(2nd lesson)

Low energy nuclear systems:
The two-nucleon system

The two-nucleon system
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Introduction

@ Itis more than 100 years that we have research in nuclear physics
@ At present times it is a very active field of research

@ lItis a strong interacting many-body system:
¢ Very complicate to describe
e Not only for discrete states but also continuum states

@ The nuclear interaction is still under active research
e |t is a residual interaction
e lts long range part is known: the OPEP
e The two-nucleon system is inside the universal window
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The NN potential

The potential can depends on

the distance — V/(r)

@ the spins angle — V,(r)dy - 02

e the spin Sand angle — Vis(r ne-S

@ the spinsand 7 =7} — 1> angles — Vr(r) Sy2

with the tensor operator Sio = 3(d - 7) (G2 - F) — &4 - 2

the different isospin channels — 7; - 7o

V(1,2) = V(I’)—|—V (r)as- Ug—i— Vt(l’)7'1 To+V(Ner (61-72) (T4 - 7’2)—1—
+Vis(r) €S+ Vese (1) (71 -72)0- S+ Vi (r) Sio+ Vo (r) (71 -72) S+
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The Two-Nucleon System, spin-isospin channels

A nucleon is identified by its position r4, its spin X%sz(ﬂ and its isospin

€1,,(1), with £ = 3 for protons and t, = —} for neutrons.

The following properties are verified:
Szx%sz(ﬂ =8(s+1)x,(1) = %X%SZ(U
SZX%SZ(1) = SZX%SZ(1)

and

tZE%tZU) = t(t + 1)g%tz(1) =3¢,(1)
tz&%tz(‘l) = tzf%tz(”

To be noticed the relations:
§d=2sand 7 =2t
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The Two-Nucleon System, spin-isospin channels

The two-nucleon system is identified by the relative positionr = ry —rp

and the two-nucleon spin (S = §1 + S) and isospin (T =4+ )
functions.

1 1
Xss. = Y (58215522[882)x 1, (1)x}5,,(2)

521,572

1 1
&= (3l 582l TT2)E1, (1), (2)

tz1,t22
with the properties:
S2xss, = S(S+ 1)xss,
Szxss, = Szxss,

T2¢rr, = T(T + 1),
T2¢1T, = T2¢77,
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The Two-Nucleon System, spin-isospin channels

The total spin S = §; + & can take the values S = 1, 0. The functions
are symmetric (S = 1) or antisymmetric (S = 0)

S =1 case:

X1 =x31(1)x;1(2)

x10 = J50ess (Dx;_1(2) +x1_1 (Dx11(2)]
xi-1 = x_1(Mx_1(2)

S = 0 case:

xo0 = 511 (Mx;_1(2) —xp 1 (N)x11(2)]

With similar properties for the isospin wavefunctions 17, and &y

(2nd lesson) The two-nucleon system 4-8 October 2021 6/34



The Two-Nucleon System, spin-isospin channels

T =1 case:

1= &1 (1)611(2)

€10 = 51611 (1861 _1(2) + &1 (1)€11(2)]
§-1=81 ;(1)X1 1(2)

2

T = 0 case:
oo = ﬁ[&g (1€, _1(2) = &1 _1(1)&11(2)]

Specific isospin configuration

1
61 tz1 ( ) t22(2) 2(2 t21 2 t22| TTZ)gTTz
T,T,
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The Two-Nucleon System: Quantum Numbres

e The total angular momentum J = 7+ S
e The nuclear interaction conserves ...
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The Two-Nucleon System: Quantum Numbres

e The total angular momentum J = 7'+ S

¢ The nuclear interaction conserves ...

e ... parity, accordingly nuclei have well defined parity =

e What about isospin? Does the nuclear force conserves isospin?

e The electromagnetic force Ve (i,j) = 92(’z(")+1/221§tz(/')+1/2) +...
does not conserves isospin. Only in the A = 2 system. However in
light nuclear systems where the EM interactions is weak compared to

the nuclear force, isospin is almost a good quantum number.
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The Two-Nucleon System: Quantum Numbres

e The total angular momentum J = 7'+ S

e The nuclear interaction conserves ...

e ... parity, accordingly nuclei have well defined parity =

e What about isospin? Does the nuclear force conserves isospin?
e The electromagnetic force Ve (i,j) = 92(’z(")+1/221§fz(/')+1/2) +...

does not conserves isospin. Only in the A = 2 system. However in

light nuclear systems where the EM interactions is weak compared to

the nuclear force, isospin is almost a good quantum number.

