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Heisenberg—Virasoro algebra

The Heisenberg—Virasoro algebra H (Arbarello, De Concini, Kac, Procesi '88):

= Z L(n)z~ "2 a(z) = Za(n)z*"*l

neZ nezZ
m3 —m
[L(m), L(m)] = (m = n)L(m + 1) + Omno—5—CL
[a(m), a(n)] = Sm+nomca
[L(m), a(n)] = —na(m + n) = dmino(m® + m)cLq
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Heisenberg—Virasoro algebra

The Heisenberg—Virasoro algebra H (Arbarello, De Concini, Kac, Procesi '88):

= Z L(n)z~ "2 a(z) = Za(n)z*"*l

neZ nezZ
m3 —m
[L(m), L(m)] = (m = n)L(m + 1) + Omno—5—CL
[a(m), a(n)] = Sm+nomca
[L(m), a(n)] = —na(m + n) = dmino(m® + m)cLq

Ca #0 = H = M(1)® Vir
ca =0 = H is a simple, irrational VOA
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Level zero

Highest weight reps in case ¢, = 0 studied by Y. Billig ('03), D. Adamovi¢ — GR ('15, '19)
e irreducibles classified, structure of Verma modules [B]

free field realisation [AR]

e screening operator — Verma module embeddings, irreducibles as kernels, formulas
for singular vectors [AR]

fusion rules [AR]

deformed action of L(z) — logarithmic modules, non-split self-extensions [AR]
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Up,r+2
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N =1 Super Heisenberg—Virasoro

SH (D. Adamovi¢, B. Jandri¢, GR)
L(z), ofz), G(z)=) Gn+3)z "2 V()= V(n+})z "

nez neZ
(L(z),(z)) — Heisenberg—Virasoro H (L(z), G(z)) — the N =1 Neveu-Schwarz \/
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N =1 Super Heisenberg—Virasoro

SH (D. Adamovi¢, B. Jandri¢, GR)
L(z), ofz), G(z)=) Gn+3)z "2 V()= V(n+})z "

neZ neZ

(L(z),(z)) — Heisenberg—Virasoro H (L(z), G(z)) — the N =1 Neveu-Schwarz \/

[ 1 1 1

Wt W0+ )| =Omniroca [alm) ¥ln+ )] =0

_ 2 2’|, 2

L(n), W(m + 1)] _ A g by,

i 2 2 2

[ 1 1

G(n+ 5), a(m)] =—mV¥(m+n—+ 5),

: 1 1

G(n+2),W(m+ 2)} =a(m+n+1)+2mdmini1,0CLa-

. -
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Level zero

° cu 0= SH = SM(1) ® N (Heisenberg—Clifford and Neveu-Schwarz algebras)
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Level zero

° cu 0= SH = SM(1) ® N (Heisenberg—Clifford and Neveu-Schwarz algebras)
e If ¢, =0and ¢, # 0 we may assume ¢; o = ¢ = C

e The N = 1 super Heisenberg—Virasoro algebra at level zero SH. or just SH.

We shall present
e Free field realisation of SH. and its highest weight modules

e Several screening operators among them

Characters of hw modules, simplicity of SH.

Structure of Verma modules

Explicit formulas for (sub)singular vectors

Morphisms between Verma modules (some of them non-injective)

6 /33



Highest weight reps

Let ¢, h, h, € C. Verma module:
V(c, h, hy),

Irreducible h.w. module:
L(c, h, hy).

Determinant formula gives a classification of irreducibles:

7/33



Irreps

Theorem
Let ¢ # 0. The Verma module V/(c, h, hy) is irreducible if and only if

he,
- > _1¢7*
P= ¢

Assume that p € Z*. Then there is a singular vector in V/(c, h, hy) of conformal weight
e |p| if p is even,
o |2 if pis odd.

8 /33



Highest weight reps

Parametrisation:

o N 2 C_3 o
hlp,r] = (1= p")—= — .
halp,r] = (1+p)c,
M[p,r] = M(c,h[p,r], halp, r]) for any h.w. module.
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Highest weight reps

Parametrisation:

o N 2 C_3 o
hlp,r] = (1= p")—= — .
halp,r] = (1+p)c,
M[p,r] = M(c,h[p,r], halp, r]) for any h.w. module.

