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Relations graph

Any subset C ⊆ R− ∪R0 ∪R+ ⊂ V×V will be called a set of relations.

By G(C) we denote the directed graph with set of vertices V, and arrow from
vertex (i, j) to (r, s) if and only if ((i, j); (r, s)) ∈ C.
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Relation modules

Set
V := {(i, j) ∈ Z×Z | 1 ≤ j ≤ i ≤ n} .

For n = 5
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R+ := {((i, j); (i− 1, t)) | 2 ≤ j ≤ i ≤ n, 1 ≤ t ≤ i− 1}

For n = 4
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R− := {((i, j); (i + 1, s)) | 1 ≤ j ≤ i ≤ n− 1, 1 ≤ s ≤ i + 1}

For n = 4
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R0 := {((n, i); (n, j)) | 1 ≤ i 6= j ≤ n}

For n = 5

R0=
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Examples
For any 1 ≤ k ≤ n, we consider C+k := {((i + 1, j); (i, j)) | k ≤ j ≤ i ≤ n− 1}.
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Examples
For 1 ≤ k ≤ n, we consider C−k := {((i, j); (i + 1, j + 1)) | k ≤ j ≤ i ≤ n− 1}.

G(C−1 )=
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Examples
For any 1 ≤ k ≤ n, we consider Ck := C+k ∪ C

−
k
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Gelfand-Tsetlin tableaux

For M ∈ C
n(n+1)

2 denote by T(M) the image of M via the natural isomorphism

between C
n(n+1)

2 and Cn × · · · ×C1 and its entries by mij. Hence, we can
picture T(M) as a triangular tableau height n, such tableaux will be called
Gelfand–Tsetlin tableaux.

mn1 mn2 · · · mn,n−1 mnn

mn−1,1 · · · mn−1,n−1

· · · · · · · · ·

m21 m22

m11

For any A ⊆ Cn(n+1)/2, we denote by T(A) the set of all Gelfand–Tsetlin
tableaux T(L), with L ∈ A.
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C-realizations

Let C be a set of relations and T(L) any Gelfand-Tsetlin tableau, we say that:

T(L) satisfies C, if

lij − lrs ∈ Z≥0, for any arrow (i, j) −→ (r, s) in G(C).

T(L) is a C-realization, if T(L) satisfies C and for any 1 ≤ k ≤ n− 1 we
have, lki − lkj ∈ Z if only if (k, i) and (k, j) are in the same connected
component of G(C).
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Example

Consider D to be the set of relations with associated graph

G(D)=

(4, 1) (4, 2) (4, 3) (4, 4)
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C-realizations

Z
n(n+1)/2
0 will denote the set of vectors M in T(Zn(n+1)/2

0 ) such that m(n) = 0.

Suppose that T(L) satisfies C. We will denote by:

BC (T(L)) the set of all Gelfand-Tsetlin tableaux in T
(

L + Z
n(n+1)/2
0

)
satisfying C.

VC (T(L)) the vector space with basis BC (T(L)).
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Relation modules

A set of relations C is called admissible if for any C-realization T(L), VC (T(L))
is a gln-module, with the following action on any T(M) ∈ BC (T(L)),

Ek,k+1(T(M)) = −
k

∑
i=1


k+1

∏
j=1

(mki −mk+1,j + j− i)

k

∏
j 6=i

(mki −mkj + j− i)

T(M + δki), (1)

Ek+1,k(T(M)) =
k

∑
i=1


k−1

∏
j=1

(mki −mk−1,j + j− i)

k

∏
j 6=i

(mki −mkj + j− i)

T(M− δki), (2)

Ekk(T(M)) =

(
k

∑
i=1

mki −
k−1

∑
i=1

mk−1,i

)
T(M), (3)

where δki stands for the vector in Tn(Z) such that (δki)rs = δkrδis.

If C is admissible, we will call VC (T(L)) a relations module.
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Futorny-Ramirez–Zhang theorem

Futorny–Ramirez–Zhang, 2019

Suppose that C is a noncritical set of relations whose associated graph
G = G(C) satisfies the following conditions:

(i) G is reduced;

(ii) G does not contain loops, and (k, i) � (k, j) implies i ≤ j;
(iii) If G contains an arrow connecting (k, i) and (k + 1, t), then (k + 1, s) and

(k, j) with i < j, s < t are not connected in G.

