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o [:={1,2,...,.N—1}, 1:={0,1,2,...,N—1}

°© Sy =1{s=(s1,...,sn)] si € {-1,1}, #{i|s; =1} =m}
® s €S, v [A%], Cartan matrix of

s5lg ;[mln = 5y, ® Clt, t~11 @ Ce

S
A7 = (si+8i+1)0i5 — 8ibijp1 — $j0it1,5
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o Uysls = (e, fi,ti'i € I) /Rel.
° UqDJ;[s = <ei,fi,tii1|i € f> /Rel.
o UPsly = (E;(2), Fi(2), KX (2),Cli € I) /Rel.

0 & = <Ei(z),Fi(z),Kf(z),C’|i c f> /Rel.

Ei(z) = ZEz',kZ_k, Fi(z) = ZFi,kz_k7

keZ keZ
KE(z) = K exp <:l:(q —q Z Hzirz:”).
r>0

5(2)22%, (z —w)d (i) =0.

reZ
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Recipe

B. Y. isom.

Es = E(q1, 92, 43)

q=dql, @=q¢, gg=d¢l

We always assume that ¢1, g2 are generic. Note that ¢1g2q3 = 1.
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Vertical subalgebra

For i € Z, defineE:Z;.:lsj ifi>0,andi+m+n=i+m—n.

Proposition
There is an injective homomorphism of superalgebras vy : quA[S — & given
by

vs(Ei(2) = Bi(d'z), vs(Fi(2)) = Fi(d'2),

vs(KE(2)) = KF(d7'2), vs(C)=C (i €I).

K3
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There is an injective homomorphism of superalgebras vy : quA[S — & given
by
vs(Ei(2) = Ei(d'2), vs(Fi(2)) = Fi(d"'2),
vs(Ki(2)) = Kif(d'2), ws(C)=C (i €1).

We denote the image of this homomorphism U;”z?[s and call it the vertical
quantum affine sl,,,,.

e U/sls is given in new Drinfeld realization.
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Horizontal subalgebra

Proposition

There is an injective homomorphism of superalgebras hs : qu:\[s — & given
by

€¢F—>Ei’0, fiHFi’o, t; — K; (ZEf)
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Horizontal subalgebra

Proposition

There is an injective homomorphism of superalgebras hs : Uq;[s — & given
by

ew—)Ei,O, fiHFi’o, t; — K; (zef)

We denote the image of this homomorphism Uéw’"gls and call it the
horizontal quantum affine sl,,, ,,.

° Ué“’rsA[S is given in Drinfeld—Jimbo realization.

@ t=toty--ty_1— K =KyK;---Kyn_q are central.
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Highest weight modules

o A UqDJ;[S—moduIe V is a highest weight module of highest weight
A = (A;),c; if it is generated by a vector v such that

~

ev =0, tv= qA’?v, iel

> t =tgty---tn_1 is central. The module V has level ¢ if tv = ¢°v.

o A UquA[s—module V is a highest (loop)-weight module of highest
weight A(z) = (A(2);)icr and level ¢ if it is generated by a vector v
such that

Cv=q%, FEi(z)v=0, KF(z)v=A(2)m, iel

@ A E-module V is a highest (loop)-weight module of highest weight
A(z) = (A(2)i);c; and level (K, c) if it is generated by a vector v such
that

Cv=q%, Kv=d, E(zv=0, K(zw=A>z)w, icl
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Coproduct

e & is a (topological) Hopf superalgebra with coproduct

A(Ei(2)) = Ei(2) @ K (2) + 1@ Ei(2),
A(Fy(2)) = Fi(2) @ 1+ K[ (2) ® Fi(2),
A(KF(2)) = K (2) @ K7 (2).

(2
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Coproduct

e & is a (topological) Hopf superalgebra with coproduct

A(Ei(2)) = Ei(2) ® K; (2) +1® Ei(2),
A(Fi(2)) = Fi(z) © 1+ K (2) © Fi(2),
A(KF(2) = K (2) ® K5(2).

(2

° U;GT;[S is a Hopf subalgebra.
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Vector and Covector Representations - Affine Version

@ V' - vector superspace with basis v;,i € Z. |v;| = (1 — si41)/2.