The Verma module V|[p, r] is reducible iff p € Z*.
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Free field realisation - VOSA

e M(1) rank 2 Heisenberg algebra generated by lattice L = Zx @ Zy such that
(x,x)={r,y) =0, (xy)=2
e H generated by
a(z) = —cx(2)
1

-3
_Z0x(2) — 50v(2)

C

wnlz) = ox(y(2)+
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Free field realisation - VOSA

e M(1) rank 2 Heisenberg algebra generated by lattice L = Zx @ Zy such that
(x,x)={r,y) =0, (xy)=2
e H generated by
a(z) = —cx(2)
-3 1

_Z0x(2) — 50v(2)

wnlz) = x(ey(z)+°

o F(2 fermionic algebra generated by W*(z) = 3", , WF(n+ 1)z7n~1

WHN), W ()], = drso,  [WE(r),WE(s)], =0
err(z) = %8(\U+(z)\|l_(z))
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Free field realisation - VOSA

SH as subalgebra of Heisenberg-Clifford algebra SM(1) := M(1) ® F(2):
L(z) = wn(z)+wr(2)
a(z) = —cx(2)

6(z) = VE(Jx@v @)+ Sy @)+ 5

> oV~ (z) — 8\If+(z))

V(z) = —V2cV (2)
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Free field realisation - modules

e Lattice VOSA V| = C[L] ® SM(1).
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Free field realisation - modules

Lattice VOSA V| = C[L] ® SM(1).
For he C® L let e € SM(1, h) denote the highest weight vector.

Highest weight vector

— Pt (=33 ) hrx
Vpr =€ 2(y 2 ) , p,reC

of conformal weight (h[p, r], ha[p, r])-

Fock module

fpyr - SM(].) . Vp,f

Contragredient module
f;,l’ = ’F_pv_r

12 /33



Free field realisation - modules

Theorem
If pe C\ Z<o then

SH - vpr = Fpr = Vip,r].

Proof by equality of characters and SH - v, , = Fp /.
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Free field realisation - modules

Theorem
If pe C\ Z<o then
SH - Vp,r=Fpr=Vip,rl].

Proof by equality of characters and SH - v, , = Fp /.

Theorem
If p € Z<o then
Lip,r] = SH - vp,r < Fpr.

Proof by showing there are no SH-singular vectors in Fj, ,.

13 /33



Screening operators

Define
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Screening operators

Define

v <‘;) =V <‘ D vap A=) a(mz !

nez

Q = a(0) is a screening operator i.e. (anti)commutes with SH.

SHT - Qvp,, = 0 so either Qv,, =0 or Qv,, is a singular vector.

14 / 33



Schur polynomials

Schur polynomials S,(a) := S,(a(—1), a(—2),- - ) defined by:

exp (Z a(—n)znn> = Z Si(a)z".
r=0

n=1
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Schur polynomials

Schur polynomials S,(a) := S,(a(—1), a(—2),- - ) defined by:

exp (Z a(—n)znn> = Z Si(a)z".
r=0

Note that S,(a) = 0 if r ¢ Z>o.

15 / 33



Singular vector p > 0 odd

Theorem
Assume that p € Z~q is odd. Then

p—1
=
_ _ 1 _
Up,r = va,r—% = E :lll(—/ - 2)5%—,' ( 2cL7a> Vp,r
i=0

is a singular vector of weight h[p, r] + & = h[p,r — 4] in V[p,r] = Fp,.
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e Is a submodule generated by u, , maximal?

e |s it isomorphic to the Verma module?
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Singular vector p > 0 odd

Theorem
Assume that p € Z~q is odd. Then

p—1
2
_ _ c 1
Up,r = va,r—% - 2%\“(_’ - 5)5%_,' (_ﬁ> Vp,r
1=
is a singular vector of weight h[p, r] + & = h[p,r — 4] in V[p,r] = Fp,.
e Is a submodule generated by u, , maximal?

e |s it isomorphic to the Verma module?

e p>0even?
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Simple current extensions and twisted modules

Construction from Adamovi¢, Milas, On W-Algebras Associated to (2,p) Minimal Models
and Their Representations, IMRN 2010 (2010) 20:

Lattice VOSA
Mno): = C [Zg] ® SM(1)
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Simple current extensions and twisted modules

Construction from Adamovi¢, Milas, On W-Algebras Associated to (2,p) Minimal Models
and Their Representations, IMRN 2010 (2010) 20:

Lattice VOSA
Mno): = C [Zg] ® SM(1)

o = exp(imy(0)) automorphism of order 2 with a fixed point subalgebra
MN(0) = C[Zx] ® SM(1)

o—-twisted I'I(O)%—module

NI

(o)

“Vp,r = @fp,rJrg

nez
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Second screening

Recall a = W~ (—1) e2* € T(0)z, a(z) =X ,ez a(n)z=""1. Then
()= a(n+ )z
2
nez
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Second screening

Recall a = W~ (—1) e2* € I(0)2, a(z) =Y ez a(n)z="1. Then
()= a(n+ )z
2
nez

Even derivation:

=1 1 1

SV = al—i—=)a /+)
S itpe(a)a (s
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Second screening

Recall a = W~ (—1) e2* € I(0)2, a(z) =Y ez a(n)z="1. Then

a"(z) = Za (n - ;) z-

nez

Even derivation:

Then

gtw — e())( _ Stw

. . . 1
is a screening operator on o—twisted I1(0)2

—modules.

