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Aims and Scope

In this talk, we describe an algorithm to build the Auslander-Reiten Quiver of
Some Equipped Posets.
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Introduction

The representations theory of partially ordered sets or posets was introduced
and developed in the early 1970s by Nazarova, Roiter and their students in
Kiev.

To do that, Nazarova and Roiter introduced an algorithm known as the algo-
rithm of differentiation with respect to a maximal point which allowed to Kleiner
in 1972 to obtain a classification of posets of finite representation type.
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Introduction

The categorical properties of such an algorithm was given by Gabriel in 1973
[2, 3], founding in this way a new line of research in representation theory of
posets which consists of proving that algorithms of differentiation induce a cat-
egorical equivalence between the category of representations of the original
poset and the corresponding category of the derived poset [8,9, 12].
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Introduction

The categorical properties of such an algorithm was given by Gabriel in 1973
[2, 3], founding in this way a new line of research in representation theory of
posets which consists of proving that algorithms of differentiation induce a cat-
egorical equivalence between the category of representations of the original
poset and the corresponding category of the derived poset [8,9, 12].

Such functors constitute the main tool to classify posets of different types, for
instance, the algorithm of differentiation with respect to a maximal point was
also used by Nazarova to give a tame representation type criterion for ordinary
posets.
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Introduction

Soon afterwards between 1974 and 1977, Zavadskij defined the more general
algorithm | (D-l) with respect to a suitable pair of points, this algorithm was
used in 1981 by Nazarova and Zavadskij in order to give a criterion for the
classification of posets of finite growth representation type [4, 5, 8].
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Introduction: Ordinary posets

Definition
A partially ordered set (Poset) is an ordered pair (P, <) which consists of a

not empty set P and a binary relation contained in P x P, called order, such
that < is reflexive, antisymmetric and transitive.

Example

O O O O
ki:(1,1,1,1)

) ) )
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Introduction: Ordinary posets

Definition
A partially ordered set (Poset) is an ordered pair (P, <) which consists of a

not empty set P and a binary relation contained in P x P, called order, such
that < is reflexive, antisymmetric and transitive.

Example

oo 1L D,

ki:(1,1,1,1) ke (2,2,2) e
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Introduction: Ordinary posets

Theorem (Nazarova-Zavadskij 1981)

A poset P of tame representation type is of finite growth representation type if
and only if it does not contain the following subposet

P

Gy

IDM Gaviria, AM Cafadas (U. Nacional de Colombia) An Algorithm to Build the Auslander-Reiten Quiver of Some Equipped Posets. April 29 2022. S&o Paulo BRA



Introduction

The theory of representation of posets was developed in the 1980's and 1990's
for posets with additional structures, for example, for posets with involution or
for equipped posets by Bondarenko, Nazarova, Roiter, Zabarilo and Zavadskij
among others.
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Equipped posets
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Equipped posets

In [14] A. V. Zabarilo and A.G. Zavadskij they presented the Equipped poset
and their representations.

A poset (P <) is said to be equipped if the following three conditions hold:
@ The points of the set P can be either strong or weak;
@ The order relations between points can be either weak or strong;

@ If z < yis a weak relation, then both points = and y are weak, and if
x < t < yinthis case, then the relations x < t and t < y are also weak
(and the point ¢ is automatically weak).
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Equipped posets

Definition
A poset (P, <) is called equipped if all the order relations between its points

x < y are separated into strong (denoted = < y) and weak (denoted x < y) in
such a way that

r<ydz or zdy<z implies zJz.

i.e., a composition of a strong relation with any other relation is strong [6].
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Equipped posets

strong point
c b

strong relations

weak relation

&
a

weak point
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Equipped posets

These equipped posets were introduced and classified by Zabarilo and Zavad-
skij, and they reflected the case of "order relation multiplicities” not exceeding
2.
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Equipped posets

These equipped posets were introduced and classified by Zabarilo and Zavad-
skij, and they reflected the case of "order relation multiplicities” not exceeding
2.