C is an admissible set of relations if and only if, for any connected component
G(E) of G(C) and any adjoining pair ((k, i); (k, j)) in G(E), there exist p, q such
that E1 ⊆ E or, there exist s < t such that E2 ⊆ E , where the graphs associated
to E1 and E2 are as follows

(k+1,p)

""
G(E1)= (k,i)

""

<<

(k,j);

(k−1,q)

<<

(k+1,s) (k+1,t)

!!
G(E2)= (k,i)

==

(k,j)
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Gelfand–Tsetlin Construction

Remark

The sets of relations Ck, C+k and C−k are admissible set of relations for any 1 ≤ k ≤ n.

Theorem (Gelfand–Tsetlin, 1950)

If λ := (λ1, . . . , λn) is an integral dominant gln-weight and T(Λ) is the
Gelfand–Tsetlin tableau of height n with entries λki := λi, then VC1 (T(Λ)) is
isomorphic to the simple finite dimensional module L(λ). Moreover,

(i) BC1 (T(Λ)) is a basis of VC1 (T(Λ)).
(ii) For any µ = (µ1, . . . , µn) ∈ h∗, the weight space L(λ)µ has a basis{

T(X) ∈ BC1 (T(Λ)) | wk(X) = µk, for all k = 1, . . . , n
}

.
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Polyhedra

Definition

A subset P of a R-vector space V is called a polyhedron if it is the intersection
of finitely many closed halfspaces. The dimension of P is given by
dim (aff(P)). A polytope is a bounded polyhedron.

Associated with a set of relations C we will define polyhedra in Rn(n+1)/2.

Definition

Let C be any set of relations, X ∈ Rn(n+1)/2 is called a C-pattern, if

xij ≥ xrs for any arrow (i, j) −→ (r, s) in G(C).

The kth weight linear map wk : Cn(n+1)/2 −→ C is defined by

wk(X) :=


k
∑

i=1
xki −

k−1
∑

i=1
xk−1,i, if 2 ≤ k ≤ n;

x11, if k = 1.

Germán Benitez Faces of polyhedra associated with Relation modules



Polyhedra associated with sets of relations

Definition

Fix λ, µ ∈ Rn and C a set of relations. We consider the following polyhedra in
Rn(n+1)/2 associated with C

PC :=
{

X ∈ Rn(n+1)/2 | X is a C-pattern
}

,

PC (λ) :=
{

X ∈ PC | xnj = λj for all 1 ≤ j ≤ n
}

,

PC (λ, µ) := {X ∈ PC (λ) | wi(X) = µi for all 1 ≤ i ≤ n} .

PC is always unbounded.

PC (λ) is a polytope if and only if the maximal and minimal points of
G(C) belong to {(n, 1), . . . , (n, n)}.
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Polyhedra associated with sets of relations

Given a Gelfand-Tsetlin tableau T(L), elements in L + Z
n(n+1)/2
0 are called

L-integral points.

Theorem (B., Ramirez, 2022)

Let C be any admissible set of relations, T(L) a C-realization, and V = VC (T(L))
the corresponding relation gln-module. Set λ = (ln1, . . . , lnn), and
µ = (w1(L), w2(L), . . . , wn(L)) ∈ h∗.

(i) The polyhedra PC and PC (λ) have the same number of L-integral points, and
this number is equal to dim(V).

(ii) The number of L-integral points in PC (λ, µ) is equal to dim(Vµ).
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Polyhedra associated with sets of relations

Corollary

Let T(L) be a C1-realization, λ = (ln1, . . . , lnn), and µ a weight of VC1 (T(L)).

VC1 (T(L)) is isomorphic to the simple finite-dimensional module L(λ).

The number of L-integral points in PC1 and PC1 (λ) is finite and equal to
dim(L(λ)).

The number of L-integral points in PC1 (λ, µ) is finite and equal to dim(L(λ)µ).
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Polyhedra associated with sets of relations

Corollary

Let T(L) be a C+1 -realization, λ = (ln1, . . . , lnn), and µ a weight of VC+1 (T(L)).

The module VC+1 (T(L)) is isomorphic to the generic Verma module M(λ) and

PC+1 and PC+1 (λ) contains infinitely many L-integral points.

The number of L-integral points in PC+1 (λ, µ) is dim M(λ)µ < ∞.
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Polyhedra associated with sets of relations

Corollary

Let T(L) be a C2-realization, λ = (ln1, . . . , lnn), and µ a weight of VC2 (T(L)).

