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Introduction

Quantum toroidal (super)algebra is a quantization of a toroidal Lie
(super)algebra.

Or a affinization of a quantum affine (super)algebra.
▶ Even case:

V.Ginzburg, M.Kapranov and E.Vasserot in 1995 (Geometric methods).
▶ Super case:

L.B. and E. Mukhin in 2019.

They appear in many places:
▶ Cohomology of instanton moduli spaces
▶ M-branes in 6d
▶ Toric diagrams of Calabi-Yau threefolds
▶ BPS states
▶ Donaldson-Thomas invariants
▶ ...
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Definitions
Fix N = m+ n, m ̸= n

I := {1, 2, . . . , N − 1}, Î := {0, 1, 2, . . . , N − 1}

1 2 N − 1

0

1 2 N − 1

Sm|n = {s = (s1, . . . , sN )| si ∈ {−1, 1}, #{i | si = 1} = m}

s ∈ Sm|n ⇝ [As], Cartan matrix of
ŝls ∼= ŝlm|n = slm|n ⊗ C[t, t−1]⊕ Cc

As
i,j = (si + si+1)δi,j − siδi,j+1 − sjδi+1,j

|i| = |αi| = (1− sisi+1)/2
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Main Ingredients
Uqsls =

〈
ei, fi, t

±1
i |i ∈ I

〉
/Rel.

UDJ
q ŝls =

〈
ei, fi, t

±1
i |i ∈ Î

〉
/Rel.

UD
q ŝls =

〈
Ei(z), Fi(z),K

±
i (z), C|i ∈ I

〉
/Rel.

Es =
〈
Ei(z), Fi(z),K

±
i (z), C|i ∈ Î

〉
/Rel.

Ei(z) =
∑
k∈Z

Ei,kz
−k, Fi(z) =

∑
k∈Z

Fi,kz
−k,

K±
i (z) = K±1

i exp
(
±(q − q−1)

∑
r>0

Hi,±rz
∓r

)
.

δ (z) =
∑
r∈Z

zr, (z − w)δ
( z
w

)
= 0.
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Recipe
Uqsls

D. J
. a

ffin.
new

D. affin.

UDJ
q ŝls UD

q ŝls
B. Y. isom.

Es = Es(q1, q2, q3)

new
D. affin.

param. d D. J
. a

ffin.

B. Y. isom.

q1 = d q−1, q2 = q2, q3 = d−1q−1.

We always assume that q1, q2 are generic. Note that q1q2q3 = 1.
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Vertical subalgebra

For i ∈ Z, define i =
∑i

j=1 sj if i ≥ 0, and i+m+ n = i+m− n.

Proposition

There is an injective homomorphism of superalgebras vs : Uq ŝls → Es given
by

vs(Ei(z)) = Ei(d
−iz), vs(Fi(z)) = Fi(d

−iz),

vs(K
±
i (z)) = K±

i (d−iz), vs(C) = C (i ∈ I).

We denote the image of this homomorphism Uver
q ŝls and call it the vertical

quantum affine slm|n.

Uver
q ŝls is given in new Drinfeld realization.
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Horizontal subalgebra

Proposition

There is an injective homomorphism of superalgebras hs : Uq ŝls → Es given
by

ei 7→ Ei,0 , fi 7→ Fi,0 , ti 7→ Ki (i ∈ Î).

We denote the image of this homomorphism Uhor
q ŝls and call it the

horizontal quantum affine slm|n.

Uhor
q ŝls is given in Drinfeld–Jimbo realization.

t = t0t1 · · · tN−1 7→ K = K0K1 · · ·KN−1 are central.
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Highest weight modules

A UDJ
q ŝls-module V is a highest weight module of highest weight

Λ = (Λi)i∈Î if it is generated by a vector v such that

eiv = 0, tiv = qΛiv, i ∈ Î

▶ t = t0t1 · · · tN−1 is central. The module V has level c if tv = qcv.

A UD
q ŝls-module V is a highest (loop)-weight module of highest

weight Λ(z) = (Λ(z)i)i∈I and level c if it is generated by a vector v
such that

Cv = qcv, Ei(z)v = 0, K±
i (z)v = Λ(z)iv, i ∈ I

A Es-module V is a highest (loop)-weight module of highest weight
Λ(z) = (Λ(z)i)i∈Î and level (k, c) if it is generated by a vector v such
that

Cv = qcv, Kv = qkv, Ei(z)v = 0, K±
i (z)v = Λ(z)iv, i ∈ Î
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Coproduct

Es is a (topological) Hopf superalgebra with coproduct

∆(Ei(z)) = Ei(z)⊗K−
i (z) + 1⊗ Ei(z),

∆(Fi(z)) = Fi(z)⊗ 1 +K+
i (z)⊗ Fi(z),

∆(K±
i (z)) = K±

i (z)⊗K±
i (z).

