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BACKGROUND ON VAsS

DEFINITION

A vertex algebra is a vector space V, a vacuum |0) € V, an
operator T: V — V and the state-field correspondence

Y(,2): V. — F(V)CEnd(V)[[z]]

a — Y(a2): z)—szl” (n)

nez
that satisfies certain axioms:

® Translation covariance. Vacuum. Locality.

W V.G. Kac: University Lecture series, Vol. 10. Providence, RI:
Amer. Math. Soc. 1996. Second Edition, 1998.



The OPE formula (singular part) is given by
A(w)(n)B(w)
AD)B(w) ~ Y =0

T

ot = 3 a0,

neN

and the normally ordered product (regular part) is defined by
cA(z)B(z): = A(z)+B(z) + B(2)A(z)-

cab: = a(_l)(b)

REMARK

From the singular part we can construct “in a universal way" all
the vertex algebra (Reconstruction Theorem).



EXAMPLE

Given ¢ € C (central charge), the Virasoro vertex algebra is

Y(L,2) => 7",

nez

where [Lpm, Lp] = (m — n)Lmin + 5my_n%c, T :=L_4.



EXAMPLE

Given ¢ € C (central charge), the Virasoro vertex algebra is

Y(L,2) => 7",

nez

where [Lpm, Lp] = (m — n)Lmin + 5,,,,_,,%@ T :=L_4.

EXAMPLE

Let (g,(-|)) a quadratic Lie algebra. Given k € C (level), we write
=(g®C[t*']) ®Ck, T := —0,.

The currents of g are

acg — Y(a,2): Zz’l”at €a[[z*]].
neZ



EXAMPLE
The affinization V*(g) is the vertex algebra with OPE

[axb] = [a, b] + A (a|b) k.

THEOREM (SUGAWARA '68)

If g simple or abelian, there is an embedding V ({L,c}) — V*(g).

[H H. Sugawara: Phys. Rev. 176 (1968) 1019-2025.



EXAMPLE
The affinization V¥(g) is the vertex algebra with OPE

[axb] = [a, b] + A (a|b) k.

THEOREM (SUGAWARA '68)

If g simple or abelian, there is an embedding V ({L,c}) — V*(g).

[§ H. Sugawara: Phys. Rev. 176 (1968) 1019-2025.

EXAMPLE
Let (g, (-|-)) a quadratic Lie algebra. Given k € C (level), we write

ﬁsuper = (g ®C [til,e]) D (Ck, T .= —8t, S = 89 — 98,5,

being 6 odd formal indeterminate such that 2 = 0.



EXAMPLE
The supercurrents of g are
aeg — Y(az):= Zz_l_" (at"0) € Gsuper Hzil]] ,
neZ
The superaffinization vk (gsuper) is the vertex algebra with OPE
[axT1b] = M{a, b],
[MaxMb] = (bla) k,

being 1: g — [llg the parity-reversing functor.



EXAMPLE
The supercurrents of g are
aeg — Y(az):= Zz_l_” (at"0) € Gsuper Hzil]] ,
nEZ

The superaffinization vk (gsuper) is the vertex algebra with OPE

[aAlb] = MJa,b],
[MaxNb] = (b|a)k

being 1: g — [llg the parity-reversing functor.

EXAMPLE

Given c € C (central charge), the Neveu-Schwarz vertex algebra is

Y(G,2z) Z 273G,

nes +Z



EXAMPLE
We have S = G_% odd derivation such that SG = 2L and

[Lm, Gn] = (% - n) Gm—&-m
[Gmy Gl = 2Lmin+ S (m? = 1) 6 _n.

[§ K. Barron: In: Representations and Quantizations (Shanghai,
1998). China High. Educ. Press, Beijing, 2000, pp. 9-35.



EXAMPLE
We have S = G_% odd derivation such that SG = 2L and

[Lm, Gn] = (% - n) Gm—&-m
(Gmy Gl = 2Lmin+ S (m2 = 1) 6m .

