
This has been a wonderful conference taking place in very difficult circumstances.   The organizers have devised an 
imaginative format that has allowed substantial time for stimulating discussions on every aspect of the subject.

The topics covered by Strings conferences encompass ever widening areas of theoretical and mathematical physics, which 
makes it difficult to present a perspective that does justice to its richness.  Here I will illustrate this by comparing the
present state of the subject with its origins in the late 1960’s

I came to Princeton as a postdoc in 1970.   A notable event of that year was the emergence of trillions of 
Brood X cicadas that have a 17-year life cycle*. They live underground for precisely 17 years before 
emerging, mating, giving birth and dying.

This year,  51 years later, their great grandchildren have emerged and are discovering a radically different
Universe in which there are many new concepts and many old concepts have been refined and reinterpreted.
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* Prime number selection of cycles in a predator-prey model Eric Goles, Oliver Schulz, Mario Markus Complexity 6 (4):33-38 (2001).

https://onlinelibrary.wiley.com/action/doSearch?ContribAuthorStored=Goles%2C+Eric
https://onlinelibrary.wiley.com/action/doSearch?ContribAuthorStored=Schulz%2C+Oliver
https://onlinelibrary.wiley.com/action/doSearch?ContribAuthorStored=Markus%2C+Mario


QUANTUM ELECTRODYNAMICS, 

THE BOOTSTRAP
HAGEDORN SPECTRUM (1965)

An intelligent Princeton Cicada emerges from his/her 17-year hibernation.1970:
HE/SHE REMEMBERS 1953: 

BY 1970 THINGS HAD TRANSFORMED. SEVERAL QUITE DISTINCT SETS OF IDEAS: 

• A WEALTH OF EXPERIMENTAL DATA ON THE STRONG INTERACTION (esp. PION-PROTON SCATTERING).

THE ANALYTIC S-MATRIX, QUARKS,  CURRENT ALGEBRA, …    THEORETICAL IDEAS:

EARLY PROPERTIES OF NUCLEONS AND MESONS – ISOSPIN, STRANGENESS

2021
VENEZIANO MODEL (1968)

<latexit sha1_base64="59LhJq6udSKNahHgV4KWf475vhY="></latexit>

=
Γ(1− αρ(t))Γ(1− αρ(s))

Γ(1− αρ(s)− αρ(t))

<latexit sha1_base64="cZxjQ+qZkqX75uNC6n1FUHFSgpg="></latexit>

Aπ+π−→π+π−(s, t)

CHEW-FRAUTSCHI PLOT
RHO MESON (recent)

code, we find (the precision is estimated as the usual one-standard deviation error)

αe−d(0) = 0.4494±0.0007, α′
e−d = (0.9013±0.0011) GeV−2, with χ2/dof = 117.9. (2)

The data are taken from Ref. [2]. The very high value of χ2/dof (dof stands for degree
of freedom defined as the difference between the number of data points and the number of
fitted parameters) is not surprising because (i) the data exhibit a known nonlinearity of the
trajectories (see details below) and (ii) the masses of the low lying resonances are measured
with very high precision. The corresponding degenerate trajectory one obtains is shown in
Fig. 1 (solid line). For comparison, the trajectory with the parameters used in Ref. [6],
α(m2) = 0.48 + 0.88m2 (m in GeV), is also plotted (dashed line).
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Figure 1: Chew-Frautschi plot for the fully exchange-degenerate f , ω, ρ and a2 trajectories.
The solid line denotes the trajectory with the parameters obtained in our fit; the dashed line
is the trajectory from [6].

Our conclusion is, thus, that in spite of a decent agreement with resonance data (plotted
à la Chew-Frautschi), weak exchange degeneracy of the f , ω, ρ, and a2 trajectories is not
supported by the resonance data when a more precise numerical analysis is performed.
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arroll et a/. , Phys. Rev. Letters 16, 288 (1966),

FINITE ENERGY SUM RULES (1967);

DUALITY: SUM OF RESONANCES
= SUM OF REGGE POLES

COMPLEX ANGULAR MOMENTA
in potential theory  REGGE (1959)

I L  NUOV0 CIMENTO VOL. XIV, N. 5 1 o Dicembre 1959 

Introduction to Complex Orbital Momenta. 