Uver
q ŝls is a Hopf subalgebra.
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Vector and Covector Representations - Affine Version

V - vector superspace with basis vi, i ∈ Z.

|vi| = (1− si+1)/2.

UDJ
q (ŝlm|n) acts on V by

eivj = vj−1, i ≡ j (mod N)

fivj−1 = sivj , i ≡ j (mod N)

Kivj = q−si+1vj , i ≡ j (mod N)

Kivj−1 = qsivj−1, i ≡ j (mod N)

v0 v1 v2 · · · vN−1 vN

f1

e1

f2

e2

f3

e3

fN−1

eN−1

f0

e0

· · ·· · ·
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Vector and Covector Representations - Affine Version

W - vector superspace with basis wi, i ∈ Z.

|wi| = (1− si)/2.

UDJ
q (ŝlm|n) acts on W by
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fiw
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Kiw
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Evaluation Representations - Toroidal Version
Fix u ∈ C \ {0}. Let [u]j = vj , j ∈ Z.

Let ψr(z) =
qr − q−rz

1− z
.

Es acts on V (u) = V by

Ei(z)[u]j = δ
(
q−j̄
1 u/z

)
[u]j−1, i ≡ j (mod N)

Fi(z)[u]j−1 = siδ
(
q−j̄
1 u/z

)
[u]j , i ≡ j (mod N)

K±
i (z)[u]j = ψ−si+1

(
q−j̄
1 u/z

)
[u]j , i ≡ j (mod N)

K±
i (z)[u]j−1 = ψsi

(
q−j̄
1 u/z

)
[u]j−1, i ≡ j (mod N)
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Pictures - 1D Young Diagrams

[u]j is a semi-infinite row of boxes ending at the coordinate j. The
box with coordinate k has color k ≡ i ∈ Î.

N = 5, [u]4: . . . 4 0 1 2 3 4
−1 0 1 2 3 4

[u]−j is a semi-infinite column of boxes ending at the coordinate j.
The box with coordinate k has color −k ≡ i ∈ Î.

N = 5, [u]−2:

...
1
0
4
3

−1

0

1

2
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Action on Diagrams

Ei(z) removes a box of color i. Fi(z) adds a box of color i.

. . . 4 0 1 2 3 4
−1 0 1 2 3 4

F0(z) . . . 4 0 1 2 3 4 0
−1 0 1 2 3 4 5

F0(z)[u]4 = s0δ
(
q−5
1 u/z

)
[u]5

...
1
0
4
3

−1

0

1

2

...
1
0
4
3
2

−1

0

1

2

3

F2(z)

F2(z)[u]
−2 = s3δ

(
q
(−3)
3 u/z

)
[u]−3
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Tensor Products

Coproduct

∆(Ei(z)) = Ei(z)⊗K−
i (z) + 1⊗ Ei(z),

∆(Fi(z)) = Fi(z)⊗ 1 +K+
i (z)⊗ Fi(z),

∆(K±
i (z)) = K±

i (z)⊗K±
i (z).

Is V (u)⊗ V (v) well-defined?.
▶ (Ei(z)⊗K−

i (z))([u]i ⊗ [v]i) = δ(q−i
1 u/z)ψ−si+1(q

−i
1 v/z)[u]i−1 ⊗ [v]i

▶ ψ−si+1
(v/u) has a pole at v = u and a zero at v = q

−si+1

2 u.
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Tensor Products

Proposition ([BM3])
Let u, v ∈ C \ {0}.

1 The coproduct defines an action of Es on V (u)⊗ V (v) if and only if
u ̸= q

(m−n)r
1 v, r ∈ Z.

2 If v ̸= q±1
2 q

(m−n)r
1 u, the module V (u)⊗ V (v) is irreducible.

3 If v = q2q
(m−n)r
1 u, the module V (u)⊗ V (v) has an irreducible

submodule spanned by [u]j ⊗ [v]k, with j − k≥(m+ n)r, where the
equality is allowed only if sj+1 = −1. The quotient module is
irreducible.

