The two-body system at low energies:
e scattering length
e effective range
e bound (and virtual) shallow states
e introducing universal behavior
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The two-body system

The structure and dynamics of a two-body system is governed by the
underlying force and by the character of the particles.

Some general aspects:

If the force depends only on the |f; — r»| distance, the angular
momentum ¢ is conserve and ¢ is a good quantum number.

If the parity is conserved the wave function has well defined parity:
= (1)

In the case of equal particles, bosons or fermions, the wave
function verified an specific permutation symmetry:

For spin-0 bosons the wave function is symmetric — ¢ = even

For spin-1/2 fermions the wave function is antisymmetric — ¢ + S
even

For spin-isospin-1/2 fermions the wave function is antisymmetric
—{+ S+ T odd
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The two-body system
For equal bosons
ue(r)

2 Yu(F) = “fﬁr)yem >, {even

v, =

For 1/2-spin fermions

J J
V= UZS( ) [Ye(7) © xslyy, = Ugs}(r) [(SJJz >, £+ S even

For 1/2-spin-isospin fermions

ujs(r)

R ulo(r
vl(1,2)= [Ye(P) © xslyy, E17, = “‘r( )IZSJJZ >, (+S+T odd

For example the states with / =0, 1:

wl.(1,2) = W (1,2) = 101 >

J
w0, (1,2) = 011 > Wl (1,2) = S04y >
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1/2-spin-isospin channels

The total spin S = §; + & can take the values S = 1, 0. The functions
are symmetric (S = 1) or antisymmetric (S = 0)

S =1 case:

X1 =x31(1)x;1(2)

x10 = J50ess (Dx;_1(2) +x1_1 (Dx11(2)]
xi-1 = x_1(Mx_1(2)

S = 0 case:

xo0 = 511 (Mx;_1(2) —xp 1 (N)x11(2)]

With similar properties for the isospin wavefunctions 17, and &y
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The two-body system with short-range interactions
Let us look to the Schrédinger equation:
Hv], = —fiv2 +V(1,2)| V], = Ev],

e E= —k—h < 0 bound or virtual states

VI (r—o0) — Ca&- " (bound) or C,&"
C, is called the asymptotlc constant

9 (virtual)

o E=FEr -9 scattering states
\IIJW(r — 00) — Jo(kr) + tan oy, (kr)
o, is called the phase-shift

e £ =0is a particular case. For / = 0, W] (r — c0) = 1 — 2
ais called the scattering length
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Defining low energies

For short-range interactions:
V(1,2) — 0 when r > ry with ry the range of the force.
It is possible to contruct the energy
2
Eyn = e

- 2
mry

which is the natural energy of the system.

We consider low energies £ < Ep and high energies E > Ep. In

particular scattering energies at £ < Ey are dominated by the / =0
wave.
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Scattering at low energies

Considering uncoupled channels, the wave function is
VT, = (ugs(r)/r)[6SJ >

and the Schroedinger equation results

{ P v, 2)] Ues(") gy 5= ““( 1080 >

For ry > r, with ry the range of the nuclear interaction (not considering
the long-range Coulomb interaction), the equation is

2 [ A2
- [;2 _ E(E:Zr 1)} ugs(r) = E ups(r)

Different partial waves contribute to the scattering process when
E > U
m r,%l

s-wave dominate the process when E << % 2
N
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Scattering at low energies

Considering only s-waves,

\Iijﬁ = (usg(r)/r)|0SJ >,

in the case of 1/2-spin-isospin fermions, there are two channels:
J =07 (S=0,T=1)orJ" =17 (S=1,T=0)

The Schroedinger equation is:

flv2+ V@, 2)| Y )|OSJ hz;z + Vs(r)| us(r) = E us(r)

with Vs(r) =< 0S8J|V(1,2)|0SJ >. The potential could be different in
the two spin channels: S =0, 1
e The behavior of the system in S = 0, 1 states clarify this fact:

For example a bound state could appear for S = 1 and notfor S =0 —
in nuclear physics the potential is different in the two spin channels.
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Zero-energy scattering

More information about the spin-dependence of the force is obtained

looking at the zero-energy equation:

h2 02
“maor: + Vs(r)| us(r) =0
The potential is short-range, V(r > ry) = 0, and for r > ry, the
equation is
82

Asymptotically
us(r) —r—as

with ag the singlet (S = 0) or triplet (S = 1) scattering length
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Zero-energy scattering: NN as example

The equation ug(r) — Vs(r)/(h?/m) = 0 is integrated from the origin
with the boundary condition, us(0) = 0, up to matching the above
linear behavior.