[§ K. Barron: In: Representations and Quantizations (Shanghai,
1998). China High. Educ. Press, Beijing, 2000, pp. 9-35.

THEOREM (KaAc, TODOROV '85)

If g is simple or abelian, there is an embedding
V({L, G, c}) == V¥ (gsuper)-

[§ V. G. Kac, I. Todorov: Comm. Math. Phys. 102 (1985)
337-347.



MAIN RESULT(S)

THEOREM (ALVARHZ-CQ\ISUIH DADLH, GARCIA-FERNANDEZ ’20)

Given a quadratic Lie algebra (g, (-|-)), provided that we have a
solution of the Killing spinor equations on it, we can construct

74 ({J, L, Gi, C}) — vk (gsuper) )
where the non-zero OPE formulas of the LHS are

[LaL] = (T +2)) + &, [hJ] = $A,

[GTAGT| =L+ (L +X)J+ X2, [IhGE]=+GE,
[LAGE] = (T +3)) G* [LaJ] = (T + ) J,
being G(z) = Y(G+ z)+ Y (G ,z):= G"(z) + G (z), where

Z z73 TGE, J(z):Zz_l_"J,,.

nel +Z neZ



BACKGROUND ON SUSY VAs

We consider (complex) vector (super)spaces V = Vy @ V4, an odd
S:V — V, and the parity-reversing functor I: V — TV.

C[T,S]
[T,S]=0,[S,5]=2T )‘

The translation algebra H := (

Notation: V =(T,S5).

Cux ‘
A X1 =0,[xx] = —2) )
Notation: A = (A, x) . Another pair: [ = (v,7).

The parameter algebra L := (



DEFINITION (HELUANI, KAcC ’07)

A SUSY LCA is (R, [-a]) where:
1. R is an H-module.

2. [A]: R®&R — L®R is a parity-reversing bilinear map
satisfying the following axioms:

2.1 [Sanb] = x [anb],[anSb] = —(—1)21 (S + x) [arb]
(sesquilinearity).
2.2 [apb] = (—1)121Pl [b_p_va] (commutativity).

2.3 [an [bre]] = (=1)™ [[anb]y - c] + (=1)M217 [br [anc]]
(Jacobi identity).



DEFINITION
A SUSY VAis (V,]0),::,S, T,[a-]) where:
1. (V,[a7]) is a SUSY LCA.
2. ((v,]0),::), S, T) unital differential algebra satisfying:
0
2.1. rab: —(—1)lltl . pa ::/ dA [apb] (quasicommutativity).
-v
220 sCabde: = o be ) = (/OA d/\(a)®[b/\c]) 4 (—1)lallel . (/OA dA(b)®[a/\c]) :
(quasiassociativity).
A
3. [an : bc ] =: [anb]c : +(=1)IM4lIl : papc] : +/ dr [[anb]rc]
0

(Wick non-commutative formula).



DEFINITION
A SUSY VA is (V,]0),::, S, T, [-A]) where:
1. (V,[a7]) is a SUSY LCA.
2. ((v,]0),::), S, T) unital differential algebra satisfying:
0
2.1. rab: —(—1)lltl . pa ::/ dA [apb] (quasicommutativity).
-v
22;cwqafacmo:(A%M@®mq)+@m*“(A%Mm®mq»
(quasiassociativity).
A
3. [an - be 1] = [anblc : +(—1)MalIbl : planc] : +/ dr [[anb]rc]
0
(Wick non-commutative formula).
Given R a SUSY LCA, there exists a unique SUSY VA denoted by
V(R) and called universal enveloping SUSY VA of R.

[§ R. Heluani, V. G. Kac: Commun. Math. Phys. 271 (2007)
103-178.



REMARKS

e A SUSY VA has a canonical state-(super)field correspondence

Ysuper(a, (Z; 9)) o Z 917J271*ja(ju) = Y(a’ Z) + HY(SQ, Z)-
JEZL
Je{o,1}

® The OPE [-y:] : V® V — V and the odd endomorphism
S: V. — V recover the SUSY structure, since

[anb] = Z —a(n)0)( +Z a(n|1 = [Saxb]+x [arb] -

neN ' neN



EXAMPLES

® The superaffinization V¥ (gsuper) of level k € C is defined
from a quadratic Lie algebra (g, (:|-)) via the A-brackets

[MaaNb] = N[a, b] + x (a|b) k.