° Uéj‘](g[mm) acts on V by
evj =vj_1, =7 (mod N)
finfl = Sy, 1= ] (mod N)
Kiyvj =q **v;, i=j (mod N)
Kivj1 =¢%vj_1, i=j (mod N)

f1 Jo /3 fN-1 Jo
N U1 V9 ) [ —>UN—1—>UN"'
€1 €2 €3 EN-1 €0
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Vector and Covector Representations - Affine Version

e W - vector superspace with basis w',i € Z. |w'| = (1 — s;)/2

° UqDJ(;[mm) acts on W by
e;w! = wit,
fiw T = s,
Kyuw = q—8i+1wj’ i =
Kiwj_l = qSiwj_la

€0 €1 €2 EN-2 eN-1
° w! w? < —>wN 1—>wN
fo fi fo fn—2 fr-1

Luan Bezerra (IME-USP) Representations and s-Partitions

April 25, 2022 11/36



Evaluation Representations - Toroidal Version
o Fixue C\{0}. Let [u]; =v;, j € Z.
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Evaluation Representations - Toroidal Version
o Fixue C\{0}. Let [u]; =v;, j € Z.
_ qT _ q—TZ
o Let ¢, (2) = ST
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Evaluation Representations - Toroidal Version
o Fixue C\{0}. Let [u]; =v;, j € Z.

¢ —q 'z
Let b (2) = L—L %
o Let ¢, (2) -
e & actson V(u) =V by

T s
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Evaluation Representations - Toroidal Version

o Fixue C\{0}. Let [u]; =v;, j € Z.
o Let ¢, (2) = ql_—_q;z
e & actson V(u) =V by

()l =6 (a7u/z) [ul;1, i=j (mod N)

T s
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Evaluation Representations - Toroidal Version

o Fixue C\{0}. Let [u]; =v;, j € Z.
4 —q "z

° Let@bT(z)——l_Z .

e & actson V(u) =V by

()l =6 (a7u/z) [ul;1, i=j (mod N)

r

Fy(2)[ul; 1 = s:6 (a77u/2) [ul;, i=j (mod N)
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o Fixue C\{0}. Let [u]; =v;, j € Z.
o Let ¢, (2) = ql_—_q;z
e & actson V(u) =V by

()l =6 (a7u/z) [ul;1, i=j (mod N)

T s

Fy(2)[ul; 1 = s:6 (a77u/2) [ul;, i=j (mod N)

KEE) )y = sy (a70/2) [alj, = (mod N)
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Evaluation Representations - Toroidal Version

o Fixue C\{0}. Let [u]; =v;, j € Z.
o Let ¢, (2) = ql_—_q;z
e & actson V(u) =V by

()l =6 (a7u/z) [ul;1, i=j (mod N)

T s

Fy(2)[ul; 1 = s:6 (a77u/2) [ul;, i=j (mod N)
KEE) )y = sy (a70/2) [alj, = (mod N)

KE ()1 = s, (a7u/z) [, =] (mod )
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Evaluation Representations - Toroidal Version

o Let [uf) =w’, j €Z.
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o Let [uf) =w’, j €Z.
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Evaluation Representations - Toroidal Version
o Let [uf) =w’, j €Z.

o & actson W(u) =W by
()}’ =6 (hu/z) [*', i=j (mod N)

Fi(2)[ul ™ = 51410 <q§u/z> [ul/, i=j (mod N)
KE@)ul = ooy, (du/z) [, i=j (mod N)
KEE) P =, (au/z) o™, i=j (mod N)
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Pictures - 1D Young Diagrams

@ [u]; is a semi-infinite row of boxes ending at the coordinate j. The
box with coordinate k has color k =i € 1.
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Pictures - 1D Young Diagrams

@ [u]; is a semi-infinite row of boxes ending at the coordinate j. The
box with coordinate k has color k =i € 1.

N =5, [uls: ---[4]0[1]2]3]4]
-10 1 2 3 4
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Pictures - 1D Young Diagrams

@ [u]; is a semi-infinite row of boxes ending at the coordinate j. The
box with coordinate k has color k =i € 1.

N =5, [uls: ---[4]0[1]2]3]4]
-10 1 2 3 4

e [u]77 is a semi-infinite column of boxes ending at the coordinate j.
The box with coordinate k has color —k =i € 1.
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Pictures - 1D Young Diagrams

@ [u]; is a semi-infinite row of boxes ending at the coordinate j. The
box with coordinate k has color k =i € 1.

