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Vertex algebras

Positive energy representations

@ V — a Z-graded vertex algebra
@ &£(V) — the category of graded V-modules, M € £(V) provided ...

o ...isa V-module
o ...is a C-graded vector space
o ... Yy(a,2)=), 4 a%)z’"*l has conformal dimension m for

a €V, ie. dega%) =-n+m-1

@ £.(V) - the category of positive energy V-modules, M € £, (V)
provided ...

o ... M belongs to £(V)
o ... M=%, My, with My #0

@ the top degree component

[e.e]
M = Mysn = Miop = My

n=0
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Vertex algebras

Zhu's correspondence

e A(V) — the Zhu's algebra of V

e A(V) is a unital associative algebra
o Tzpu: ¥V — A(V) a canonical surjective mapping
o M €& (V) = Miop € A(V), the action of mzn,(a) € A(V) on

Miop is given through aé‘gcg o1y foraey

@ Zhu's correspondence

M — Mtop

ol i .
simple positive energy 1:1 simple A(V)—mOdU|eS
V-modules
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Vertex algebras

Affine vertex algebras

g — a simple Lie algebra

b — a Borel subalgebra of g, b= dn

kg — the Cartan—Killing form on g, kg = 2h" kg

Kk — a g-invariant symmetric bilinear form on g, kK = kkg for k € C
0, — the affine Kac—Moody algebra associated to g of level x

° gk = g((t)) ® Cc
o [am,bpn] = [a,blmin + k(@ 0)0pm,—nc, an =aRt" fora€ g, neZ
e cis the cental element of g,

V*(g) — the universal affine vertex algebra
o V*(g) = U(8x) @u(guace)C = U(g@c t~'C[t™']) @cC
o a(z) =3, anz " tforacyg
o [a(z),b(w)] = [a,b](w)d(z — w) + k(a,b)0wd(z —w) for a,b € g

L,;(g) — the simple affine vertex algebra
V*(g) and L, (g) are Ny-graded vertex algebras
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Vertex algebras

Zhu's correspondence

o Vi(9) — AV ()~ Ulg)
impl iti .
SIMPTe POSTHve Enerey L 1, simple U(g)-modules
V*(g)-modules

o L.(g) = A(L"(9)) ~U(g)/1x(9), Ix(g) is a two-sided ideal of
U(g

)
I iti .
{Slmp © POSTHVE energy} & {simple U(g)/[,{(g)—modules}

)-modules

o FisaU(g)/l(g)-module <= E is a g-module, I;(g) C Anny g E
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Vertex algebras

Associated variety

Ug) = grU(g) = S(g) ~ Clg"]
I — a left ideal of U(g)
V(I) — the associated variety of I, V(I) C g*

V(I) = Speem(S(g)/ gr 1)

I is a two-sided ideal = V() is invariant under the adjoint action
of G (connected algebraic group with its Lie algebra g)
LY(X) — the simple highest weight module with highest weight X € b*
I — a primitive ideal of U(g)

o there exists A € h* such that I = Anng ) Lg(A) [Duflo '77]

o V(I) = O~ for a nilpotent orbit O of g [Joseph '85]
a simple g-module E belongs to a nilpotent orbit O of g if V(I) = O*
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Vertex algebras

Zhu's correspondence

e Eis asimple U(g)/I.(g)-module <= E is a simple g-module,
In(g) C AHDU(Q)E

o Eis a simple g-module = Anng g E = Anngg) Ly()) for some
AEb*
The goal is to determine all A € b* such that I,,(g) C Anng(g) Ly(A)

difficult problem in general

known for generic and admissible levels

L. Kfizka (MFF UK) April 27, 2022 Sad Paulo 7/22



Admissible levels

— the affine Kac—Moody algebra
= h ®c C1 @ Cc - the Cartan subalgebra of g«
~h* @ CAg, Aglpecct =0, Ag(c) =
(A) = the integral root system of \ € h*

® 6 o o
|>>a<)a<)tn>

AN ={ae A" A +p,aY)€Z}, p=p+h'Ag

e a weight \ € h* is admissible provided

i) Ais regular dominant, that is (A 4 p,a") ¢ —Ny for all a € ﬁf
i) the Q-span of A()) contains A

@ a level kK = kkg is admissible if A = kAg is an admissible weight
e [Kac—Wakimoto '89]

hY if =1
kb =2 with p.g € N, (p,q>=1,p>{h o =1,

L. Kfizka (MFF UK) April 27, 2022 Sad Paulo 8/22



Admissible weights

Admissible levels

Theorem (Arakawa '15)

Let k = kko be an admissible level for g with denominatoL q € N. Then
there exists a nilpotent orbit O, of g such that V(i) = O;.

e Eis a simple U(g)/I.(g)-module which belongs to O =
I,{(g) C AHDU(E)E = 0 C @
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Admissible weights

Principal admissible weights

@ a weights \ € 6* is principal admissible of an admissible level £ if
there is an element y of the extended affine Weyl group W' of g such
that A(A) = y(A(kAy))

ﬁk = {/\ € h*; A+ kA € Prk}

Theorem (Arakawa '16)

Let k = kro be an admissible level for g. Then the simple g-module Lg(\)
with X € b* is a U(g)/1.(g)-module if and only if X € Pry.