® The N =1 superconformal VA is defined via the A-bracket

/\2X
[HAH] = (2T + xS+ 3\ H + TC,

being YSUP¢'(H, (z;0)) := G(z) + 20L(z).

® The N = 2 superconformal VA is defined via the A-brackets

[InJ] = — (H+ A;%) . [HaJ] = (2T +2)\ +xS) J,

being YSUPe"(J,(z;0)) :== —iJ(z) — i0 (G~ (z) — GT(2)).



KILLING SPINOR EQUATIONS

DEFINITION (GARCIA-FERNANDEZ ’19)

A solution of the Killing spinor equations on a real quadratic Lie
algebra (g, (+|-)) is a triple (V4,e,n) such that:

° g= V+ &) V_iJ_'
® ¢ ¢V, (divergence).
e € S(V,) is a non-vanishing spinor satisfying:
D_.n= Z ([ai,@]| b) @a;-n =0, for b € Vi (gravitino equation).
iJ
p"on= %Z (lak. 2] |d') @@ a; - — e - p = 0 (dilatino equation).
i,k

being {a;};, {ai}7:1 C V4 two (+|-)-dual orthonormal basis.

[ M. Garcia-Fernandez: Adv. Math. 350 (2019) 1059-1108.



Let K be an even-dimensional compact Lie group. It admits
left-invariant Hermitian structures compatible with the metric.

PROPOSITION (ALVAREZ—C(’)NSUL, DADLH, GARCiA-FERNANDEZ 720)
A left-invariant solution to the Twisted Calabi-Yau equations

dV =60,AV, df,=0, dd°w=0

induces a solution of the Killing spinor equations on the space

g="T (T}<EB T*Ka ['a']—dcw)Ka

of left-invariant sections, which is a quadratic Lie algebra with the
induced bracket and pairing.

REMARK
[0.,] = 0 implies (Kahler-)Calabi-Yau condition.



Assume now dim V. = 2n and fix an orientation on V.

A pure spinor 7 € S (V) determines uniquely an almost complex
structure J on V. compatible with (- |-)[,, and the orientation.

We can fix {x1, x1,...,Xp, Jx,} C VE = Vi’o &) Vg’l an oriented
orthonormal basis for (- ]-)\V+ with associated isotropic basis

—iJxj) € Vi’o, €= (XJ + iJx;) € Vg’l.

g

- 50y



Assume now dim V. = 2n and fix an orientation on V.
A pure spinor 7 € S (V) determines uniquely an almost complex
structure J on V; compatible with (-|-)[,, and the orientation.

We can fix {x1, x1,...,Xp, Jx,} C VE = Vi’o &) Vg’l an oriented
orthonormal basis for (- ]-)\V+ with associated isotropic basis

_ 1 . 1,0 - _ 1 . 0,1
ej'—ﬁ(xj'—/JXj)EV , Ej—ﬁ()g+lJ)<J')€V+.
PROPOSITION (ALVAREZ—C()NSUL, DADLH, GARCiA-FERNANDEZ ’20)

The triple (V4,¢e,J) is a solution of the Killing spinor equations if
the following conditions are satisfied:

n
1) (Vi vp?] e v, 2) Y [g,5] = 2iJe € VE.
j=1
(F-term equation) (D-term equation)



EXAMPLE
Let K = SU(2) x U(1) with associated Lie algebra

t=s5u(2) BR = (vi, v2, v3, va),
where [vo, 3] = —vq, [v3, vi] = — v, [v1, W] = —v3, [v4,] = 0.