T. REGGE 

Ma,r-Planck-Institut f,~r Phys ik  and Astrophysik - Mi~nche~ (*) 

(ricevuto il 18 Luglio 1959) 

S u m m a r y .  - -  In this paper  the orbital  momentum j, unti l  now considered 
as an integer discrete parameter  in the radial  SchrSdinger wave equa- 
tions, is allowed to take complex values. The purpose of such an enlar- 
gement  is not  purely academic but  opens new possibilities in discussing 
the connection between potent ials  and scattering amplitudes.  In par- 
t icular  i t  is shown tha t  under reasonable assumptions, fulfilled by  most 
field theoret ical  potentials ,  the  scattering ampli tude at  some fixed energy 
determines the potent ia l  uniquely, when it  exists. Moreover for special 
classes of potent ials  V(x), which are analyt ical ly  continuable into a 
function V(z), z = x+,iy,  regular and suitable bounded in x > 0, the  scat- 
tering ampli tude has the  remarcable proper ty  of being continuable for 
a rb i t ra ry  negative and large cosine of the  scattering angle and therefore 
for a rb i t ra ry  large real  and posit ive t r ansmi t t ed  momentum. The range 
of val idi ty  of the dispersion relations is therefore much enlarged. 

1. - I n  t he  fo l lowing  we sha l l  choose  d i m e n t i o n l e s s  va r i a b l e s ,  b y  p u t t i n g  
x =  kr, where  r is t h e  d i s t a n c e  f rom t h e  or ig in ,  k t h e  w a v e  n u m b e r  (fixed).  
W e  can  w r i t e  t h e n  S e h r 6 d i n g e r ' s  e q u a t i o n  as fo l lows :  

x 2 ~ + ~ - - U ( x ) % o = O .  

H e r e  2 is a g e n e r a l i z e d  c o m p l e x  o r b i t a l  m o m e n t u m ;  w h e n  2 a s sumes  posi-  
t i v e  h a l f - i n t e g e r  v a l u e s  (he rea f t e r  r e f e r r ed  to  as t he  p h y s i c a l  va lues )  we shal l  
w r i t e  2 = j + 1 .  

Eq .  (1.1) is even  in 2. F o r  b r e v i t y  we sha l l  s ingle  o u t  al l  q u a n t i t i e s  eor- 

(') Now at tile Palmer  Physical  Labora tory  - Princeton, N.J.  

Vox,UMz 8, NUMsER 1 PHYSICAL REVIEW LETTERS JaNmav 1, 1962
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FIG. 1. The spjn of particles
of baryon number less than two,
plotted against the square of
their mass in units of mz~. In
order to give a rough indication
of slopes, the dashed lines con-
nect pairs of points supposedly
on the same trajectories, as
explained in the text, but a
strict linear behavior of the
trajectories is not to be inferred.
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greater than 1 violate the combined requirements
of unitarity and analyticity. ' From a glance at
Fig. 1 it is evident that none of the trajectories
associated with known particles is likely to reach
the Froissart limit if all slopes are of the order
of magnitude 1j(50mv~). Where then is there evi-
dence for saturation of the unitarity conditions
The evidence, of course, lies in the fact that

total cross sections actually appear to approach
constants at high energy, implying an imaginary
part of forward amplitudes ~Slab, so we have
conjectured that a Regge pole with the quantum
numbers of the vacuum is responsible —with a
trajectory such that avac(s=0)=1.' The slope
of this vacuum trajectory is expected to be posi-
tive at low s (and similar in order of magnitude
to the slopes of other trajectories), and it was
explained in the previous Letter and is amplified
below why it is plausible to have the vacuum tra-
jectory lie above all others. ' Thus the condition
o.vac(s = 0)=1 represents a saturation of Frois-
sart's limit.
Another way of looking at the situation is in