uy(r) [fml

0 10 20 = %
r[fm]

Nuclear experimental data for these quantities are:
ap = —23.74(2) fm and a; = 5.42(1) fm
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Positive energies
At positive energies the s-wave Schroedinger equation is:

2 92
e V()| s(r) = E us(r)
or v
us(r) + [kz . ’”hg(”] us(r) =0

with E = h?k?/m and asymptotically the reduced wave function is

us(r > ry) = sin(kr) + Rs cos(kr)

In general
sin(kr) + Rscos(kr) K — matrix
Fe ) — e k" — Sg ek S — matrix
us(r > rv) = sinkr + Tg e T — matrix

Rg' sin(kr) + cos(kr) K~' — matrix
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The Phase-shift g

For single channels: Rs = tan ds with ds the phase-shift in spin
channel Sand Sg = €°%s; Tg = sindge%s

To determine the phase-shift we impose the boundary conditions:
1us(0) =0
2)ug(r > ry) = sin(kr) + Rg cos(kr)

T T
E=10MeV

LA
T

| L |
20

uy(r)

| L |
60

40 -
r[fm]

NN scattering at 10 MeV in S = 0 channel
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Effective Range expansion
Behavior of the phase-shift at low energies.

The asymptotic (reduced) wave function for positive energies is:

ps(kr) = Rg' sin(kr) + cos(kr) = : 1

ands sin(kr) + cos(kr)

at low energies kK — 0, then

k
sin(kr) + cos(kr) — - !

1
tandg andg +

Remembering the asymptotic behavior of the zero-energy (reduced)
wave function ug = r — ag = —as(—r/as + 1), we identify

. 1
lim kcotdg = ——
k—0 as
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Effective Range expansion

The scattering length and the phase-shift are related through the
effective range expansion, valid at low energies:

1 1 1
where 7°k?/m = E is the energy of the process and r (5) is the

eff
effective range in spin channel S:

e = 2/ [szs —u§(k=0)| dr

with o5 = 1 — r/ag and us(k = 0) the zero-energy solution normalized
in such a way that

us(r>ry)—1—r/as

In the above integral, the integrand goes to zero very quickly as ¢g and
us(k = 0) becomes equal.
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Effective Range expansion

0.8 T T T T T T
» — -VgHR /2K
« NN potential
0.6
o
£
o
g 04
i
U)x
0.2
! | ! | ! |
% 10 15
E[MeV]
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The effective range

For s-wave scattering the equation at two different energies

2
0 (240 )

2
S0 (40 )

Multiplying the equations by u» and uy, substracting and integrating
r/ r/
/ (upuf — uyuy)dr = (k3 — kf)/ U Updr
r r

r/
(vt — vy ih){ = (6~ K®) [ unuecr
r
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The effective range
We can start from the non-interacting equation

62
g;g(r) — Kf¢1(r) =0

2
Toll) K3on(r) = 0

Multiplying the equations by ¢, and ¢4, substracting and integrating

/ (620 — dyo)dr = (KE — K2) / G100

(620, — prp)|E = (k2 — K2) / b1 620

Substructing the equations for the interacting and non-interacting
systems

(¢20) — d19b)|F — (Uolly — uiup)|r = (K2 — k12)/ (P12 — ugup)dr
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The effective range

(¢20) — p15)|F — (pt) — Uy )|l = (KE — k12)/ (P12 — uyup)dr

@ making r' > ry — ui(r') = ¢i(r')

@ making r — 0 the wave functions uq, us — 0
@ we choose ¢; = cotd; sin(k;r) + cos(k;r)

@ ¢i(r — 0) =¢i(0) =1

@ ¢(0) = kijcoto;

Therefore, the only remaining term is

; r—0

body — P10 —> kpcotdy — ky cotdy = (k5 — k12)/0 (12 — Uy )
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The effective range

bady — P10y =3 ko cotdy — ky cotdy = (KE — k12)/ooo(¢1¢2 — Ui Up)
making ky — 0, remembering
AiLno kcoté = —;
defining ko = k and introducing the dependence on the spin channel
k cotdg = —l + ; &2 4
with

S — 2/ 6%~ vi(k=0)| dr
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The pole of the S-matrix

The S-matrix is defined as

S _ 200 e’  coss+ising  cots+i

" e cosd—isind  cotd — i

and kcot = Ik is a pole of the S-matrix. The extension to the complex
plane (at the immaginary axis) corresponds to bound states: k = ixg.
Resulting in ikgcoto = —kg. Using the effective range expansion, valid
only for bound states close to the threshold (shallow states), we have:
1 1 (s

fd =00 T2 riRE -
from where, in the case of shallow states, it would be possible to
extract the bound state energy using scattering properties.
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Shallow bound states