For fixed x, a,¢ > 0, we have the pair (Vjﬁ’a,ex) on

K
=T (TK@ T*K, [-,.]Hé> > (@ ¢,

where Hy = (v123

Ve = {vEgea(v)|vet},

is a left-invariant three-form, defined by

e = my (—XV4) = —% (§V4 —l—xv4) e Ve,
being the bi-invariant metric

a
gx,a:;(V1®V1+V2®V2+V3®V3+X2V4®V4).



EXAMPLE

We set I, as the almost complex structure defined by

I (va) = xvi, I (v2) = v3.



EXAMPLE

We set I, as the almost complex structure defined by

I (va) = xvi, I (v2) = v3.

PROPOSITION (AL\/AREZ—C(’)NSUL, DADLH, GARCIA-FERNANDEZ ’20)

The triple (Vfa, eX, Iy) is a solution of the Killing spinor equations
on gy if and only if { = a/x.

REMARK

In this example, we cannot have pairs of solutions for the Killing
spinor equations. This is because we have left-invariant solutions.



N = 2 SUPERSYMMETRY FROM KILLING SPINORS

Let (g,(-|-)) be a finite-dimensional complex quadratic Lie algebra.
Fix V., := /@ [ C g non-degenerate isotropic subspaces, and set
V_ = Vﬁ.



N = 2 SUPERSYMMETRY FROM KILLING SPINORS

Let (g,(-|-)) be a finite-dimensional complex quadratic Lie algebra.
Fix V., := /@ [ C g non-degenerate isotropic subspaces, and set
V_ = Vﬁ.

Consider {ej, ej}jzl C V4 odd isotropic basis, and fix e € V odd.
Define the odd vectors
le:=¢ —¢, It [ej,ej]Jr = [ej,ej}, - [ej,ejhe Vi,

where the subscripts will denote the canonical projections, and
I.:Vy — Vi, a—a —a;.



N = 2 SUPERSYMMETRY FROM KILLING SPINORS

Let (g,(-|-)) be a finite-dimensional complex quadratic Lie algebra.
Fix V., := /@ [ C g non-degenerate isotropic subspaces, and set
V_ = Vﬁ.

Consider {ej, ej}jzl C V4 odd isotropic basis, and fix e € V odd.
Define the odd vectors

le:=¢ —¢, It [ej,ej]Jr = [ej,ej}, - [ej,ejhe Vi,
where the subscripts will denote the canonical projections, and

I.:Vy — Vi, a—a —a;.

Let VK (gsuper) with level 0 # k € C. Define the even vectors

i S,..
Joi= e Ji=do— 3 2ilve € VF (guper)



PROPOSITION ([\LVAREZ-C()NSUL, DADLH, GARCIA-FERNANDEZ ’20)

Define ¢y :=3dim/,c:= ¢y + % (e ‘/Jr [ef,ej]+ — e) and

H’ ::Ho+%/+ [ef,ej]+,
Ho =Ho+ I (1 [ee], —2) + &S (: [le, ] i +: ¢ [lre,q] ).
where
1 . .
Ho = p (e (S¢) - +: € (Se):)
1

(o] )i (e ) ).

Then, one has

[Jondo] = — <H’ 4 A3Xco> [ =— <H + A3Xc) .



LEMMA (AL\’ARHZ—C@NSL‘IJ, DADLH, GARCIA-FERNANDEZ ’20)
Assume that (V, e, ily) satisfies F-term equation. Then,

Ho:%(: e (Se/) : +:€¢(Se):) + = (2 ej< [ej,ek]_:>:

() g (o], ) ).
and

[Hopa)] = (A +2T +xS) a/—k( (ek ai, €] ,ek )

tie (s ek [an [¢) ek]} )+ e’( [le.a]_ ,-ej];);

+: [a, €] _ (ek ))4—%( c e [an, €] _

+2(T (&, [an ] _ ]/_ e,( [an]_) )
)

+/\([ [a, e’] ]I—l-“a/e/ ej}



THEOREM (ALVAREZ-CéNSUL, DADLH, GARCIA-FERNANDEZ 720)

A solution of the Killing spinor equations (V. e, il) on (g, (-|-))
such that dim V. = 2n and

[l e] € LN N [1,7]"
induces V ({Jo, H', c0}) < V¥ (gsuper) embedding with ¢y = 3n,
P

Hl

(: e (S¢) : +: ¢ (Se) ) +% (2 D€ (: ek [ej,ek]i :) :

+:é (: ek lej, ex], :) i+ g (: ex [ej,ek]T:) :) + %IJr [ej,ej] .