N =5, [uls: ---[4]0[1]2]3]4]
-10 1 2 3 4

e [u]77 is a semi-infinite column of boxes ending at the coordinate j.
The box with coordinate k has color —k =i € 1.
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Action on Diagrams
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Action on Diagrams

e E;(z) removes a box of color i.  F;(z) adds a box of color i.
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Action on Diagrams

e E;(z) removes a box of color i.  F;(z) adds a box of color i.

Fo(z2)
~-l4lo]1]2[3]4] —— ---[4]0]1]2[3]4]0]
-1 0 1 2 3 4 -1 0 1 2 3 4 5

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 15 /36



Action on Diagrams

e E;(z) removes a box of color i.  F;(z) adds a box of color i.

Fo(z2)
~-l4lo]1]2[3]4] —— ---[4]0]1]2[3]4]0]
-1 0 1 2 3 4 -1 0 1 2 3 4 5

Fo(2)lula = 00 (4 "w/2) [uls
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Action on Diagrams

e E;(z) removes a box of color i.  F;(z) adds a box of color i.

Fo(z2)
~-l4lo]1]2[3]4] —— ---[4]0]1]2[3]4]0]
-1 0 1 2 3 4 -1 0 1 2 3 4 5
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Action on Diagrams

e E;(z) removes a box of color i.  F;(z) adds a box of color i.

Fo(z2)
~-l4lo]1]2[3]4] —— ---[4]0]1]2[3]4]0]
-1 0 1 2 3 4 -1 0 1 2 3 4 5

Fo(2)lula = 00 (4 "w/2) [uls

SEE)-
v o~ o |

Fo(2)[u] 2 = 530 (qgu/z) [u] 3
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Tensor Products
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Tensor Products

@ Coproduct

) = Ei(2) @ K; (2) +1® Ey(2),
) = Fi(2) @ 1+ K7 (2) ® Fy(2),
A(Ki(Z)) KF(2) ® K (2).
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Tensor Products

@ Coproduct

) = Ei(2) @ K; (2) +1® Ey(2),
) = Fi(2) @ 1+ K7 (2) ® Fy(2),
A(Ki(z*)) KF(2) ® K (2).

o Is V(u) ® V(v) well-defined?.
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Tensor Products

@ Coproduct

) = Ei(2) @ K; (2) +1® Ey(2),
) = Fi(2) @ 1+ K7 (2) ® Fy(2),
A(Ki(z*)) KF(2) ® K (2).

o Is V(u) ® V(v) well-defined?. ) )
> (Bi(2) ® K (2)([uli ® [v]:) = 0(ay "0/ 2)—s, (a7 "0/ 2) [ui1 ® [0)i

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 16 / 36



Tensor Products

@ Coproduct

) = Ei(2) ® K; (2) + 1@ Ei(2),
) = Fi(2) @ 1+ K7 (2) ® Fy(2),
A(Ki(z*)) KF(2) ® K (2).

o Is V(u) ® V(v) well-defined?. ) )
> (Bi(2) ® K (2)([u)i ® [v]:) = 8(a1 "0/ 2)—s, (a7 "0/ 2) [ i1 ® [0)i

» ¢, (v/u) has a pole at v = w and a zero at v = ¢, *" ' w.
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Tensor Products

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of £ on V (u) ® V (v) if and only if
u # qlm_n)Tv, r € 7.
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Tensor Products

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of £ on V (u) ® V (v) if and only if
u # qlm_n)Tv, r € 7.
@ Ifv# g ¢\ ™" u, the module V(u) ® V(v) is irreducible.
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Tensor Products

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of £ on V (u) ® V (v) if and only if
u # qlmfn)rv, T € L.
@ Ifv # ¢F'¢" " u, the module V(u) ® V (v) is irreducible.
Q Ifv= nggmfn)ru, the module V(u) ® V(v) has an irreducible
submodule spanned by [u]; ® [v], with j — k>(m + n)r, where the

equality is allowed only if sj .1 = —1. The quotient module is
irreducible.

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 17 /36



Tensor Products

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of £ on V (u) ® V (v) if and only if
u # qlmfn)rv, r € 7.