The correlation of their representations with representations of ordinary posets
is analogous to the correlation of representations of valued graphs with repre-
sentations of ordinary graphs.
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The Category of representations (rep P)

The complexification of a real vector space can be generalized to the case
(F,G) where G = F'(u) is a quadratic extension of F. In this case, we assume
that u is a root of the minimal polynomial m(t) = t> +at+ 3, 8 # 0, (o, B € F).
In particular if Uy is a F- -space then the corresponding complexification |s the
G-vector space denoted Up. As in the case (R, C), we write Uy + uly = Us.
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The Category of representations (rep P)

The complexification of a real vector space can be generalized to the case
(F,G) where G = F'(u) is a quadratic extension of F. In this case, we assume
that u is a root of the minimal polynomial m(t) = t> +at+ 3, 8 # 0, (o, B € F).
In particular if Uy is a F- -space then the corresponding complexification |s the
G-vector space denoted Uo As in the case (R, C), we write Uy + ulUy = Uo

To each G-subspace W of 170 it is possible to associate the following F-subspaces
of Uy,

= ReW=ImW and
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The Category of representations (rep P)

The complexification of a real vector space can be generalized to the case
(F,G) where G = F'(u) is a quadratic extension of F. In this case, we assume
that u is a root of the minimal polynomial m(t) = t> +at+ 3, 8 # 0, (o, B € F).
In particular if Uy is a F- -space then the corresponding complexification |s the
G-vector space denoted Uo As in the case (R, C), we write Uy + ulUy = Uo

To each G-subspace W of 170 it is possible to associate the following F-subspaces
of Uy,

= ReW=ImW and

W= = span{a € Uy | (a,0) € W} C WT,
and for a G-space Z we have the following property

7t = F(Z2), is called the F-hull of Z such that Z C F(Z),
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The Category of representations (rep P)

The category of representations of an equipped poset (rep P) over a pair of

fields (F, G) (where G is a quadratic extension of F') has the following objects
and morphism.

Definition

A representation U € rep P is a system of vectors spaces of the form:

U:(UO;Uz‘xE:P)a

IDM Gaviria, AM Cafadas (U. Nacional de Colombia) An Algorithm to Build the Auslander-Reiten Quiver of Some Equipped Posets. April 29 2022. S&o Paulo BRA



The Category of representations (rep P)

The category of representations of an equipped poset (rep P) over a pair of

fields (F, G) (where G is a quadratic extension of F') has the following objects
and morphism.

Definition
A representation U € rep P is a system of vectors spaces of the form:

U:(UO;Uz‘xE:P)a

where U is a finite dimensional F-space and for each z € P, U, is a
G-subspace of Uy, such that,

xy= U, CU,
zdy = F(U,) C Uy.
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The Category of representations (rep P)

The category of representations of an equipped poset (rep P) over a pair of

fields (F, G) (where G is a quadratic extension of F') has the following objects
and morphism.

Definition
A representation U € rep P is a system of vectors spaces of the form:

U:(UO;Uz‘xE:P)a

where U is a finite dimensional F-space and for each z € P, U, is a
G-subspace of Uy, such that,

xy= U, CU,
zdy = F(U,) C Uy.

In this case, a morphism ¢ is defined in such a way that ¢ : (Uy; U, | « €
P)— (Vo ; Vi |z € P)isan F-linear map ¢ : Uy — V; such that:

¢(U,) C V,, foreach z € P.
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The Category of representations (rep P)

Definition
The sum of two representations U, V € rep P is given by the formula:

U@VZ(Uo@Vo,Um@Vx|Z‘€fP)

A representation U # 0 is indecomposable if U ~ U; @ Us implies that U; =0
orUs = 0.

Thus, rep P have the property of decomposition unique, i.e. rep P is a Krull-
Schmidt category. Ind P denotes the set of all indecomposable representations
of P.
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Matrix problem

Each equipped poset P naturally defines a matrix problem of mixed type over
the pair (F, G). Consider a rectangular matrix M separated into vertical stripes
M,, x € P, with M,, being over F' (over G) if the point x is strong (weak):
r—y
K &® O O

M= |G|G|F|F|,

such partitioned matrices M are called matrix representations of P over (F, G).
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Matrix problem

Each equipped poset P naturally defines a matrix problem of mixed type over
the pair (F, G). Consider a rectangular matrix M separated into vertical stripes
M,, z € P, with M, being over F' (over G) if the point z is strong (weak):

r—>Yy
® ® O O
M= G|G|F|F|,

such partitioned matrices M are called matrix representations of P over (F, G).

The Main Problem

The main problem regarding equipped posets consists of giving a complete
description of indecomposable representations and irreducible morphisms of
the category of representations rep P of a given equipped poset P.
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Some Indecomposable Representations

Here we describe some examples of indecomposable representations in the
category rep P, where P is an equipped poset.