4 If v = q−1
2 q

(m−n)r
1 u, the module V (u)⊗ V (v) has an irreducible

submodule spanned by [u]j ⊗ [v]k, with j − k≥(m+ n)r, where the
equality is allowed only if sj+1 = 1. The quotient module is
irreducible.
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Tensor Products

Proposition ([BM3])
Let u, v ∈ C \ {0}.

1 The coproduct defines an action of Es on W (u)⊗W (v) if and only if
u ̸= q

(m−n)r
3 v, r ∈ Z.

2 If v ̸= q±1
2 q

(m−n)r
3 u, the module W (u)⊗W (v) is irreducible.

3 If v = q2q
(m−n)r
3 u, the module W (u)⊗W (v) has an irreducible

submodule spanned by [u]j ⊗ [v]k, with j − k≤(m+ n)r, where the
equality is allowed only if sj = −1. The quotient module is irreducible.

4 If v = q−1
2 q

(m−n)r
3 u, the module W (u)⊗W (v) has an irreducible

submodule spanned by [u]j ⊗ [v]k, with j − k≤(m+ n)r, where the
equality is allowed only if sj = 1. The quotient module is irreducible.
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Tensor Products

V (u)⊗ V (q2u) has an irreducible submodule spanned by [u]j ⊗ [q2u]k,
with j ≥ k. Equality is allowed only if sj+1 = −1.

|[u]j | = (1− sj+1)/2. Only odd vectors can be repeated:

▶ Similar to q-deformed wedge product “ [u]j ∧q [u]k”.

If n = 0, FΛi(u) ⊂
∞⊗
j=0

V (qj2u).

▶ H.w.v.: [u]i−1 ⊗ [q2u]i−2 ⊗ [q22u]i−3 ⊗ · · ·

If mn ̸= 0?

▶ [u]i ⊗ [q2u]i ⊗ [q22u]i ⊗ · · · behaves badly in the limit.
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with j ≥ k. Equality is allowed only if sj+1 = −1.

|[u]j | = (1− sj+1)/2. Only odd vectors can be repeated:

▶ Similar to q-deformed wedge product “ [u]j ∧q [u]k”.

If n = 0, FΛi(u) ⊂
∞⊗
j=0

V (qj2u).

▶ H.w.v.: [u]i−1 ⊗ [q2u]i−2 ⊗ [q22u]i−3 ⊗ · · ·

If mn ̸= 0?
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Tensor Products

What about V (u)⊗W (v)?

Proposition ([BM3])
Let u, v ∈ C \ {0}.

1 The coproduct defines an action of Es on V (u)⊗W (v) if and only if
u ̸= qa1q

b
3v, a, b ∈ Z, a ≡ b (mod m− n).

2 The coproduct defines an action of Es on W (u)⊗ V (v) if and only if
u ̸= qa1q

b
3v, a, b ∈ Z, a ≡ b (mod m− n).

3 If the Es-module V (u)⊗W (v) is well-defined, then it is an irreducible
module of level zero.

4 If the Es-module W (u)⊗ V (v) is well-defined, then it is an irreducible
module of level zero.
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Tensor Products

What about V (u)⊗W (u)?

(Ei(z)⊗K−
i (z))([u]i ⊗ [u]j) = δ(q−i

1 u/z)ψ−si(q
j
3u/z)([u]i−1 ⊗ [u]j)

ψ−si(q
j
3q

i
1): Problem if j = i = 0.

Other poles are similar.

F1(u) ⊂ V (u)⊗W (u) subspace spanned by [u]λ−1 ⊗ [u]−µ, with
λ, µ ≥ 0 and µ ̸= 0 only if λ ̸= 0.
Only E0(z) will have a pole...

...this pole cancels if another [q2u]λ−1 ⊗ [q2u]
−µ is tensored,

but it creates another pole.

Renormalize and take the limit!
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Partitions with parity

A partition is a non-increasing sequence of non-negative integers
λ = (λ1, λ2, . . . , λk, 0, 0, . . . );

The number of non-zero entries of λ is ℓ(λ);

A pair of partitions (λ,µ) is a s-partition if

▶ λi = λi+1 only if sλi
= −1,

▶ µi = µi+1 only if s−µi = −1, and

▶ ℓ(λ) ≥ ℓ(µ).

If s ≡ 1, s-partitions are Frobenius coordinates.
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The Trick!

Given a pair of partitions (λ,µ), both with at most k parts, define
|λ,µ⟩k = [u]λ1−1 ⊗ [u]−µ1 ⊗ · · · ⊗ [qk−1

2 u]λk−1 ⊗ [qk−1
2 u]−µk .

