTv0I8RgJhlTZayaPbOeCCNOoFsa3P6J2aYZmGdVWvtk6LzsrgAByCY2CBBmiBc3AJ2gCDKbgDD+BJu9cetWftZTFa0oqdffAN2tsHROKcaw==</latexit><latexit sha1_base64="PnE0AXEjRPj0D6yNX4Qu0YtLqe4=">AAACHnicjVDLSsNAFJ3UV62vqEs3g0VwFZJaaLMruhHcKNqHtCFMppN26EwSZiaFEvonLtz4K25EBFf6NyZpEF8LDwwczrmXO+d4EaNSmea7VlpaXlldK69XNja3tnf03b2ODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JWeZ3p0RIGgY3ahYRh6NRQH2KkUolV9cHHKmx4Mn17cXcTWpzV6+aRs1umic2/E0sw8xRBQX+N+7qr4NhiGNOAoUZkrJvmZFyEiQUxYzMK4NYkgjhCRqRfkoDxIl0kjzeHB6lyhD6oUhfoGCuft1IEJdyxr10Mgsjf3qZ+JfXj5XfdBIaRLEiAV4c8mMGVQizruCQCoIVm6UEYUHTv0I8RgJhlTZayaPbOeCCNOoFsa3P6J2aYZmGdVWvtk6LzsrgAByCY2CBBmiBc3AJ2gCDKbgDD+BJu9cetWftZTFa0oqdffAN2tsHROKcaw==</latexit>