If P is an equipped poset and A C P then
P(A)=P(minA)=(F=R; P, |z€?),P,=G=Cifze AYand P, =0
otherwise. In particular, P(@) = (F; 0,...,0).
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Some Indecomposable Representations

Ifa,b € P%, c € P°thenT(a), T(a,b), G1(a,c), G2(a,c) denote indecomposable
objects with matrix representation of the following form:

a a b
_| 1 ® o 110 .
T(a) = ,a€ P9, T(a,b) = , With @ < b.
u ul 1
b

) L.
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Some Indecomposable Representations

Ifa,b € P%, c € P°thenT(a), T(a,b), G1(a,c), G2(a,c) denote indecomposable
objects with matrix representation of the following form:

a a b
_| 1 ® o 110 .
T(a) = ,a€ P9, T(a,b) = , With @ < b.

u u| 1
® ib
a

a a C

Gila,=| 1| O Go(a,e)=| 1197

ul| 1 ul(io
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Some Indecomposable Representations
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Some Indecomposable Representations

70 G?
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Some Indecomposable Representations

70 G?

(R,C) u=i
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The evolvent of an equipped poset P is an ordinary poset:

P= U {«', 2"}

where 2’ = 2" = for a strong point z € P, and z' # =" is a pair of new
strong mutually incomparable points (replacing a weak point z), with the
following order relations:

() ifz <y, thenz <y andz” <y";
(2)ifz <y, thenz <y;z <y ;2 <y andz <y .
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Classification theorems

It was necessary to define a new class of algorithms to classify posets with
these additional structures. In fact, Zavadskij introduced 17 algorithms. Algo-
rithms, |-V (and some additional differentiations) were used by him and Bon-
darenko to classify posets with involution, whereas algorithms I, VII-XVII and
completion were used to classify equipped posets with involution in 2003 [10].

In particular, algorithms [, VII, VIII, IX and completion were used to classify
equipped posets of finite growth representation type without paying attention
to the behavior of the morphisms of the corresponding categories.
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Classification theorems

The following theorems regard the classification of equipped posets [10,11].
Theorem (Zavadskij 2003)

An equipped poset P is tame (wild) if its evolvent P is tame (wild).
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Theorem (Zavadskij 2005)

For an equipped poset P, the following statements are equivalent.
@ P is of finite growth (over an arbitrary field k).
@ The evolvent P is of finite growth.

© The set P is not wild and contains none of the following equipped posets:

Moo Mo

O O
G, Gy Gs
jg\) X E o O E (29 %
G4 G5 G6 G?

@ P does not contain subsets of the form N, ..., Ng, W1 = (1,1, 1),
W =(1,1,1), Ws = (1,1,1), Wy = (1,1,2), Ws = (2,1,1), Ws = (1,2),
Wy =(2,3), Ws = (3,2), Wy = (4,1), and posets G1, . .., G.
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Algorithms of differentiation

In 1991 Zavadskij followed following Gabriel’s ideas regarding the categorical
properties of the algorithm of differentiation with respect to a maximal point [2]
described the structure of the Auslander-Reiten quiver for ordinary posets of
finite growth representation type [9].

To do that, he proved that the algorithm with respect to a suitable pair of points
induces a categorical equivalence between some quotient categories.
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Lifting Algorithm <
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We recall that according to Arnold P(z) = (k; P(x), | € P)[1]

k ifyexV, 0 ifyeux,,

P = I =
@)y 0 otherwise. @)y k  otherwise.
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We recall that according to Arnold P(z) = (k; P(x), | € P)[1]

k ifyexV, 0 ifyeux,,
P(x)y = . I(ﬂf)y = -A
0 otherwise. k  otherwise.

Following to Simson [7], arrows in I'(P) are valued arrows [U] Loy, dyy),

[V] where di;y, = dim Irr (U, V)7 and dyy = dimggy Irr (U, V), and U =
End U/rad End U. This means that there are irreducible morphisms U —

Vivv and Udvv — V, we write U — V if dyy = dpyyy = 1.
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We recall that according to Arnold P(z) = (k; P(x), | € P)[1]

k ifyexV, 0 ifyeux,,
P(x)y = . I(ﬂf)y = -A
0 otherwise. k  otherwise.

Following to Simson [7], arrows in I'(P) are valued arrows [U] Loy, dyv),

[V] where di;y, = dim Irr (U, V)7 and dyy = dimggy Irr (U, V), and U =
End U/rad End U. This means that there are irreducible morphisms U —
Viuv and Ulvv — V, we write U — V if dyy = dpy, = 1.

Henceforth, the following notations will be assumed in valued arrows of an
Auslander-Reiten quiver.

/\< X/ <1y\%1) (2,N%2)
————— e and means ¢— — — — —e and
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Lifting Algorithm

The following algorithm is a way to compress the information (in terms of
the dimension vectors of the indecomposable representations) given by the
Auslander-Reiten quiver of the evolvent of an equipped poset.