Experimental data:

deuteron(1+) Helium dimer(0+)
np a  5.419(7) fm a 189.45 a,
i) 1.753(8) fm Terr 13.85 ag
Eq 2.22456 MeV Ene 1.303 mK

Using a and r.y the binding energies can be estimated as:

F&d——<1—m>

et
Ey= hzmﬁ/m = 2.223 MeV Ene = hzng/m =1.303 mK
h2/m = 41.47 MeV fm? h2/m = 43.281 Kaj3
h2/mrg ~ 10 MeV h2/mrg ~ 250 mK
ré;f)/a1 ~ 0.3 reff/@ =~ 0.07
(1st lesson)
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The nn and np virtual states

Experimental data:

np a -23.740(20) fm
r9  2.77(5) fm

nn g -18.90(40) fm
9 2.75(11) fm

pp  a -7.8063(26)fm ~ —17.3 fm without EM
9 2.794(14) fm

Using ag and r'9 the energy of the nn and np virtual states are

eff
1 \/7
(0) 1-— 1 eff /ao

eff

nn: E, = h?k2/m = 0.102 MeV.
np: E, = h?k2/m = 0.066 MeV.
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The sign of the scattering length

V(1,2) = Voe /%
e scattering length, e bound state, e virtual state

a(ro)
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The universal window

When a shallow bound state verifies: kg = 1/a+ reffk§/2
In this region re¢r/a >> 1, this relation defines the universal window.

Moreover, defining ag = 1/ky and rg = a — ag, the above relation
results

reff@ = 2rgap

At the unitary limit a — oo, res = 2rg and the effective range expansion
results

cotd = rgk

Inside the unitary window, r.s/a << 1, the dynamics is constrained by
the strict relation between the low energy parameters — universal
behavior.
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The universal window

During the analysis of the two-body system at low energies, |
mentioned two very different systems: the two-nucleon system and the
dimer of two helium atoms. Let us take this system as example:

/\ () |
S, _

10

ot
T

2 0 —
- LM2M2
-10
1 10 100 1000
r (a.u.)

N =2: P(r)—0ifr<rm N>2: Y(...rp..) = 0ifrg<ry

The many body system is strongly correlated since ) — 0 when two
particles are close independently of the position of the other particles

(1st lesson) The two-body system 4-8 October 2021 25/31



From correlations to universality

Weakly bound systems

@ When a system is weakly bound the particles are most of the time
outside the intercation range

@ A new type of correlation appears
@ To see this we define the following potential:

V(r)= Vo e "/%
and fix the strength V; to describe the binding energy B of the
weakly system:

potential T(mK) V(mK) B(mK) a(ag) re(ag) P(r < ref)
LM2M2  99.4  -100.7 1.3 1894 13.8 0.07
gaussian 422  -43.5 1.3 1894 13.8 0.07
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From correlations to universality

0= e

3]
T

1

o — ) W(r) (LM2M2) ]

V [K]
~

- gaussian
5 _
-101 LM2M2 ]
-15- _
207 10 100 1000
r[au.]
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Universal behavior in few-body systems

@ When a shallow state exists, a Gaussian potential gives a
reasonable description of the low energy regime, bound and
scattering states.

0.6 : : ;
|
04 L % B
0.2+ -
°
\u—
° helium dimer
O = -
nnvirtual state
02k g -
oalks ! ‘ ‘ \ ‘ \
o'fbA -0.2 0 0.2 04
Mt/
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Walking around the universal window

@ Varying the strength of the potential we can move allong the
gaussian trajectory

0.6

04

0.2~

reff /aB

- &gy

nn virtual state
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Continuous Scale Invariance
@ For A\ ~ 1.145 the helium dimer and the deuteron overlap:

AVhe B(mK) a(ag) rer(@) ferr/@ ro(ao)
1.000 1.303 18942 13.845 0.07 10.03
1.025 5.027 99.935 13.290 0.13 9.99
1.050 11.137 69.448 12.792 0.18 9.94
1.100 30.358 44.792 11.937 0.27 9.88
1.145 55408 34919 11299 0.32 9.86

Studying the CSI: C, and < r? >

2 o0 2 2 3
2 _ 15 24 2 Eoq . (1B B3\
<r>_4/0 dz22¢p(z)? = S(1+ (2) +0((2) ) =
The ANC is defined: ¢g(r > ry) — C.e /2 and results

2 1 2
Cz ~ — 782r3/a3
@7 ag1—re/ap ag
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Continuous Scale Invariance
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