THEOREM (ALVAREZ-CéNSUL, DADLH, GARCIA-FERNANDEZ 720)

A solution of the Killing spinor equations (V. e, il) on (g, (-|-))
such that dim V. = 2n and

[l e] € LN N [1,7]"
induces V ({Jo, H', co}) < VX (gsuper) embedding with co = 3n,

JO— E . e‘,ej s
’ 1 7 ; 1 .
H :;(: ej(Se/) i+ e (Se) :)Jrﬁ (2:ej (: ek [e’,ek]i :) :
. . T .
+ ¢ (: ek lej, ex], :) i+ g (: ex [e’,ek]T:) :) +?I+ [ef,ej].
REMARK

Our result generalizes a construction by Getzler for Manin triples.

@ E. Getzler: Annals of Physics 237 (1995) 161-201.



DEFINITION (ALVAREZ-CONSUL, DADLH, GARCIA-FERNANDEZ 720)

We say that a € g is holomorphic if [a,/] C I and [a,]] C I.

THEOREM (ALVAREZ-CONSUL, DADLH, GARCIA-FERNANDEZ 720)

A solution of the Killing spinor equations (V. e, ily) on (g, (-|-))
such that dim V. = 2n and e € V. is holomorphic induces
V ({J, H,c}) = V¥ (gsuper) embedding with ¢ =3 (n + 2 (ele)),

J= :ejej:—%2il+e,
(c e (Sef) :+: €/ (Se)) ) +% <2 e (: ek [ej,ek]i :) :
+ e (: ek lej, ex], :) = (: ex [ej,ek]T:) :) = Hp.

x| = x|~

H =



REMARK

Heluani-Zabzine constructed pairs of conmuting copies {J+, Hi }
on the CDR of X from generalized Calabi-Yau metric manifolds.
When X is compact, it is also Kahler. Their proof requires to have
pairs of solutions for the Killing spinor equations.

[8 R. Heluani, M. Zabzine: Comm. Math. Phys. 306 (2011)
333-364.



REMARK

Heluani-Zabzine constructed pairs of conmuting copies {J+, Hi }
on the CDR of X from generalized Calabi-Yau metric manifolds.
When X is compact, it is also Kahler. Their proof requires to have
pairs of solutions for the Killing spinor equations.

[8 R. Heluani, M. Zabzine: Comm. Math. Phys. 306 (2011)
333-364.

EXAMPLE (ALVAREZ-(TONSUL, DADLH, GARCIA-FERNANDEZ ’20)

Provided that the divergence X is I,-holomorphic, we have
V ({1, H, c}) = V2 ((@0)super) = H (K Q8 (TK © T°K)

with ¢ =6 — 6/¢ as an application of the second Theorem.



MORE APPLICATIONS AND OPEN PROBLEMS

* Two solutions (V7,e*, Iy) and (V5,eX, —Iz) for the Killing
spinor equations on g, are (0,2) mirror for X = 1/ (¢x).

e We can construct an embedding for ('small’) N =4
superconformal vertex algebras, provided that we have
hyperholomorphic solutions for the Killing spinor equations on
ge. We apply the first Theorem to obtain ¢ = 6.

Conjecture: This suggests a generalization of the presented
construction for N = 4 superconformal vertex algebras when
dim V4 = 4n and G, = Sp(n).

® Conjecture: We can construct an embbeding from the N = 2
superconformal vertex algebra into the CDR of a Courant
algebroid, provided that it satisfies the Killing spinor equations
with exact divergence.



Thank you!
iMuchas gracias!
Muito obrigado!

Eskerrik asko!