terms of the binding forces responsible for the
existence of baryons and mesons, all of which
are composite in our picture. For quantum num-
bers where the net forces are weak or repulsive,
the Regge trajectories never cross any physical
values of J, and no particles appear. The strong-
er the attractive force, the higher in Fig. 1 the
corresponding trajectory occurs, and in ordinary
potential scattering there is no limit to the "level"

of a trajectory if the force strength is unbounded.
In the relativistic case, however, unitarity in
crossed channels leads to the Froissart limit,
which constitutes an upper bound on the level of
any trajectory. %e believe that further study of
crossing conditions will confirm that the strength
of forces is in general correlated with simplicity
of quantum numbers. ~ If so, the greatest attrac-
tion occurs for the quantum numbers of the vacu-
um, and here the Froissart limit is reached. In
this sense, the forces are "as strong as possible. "
The empirical association of quantum numbers

with the ordering of trajectory levels in Fig. 1
is impressive. Following the "queen" of all tra-
jectories, the vacuum, come four trajectories
(q, p, &u, v) with zero strangeness (S) and zero
baryon number (B). The isotopic spin (f) for the
"prince consort" trajectory (q) is not yet definite-
ly known, ~ but I&= 0 would fit naturally with the
circumstance that exchange of these quantum num-
bers leads to a maximum coherence in high-ener-
gy scattering [i.e., the maximum value for a(s = 0)j,
next to the quantum numbers of the vacuum. Be-
cause I&=1, the p trajectory should give less co-
herence, as also should the m. If the' & has the
same quantum numbers as the g, it must belong
to a "second-rank" trajectory. 9 The next tra-
jectories, K and K {ifthe K spin is 1), have
B=0 and the lowest possible isotopic spin P= 2)
consistent with one unit of strangeness. For the
trajectories with 8 1, there is a definite correla-
tion of level order with strangeness, ' and although

REGGE POLES AS CONSEQUENCES OF ANALYTICITY AND 
UNITARITY 

S . M a n d e l s t a m 

University of Birmingham, Birmingham 

Conjectures regarding Regge poles in relativistic 
scattering amplitudes can be made on at least three 
levels : 

(i) one can assume that the solution of the equa-
tions obtained from analyticity and elastic unitarity 
have the Regge asymptotic behaviour, so that his 
results may be applied in treating these equations; 

(ii) one can assume that the exact scattering ampli-
tude also has such a behaviour and compare its conse-
quences with experiment, or 

(iii) one can make the further conjecture of Chew 
and Frautschi that all particles correspond to Regge 
poles and none are more " elementary " than others. 

I should like to report a proof of the first of these 
conjectures subject to certain conditions. 

Progress in this direction has already been made by 
Barut and Zwanziger and by Bardakci who showed 
that, provided A(s, t) did not tend to infinity faster 
than t for s fixed and negative, it had a Regge asymp-
totic behaviour with a background term which behaved 
like t. We have reduced the background term to 
t~7(y>0), and have also weakened their assumption 
which, though true in the exact scattering amplitude 
(the Froissart limit), is not necessarily true in this 
model In other words, we prove that a cancellation 
will occur so that the asymptotic behaviour in t will 
depend on s9 rather than assuming such a cancellation. 

We shall assume that the double dispersion relation 
holds with a finite number of subtractions, and also 
that there exists an e, greater than 0, such that 

large s. This condition has a bearing on the analyti-
eity and unitarity equations quite apart from questions 
of Regge poles, as one observes when one investigates 
the number of subtractions required in the momentum 
transfer dispersion relations. If one cuts off the dis-
persion integrals in s at sufficiently high s9 one can 
prove that only a finite number are necessary. The 
proof, however, makes essential use of the last term 

Without the last term there would no longer be a 
finite number of subtractions. When we take the 
dispersion integral over all s9 we must therefore ensure 
that the contributions from large s are sufficiently 
small; the condition for this turns out to be just the 
condition ( 1 ) . We have not proved that a violation 
of (1 ) would lead to an infinite number of subtractions, 
but one would require delicate cancellations at infinite 
s to give a finite number of subtractions in that case, 
whereas this is automatic if (1 ) is satisfied. 