@ Ifv # ¢F'¢" " u, the module V(u) ® V (v) is irreducible.

Q Ifv= qw%mfﬂ)ru, the module V(u) ® V(v) has an irreducible
submodule spanned by [u]; ® [v], with j — k>(m + n)r, where the
equality is allowed only if sj .1 = —1. The quotient module is
irreducible.

Q Ifv= qglqgm_")Tu, the module V (u) ® V (v) has an irreducible
submodule spanned by [u]; & [v]i, with j — k>(m + n)r, where the
equality is allowed only if s; 1 = 1. The quotient module is
irreducible.
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Tensor Products

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of & on W (u) @ W (v) if and only if
u # qgmfn)rv r € Z.
Q@ Ifv#grig™ "™, the module W (u) @ W (v) is irreducible.

Q Ifv= ngé ~""y, the module W(u) @ W(v) has an irreducible
submodule spanned by [u)) ® [v]*, with j — k<(m + n)r, where the

equality is allowed only if s; = —1. The quotient module is irreducible.

Q Ifv=q;"'¢\" ™" u, the module W (u) @ W (v) has an irreducible
submodule spanned by [u)’ @ [v]¥, with j — k<(m + n)r, where the
equality is allowed only if s; = 1. The quotient module is irreducible.

v
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Tensor Products

o V(u)® V(gau) has an irreducible submodule spanned by [u]; ® [gau],
with j > k. Equality is allowed only if 5,41 = —1.
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Tensor Products

o V(u)® V(gau) has an irreducible submodule spanned by [u]; ® [gau],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:
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Tensor Products

o V(u)® V(gau) has an irreducible submodule spanned by [u]; ® [gau],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:

» Similar to g-deformed wedge product “[u]; Aq [u]x".

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 19 /36



Tensor Products

o V(u) ® V(gau) has an irreducible submodule spanned by [u]; ® [ga2u],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:
» Similar to g-deformed wedge product “[u]; Aq [u]x".
oo

o Ifn=0, 75, (u) c Q) V(du).
§=0
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Tensor Products

o V(u) ® V(gau) has an irreducible submodule spanned by [u]; ® [ga2u],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:

» Similar to g-deformed wedge product “[u]; Aq [u]x".

o If n=0, Fa (u C®Vq2

» Hwov.: [u)i ® [qgu]z,z ® [au)i 3 ® - -
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Tensor Products

o V(u) ® V(gau) has an irreducible submodule spanned by [u]; ® [ga2u],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:

» Similar to g-deformed wedge product “[u]; Aq [u]x".

o lfn=0 Fy (u c®v )
> Hwve [u ]zfl®[Q2U]Z72®[CI2U]FB®'“

e If mn # 07
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Tensor Products

o V(u) ® V(gau) has an irreducible submodule spanned by [u]; ® [ga2u],
with j > k. Equality is allowed only if 5,41 = —1.

o [[u]j| = (1 —5j+1)/2. Only odd vectors can be repeated:

» Similar to g-deformed wedge product “[u]; Aq [u]x".

o lfn=0 Fy (u c®v )
» Hwov.: [u)i ® [qgu]z,z ® [au)i 3 ® - -
e If mn # 07

> [u]; ® [q2u]; ® [q3u]; ® - - - behaves badly in the limit.
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Tensor Products

e What about V' (u) ® W (v)?
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Tensor Products

e What about V' (u) @ W (v)?

Proposition ([BM3])
Let u,v € C\ {0}.
@ The coproduct defines an action of & on V (u) ® W (v) if and only if
u # ¢¢qhv, a,b € Z, a =b (mod m — n).
@ The coproduct defines an action of £ on W (u) ® V(v) if and only if
u # ¢¢g4v, a,b € Z, a =b (mod m — n).
© If the Es-module V (u) ® W (v) is well-defined, then it is an irreducible
module of level zero.

