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Relations graph

Any subset C C R~ URPURY C U x U will be called a set of relations.

By G(C) we denote the directed graph with set of vertices U, and arrow from
vertex (i,j) to (r,s) if and only if ((i,f); (r,s)) € C.
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Relation modules

- B:={(j)eZxZ|1<j<i<n}.
Forn=2>5
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RY={((j);(i-1))|2<j<i<n 1<t<i-1}
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R™ = {((i,j);(i+1,9)[1<j<i<n-1,1<s<i+1}

Forn =4
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RO == {((n,i); (n,f)) | 1 <i#j<n}

Forn =5
(4,1) (4,2) (4,3) (4,4)
RO= (3,1) (3,2) (3,3)
(2,1) (2,2)
(1,1)
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For any 1 < k < n, we consider C};" ={((i+1));0G))) | k<j<i<n-—1}

(5,1) (5,2) (5,3) (5,4) (5,5)

(5,1) (5,2) (5,3) (5,4) (5,5)

G(e )= (3,1) (3,2) (33)
21 (22)

(1,1)
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For1 <k <mn,weconsider C, := {((1,j); (i+1,j+1)) [k <j<i<n-—1}.

6.1 (5.2) 53) (5,4) 5,5)
S a a s
(4,1) (4,2) (4,3) (4,4)
a a a
6ley )= @1 32 3,3)
/ a
(2,1) (2,2)
/
(1,1)
(ERY 5,2) (5.3) 64 5,5)
s s /
(4,1) (4,2) (4,3) (4,4)
a a
C(Ci): (3,1) (3,2) (3,3)
a
@1 22)
(ERY)
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For any 1 < k < n, we consider C; := C,j uc,

(5,1) (5,2) (5,4) (5,5)
NN f \ % NS
(4,1) (4,2) (4,4)
\ / N f \ s
G(Cy)= (3,2) (3,3)
\ S \ %
2,1)
pV /
1,1)
(5,1) (5,2) (5,3) (5.4) (5,5)
NN SN S
(4,1) (4,2) (4,3) (4,4)
N f NS
G(Cy)= (3,1) (2 (3,3)
\ a
21) (2,2)
(1,1)
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Gelfand-Tsetlin tableaux

n(n+1)

For M € C™ 2z denote by T(M) the image of M via the natural isomorphism

n(n+1)

between C~ 2 and C" x - - - x C! and its entries by m;;. Hence, we can
picture T(M) as a triangular tableau height #, such tableaux will be called
Gelfand—Tsetlin tableaux.

Forany A C C"("*1)/2 we denote by T(A) the set of all Gelfand-Tsetlin
tableaux T(L), with L € A.
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C-realizations

Let C be a set of relations and T(L) any Gelfand-Tsetlin tableau, we say that:

e T(L) satisfies C, if
lij—lys € Z>p, for any arrow (i,j) — (r,s) in G(C).
@ T(L) is a C-realization, if T(L) satisfies C and forany 1 <k <n —1we

have, lt; — Iyj € Z if only if (k,i) and (k, j) are in the same connected
component of G(C).
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Consider D to be the set of relations with associated graph

(4,1) (4,2) (4,3) (4,4)

(3,1) (3,2) (3,3)
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C-realizations

n+1)/

HH)/Z) such that m(") = 0.

Zg( 2 will denote the set of vectors M in T(Zg(

Suppose that T(L) satisfies C. We will denote by:

@ B¢(T(L)) the set of all Gelfand-Tsetlin tableaux in T <L + Zg<n+l)/ 2)
satisfying C.

@ V¢ (T(L)) the vector space with basis B¢ (T(L)).
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Relation modules

A set of relations C is called admissible if for any C-realization T(L), V¢ (T(L))
is a gl,,-module, with the following action on any T(M) € B¢(T(L)),

kt1
[TOmg —mye1+j =)
Epen(TOM) = =3 | T(M+8%), ()
= [ T0m = my+j— i)
j#i
k-1
§ [T —m_qj+j—10)
X .
Eeenx(T(M)) = ) | 7= M-8, @
i=1 .
(myi — myj +j — 1)
ia
k k-1
E(T(M)) = (Z mg— Y mk—l,i) T(M), 3)
i-1 i1

where 6 stands for the vector in T,,(Z) such that (6,5 = &;,5;.