18 / 33



Singular vector p > 0 even

Theorem
Assume that p € Z~q is even. Then up, = G™ v, ,_1 is a singular vector of weight
hlp,rl+p = hlp,r —1] in V[p,r] = Fp .
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Singular vector p > 0 even

Theorem

Assume that p € Z~q is even. Then up, = G™ v, ,_1 is a singular vector of weight
hlp,r] +p = hlp,r —1] in V[p,r] = F,

Explicit formula:

_ X tw _ «@
Up,r = (eO -5 )Vp,f—l - SP (_a) VPJ+

1 <Z“"+k— Sil 2)(22“1 - 25— 52 ))v,,,,

4+ 1
2 i>0

P

N ‘

x
Il
o
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Structure of V|p,r|, for p > 0 even

Theorem
Assume that p € Z~q is even.

(i) G™ is injective on Fp, ,, therefore it restricts to inclusion of the Verma module
Vip,r — 1] = Fp r—1 into V[p,r].

20 / 33



Structure of V|p,r|, for p > 0 even

Theorem
Assume that p € Z~q is even.

(i) G™ is injective on Fp, ,, therefore it restricts to inclusion of the Verma module
Vip,r — 1] = Fp r—1 into V[p,r].
(i) We have the following family of singular vectors in V[p,r] = Fp,:

u,(,C’,) — (gtW)"vp,,_,,, n € Zsg.
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Structure of V|p,r|, for p > 0 even

Theorem
Assume that p € Z~q is even.

(i) G™ is injective on Fp r, therefore it restricts to inclusion of the Verma module
Vip,r — 1] = Fpr-1 into V[p, r].
(i) We have the following family of singular vectors in V[p, r] = Fp.,

(n) . (gtW) Vp,r—n, N € Z>0.

(iii) will follow from the character formula.
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Structure of V|p,r|, for p > 0 even

® U,
g a .0
Upr—-1 @ —— @ Upr

(l) g)‘,m 2
W), e —— e uf)

2 A ga‘,u.' v 3
U, @ ——— @ up)
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Back to p > 0 odd

We have Q2 = 0. Consider a subalgebra

___1
2 __
neo)> = Kern(o)% Q
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Back to p > 0 odd

We have Q2 = 0. Consider a subalgebra

___1
2 __
neo)> = Kern(o)% Q

Even derivation on I1(0)

NI

S=>" %a(—i)a(i)

nez
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Back to p > 0 odd

We have Q2 = 0. Consider a subalgebra

___1
2 __
neo)> = Kern(o)% Q

Even derivation on I1(0)

NI

S=>" %a(—i)a(i)
neZ

Screening operator on [1(0)

N[

also on modules
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Subsingular vectors p > 0 odd

Theorem
Assume that p € Z~q is odd. Then wy, , = Gv,, ,_1 is a singular vector in Fp ./ Fp. r, hence
a subsingular vector in Fp, , of weight h[p,r| + p = h[p,r — 1] in V[p,r] = Fpr.
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Subsingular vectors p > 0 odd

Theorem

Assume that p € Z~q is odd. Then wy, , = Gv,, ,_1 is a singular vector in Fp ./ Fp. r, hence
a subsingular vector in Fp, , of weight h[p,r] + p = h[p,r — 1] in V[p,r] = F,

Explicit formula:

Z}((Zwlw Si( 2%)(2\1:]— —g)sj(_zgh)>vp,,
k=1

j>0

23 /33



Structure of V|p,r|, for p > 0 odd

Theorem
Assume that p € Z~q is odd.

(i) We have the following family of (sub)singular vectors in V[p,r] = Fp ,:

e Singular vectors u,(,'j) =G"QVp,r—n_1/2, N € Lxo.

e Subsingular vectors WS = G"v, ,_,, n € Zso.
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Structure of V|p,r|, for p > 0 odd

Theorem
Assume that p € Z~q is odd.
(i) We have the following family of (sub)singular vectors in V[p,r] = Fp ,:
e Singular vectors u,(;) =G"QVp,r—n_1/2, N € Lxo.
e Subsingular vectors WS = G"v, ,_,, n € Zso.

(ii) (wp,r) is the maximal submodule in [p,r] i.e. L[p,r] = V[p, r]/{wp r).

