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Shenyang and Fushun, China   -  population: 10M  Mandelbrot Set

Fractal Cities



  

Fractal Cities

Box counting method:

Ribeiro, Rev. Morf. Urb. (2020) 
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Z. Zhang et al,   ISPRS (2015). 

Fractal Cities



  
Molinero & Thurner,  Interface (2021). 

L∼rD infra

N∼rD p

Fractal Cities



  
Molinero & Thurner,  Interface (2021). 

L∼rD infra

N∼rD p

Fractal Cities



  

Bettencourt et al , Pnas (2007).
Ribeiro et al., R. Soc. open sci. (2017).
Ribeiro, Rev. Morf. Urb. (2020) 

βse≈1.15

Growth Domestic Product (GDP) Y=Y 0 N
β
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Growth Domestic Product (GDP)

Ribeiro et al, Plos One (2020) 



  

Mobile Phones Contacts



  

Number of Petrol Stations
βinfra≈0.85

Z. Zhang et al,   ISPRS (2015). 

 



  

Number of Petrol Stations
βinfra≈0.85

Z. Zhang et al,   ISPRS (2015). 
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Meirelles et al., Plos One (2018)

      



  

DeLong et al. PNAS (2010) 
Ribeiro et al.. Submitted to RevsBrasEnsPhys.

Scaling in Biology

B=B0M
β
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Scaling in Biology
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DeLong et al. PNAS (2010) 
Ribeiro et al.. Submitted to RevsBrasEnsPhys.

Scaling in Biology

β≈
3
4

In vascular organisms: 

B=B0M
β



  

Scaling Economy 
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West, Brown & Enquist Theory 

  fractal network distribution;
  terminal units (e.g. cells and capillaries) 

  do not vary with the size of organisms; 
 natural selection and energy minimization.

β=
3
4

⇒
West,Brown & Enquist, Science (1997). 





  

● Cities :      ~ 15% (*)     

● Biology:     ~ 25% (*)    

Y=Y 0 N
5
6

B=B0M
3
4

Scaling Economy 

(*) for a small increase in size  



  
Ribeiro & Rybsky, in preparation (2021). 



  

Gravity Models to explain urban scaling 

p (r )∝
1
r γ

●             :   euclidean distance between two individuals: i  and j 

●             :   propability they are conected;

● Conection implies socio-economic production;

●  Hiphotesis:                                                  

    

        

p (r ij)

r ij

Ribeiro et al, Royal Society Open science (2017). 



  

Empirical Evidences

1≤γ≤1.5

p (r )∝
1
r γ

J. Goldenberg and M. Levy (2009),
C. Herrera-Yague et al.  (2015) 



  

ρ∼
1

(rf )2

        Schläpfer et al., Nature (2021) 

Empirical Evidences



  

Socio-economic production 

Y∼N∫ p ( r⃗ )ρ ( r⃗ ) d r⃗

● Short range interaction;
●

● Long range interaction;
●

{
{

Ribeiro et al, Royal Society Open science (2017). 
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>1

γ
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Y∼N

Y∼N βse

βse=2−
γ

D p



  

Infrastructure: Number of Amenities

r
ik
 : distance between individual i  and             

                            the amenity k

f(r
ik
):  amount of a product consumed by i in k  

●

● U ~ N U: The total quantity of an     
     individual need product. 

⇒ βinfra=
γ

D P

Ribeiro et al., Royal Society Open science (2017). 



  
Molinero & Thurner,  Interface (2021). 

L∼rD infra

L∼N
Dinfra
D p

N∼rD p

⇒ P∼N
D infra

D p

Amenities are 
along (attached) 
to the streets 

Molinero & Thurner Model 
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Ribeiro et al. 
Model: 

P∼N
γ
D p

Molinero & Thurner Model 

Amenities are 
along (attached) 
to the streets 



  Molinero & Thurner,  Interface (2021). 
Ribeiro & Rybski , in preparation (2021) 

L∼rD infra

L∼N
Dinfra
D p

N∼rD p

⇒ P∼N
D infra

D p

Ribeiro et al. 
Model: 

P∼N
γ
D p

p ij (r )=
1

r
Dinfra

Molinero & Thurner Model 

Equivalence between 
    the models implies:  

Amenities are 
along (attached) 
to the streets 
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