If C is admissible, we will call Vo (T(L)) a relations module.
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Futorny-Ramirez—Zhang theorem

Futorny-Ramirez—Zhang, 2019

Suppose that C is a noncritical set of relations whose associated graph
G = G(C) satisfies the following conditions:

(i) Gisreduced;
(i) G does not contain loops, and (k,i) = (k,j) implies i < j;
(iii) If G contains an arrow connecting (k,7) and (k + 1, ¢), then (k+ 1,s) and
(k,j) withi < j, s < t are not connected in G.

C is an admissible set of relations if and only if, for any connected component
G(€) of G(C) and any adjoining pair ((k,7); (k,j)) in G(E), there exist p, g such
that & C & or, there exist s < t such that & C &, where the graphs associated
to &1 and &, are as follows

(k+1p) (k+1s)  (k+1,4)

AN e e
G(&)= (ki) (kj); G(&)= (ki) (k)
NS

(k—1,q)
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Gelfand-Tsetlin Construction

The sets of relations Cy, C; and C,_ are admissible set of relations for any 1 < k < n.

Theorem (Gelfand-Tsetlin, 1950)

IfA = (Ay,..., Ay) is an integral dominant gl,-weight and T(A) is the
Gelfand—Tsetlin tableau of height n with entries Ay; := A;, then Ve, (T(A)) is
isomorphic to the simple finite dimensional module L(A). Moreover,

(i) Be,(T(A)) is a basis of Ve, (T(A)).
(ii) Forany p = (pi1,...,1n) € b*, the weight space L(A), has a basis

{T(X) € Be,(T(A)) | we(X) = py, forallk=1,...,n}.
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Polyhedra

A subset P of a R-vector space V is called a polyhedron if it is the intersection
of finitely many closed halfspaces. The dimension of P is given by
dim (aff(P)). A polytope is a bounded polyhedron.

Associated with a set of relations C we will define polyhedra in R"("+1)/2,

Definition

Let C be any set of relations, X € RM1+1)/2 ig called a C-pattern, if

xjj > x5 for any arrow (i,j) — (r,s) in G(C).

The kth weight linear map wy, : C"("*1)/2 — C is defined by

k k—1
Z Xij — Z kal,', if 2 < k <wm;
w(X) =95 S '

X11, ifk=1.
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Polyhedra associated with sets of relations

Fix A, u € R" and C a set of relations. We consider the following polyhedra in
R"("+1)/2 associated with C

Pe = {X € RMn+1)/2 | Xisa C—pattern} ,
Pe(M) ::{Xe Pe | x,j = A; forall 1 < j < n}
Pe(A ) :={X € Pe(A) | wi(X) = p; foralll <i<mn}.

@ P¢ is always unbounded.

@ P¢(A) is a polytope if and only if the maximal and minimal points of
G(C) belong to {(n,1),...,(n,n)}.
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Polyhedra associated with sets of relations

Given a Gelfand-Tsetlin tableau T(L), elements in L + ZS(HH)/ 2

L-integral points.

are called

Theorem (B., Ramirez, 2022)

Let C be any admissible set of relations, T(L) a C-realization, and V = V¢ (T(L))
the corresponding relation gl,,-module. Set A = (L1, ..., lnn), and
p= (wi(L),wa(L),..., wa(L)) € b

(i) The polyhedra P¢ and P () have the same number of L-integral points, and
this number is equal to dim (V).

(i) The number of L-integral points in P¢ (A, ) is equal to dim (V).
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Polyhedra associated with sets of relations

Let T(L) be a Cy-realization, A = (Ly1, ..., Inn), and p a weight of Ve, (T(L)).
Ve, (T(L)) is isomorphic to the simple finite-dimensional module L(\).

© The number of L-integral points in P¢, and P¢, (A) is finite and equal to
dim(L(A)).

® The number of L-integral points in P¢, (A, i) is finite and equal to dim(L(A),).

(51)\,1 /‘(52)\ / \,1 /4)& ;5)
N AN AN AT
" (31)\,4 /(32)\,, f”)
@ 1)\(1 l)/fz ,2)
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Polyhedra associated with sets of relations

Let T(L) be a C; -realization, A = (L1, . .., lun), and p a weight of Ver (T(L)).

The module Ve (T(L)) is isomorphic to the generic Verma module M(\) and

® Ppi and Pes (A) contains infinitely many L-integral points.

o The number of L-integral points in Pe+ (A, p) is dim M(A), < co.