¢ In general the wave function of a nucleus is indicated by:

‘-UJTr

In light nuclear systems the total isospin T is almost conserved
vl

with T =T,
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The Two-Nucleon wave function

The two-nucleon wave function has total J, T and parity quantum
numbers. In partial wave decomposition it is:

Vi (1,2) =) Ust(f) [Ye(P) @ x5l €TT.

LS
with
1 1
xss. = D = (5815%21882)xy5, (1x55,(2)
S1,82
1 1
.= 3 = (558l Tt (16,(2)
1502
and
[Ye(P) @ sl = (¢ 582|) Ve, (Pxcss,
ézSz
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The Two-Nucleon wave function

Antisymmetrization:

vi(1,2)= vl (21)= ¢+ S+ T=odd — excercise
Parity:

Vi () =avl.(—r=r=(-1)" — excercise

The lower quantum numbers are:

S T J
0+
1T — deuteron channel
1-
0-
1-
2~ — coupled channel
o+
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The two-nucleon wave function

The structure of the two-nucleon system is governed by the NN force
Let us look to the Schroedinger equation:

2
HV], = [—ZVZ + V(1,2)] vl =Ev],
Defining

Wi.(1,2) =

> UZS( ) [Ye(P) @ xslyy, §172 = Y ——— UES(r) 10SJ >

¢ ¢
In addition to J and 7 also S and T are good quantum numbers. For
example the states in which ¢ = 0 is present are J* = 0" and J™ = 1"

v, (1,2) = %000 >

w0, (1,2) = %il|p19 > 4 LlD|299 >
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Spin-lsospin projectors
Let us define the following operators:

L 156 o 340152
0 — 4 ’ 1 — 4
and { 3 .
— 71 To + 71 -T2
Pr = PT =
0 4 ) 1 4

with the properties
P§+P{=1 and P+ P]=1

P¢ xss, = 0ss xss, and  Prxpr =drm X173

Demonstration:
0'2—012—05

considering that & = 64 + g2 then & - 7> = 5

2

L. oc—6 -3 S=0
01 -02 XSSz: 2 Xssz:{ 1X§SSSZ S:1
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Spin-lsospin projectors

considering that 7 = 7 + s then 7y - 7, = = ——2

L. -6 -3 T=0
71'72§TTZZT€TTZZ{ XTT: T 1

We have demonstrated that:
Pg xs's, = dss xss, and  Prxrr =0t X773

Important consequence:

The four operators [1 ® 1,51 - 6o @ 1,1 ®@ 7 - 72, (51 - 52)(7; - 72)] are
linear combinations of the four operators [Pg ® P7].

Exercise: calculate the four relations
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The deuteron

The deuteron is the only pn bound system, it has
JT=11,8=1,T=0

Some static properties:
@ E =222457 MeV
@ ry=1.975fm
@ Qu = 0.2859 fm?

@ ug = 0.8574u9
@ C,=0.8781fm /2

Its wave function is:

W, (1,2) = UOT(r)\OH > +“2T(r)\211 >
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deuteron equations
The Schroedinger equations is:

2
(H-E)uﬁh—[ LRV v(1,2) - E] o, =

or
2
(H-E)WY, = [Zv% v(1,2) - E} to(r) e(r )|211 >=0
Projecting the equations in the two angular states
[ }riaﬂ + <011|V(1,2)[011>— E] D = _<ot1v(1,2)211>2
[—m (g—; — ) + <211|V(1,2)[211>— E] L — v 2)o11>L

The next step is to calculate the matrix elements of the potential
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Evidence for the D-state of the deuteron

Evidences for the deuteron D-state are coming from the quadrupole
moment Qg (different from zero) and from the magnetic moment p4
(different from summing the proton and deuteron magnetic moments)

A) The quadrupole moment:

167\ /2 .

A

Q=e) r? Y20(9/)( +tj)=e <2) Y20(0)
Jj=1

where

and the deuteron wave function written as

W0, = coseup(r)|011 > +sineup(r)211 >
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Evidence for the D-state of the deuteron

The ¢ = 0 component does not contribute

Q= <167T>1/2 ° COSesine(2011]11)/oou () ux(r)r2dr—sin? e

Qq = 11—0 [\/ECOSeSine/ Uo(r)Uz(l’)err— ;Sinze/ u§(r)r2dr]
0 0

the experimental value is Qy = 0.2859(15) fm2. This results can be
reproduced with sin® e ~ 0.04 (a D-state probability of about 4%). A
pure D state will produce a negative value of Q

Exercise:
@ derive the above expresion
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Evidence for the D-state of the deuteron

B) The magnetic moment pg4:

Is the mean value of the z-component of the magnetic moment

operator
gy
M = MO (Z( + t3 )(gk + gf()Sk) + Z
k=1 k=1

where the giroscope factors are:
gP/2 =2.792782(17)

g"/2 = —1.913148(66).