Let Fk(u) ⊂ V (u)⊗W (u)⊗ · · · ⊗ V (qk−1
2 u)⊗W (qk−1

2 u) be the
subspace spanned by |λ,µ⟩k with (λ,µ) a s-partition.

Let F̊k(u) ⊂ Fk(u) be the subspace spanned by |λ,µ⟩k with
k − 3 ≥ ℓ(λ) ≥ ℓ(µ).
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The Trick!

Let F (k)
i (z) = ∆(2k)Fi(z), i ∈ Î;

E
(k)
i (z) =

{
ψ(qk2u/z)∆

(2k)E0(z) (i = 0);

∆(2k)Ei(z) (i ∈ I),

(K±
i )(k)(z) =

{
ψ(qk2u/z)∆

(2k)K±
0 (z) (i = 0);

∆(2k)K±
i (z) (i ∈ I),

Proposition ([BM3])

Let v ∈ F̊ (k). Then, E(k)
i (z)v, F (k)

i (z)v, and K(k)
i (z)v, i ∈ Î, are

well-defined vectors in F (k). Moreover, the defining relations are satisfied
when applied to v.
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The Trick!

We have a natural embedding
ϕ(k) : F (k) ↪→ F (k+1), |λ,µ⟩(k) 7→ |λ,µ⟩(k+1) .

The Es action is stable:

Lemma ([BM3])

For any v ∈ F̊ (k) and i ∈ Î, we have

ϕ(k)E
(k)
i (z)v = E

(k+1)
i (z)ϕ(k)v,

ϕ(k)F
(k)
i (z)v = F

(k+1)
i (z)ϕ(k)v,

ϕ(k)(K±
i )(k)(z)v = (K±

i )(k+1)(z)ϕ(k)v.

Let F(u) = lim−→F (k).
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The Trick!

Let F(u) = lim−→F (k).

Theorem ([BM3])
The space F(u) is an irreducible highest weight Es-module with highest
weight (ψ(u/z), 1, . . . , 1).

As an Uqĝls-module, F(u) is a highest weight module of weight Λ0.

We write F(u) = FΛ0(u).
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Fun with Diagrams
FΛ0(u) has a basis |λ,µ⟩ with (λ,µ) a s-partition.

Each s-partition (λ,µ) corresponds to a generalized Young diagram:
▶ Glue the 1D-diagrams in a correct way, or
▶ Treat (λ,µ) as the usual Frobenius coordinates.

Cut the tails so that [u]j has j + 1 boxes, and [u]−j has j boxes. Glue
the remaining boxes at coordinate 0:

. . . 4 0 1 2 3 4
−1 0 1 2 3 4

...
1
0
4
3

−1

0

1

2

0 1 2 3 4
4
3

Glue the hooks along the diagonal.
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2D Young Diagrams

|(8, 5, 5, 4, 4, 2), (7, 2, 1, 1)⟩: 0 1 2 3 4 0 1 2
4 0 1 2 3 4
3 4 0 1 2 3 4
2 3 4 0 1 2 3
1 4 0 1 2 3
0 0 1
4
3

Ei(z) removes a box of color i. Fi(z) adds a box of color i.
The action of Ei(z) on a diagram is a sum of all diagrams obtained by
removing an allowed box of color i. The coefficients are given by the
action of K−

i (z) on the boxes after the removed one.
The action of Fi(z) on a diagram is a sum of all diagrams obtained by
adding an allowed box of color i. The coefficients are given by the
action of K+

i (z) on the boxes before the added one.
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Other level 1 modules

In a similar way, a family of Es-modules which after restriction to
Uqĝlm|n are highest weight modules of highest weight

si(rΛi−1 − (r + 1)Λi), i ∈ Î , r ∈ Z.

In particular, it includes the highest weights ±Λi.

We expect these modules remain irreducible when restricted to
Uqĝlm|n.

For some modules in standard parity, the characters are known. We
can show irreduciblity.
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In particular, it includes the highest weights ±Λi.

We expect these modules remain irreducible when restricted to
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MacMahon Modules
We can repeat the construction using Fock modules.

M(u) ⊆ FΛ0(u)⊗FΛ0(uq
−1
2 )⊗FΛ0(uq

−2
2 )⊗ · · ·

Let f(k, z) =
k − k−1z

1− z
.

Theorem ([BM3])
The space M(u) is a highest weight Es-module with highest weight
(f(k, u/z), 1, . . . , 1). If k is generic (k ̸= qa1q

b
3, a, b ∈ Z), it is irreducible.