Q If the E&s-module W (u) ® V (v) is well-defined, then it is an irreducible
module of level zero.

v
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Tensor Products

e What about V(u) ® W(u)?
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Tensor Products

e What about V(u) ® W(u)?
(Ei(z) ® K (2))([uli © [ul) = 8(a; "u/2) s, (hu/2) ([ulim1 © [u]!)
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Tensor Products

e What about V(u) ® W(u)?
(Ei(z) ® K (2))([uli © [ul) = 8(a; "u/2) s, (hu/2) ([ulim1 © [u]!)

o ¥_s,(¢lql): Problem if 7 =7 =0.
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Tensor Products

e What about V(u) ® W(u)?
(Ei(2) @ K; (2)([uls ® [u)) = 8(qy "u/2)00—s, (ghu/2) ([u)i1 ® [u])
o ¥_s,(¢lql): Problem if 7 =7 =0.

@ Other poles are similar.
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Tensor Products
e What about V' (u) ® W (u)?
(Ei(2) ® K7 (2))([uli @ [u) = (a7 w/2)0— s, (ghu/2) ([uli1 @ [u})
o ¥_s,(¢lql): Problem if 7 =7 =0.
@ Other poles are similar.

o F(u) C V(u) ® W (u) subspace spanned by [u]y_1 ® [u] 7, with
A, >0and p# 0 only if A#0.
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Tensor Products

e What about V' (u) ® W (u)?

(Ei(2) ® K7 (2))([uli @ [u) = (a7 w/2)0— s, (ghu/2) ([uli1 @ [u})
o ¥_s,(¢lql): Problem if 7 =7 =0.

@ Other poles are similar.

o F(u) C V(u) ® W (u) subspace spanned by [u]y_1 ® [u] 7, with
A, >0and p# 0 only if A#0.

@ Only Ep(z) will have a pole...
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Tensor Products

e What about V' (u) ® W (u)?

(Ei(2) ® K7 (2))([uli @ [u) = (a7 w/2)0— s, (ghu/2) ([uli1 @ [u})
o ¥_s,(¢lql): Problem if 7 =7 =0.

@ Other poles are similar.

o F(u) C V(u) ® W (u) subspace spanned by [u]y_1 ® [u] 7, with
A, >0and p# 0 only if A#0.

@ Only Ep(z) will have a pole...

@ ...this pole cancels if another [gou])_1 ® [gou] * is tensored,
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Tensor Products

e What about V' (u) ® W (u)?

(Ei(2) ® K7 (2))([uli @ [u) = (a7 w/2)0— s, (ghu/2) ([uli1 @ [u})
o ¥_s,(¢lql): Problem if 7 =7 =0.

@ Other poles are similar.

o F(u) C V(u) ® W (u) subspace spanned by [u]y_1 ® [u] 7, with
A, >0and p# 0 only if A#0.

@ Only Ep(z) will have a pole...
@ ...this pole cancels if another [gou])_1 ® [gou] * is tensored,

@ but it creates another pole.
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Tensor Products

e What about V' (u) ® W (u)?

(Ei(2) ® K7 (2))([uli @ [u) = (a7 w/2)0— s, (ghu/2) ([uli1 @ [u})
o ¥_s,(¢lql): Problem if 7 =7 =0.

o Other poles are similar.

o Fl(u) C V(u) ® W(u) subspace spanned by [u]y_1 ® [u]~*, with
A, >0and p# 0 only if A#0.

@ Only Ey(z) will have a pole...
@ ...this pole cancels if another [gou]y_1 ® [gou]™* is tensored,
@ but it creates another pole.

@ Renormalize and take the limit!
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\Q,...,)\k,0,0,...);
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\g,...,)\k,0,0,...);

@ The number of non-zero entries of X is £(X);
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\z,...,)\k,o,o,...);

@ The number of non-zero entries of X is £(X);

@ A pair of partitions (A, ut) is a s-partition if
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\z,...,)\k,o,o,...);

@ The number of non-zero entries of X is £(X);
@ A pair of partitions (A, ut) is a s-partition if

» X\ = Xy oonly if sy, = —1,
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\g,...,)\k,0,0,...);

@ The number of non-zero entries of X is £(X);
@ A pair of partitions (A, ut) is a s-partition if

» X\ = Xy oonly if sy, = —1,

> 1; = fti41 only if s_,, = —1, and

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 22 /36



Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= (Al,)\g,...,)\k,0,0,...);

@ The number of non-zero entries of X is £(X);
@ A pair of partitions (A, ut) is a s-partition if
> )\z = /\i-‘rl only if Sx; = -1,