The magnetic moment is define as:

/J/d =< \U +’Mz|WJ+ >

where \U3+ is the deuteron wave function with J, =

(2nd lesson) The two-nucleon system
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Evidence for the D-state of the deuteron

Defining the scalar us = (g° + g")/2 and vector u, = (g° — g")/2
moments, the operator is

A A
_ 1 . - .
M = io (Z(Z + )0+ psS v Y tésk>

k k

which for the deuteron reduces to (uo/2)¢ + 11sS. Therefore:
1
MZ/HO = Efz + MsSz
A pure s-wave state predicts uq/10 = s = 0.879. Whereas the
experimental results is ug = 0.857 up.

In order to consider the D-component we use the followng relation
(exercise)

11,1 1 1
Mz /1o = > (E + ps) + E(Ms - é)(sz - )
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Evidence for the D-state of the deuteron

1]1 1 1
Mz /1o = > (E + ps) + E(Ms - é)(sz - )

Considering the deuteron wave function

W0, = coseup(r)|011 > +sineup(r)211 >

the magnetic moment results

fia/po = c0s% e < 011|M;|011 > +sin®e < 211|M,[211 >

fa/ 1o = fs + Sin? € (g - %) = 0.879 — 0.5695sin? ¢

the measured value is pq/po = 0.857406(1), implying a D-state
probability of around 4%.
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Deuteron wave function

o
o

T T T
1

o

=
’ T

1

reduced wave function [fm'”z]
e
| |

o
=
1

o

o
o
[
S]

20 25 30

with the normalization [;°(u3 + u3)dr = 1

and a D-state probability Py = 100 x [;° u3 dr ~ 5%
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Matrix elements of the nuclear potential

Let us return to the projected equations in the two angular states

[ ’fngrg + <011 |V(1,2)[011>— E] = —<ot1|V(1.2)211>2

? _ 6 u U
[_ﬁ (W - r—2> + <211\V(1,2)|211>—E] 2 = —<211|v(1,2)[011>2

The two radial components uy and u», are determined by the potential
in S, T =1,0 channel.

Vio(1,2) = Vi(r) + Vis(r)- § + Vr(r)Sia + Vie(r) +
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Matrix elements of the potential V(1,2)

Let us consider a general state |[LSJ >. The central potential is very
simple

< LSIIV(1,2)|L'S'J >= 5558,1 Vo(r)

The spin-orbit interaction is

< LSJL-3|'S'J >= 533/5LL,%[J(J 4+ 1) = L(L+1) = S(S+1)]
and the L2 interactions is

< LSU|LP|L'S'J >= 55/ L(L+ 1)
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Matrix elements of the potential V(1,2)

The tensor operator Si» acts in S = 1 and can coupled different L
states:

<J1J‘S12‘J1J >=2
<J—11J-1|Spald —11J -1 >= 201

<J+11J|Sald —11J >= 635D

<J+11J|Spald +11d >= 2412

exercise!
Remember: 812 = 3(01 . ?)(O’g . ?) — 04102
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Solving the radial equations

Ingredients of the Schroedinger equation:

For the np case:
o B _ CI . 197.027058 1, 49 471 MeV fm?
nd

m mc2

e The knowledge of the potential V(1,2) in the proper S, T channel

w2 9 U u
[_EW + <O11|V(1,2)|011>—E] 2 = —<o11|v(1,2)[211>2
2 2
[_% (% - %) + <211\V(172)|211>—E] L — _cenjv2)o11>L
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Solving the radial equations
For example, in S, T = 1,0, the deuteron channles, the force is:

V(1,2) = Ve(r) + Vr(r)Siz + Vies(r)l - S+ Vi () + ..