@ The goal is to describe the set Pry,

e for g = sly all highest weights were classified by [Adamovi¢-Milas '95,
Dong-Li—Mason '97]
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Admissible weights

Principal admissible weights

@ O — a nilpotent orbit of g
ﬁko = {\ € Pry; V(AnnU(g)Lg(A)) = O0*}
@ decomposition

Pro= | | Pi,
0CcOq
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Admissible weights for sl,, 4 1

Principal admissible weights for sl,, 4

[} g:5In+1, k‘EQ
k—i—n—i—l:Bwithp,qEN, (p,g)=1,p>n+1.
q

o IT={ay,qs,...,a,} — the set of simple roots
@ P11 — the set of partitions of n + 1, it parameterizes nilpotent orbits
of g
0 Oy =0yqntl=qr+srseNy,0<s<qg-1
ﬁk = |_| ﬁl?a
0co,

o \= [>\17>\27---7)\r] € Pn+1

E)\ = {Oél, ey OO 1 AN 4y e AN A =T - -y AN e A 1 - -
a>\1+...+AT_1}

@ p) — the standard parabolic subalgebra of g determined by X,
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Admissible weights for sl,, 4 1

Parabolic subalgebras

@ p — a standard (contains b) parabolic subalgebra of g
EPZ{OZQH;QQCP}

O, = (G.p1)™e — the Richardson orbit attached to p
W, — the subgroup of W generated by s, for oo € ¥
WP — the set of minimal coset representatives of W,\W
equivalence relation ~

p1 ~ pg <= there exists w € W such that Ay, = w(Asx,)

o [p] — the equivalence class attached to p

o W, — the subgroup of W generated by the element w; = s152...5,

o wit!
1 .

o Wi ={e,wr,...,wn}, wj =wj

e equivalence relation ~

=e

P1 ~4 P <= there exists w € W such that X1 = w(X,).

o [p]+ — the equivalence class attached to p
o Wi ={we W, wE) =5}
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Admissible weights for sl,, 4 1

Theorem (Futorny, K., Morales)

Let Oy be the nilpotent orbit of g given by a partition A € P, 1. Then we
have

Pro> = I_I |_| w™t - Ag(p),

[pl+Elprtl/~+ [wlewP \wr

where WY \W? denotes the set of orbits of W on W¥.

Pryz ={)\ € /h\*§ Ae) =k, (A, a") € Ng for a €11,
<)\"9\/> Sp—n—l}

Ap(p) ={A—(k+n+1)n; A€ Pryz, ne P/,
(n,0) <q—1,1I"=%,}
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Example 1

o g—= 5[6, 0= 0[472]

@ Pp221,1] =

o [p[27271’1}] = {O—)(—O 3 O O—xX O O X—O—>—0—X X—O—%—%—0

oo }

@ Equivalence classes

e Wy e, My T

o Pl = O—%—O0—%—x, p2: O—%—*—0—X
[p1]+:{o+o—>%x7x—o+o—x’ O—%—0, © o}7 Wf_lz{e}
[p2]+ = { oo, oo} WE = {e, w3}
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Examples

@ Admissible weights

Py = || wh M) || wTh Ar(pe)
weWP1 [w]EWiQ\WPQ

@ Representative sets
Ax(py) = {)\ - s(awg + bwy + cws); A € Pryz, a,b,c € N,
a+b+c<qg— 1}
Ag(p2) = {)\ = g(awg + bws + cws); A € Priz, a,b,c €N,

a+b+c§q1}

L. Kfizka (MFF UK) April 27, 2022 Sad Paulo 16 /22



Example 2

@ g=sls, 0= O[g] = Oreg

@ Py =*x=>
b [p[l,l,l]] = {—}

@ Equivalence classes

[b]+ = {1, W—?-:{eawlva}:WJr
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Examples

@ Admissible weights

@ Representative sets
Ak(b) = {)\ — E(awl + bw2); AE ﬁk’z, a,beN a+b<q— 1}
q

o Hasse diagram for W°

52
S1 o —— o S1
./ v \ .
}‘ ° T: ° {
1
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Example 3

@ g=sly
@ Hasse diagram of nilpotent orbits
O dim b

0[3,1] 10 *—O0—x
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Examples

o Admissible weights
ﬁk = ﬁkozcro LJ ﬁkomin LJ ﬁkorcct LJ ﬁkosubreg LJ ﬁkorcg

ﬁgzem = ﬁk’z,

Primin = |_| w- Ap(par™),  Wmin = {e, 51, 5251, 535251}

WEWmin
.0
Prk rect = |_| w - Ak(Pgl;X% Wieet = {6, 52, 5152},
WEWrect
ﬁkosubreg — |—| Ww - Ak(pg{;n%
weWsubreg

Wsubreg = {€, 51, 52, 5152, 5251, 5352, 515251, 535152, §35251, 52535152,
53515251, 8283818281},

DO
Prives = | | w-Ar(b), Wieg = {e, 51,52, 53, 5152, 5153}
weWreg
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Examples

@ Representative sets

Priz = {Awi + dawa + Asws; A1, A2, A3 € No,
A+ Ao+ A3 Sp—4}

A(pgllax):{)\— awi; X € Pryz, a €N, a<q—1}
Ar(pos™) :{ awg,/\EPrkZ,aEN a<q—1}
Ag(piminy = {)\ Zawl—i—bng))\ePrkz,abeNa+b<q—1}
:{)\ gaw1+bwz+cw;3) A € Pryz, a,b,c €N,

a+b+c§q—1}
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Thank you for your attention!
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