(5,1) (5,2) (5,3) (5,4) (5,5)
Y N\ N N
@1 (4.2) 43) (*4)
N v Y
Glef)= (€AY (3,2) 3,3)
N\ N
1) 22)
N
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Polyhedra associated with sets of relations

Let T(L) be a Cy-realization, A = (Ly1, ..., Inn), and p a weight of Ve, (T(L)).

IfA:= (L, ... Iun) is a dominant gl, _j-weight, then Vi, (T(L)) is isomorphic to
the cuspidal module L(A), which is an infinite-dimensional module with finite
weight spaces of dimension dim(L(A))

@ Pc, and Pc,(A) contains infinitely many L-integral points.
o If uis a weight of Vi, (T(L)), the number of L-integral points in P, (A, p) is

equal to dim(L(A)) .
v
(5,1) (5,2) (5,3) (5,4) (5,5)
\ f NS \ /
(41) (4,3)
\ 7N /
G(Cp)= (3,1) (3,2) (3,3)
NS
@1 @2)
Wy
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Faces of polyhedra

A hyperplane H is called a support hyperplane of the polyhedron P, if
HNP # @, and P is contained in one of the two closed halfspaces bounded
by H, and such intersection F = H N P is a face of P.

Faces of dimension 0 are called vertices, and an edge is a face of dimension 1.
In general, a face F of dimension k is called a k-face.

For any point x in a polyhedron P, there exists a unique face F such that
x € int(F). This face is the unique minimal element in the set of faces of P
containing x and will be called minimal face for x.
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Tiling of a C-pattern

Let C be a set of relations, and X € R"("+1)/2 pe 5 C-pattern.

Definition

Set ~C U x Y given by (i,j) ~ (r,s) if and only if there exists a path in G(C)
connecting (i,) and (r,s) with the entries of X associated with the vertices in
the walk being equal.

The partition of % induced by the relation will be called tiling, and is denoted
by M (X). The equivalence classes will be called tiles.

A tile M is called top-free if M N {(n,1),(n,2),...,(n,n)} = 0.

A tile M is called top/bottom-free if M N{(1,1),(n,1),(n,2),...,(n,n)} =@.
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Examples of tiling




Tiling matrix

Given a C-pattern X, with tiling M (X) and set of top-free tales
My, My, ..., Ms, we define a tiling matrix to be the matrix

Ame(x) = (ai) € My_1xs(Z>0) where ag = |{j | (i,j) € My} -

For C-patterns without top-free tiles we consider A 5 to be the identity
matrix of order n — 1.

A
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Examples of Tiling matrix

The matrix Ay, (x) depends of the chosen order of the top-free tales, but the
dimension of the kernel of A 4 does not depend.

We will enumerate the tales from left to right and from bottom to top.

Let us consider the tilings 77, 7, and 73 from latter Example. The
corresponding tiling matrizes are:

100 100 0 100 0 0
Ar=200], Ag=[0 1 1 0 |,Az=[0 11 0 0
111 010 1 00011
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Main results

Proposition [B., Ramirez, 2022]

Let C be a set of relations, X a C-pattern, A = (X1, ..., %nn), and
p= (w1 (X), w2 (X), ..., wn(X)).

(i) If M¢(X) does not have top-free tiles, then X is a vertex of P¢(A).

(i) If M (X) does not have top/bottom-free tiles, then X is a vertex of
Pe(A, p).
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Main results

Theorem [B., Ramirez, 2022]

Let C be a set of relations, X a C-pattern, and M (X) its associated tiling. Set
A= (X1, %m), and p = (w1 (X), wp(X), ..., wn(X)). Then,

(i) The dimension of the minimal face of P containing X is equal to the
number of tales in M¢ (X).

(ii) The dimension of the minimal face of P¢(A) containing X is equal to the
number of top-free tales in M (X).

(iii) The dimension of the minimal face of P¢ (A, ) containing X is equal to
the dimension of the kernel of A y,(x)-

German Benitez Faces of polyhedra associated with Relation modules



Example

Therefore, the dimension of minimal faces containing the tableaux from
previous Examples are given by

A 4 Pe Pe(A)  Pe(An)
Tiling1  (v/2,2,3,4) (0,0,vV2++3,9-+3) 7 3 1
Tiling2  (8,5,5,4) (—2,4,9,11) 8 4 1
Tiling3  (8,5,5,4) (—2,4,9,11) 9 5 2

Tiling 1 Tiling 2 Tiling 3
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Thank you for your attention.