> 1; = fti41 only if s_,, = —1, and

> LX) = L(p).
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Partitions with parity

@ A partition is a non-increasing sequence of non-negative integers
A= ()\1,)\2,...,)\]6,0,0,...);

@ The number of non-zero entries of X is £(X);
@ A pair of partitions (A, ut) is a s-partition if
> )\z = /\i-‘rl only if Sx; = -1,

> 1; = fti41 only if s_,, = —1, and

> LX) = L(p).

e If s =1, s-partitions are Frobenius coordinates.
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The Trick!

e Given a pair of partitions (X, p), both with at most k parts, define
A ) = [uly 1 @ W] @ @ gy uln @ [gh T e
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The Trick!

e Given a pair of partitions (X, p), both with at most k parts, define
A ) = [uly 1 @ W] @ @ gy uln @ [gh T e

o Let F¥(u) C V(u) @ W(u) @ ® V(gh u) @ W(gh ' u) be the
subspace spanned by \A,u)k with (A, p) a s-partition.
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The Trick!

e Given a pair of partitions (X, p), both with at most k parts, define
A )" = Tulx -1 @ W] @ @ (g5l -1 @ oy ] T

o Let F¥(u) C V(u) @ W(u) @ ® V(gh u) @ W(gh ' u) be the
subspace spanned by \A,u)k with (A, p) a s-partition.

o Let F*(u) C F¥(u) be the subspace spanned by |\, p)* with
kE—=3>40A) > 4(p).
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The Trick!

o Let Fi(k) (2) = A(zk)Fi(z), il
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The Trick!

o Let Fi(k) (z) = ACOE;(2), i e I

PO U(ghu/2)ACP Eg(z) (i = 0);
e I (Z) - A(Zk)EZ(Z) (Z c 1)7
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The Trick!
o Let Fi(k) (z) = ACNE(2), i e I

E® ) — U(ghu/2)ACP Eg(z) (i = 0);
o I (Z) - A(Qk)EZ(z) (Z e I),

(g8u/2) ACKKF(2) (i =0);

o (KF)®(z) = {A(zk)Ki( ) (el
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The Trick!
o Let Fi(k) (z) = ACNE(2), i e I

oy [/ E() (= 0);
o I ( )_ A(Qk)EZ(Z) (Z EI),

(a5u/2)APP K (2) (i =0);

° 5B (2) =
(KF)P)(2) {A(%)Kii( ) (1 e1),

Proposition ([BM3])

Let v e F®) . Then, E k)(z) ( v, and K(k)( Yo, i€l are
well-defined vectors in F¥). Moreover the defining relations are satisfied
when applied to v.
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The Trick!

@ We have a natural embedding
o) FO o FERD, - n )™ s 2 )Y
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The Trick!

@ We have a natural embedding
oM+ FO o FOED X )™ s A ) D

@ The & action is stable:
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The Trick!

@ We have a natural embedding
oM+ FO o FOED X )™ s A ) D

@ The & action is stable:

Lemma ([BM3])
For any v € F®) andi € I, we have

(b(k)Ei(k)(z) _ E(k+1)( )(b(k)v’

A OTES N OTA
oI (EE) D () = (KF) ()6,
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The Trick!

@ We have a natural embedding
oM+ FO o FOED X )™ s A ) D

@ The & action is stable:

Lemma ([BM3])
For any v € F®) andi € I, we have

(b(k)Ei(k)(z) _ E(k+1)( )¢(k)v7

A OTES N OTA
oI (EE) D () = (KF) ()6,

o Let F(u) = liﬂ]-"(k)
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The Trick!

o Let F(u) = lig}"(k).
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The Trick!

o Let F(u) = li_n}]-"(k).

Theorem ([BM3])

The space F(u) is an irreducible highest weight E-module with highest
weight (¢(u/z),1,...,1).

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 26 /36



The Trick!

o Let F(u) = li_n;l]-"(k).

Theorem ([BM3])

The space F(u) is an irreducible highest weight E-module with highest
weight (¢(u/z),1,...,1).

@ As an Uqg[s—module, F(u) is a highest weight module of weight Ay.
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The Trick!

o Let F(u) = li_n;l]-"(k).

Theorem ([BM3])

The space F(u) is an irreducible highest weight E-module with highest
weight (¢(u/z),1,...,1).