A basis of M(u) is parameterized by 3D Young diagrams.
▶ Ei(z) removes and Fi(z) adds boxes of color i.

Further generalizations:
▶ If k is not generic, a specific box is “forbidden”.
▶ Vertical boundaries: the tail |∅,∅⟩ can be replaced by a suitable |γ, ϵ⟩.
▶ Horizontal boundaries: the q2 shifts can have larger steps.
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3D Young Diagrams
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4
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An example of a plane s-partition.
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3D Young Diagrams
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3

1

2

The vacuum of M(γ,ϵ),α
0 , γ = (3, 2), ϵ = (3, 2), α = (3, 2, 2, 1).
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MacMahon ?
Theorem ([BM3])

Let σ(i, j) = (−1)
∑j

k=i |k|. The character of the module M(u) is given by

χ(M(u)) =

∞∏
r=1

r−1∏
k=0

(1− σ(k + 1− r, k)qr)−σ(k+1−r,k).

If s ≡ 1:
▶ Plane s-partitions are the usual plane partitions.
▶ The generating function is the MacMahon function (1916)

χ(M(u)) =

∞∑
r=0

pl(r)qr =

∞∏
r=1

1

(1− qr)r

pl(r) = number of plane partitions with r boxes.

Percy MacMahon

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 33 / 36



MacMahon ?
Theorem ([BM3])

Let σ(i, j) = (−1)
∑j

k=i |k|. The character of the module M(u) is given by

χ(M(u)) =

∞∏
r=1

r−1∏
k=0

(1− σ(k + 1− r, k)qr)−σ(k+1−r,k).

If s ≡ 1:

▶ Plane s-partitions are the usual plane partitions.
▶ The generating function is the MacMahon function (1916)

χ(M(u)) =

∞∑
r=0

pl(r)qr =

∞∏
r=1

1

(1− qr)r

pl(r) = number of plane partitions with r boxes.

Percy MacMahon

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 33 / 36



MacMahon ?
Theorem ([BM3])

Let σ(i, j) = (−1)
∑j

k=i |k|. The character of the module M(u) is given by

χ(M(u)) =

∞∏
r=1

r−1∏
k=0

(1− σ(k + 1− r, k)qr)−σ(k+1−r,k).

If s ≡ 1:
▶ Plane s-partitions are the usual plane partitions.

▶ The generating function is the MacMahon function (1916)

χ(M(u)) =

∞∑
r=0

pl(r)qr =

∞∏
r=1

1

(1− qr)r

pl(r) = number of plane partitions with r boxes.

Percy MacMahon

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 33 / 36



MacMahon ?
Theorem ([BM3])

Let σ(i, j) = (−1)
∑j

k=i |k|. The character of the module M(u) is given by

χ(M(u)) =

∞∏
r=1

r−1∏
k=0

(1− σ(k + 1− r, k)qr)−σ(k+1−r,k).

If s ≡ 1:
▶ Plane s-partitions are the usual plane partitions.
▶ The generating function is the MacMahon function (1916)

χ(M(u)) =

∞∑
r=0

pl(r)qr =

∞∏
r=1

1

(1− qr)r

pl(r) = number of plane partitions with r boxes.

Percy MacMahon
Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 33 / 36



References I

L. Bezerra and E. Mukhin, Quantum toroidal algebra associated with
glm|n, arXiv:1904.07297

L. Bezerra and E. Mukhin, Braid actions on quantum toroidal
superalgebras, arXiv:1912.08729

L. Bezerra and E. Mukhin, Representations of quantum toroidal
superalgebras and plane s-partitions, arXiv:2104.05841

B. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Branching rules for
quantum toroidal glN , Adv. Math. 300 (2016), 229–274

M. Kashiwara, T. Miwa, E. Stern, Decomposition of q-deformed Fock
Spaces, Selecta Mathematica, New Series, 1 No. 4 , 787-805 (1995).

K. Miki, Toroidal braid group action and an automorphism of toroidal
algebra Uq

(
sln+1,tor

)
(n ≥ 2), Lett. Math. Phys. 47 (1999), no. 4,

365–378

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 34 / 36



References II

H. Yamane, On defining relations of affine Lie superalgebras and affine
quantized universal enveloping superalgebras, Publ. RIMS, Kyoto Univ.
35 (1999), 321-–390

Luan Bezerra (IME-USP) Representations and s-Partitions April 25, 2022 35 / 36



Thank you!
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