2N
<latexit sha1_base64="uXHz2TLY1S4GXwdr8eOhyR5+Myw=">AAAB6XicdVDJSgNBEK2OW4xb1KOXxiB4GmaiYHILevEkUcwCyRB6Oj1Jk56eobtHCEP+wIsHRbz6R978GzuL4Pqg4PFeFVX1gkRwbVz3HeWWlldW1/LrhY3Nre2d4u5eU8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6GLqt+6Y0jyWt2acMD8iA8lDTomx0k35qlcsuU65WnFPqvg38Rx3hhIsUO8V37r9mKYRk4YKonXHcxPjZ0QZTgWbFLqpZgmhIzJgHUsliZj2s9mlE3xklT4OY2VLGjxTv05kJNJ6HAW2MyJmqH96U/Evr5OasOJnXCapYZLOF4WpwCbG07dxnytGjRhbQqji9lZMh0QRamw4BRvC56f4f9IsO57reNenpdr5Io48HMAhHIMHZ1CDS6hDAyiEcA+P8IRG6AE9o5d5aw4tZvbhG9DrB54JjWs=</latexit><latexit sha1_base64="Uczis/6O53NG1RX5FvT2rctqXIE=">AAACDnicjVDLSgMxFL3js9ZX1aWbYBFcDTNVsN0V3bgSFfuAdiiZNNOGZpIhyQhl6B+4cOOvuBFx69qdf2P6EHyCBwKHc87l5p4w4Uwbz3tz5uYXFpeWcyv51bX1jc3C1nZdy1QRWiOSS9UMsaacCVozzHDaTBTFcchpIxycjv3GDVWaSXFthgkNYtwTLGIEGytdlc47haLnlipl77CCfhLf9SYowgz/i3cKr+2uJGlMhSEca93yvcQEGVaGEU5H+XaqaYLJAPdoy1KBY6qDbHLOCO1bpYsiqewTBk3UzxMZjrUexqFNxtj09XdvLP7mtVITlYOMiSQ1VJDpoijlyEg07gZ1maLE8KElmChm/4pIHytMjG0wb0//uA/9Teol1/dc//KoWD2ZdZaDXdiDA/DhGKpwBhdQAwIR3MI9PDp3zoPz5DxPo3PObGYHvsB5eQeWfJVB</latexit><latexit sha1_base64="Uczis/6O53NG1RX5FvT2rctqXIE=">AAACDnicjVDLSgMxFL3js9ZX1aWbYBFcDTNVsN0V3bgSFfuAdiiZNNOGZpIhyQhl6B+4cOOvuBFx69qdf2P6EHyCBwKHc87l5p4w4Uwbz3tz5uYXFpeWcyv51bX1jc3C1nZdy1QRWiOSS9UMsaacCVozzHDaTBTFcchpIxycjv3GDVWaSXFthgkNYtwTLGIEGytdlc47haLnlipl77CCfhLf9SYowgz/i3cKr+2uJGlMhSEca93yvcQEGVaGEU5H+XaqaYLJAPdoy1KBY6qDbHLOCO1bpYsiqewTBk3UzxMZjrUexqFNxtj09XdvLP7mtVITlYOMiSQ1VJDpoijlyEg07gZ1maLE8KElmChm/4pIHytMjG0wb0//uA/9Teol1/dc//KoWD2ZdZaDXdiDA/DhGKpwBhdQAwIR3MI9PDp3zoPz5DxPo3PObGYHvsB5eQeWfJVB</latexit><latexit sha1_base64="Uczis/6O53NG1RX5FvT2rctqXIE=">AAACDnicjVDLSgMxFL3js9ZX1aWbYBFcDTNVsN0V3bgSFfuAdiiZNNOGZpIhyQhl6B+4cOOvuBFx69qdf2P6EHyCBwKHc87l5p4w4Uwbz3tz5uYXFpeWcyv51bX1jc3C1nZdy1QRWiOSS9UMsaacCVozzHDaTBTFcchpIxycjv3GDVWaSXFthgkNYtwTLGIEGytdlc47haLnlipl77CCfhLf9SYowgz/i3cKr+2uJGlMhSEca93yvcQEGVaGEU5H+XaqaYLJAPdoy1KBY6qDbHLOCO1bpYsiqewTBk3UzxMZjrUexqFNxtj09XdvLP7mtVITlYOMiSQ1VJDpoijlyEg07gZ1maLE8KElmChm/4pIHytMjG0wb0//uA/9Teol1/dc//KoWD2ZdZaDXdiDA/DhGKpwBhdQAwIR3MI9PDp3zoPz5DxPo3PObGYHvsB5eQeWfJVB</latexit><latexit sha1_base64="UN06OhGax+zuknJbyhU42EF1+Mg=">AAACDnicjVC7SgNBFL0bXzG+opY2g0GwWnZjINkuaGMlKuYByRJmJ7PJkNkHM7NCWPIHFjb+io2IrbWdf+Nks4ivwgMDh3PO5c49XsyZVJb1bhSWlldW14rrpY3Nre2d8u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8ydnc79xSIVkU3qhpTN0Aj0LmM4KVlq6rF4NyxTKrTsM6cdBvYptWhgrk+F98UH7rDyOSBDRUhGMpe7YVKzfFQjHC6azUTySNMZngEe1pGuKASjfNzpmhI60MkR8J/UKFMvXrRIoDKaeBp5MBVmP505uLf3m9RPkNN2VhnCgaksUiP+FIRWjeDRoyQYniU00wEUz/FZExFpgo3WApO93JgBakXsuJY3+e3q6atmXaV7VK8zTvrAgHcAjHYEMdmnAOl9ACAj7cwQM8GffGo/FsvCyiBSOf2YdvMF4/ANRyldE=</latexit><latexit sha1_base64="UN06OhGax+zuknJbyhU42EF1+Mg=">AAACDnicjVC7SgNBFL0bXzG+opY2g0GwWnZjINkuaGMlKuYByRJmJ7PJkNkHM7NCWPIHFjb+io2IrbWdf+Nks4ivwgMDh3PO5c49XsyZVJb1bhSWlldW14rrpY3Nre2d8u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8ydnc79xSIVkU3qhpTN0Aj0LmM4KVlq6rF4NyxTKrTsM6cdBvYptWhgrk+F98UH7rDyOSBDRUhGMpe7YVKzfFQjHC6azUTySNMZngEe1pGuKASjfNzpmhI60MkR8J/UKFMvXrRIoDKaeBp5MBVmP505uLf3m9RPkNN2VhnCgaksUiP+FIRWjeDRoyQYniU00wEUz/FZExFpgo3WApO93JgBakXsuJY3+e3q6atmXaV7VK8zTvrAgHcAjHYEMdmnAOl9ACAj7cwQM8GffGo/FsvCyiBSOf2YdvMF4/ANRyldE=</latexit> N2