Lifting Algorithm < and the Auslander-Reiten quiver.
Input. An equipped poset of type P € {Fis,..., Fig} or A € {kg, ks}-

Output. The Auslander-Reiten quiver T'(P) or P(A), I(A).
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Lifting Algorithm

@ choose one of the following equipped posets Fis, ..., Fig, kg, ks, and
denoted it by P,

@ compute the evolvent P of P,

@ compute the Auslander-Reiten quiver I'(P) of the ordinary poset P,
associating its corresponding dimension vectors,

Q fix avertex U = (Uy; U, | = € P) in T'(P) with vector dimension d of the
form dy = (dp; d, | x € P),
Q@ (lifting; xI'(P))
@ (xU) for each x € P® with associated evolvent points =’ and =", do
de = dyr + dyr
Q (xf)foreacharrow f : U — V € I'(P) define the arrow % f : xU — xV'in
I'(?), keeping neighbors and arrows orientation of F( ).
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Lifting Algorithm

Q fix two vertices U and V in xT'(P),

@ (weak gluing; xT'(P)) if dy = dy = d = (dy;d, | # € P) then do
2d = (2dp; 2d, | x € P) and identify U and V' else keep dy and dy
invariants,

Q fix a vertex W in >41“( ) with vector dimension s = (sg; s, | © € P) given
in step 7,

© define d = (dg;dx | x € P) and do dp = so,

0 — 2 ifreP?,
T s, ifzePe.

@ assign vector d to a unique vertex U of I'(P) keeping neighbors and
arrows orientation of xI'(?P),

@ define the dimension vector [ = (lp = do; L | z € P).

_ dx
" dim rad U,

IDM Gaviria, AM Cafadas (U. Nacional de Colombia) An Algorithm to Build the Auslander-Reiten Quiver of Some Equipped Posets. April 29 2022. S&o Paulo BRA



Some properties of the lifting algorithm >

Q@ x7'P(z') = x7'P(z") for any positive integer !.
Q@ Note that, (P(2)) = P(@) and sa(1(P)) = I(P).
@ Arrows x(f) : xa(U) — x1(V') correspond to irreducible morphisms, were

~

f is a system of arrows in I'(P) as we previously described.

© If P(z) is an indecomposable projective representation of P then
<(P(z)) = P(z) is an indecomposable projective representation of P.

@ If P(2') and P(2") are indecomposable projective representations of P,
then i(P(2') @ P(z")) = T(x) is an indecomposable projective
representation of P.
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Auslander-Reiten quiver >aT'(Fy3)

I3 ®4’A f1\3:F7: @) o)

1 1/ 1//
1110 11 2|1
T(F):1]00— —1]11— xD(F) 10— — —1|2—xT(F)1|0— ——1]1
1101 11
2|1
2/ 2\
sD(Fy): 10— ——1]1

Figure: The Auslander-Reiten quiver IT'(F13) of the equipped poset Fi3 obtained from
1 T'(Fr) via the lifting algorithm <.
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Auslander-Reiten quiver x F(FE)

5 3 3
s bmn 1
1010 100 001 1110
SN NSNS
1950 2|1 10 2101 2|, 71 1110
/\/\/\/\/\|
11
100 |000_ 2111_ 1100
1‘000”’2101**’2110’**2111**’
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Auslander-Reiten quiver x F(FA15)

o1 === tho == 1oi ——- 1
NAYAYAYAY
/E/\w*yﬂs/\
Vi
oo —=- 21f -- - 2fy3 -
NAVAYAYS
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Auslander-Reiten quiver x F(FE)

NONONINON

= Lgh —= 8§ —~== Ty —
2o} 255 —= o1 251
/ \ / \ e \ / \
FAVATAYAYAY
AVAYAYAYAYS
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Auslander-Reiten quiver < F(FAlg)

g =
o]
1
2‘ 0 2‘ i
01 20
) 1 7 N¢ N1 0 0
I e P R i P11 S ™
/\/\/\/\/\/\/\
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Preprojective component of the Auslander-Reiten

quiver s T (kg)
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Let P be a sincere equipped poset of finite representation type. Then the
Auslander-Reiten quiver of P is (P).
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Let P be a sincere equipped poset of finite representation type. Then the
Auslander-Reiten quiver of P is (P).

Let? € {k; | i € 6,8} be a sincere equipped poset of infinite representation
type. lfIP’(ﬂA>), (resp. ]I(fTD)) is the preprojective (resp. preinjective) component
of P, then the preprojective (resp. preinjective) component of P is a(P(P))
(resp. >x(I(P))).
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