@ As an Uqg[s—module, F(u) is a highest weight module of weight Ay.

o We write F(u) = Fa,(u).
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Fun with Diagrams
o Fp,(u) has a basis |, p) with (X, ) a s-partition.
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Fun with Diagrams

o Fp,(u) has a basis |, p) with (X, ) a s-partition.
@ Each s-partition (A, pt) corresponds to a generalized Young diagram:
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Fun with Diagrams

o Fp,(u) has a basis |, p) with (X, ) a s-partition.
@ Each s-partition (A, pt) corresponds to a generalized Young diagram:
» Glue the 1D-diagrams in a correct way, or
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Fun with Diagrams

o Fp,(u) has a basis |, p) with (X, ) a s-partition.
@ Each s-partition (A, pt) corresponds to a generalized Young diagram:

» Glue the 1D-diagrams in a correct way, or
» Treat (A, ) as the usual Frobenius coordinates.

o Cut the tails so that [u]; has j + 1 boxes, and [u] ™/ has j boxes. Glue
the remaining boxes at coordinate 0:
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Fun with Diagrams

o Fp,(u) has a basis |, p) with (X, ) a s-partition.

@ Each s-partition (A, pt) corresponds to a generalized Young diagram:

» Glue the 1D-diagrams in a correct way, or
» Treat (A, ) as the usual Frobenius coordinates.

o Cut the tails so that [u]; has j + 1 boxes, and [u] ™/ has j boxes. Glue
the remaining boxes at coordinate 0:

ol4fof1]2[3]4]
-10 1 2 3 4

—_

e [=]) -
N o= O

|

1234

0
14
3]
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Fun with Diagrams
o Fp,(u) has a basis |, p) with (X, ) a s-partition.

@ Each s-partition (A, pt) corresponds to a generalized Young diagram:

» Glue the 1D-diagrams in a correct way, or
» Treat (A, ) as the usual Frobenius coordinates.

o Cut the tails so that [u]; has j + 1 boxes, and [u] ™/ has j boxes. Glue
the remaining boxes at coordinate 0:

ol4fof1]2[3]4]
-10 1 2 3 4

|

1234

1]
0] o 0
4] NES

2 3]

@ Glue the hooks along the diagonal.
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2D Young Diagrams

(8,5,5,4,4,2),(7,2,1,1)):  [0]1]2

(@)
—
O ||

O Do |k~
O INW( O
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2D Young Diagrams

1(8,5,5,4,4,2),(7,2,1,1)):  [0|1]2]3][4]0]1]2]
0[1]2][3]4
0[1]2]3]4
0[1]2]3
0/1[2]3]
0[1

e FE;(z) removes a box of color i.  F;(z) adds a box of color i.

Luan Bezerra (IME-USP) Representations and s-Partitions



2D Young Diagrams

1(8,5,5,4,4,2),(7,2,1,1)):  [0]1]2]3]4]0]1]2]
4l0[1[2[3]4
3[4]0[1[2][3]4
2(3[4J0]1]2]3
1] 4]0]1]2]3]
0] 0]1
4
3]

@ FE;(z) removes a box of color i.  Fj(z) adds a box of color i.

@ The action of E;(z) on a diagram is a sum of all diagrams obtained by
removing an allowed box of color 7. The coefficients are given by the
action of K () on the boxes after the removed one.
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2D Young Diagrams

1(8,5,5,4,4,2),(7,2,1,1)):

—_
[\

N Fa ) IS N
SO
O ho|eo |k

Wik (O~

OFIN WO
=N QO |~

EINEENENE

e FE;(z) removes a box of color i.  F;(z) adds a box of color i.

@ The action of E;(z) on a diagram is a sum of all diagrams obtained by
removing an allowed box of color 7. The coefficients are given by the
action of K () on the boxes after the removed one.

@ The action of Fj(z) on a diagram is a sum of all diagrams obtained by
adding an allowed box of color i. The coefficients are given by the
action of K" (z) on the boxes before the added one.
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Other level 1 modules

o In a similar way, a family of £-modules which after restriction to
Uyg8ly), are highest weight modules of highest weight

Si(TAi—l — (7’ + 1)Ai), 1 € j, r € 7.