<latexit sha1_base64="dFSMnK5g7ARGf5EAgPoxQO0o8L0=">AAAB7HicdVDLSsNAFL2pr1pfUZduBovgKiRVsN0V3biSCqYttLFMppN26GQSZiZCCf0GNy4UcesHufNvnD4EnwcuHM65l3vvCVPOlHbdd6uwtLyyulZcL21sbm3v2Lt7TZVkklCfJDyR7RArypmgvmaa03YqKY5DTlvh6GLqt+6oVCwRN3qc0iDGA8EiRrA2kn91m1cmPbvsOpVa1T2pod/Ec9wZyrBAo2e/dfsJyWIqNOFYqY7npjrIsdSMcDopdTNFU0xGeEA7hgocUxXks2Mn6MgofRQl0pTQaKZ+nchxrNQ4Dk1njPVQ/fSm4l9eJ9NRNciZSDNNBZkvijKOdIKmn6M+k5RoPjYEE8nMrYgMscREm3xKJoTPT9H/pFlxPNfxrk/L9fNFHEU4gEM4Bg/OoA6X0AAfCDC4h0d4soT1YD1bL/PWgrWY2YdvsF4/ABaOjt8=</latexit><latexit sha1_base64="pfu2IuCJfnZkF4N7FIXewAzT0MY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtd0Y0rUXDaQjuWTJppQzOZIckIZeg3uHDjr7gRcevOnX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunoeJUEuqRmMeyFWBFORPU00xz2kokxVHAaTMYnk785g2VisXiSo8S6ke4L1jICNZG8s6vs/K4Wyw5drlWdY5q6CdxbWeKEszxv3i3+NrpxSSNqNCEY6XarpNoP8NSM8LpuNBJFU0wGeI+bRsqcESVn00vGqMDo/RQGEvzhEZT9fNEhiOlRlFgkhHWA/Xdm4i/ee1Uh1U/YyJJNRVktihMOdIxmtSDekxSovnIEEwkM39FZIAlJtqUWDCnf9yH/iaNsu06tntZKdVP5p3lYQ/24RBcOIY6nMEFeECAwS3cw6N1Zz1YT9bzLJqz5jO78AXWyztA3pa1</latexit><latexit sha1_base64="pfu2IuCJfnZkF4N7FIXewAzT0MY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtd0Y0rUXDaQjuWTJppQzOZIckIZeg3uHDjr7gRcevOnX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunoeJUEuqRmMeyFWBFORPU00xz2kokxVHAaTMYnk785g2VisXiSo8S6ke4L1jICNZG8s6vs/K4Wyw5drlWdY5q6CdxbWeKEszxv3i3+NrpxSSNqNCEY6XarpNoP8NSM8LpuNBJFU0wGeI+bRsqcESVn00vGqMDo/RQGEvzhEZT9fNEhiOlRlFgkhHWA/Xdm4i/ee1Uh1U/YyJJNRVktihMOdIxmtSDekxSovnIEEwkM39FZIAlJtqUWDCnf9yH/iaNsu06tntZKdVP5p3lYQ/24RBcOIY6nMEFeECAwS3cw6N1Zz1YT9bzLJqz5jO78AXWyztA3pa1</latexit><latexit sha1_base64="pfu2IuCJfnZkF4N7FIXewAzT0MY=">AAACEXicjVDLSgMxFL1TX7W+qi7dBIvgapipBdtd0Y0rUXDaQjuWTJppQzOZIckIZeg3uHDjr7gRcevOnX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunoeJUEuqRmMeyFWBFORPU00xz2kokxVHAaTMYnk785g2VisXiSo8S6ke4L1jICNZG8s6vs/K4Wyw5drlWdY5q6CdxbWeKEszxv3i3+NrpxSSNqNCEY6XarpNoP8NSM8LpuNBJFU0wGeI+bRsqcESVn00vGqMDo/RQGEvzhEZT9fNEhiOlRlFgkhHWA/Xdm4i/ee1Uh1U/YyJJNRVktihMOdIxmtSDekxSovnIEEwkM39FZIAlJtqUWDCnf9yH/iaNsu06tntZKdVP5p3lYQ/24RBcOIY6nMEFeECAwS3cw6N1Zz1YT9bzLJqz5jO78AXWyztA3pa1</latexit><latexit