The equations are

e 92 U u
[ mare + <011]v(1,2)|011>— E] ro = —<011\V(1,2)|211>72

[__ (88:2 - ) + <211|v(1,2)[211>— E] L - <211|V(1,2)|O11>%
22+ -] 2 = vavrin®

[—h—,,z, (g—,zg - r%) + Ve(r)=2Vr(r)=3V,s(r)+6V,(r)— } U —VBVr(r )
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pp scattering

Two protons have isospin T = 1, the wave function is
u,
vie(1.2) = 30 8D vy @ vl 6
s

Outside the nuclear range the equations are not coupled. For energy
E = h?k?/m

0% Le+1) me?
(g~ o 4 ust =0

defining the dimensionless variable z = kr

UZS(Z) + <1 . E(EZJZ 1)> Ups(z) =0

V4

with 2 = me?/h?k or 2kn = me?/h? = 1/R, with R, the protonic Bohr
radius
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pp scattering

The solutions are combinations of the regular and irregular Coulomb
wave functions F,(n, z), Gy(n, z) with the following asymptotic behavior

Fi(n,z) == sin(z — nIn2z — (7/2 + o;)

Gi(n, 2) =5 cos(z —nIn2z — (/2 + oy)
with the Coulomb phase-shift o, = argl'(¢ + 1 + in)

The asymptotic form of the wave function is the combination
Ugs(r > ) o« Fe(n, 2) +tan oo n Ge(n, 2)

with ¢, n the nuclear phase-shift with respect to the Coulomb field
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pp effective range

The effective range formula can be obtained similar to the np case. For

s-wave scattering the equation at two different energies

APuy(r me®  mV(r
o = (G + T - R u(n =0

APus(r me®>  mV(r
8?2()_<h2r+ 52()_k22>u2(r):0

substracting and integrating the equations the equations we have

r/
(vt~ vy i) = (0 ~ kD) [ uruacrr
p
or using the asymptotic form ¢; = Co;[Go(kir) + cotdFo(kir)]
r/
(626 = n0n)lf = (8 ~I) [ 1o
r
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pp effective range
making r’ > ry and substracting the two equations, the asymptotic part
is canceled. For r — 0 the wave functions uy, u» — 0. The behavior of
the functions ¢; as r — 0 can be obtained from
Fo(2) =9 Coz(1 +nz +...)
—o 1
Go(z) =2 f{1 +2nz [In(2nz) + 2y — 1+ h(n)] +...}

with v = 0.577215 .. . the Euler constant, C2 = 275/(€*™ — 1) and

o
2

h(n) =n*> nn2+77 —Innp—~
n=1

The only remaining term is

0 1
G20 — d1p — g [hne) = hon)] + Cike cotdz — Gy cot o
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pp effective range

In fact, using the asymptotic form ¢; = Coi[Go(kir) + cotdFo(kir)]
¢i(z —0) — 1

the derivative term is

dei 1 ( r 1, - |
ki dz Ffp (In Rp +27) + Rph(nl) + Co,'k, cot §;

Therefore,asr — 0

—0 1
bad) — pr ¢y =2 ;) = ()] + C3ko cot 6, — Caky cotdy
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pp effective range
For k; — 0 we define

1

1
lim C2k K)+ —h(n) = ——
Jm Cokcotd(k) + R, (n) 2

and the effective range expansion results

Cikcotd(k) + 1—h(n) __ + kz/ (ppo — uup)dr
Ro 8pp 0

defining again
Ro — 2/ (6 — B)ar
0
the effective range expansion is

1 11
2 e ~_ o 1y
Chkcotd(h) + ghl) ~ — — + 5K
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pp effective range

0.2 :
o . VNN E
2
o1sl |— Va,rRKR2 |
| ]
< o016 -
Ny
+
: i |
8 0.14
S 014l |
& I %p:-7.82 fm |
R,=2.73fm
0.12} |
| | | |
015 0.01 0.02 0.03 0.04 0.05

K [fm ]
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Relation between pp and nn effective ranges

Taking the proper limits, the nn scattering length in the same nuclear
potential is related to the pp scattering length by the following
approximate relation

1 1 1 Ry >
—=—+4+=1In +0.330
ap  am  Ro < Rp

where the number 0.330 is obtained from a combination of the Euler
constant, In 7 and the cosine integral C;(r).

Remembering the experimental values: ap, = —7.8063(26) fm and
Ry = 2.794(14) fm. We can calculated the corrected value:
app = —17.137 fm. To be compare to the an, = —18.90(40) fm.

There is a small difference between the pp and the nn forces.

(2nd lesson) The two-nucleon system 4-8 October 2021 34/34