It can be shown that (1) is in fact satisfied if the 
" generalised potential " is sufficiently small. 

It is now possible to prove that the scattering ampli-
tude is meromorphic in the /-plane to the right of the 
line Re(/) = max(—y, —i), where y is the largest 
value of e for which (1 ) holds. While it is impossible 
to give the details of the proof in a 10 minute talk, we 
can outline the principles, which are not difficult. 
Froissart has pointed out that one can continue the 
partial waves A(l, s) into the /-plane using the formula 

where v(t) is the generalised potential for all t and \s\ 
sufficiently large. In other words, we assume that 
there is at most one subtraction in t for sufficiently 

REGGE POLES in relativistic amplitudes 
MANDELSTAM (1962)

CHEW-FRAUTSCHI PLOT (1962)
NUCLEONS

Spin

(mass)2



Spot the difference!

G. Chew 1966 E.L.O.P.  1966

Immortal opening lines of the preface !! :
“One of the most remarkable discoveries in 

elementary particle physics has been that of the 
existence of the complex plane.“ 

• EINSTEIN GRAVITY.:  :  BLACK HOLES, GRAVITATIONAL RADIATION

• This was also the era of early work on applications of YANG-MILLS THEORY (1954) leading eventually 
to the ELECTRO-WEAK THEORY (1967),  (QCD and ASYMPTOTIC FREEDOM. (1973)).

• COSMOLOGY:   had taken off     THE BIG BANG, PULSARS, QUASARS, ….
LARGELY DISCONNECTED FROM PARTICLE PHYSICS



A great grand-child cicada emerges from her 17-year hibernation to attend Strings 20212021:

THE STRING THEORY UNIVERSE

and is impressed by the very wide range of topics and the outstanding talks. Over the past 51 years there has 
been a remarkable linking of a multitude  of subjects stimulated largely by ideas in string theory. 

Goes far beyond the original aims of string theory

QCD AND ASYMPTOTIC FREEDOM

SUPERSYMMETRY / SUPERGRAVITY
S-DUALITY, T-DUALITY, M-THEORY, F-THEORY

THE SWAMPLAND

AdS/CFT AND HOLOGRAPHY

QCD STRING

WILSONIAN RENORMALISATION GROUP
AND EFFECTIVE FIELD THEORY

RESOLVING BLACK HOLE INFORMATION PARADOX

HOLOGRAPHIC ENTANGLEMENTTENSOR NETWORKS. 

MODERN AMPLITUDE METHODS

ER = EPR
GEOMETRY=ENTANGLEMENT

SYK; JT GRAVITY
INFLATION;  MICROWAVE BACKGROUND, 

GRAVITATIONAL WAVES, …….

COSMOLOGY:

CONDENSED MATTER: 
HOT NUCLEAR, STRANGE METALS
LOW-DIMENSIONAL TOPOLOGICAL;

……..
LOTS AND LOTS OF OF NEW MATHEMATICS

THE S-MATRIX BOOTSTRAP

THE CONFORMAL BOOTSTRAP

BEYOND THE STANDARD MODEL

EMERGENT SPACE-TIME??

STRING PERTURBATION THEORY

MOONSHINE

D-BRANES, D-INSTANTONS



A FEW QUESTIONS FOR OTHERS TO ANSWER:

• Is there a background independent formulation of holography?
If so, what would that teach us about quantum gravity or QFT?

• Are “fundamental strings” “fundamental”?  OR Is String Theory a theory of strings?

• Is there is a UV complete description of the QCD string that describes point-like 
deep inelastic and fixed angle scattering?

• Is inflation natural in string motivated cosmology?       

• Can particle physics progress beyond the standard model without accelerators with energies
greater than that of the LHC?  

• Can future cosmology experiments usefully replace accelerator experiments?

Strings 2021 has been fantastic.
Thank you ICTP-SAIFR