sha1_base64="ip19ZO4h/wL5Sl6SNcL9xB/kgWg=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZXdONKFExbaGOZTKft0MkkzEyEEvoNLtz4K25E3Lpz59+YpkF8LTwwcDjnXO7c40ecKW1Z70ZhaXllda24XtrY3NreKe/utVQYS0JdEvJQdnysKGeCupppTjuRpDjwOW37k7O5376lUrFQXOtpRL0AjwQbMoJ1KrkXN0l11i9XLLPqNKwTB/0mtmllqECO/8X75bfeICRxQIUmHCvVta1IewmWmhFOZ6VerGiEyQSPaDelAgdUeUl20QwdpcoADUOZPqFRpn6dSHCg1DTw02SA9Vj99ObiX1431sOGlzARxZoKslg0jDnSIZrXgwZMUqL5NCWYSJb+FZExlpjotMRSdrqTAS1IvZYTx/48vVU1bcu0r2qV5mneWREO4BCOwYY6NOEcLsEFAgzu4AGejHvj0Xg2XhbRgpHP7MM3GK8fftSXRQ==</latexit><latexit sha1_base64="ip19ZO4h/wL5Sl6SNcL9xB/kgWg=">AAACEXicjVDLSsNAFL2pr1pfVZduBovgKiS10GZXdONKFExbaGOZTKft0MkkzEyEEvoNLtz4K25E3Lpz59+YpkF8LTwwcDjnXO7c40ecKW1Z70ZhaXllda24XtrY3NreKe/utVQYS0JdEvJQdnysKGeCupppTjuRpDjwOW37k7O5376lUrFQXOtpRL0AjwQbMoJ1KrkXN0l11i9XLLPqNKwTB/0mtmllqECO/8X75bfeICRxQIUmHCvVta1IewmWmhFOZ6VerGiEyQSPaDelAgdUeUl20QwdpcoADUOZPqFRpn6dSHCg1DTw02SA9Vj99ObiX1431sOGlzARxZoKslg0jDnSIZrXgwZMUqL5NCWYSJb+FZExlpjotMRSdrqTAS1IvZYTx/48vVU1bcu0r2qV5mneWREO4BCOwYY6NOEcLsEFAgzu4AGejHvj0Xg2XhbRgpHP7MM3GK8fftSXRQ==</latexit>

SYK2
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Conclusions and Future work

Jeff Murugan (UCT)

 Quantum batteries provide (yet) another arena to display the (dare I say) power of the SYK model!    
 Quantum advantage requires two ingredients (i) sufficiently non-local operators and (ii) interactions 

that are able to utilise the non-locality.        
 SYK-like models on graphs are a versatile set of quantum systems to probe thermalisation/

localisation/chaos transitions etc.

  Some observations:

  Some open questions:

[see e.g. Xu et.al. ’20, Garcia-Garcia et.al. ’20, Lukas ’19 and Hoffman-JM-Shock ’19 ]

 How tight is the upper bound                                              on the charging power and, by extension, 
the quantum advantage     for quantum batteries defined on graphs? 
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[see Kim-Safranek-Rosa - to appear ]

 How do these results relate to the Operator Thermalisation Hypothesis? [see the works of Schalm et.al.]

 What (if any) is the holographic interpretation of these statements? [along the lines of Dhar et.al ’18?]
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