In particular, it includes the highest weights +A;.
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Other level 1 modules

o In a similar way, a family of £-modules which after restriction to
Uyg8ly), are highest weight modules of highest weight

Si(TAz'_l — (7’ + 1)AZ), 1€ j, r € 7.

In particular, it includes the highest weights +A;.

@ We expect these modules remain irreducible when restricted to
Uqg[m|n'
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Other level 1 modules

o In a similar way, a family of £-modules which after restriction to
Uyg8ly), are highest weight modules of highest weight

Si(TAz'_l — (7’ + l)AZ), 1€ f, r € 7.

In particular, it includes the highest weights +A;.

@ We expect these modules remain irreducible when restricted to
Uqg[m|n

@ For some modules in standard parity, the characters are known. We
can show irreduciblity.
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MacMahon Modules

@ We can repeat the construction using Fock modules.
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MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 30/36



MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

|
o Let f(k,Z) = %
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.
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o Let f(k,Z) = %
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.

@ A basis of M(u) is parameterized by 3D Young diagrams.
» FE;(z) removes and F;(z) adds boxes of color i.
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MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

|
o Let f(k,Z) = %
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.

@ A basis of M(u) is parameterized by 3D Young diagrams.
» FE;(z) removes and F;(z) adds boxes of color i.

o Further generalizations:
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MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

|
o Let f(k,Z) = %kzz
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.

@ A basis of M(u) is parameterized by 3D Young diagrams.
» FE;(z) removes and F;(z) adds boxes of color i.
o Further generalizations:

» If k is not generic, a specific box is “forbidden”.
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MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

|
o Let f(k,Z) = %kzz
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.

@ A basis of M(u) is parameterized by 3D Young diagrams.
» FE;(z) removes and F;(z) adds boxes of color i.
o Further generalizations:

» If k is not generic, a specific box is “forbidden”.
» Vertical boundaries: the tail |@,0) can be replaced by a suitable |v, €).
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MacMahon Modules

@ We can repeat the construction using Fock modules.

M(u) C Fay(u) ® Fag(ugy ') @ Fag(ugy®) @+

|
o Let f(k,Z) = %kzz
Theorem ([BM3])

The space M(u) is a highest weight E-module with highest weight
(f(kyu/2),1,...,1). Ifk is generic (k # ¢{q}, a,b € Z), it is irreducible.

@ A basis of M(u) is parameterized by 3D Young diagrams.
» FE;(z) removes and F;(z) adds boxes of color i.
o Further generalizations:

» If k is not generic, a specific box is “forbidden”.
» Vertical boundaries: the tail |@,0) can be replaced by a suitable |v, €).
» Horizontal boundaries: the go shifts can have larger steps.
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3D Young Diagrams

An example of a plane s-partition.
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3D Young Diagrams

The vacuum of ng’e)’a, v =(3,2), e=(3,2), a=(3,2,2,1).
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MacMahon 7
Theorem ([BM3])
Let o(i,j) = (—1) i=iIFl. The character of the module M(u) is given by

oo r—1

xM@) = [TTIQ — otk + 1 r,k)g) 7 E+1=rb),

r=1k=0
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MacMahon 7
Theorem ([BM3])
Let o(i,j) = (—1) i=iIFl. The character of the module M(u) is given by

oo r—1

xM@) = [TTIQ — otk + 1 r,k)g) 7 E+1=rb),

r=1k=0

o Ifs=1;

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 33/36



MacMahon 7
Theorem ([BM3])
Let o(i,5) = (—1) i=i Ik, The character of the module M(u) is given by

oo r—1

xM@) = [TTIQ — otk + 1 r,k)g) 7 E+1=rb),

r=1k=0

o Ifs=1:
» Plane s-partitions are the usual plane partitions.
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MacMahon 7
Theorem ([BM3])
Let o(i,7) = (—1)2?%:1' kI, The character of the module M(u) is given by

oo r—1

x(M(u)) = H H(l —o(k+1—m, k-)q"')—ff(k—f—l—'r,k)‘

r=1k=0

o Ifs=1:
» Plane s-partitions are the usual plane partitions.
» The generating function is the MacMahon function (1916)

X(M(w) = plr)g" =[] ﬁ
r=0

r=1
pl(r) = number of plane partitions with r boxes.

Percy MacMahon
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