If λ̃ := (ln2, . . . , lnn) is a dominant gln−1-weight, then VC2 (T(L)) is isomorphic to
the cuspidal module L(λ̃), which is an infinite-dimensional module with finite
weight spaces of dimension dim(L(λ̃))

PC2 and PC2 (λ) contains infinitely many L-integral points.

If µ is a weight of VC2 (T(L)), the number of L-integral points in PC2 (λ, µ) is
equal to dim(L(λ̃)) .

G(C2)=
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Faces of polyhedra

A hyperplane H is called a support hyperplane of the polyhedron P, if
H ∩ P 6= ∅, and P is contained in one of the two closed halfspaces bounded
by H, and such intersection F = H ∩ P is a face of P.

Faces of dimension 0 are called vertices, and an edge is a face of dimension 1.
In general, a face F of dimension k is called a k-face.

For any point x in a polyhedron P, there exists a unique face F such that
x ∈ int(F). This face is the unique minimal element in the set of faces of P
containing x and will be called minimal face for x.
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Tiling of a C-pattern

Let C be a set of relations, and X ∈ Rn(n+1)/2 be a C-pattern.

Definition

Set ∼⊆ V×V given by (i, j) ∼ (r, s) if and only if there exists a path in G(C)
connecting (i, j) and (r, s) with the entries of X associated with the vertices in
the walk being equal.

The partition of V induced by the relation will be called tiling, and is denoted
byMC (X). The equivalence classes will be called tiles.

A tileM is called top-free ifM∩{(n, 1), (n, 2), . . . , (n, n)} = ∅.

A tileM is called top/bottom-free ifM∩{(1, 1), (n, 1), (n, 2), . . . , (n, n)} = ∅.
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Examples of tiling
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Tiling matrix

Definition

Given a C-pattern X, with tilingMC (X) and set of top-free tales
M1,M2, . . . ,Ms, we define a tiling matrix to be the matrix

AMC (X) := (aik) ∈Mn−1×s(Z≥0) where aik = |{j | (i, j) ∈ Mk}| .

For C-patterns without top-free tiles we consider AM to be the identity
matrix of order n− 1.
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Examples of Tiling matrix

Remark

The matrix AMC (X) depends of the chosen order of the top-free tales, but the
dimension of the kernel of AM does not depend.

We will enumerate the tales from left to right and from bottom to top.

Let us consider the tilings T1, T2 and T3 from latter Example. The
corresponding tiling matrizes are:

AT1 =

 1 0 0
2 0 0
1 1 1

 , AT2 =

 1 0 0 0
0 1 1 0
0 1 0 1

 , AT3 =

 1 0 0 0 0
0 1 1 0 0
0 0 0 1 1

 .
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Main results

Proposition [B., Ramirez, 2022]

Let C be a set of relations, X a C-pattern, λ = (xn1, . . . , xnn), and
µ = (w1(X), w2(X), . . . , wn(X)).

(i) IfMC (X) does not have top-free tiles, then X is a vertex of PC (λ).

(ii) IfMC (X) does not have top/bottom-free tiles, then X is a vertex of
PC (λ, µ).
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Main results

Theorem [B., Ramirez, 2022]

Let C be a set of relations, X a C-pattern, andMC (X) its associated tiling. Set
λ = (xn1, . . . , xnn), and µ = (w1(X), w2(X), . . . , wn(X)). Then,

(i) The dimension of the minimal face of PC containing X is equal to the
number of tales inMC (X).

(ii) The dimension of the minimal face of PC (λ) containing X is equal to the
number of top-free tales inMC (X).

(iii) The dimension of the minimal face of PC (λ, µ) containing X is equal to
the dimension of the kernel of AMC (X).
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Example

Therefore, the dimension of minimal faces containing the tableaux from
previous Examples are given by

λ µ PC PC (λ) PC (λ, µ)

Tiling 1 (
√

2, 2, 3, 4) (0, 0,
√

2 +
√

3, 9−
√

3) 7 3 1
Tiling 2 (8, 5, 5, 4) (−2, 4, 9, 11) 8 4 1
Tiling 3 (8, 5, 5, 4) (−2, 4, 9, 11) 9 5 2

0
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√
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5

Tiling 2
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5 5 4
5

Tiling 3
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Thank you for your attention.
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