(i) will follow from the character formula.
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Structure of V|p,r|, for p > 0 odd

0]
“L,')-—l

1
“L,r)-—l

Fpr-1

—

® T, Upr1y2
]
L
O Wy Uy r-1/2
¢ |
O -mi

pr—

ra

For

Up,r

wlt

why

upy
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Characters

Theorem
Assume that p € Z\ {0} and r € C. Then we have:

|pl € (1+qk 1/2)2 ) )
chargLp,r] = g (1-q2) 1:[ - , if pis odd;
k—1/2)2
chargL[p,r] = hP’ |”| H (1 + Y ) , if pis even.
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Characters

Theorem
Assume that p € Z\ {0} and r € C. Then we have:

ol 2 (14 gk—1/2)2

chargLp,r] = g (1-q2) H ( (41_3 ) , if pis odd;
1+ gk—1/2)2

chargL[p,r] = th*’(l - ql”') H (I+q ) if p Is even.

_ k)2
e (1—d%)

e Since L[p, r]* = L[—p, —r] we have chargL[p, r] = chargL[—p, —r]
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Characters

Assume that p € Z\ {0} and r € C. Then we have:

ol 2 (14 gk—1/2)2

chargLp,r] = g (1-q2) H ( (41_3 ) , if pis odd;
1+ gk—1/2)2

chargL[p,r] = th*’(l - ql”') H (I+q ) if p Is even.

_ k)2
e (1—d%)

e Since L[p, r]* = L[—p, —r] we have chargL[p, r] = chargL[—p, —r]
e “>" from realisation in case p < 0

“<" from formulas for (sub)singular vectors in case p > 0
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Singular vectors p < 0

In I_I(O)% we have

(-2 - 5 2 = v (D63 - L (v (h) ) e -
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Singular vectors p < 0

In I_I(O)% we have

(-2 - 5 2 = v (D63 - L (v (h) ) e -

Since (L(—1)v)(0) = 0 for any v we get a nontrivial relation in Fp,, p < 0:

Rlp, r]vp,r = 0.

27 / 33



Formula p <0

Rlp.r] =

i <L(—i) + C2L4:Li7a(—i)> S p-i <c?a> +5-p (ci) (L(O) i gzcj MO)) ’

i=1

1 1 1 a
W(—im2)6(—k=2) S piss [
e 2 & v (a) () s (D)

1—p—i—1

c — 15 e~ _ o1 1 o
— U([——= V([ —k—= |5 ip_1|—].
24Clia 2 k=0 I ( I 2) ( 2) P k-t <CL,a)
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Singular vectors p < 0

Theorem

Let p € Zco, r € C. Then up, = R[p, r]vp,r, where is a non-trivial singular vector of
weight h[p,r] — p = h[p,r + 1] in V|[p,r].
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Singular vectors p < 0

Theorem
Let p € Zco, r € C. Then up, = R[p, r]vp,r, where is a non-trivial singular vector of
weight h[p,r] — p = h[p,r + 1] in V|[p,r].

If p < 0is odd there exists a singular vector of weight h[p,r] — § = h [p, r—+ %]
We couldn’t obtain the explicit formula in this case.

G(g) vpr+---

29 /33



Structure p < 0

Theorem
Assume that p € 7\ {0} is even. The maximal submodule of V[p, r] is isomorphic to
Vip,r £1].
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Structure p < 0

Theorem

Assume that p € 7\ {0} is even. The maximal submodule of V[p, r] is isomorphic to
Vip,r £1].

p > 0 we already showed.
For p < 0 we proved that R[p, r| is not a zero divisor.
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Structure p < 0

Theorem
Assume that p € 7\ {0} is even. The maximal submodule of V[p, r] is isomorphic to
Vip,r £1].

p > 0 we already showed.
For p < 0 we proved that R[p, r| is not a zero divisor.

Theorem
Assume that p € Zq is odd. The maximal submodule of V[p, r] is isomorphic to
Vip,r+3].
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® Up, ® Uy

o Wil

o u(? [ ] u;(ulwz
o ul?

[ ] u,(fz [ ] u;E,zr)
o
!

(a) V[p,7], p € Z<o even. Singular vector u;,'}) (b) V[p,r], p € Z<o odd. Singular vector ugj‘l

generates V[p,r + n] if p < 0. generates V[p,r +n|, n € %Z> 0.
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Screenings on F,,, p <0 even

Up,r—1 ’

w&ﬂfl Qg—m}, Up,r
Wl 00— uf
Wy 00— 0 ufd

Figure: Subsingular vector w("™1) generates Kerz, . (G™)", n € Zo. 32 /33



Screenings on f,,, p <0 odd

® Upr-1
1/2
w;,ff’i o ® Uy 12
A
o~ o & P,
9 _
[ — I

PEe) o WP o

(5/2)
Wpr1 O

/N

\

\ \
PO

AR 'VERN

o (5/2)

Wp,r @]
Figure: gWFETjj{z) = w,(,f’,_l/z) and leg"fl//zz) are subsingular vectors.
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