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+ Group behavior

Imitation



Why can people change their opinions or 
behaviors? Social influence and Persuasion
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Persuasion



Framing the problem

´ When a group of inter-related individuals discuss around a given 
item, they are prone to change their initial opinions  in order to get 
like or dissimilar from other subjects in the group.

´ This interpersonal dynamics leads to different consequences which 
can be categorized either by consensus or coexistence of opinions.

´ What are the mechanisms leading to the formation of these 
collective states? 



Sociological  Theories

´ Imitation (Akers et al, 1979): In situations of high uncertainty, it can be 
rational for individuals to imitate the behavior and opinions of others 
(Bikhchandani, Hirshleifer and Welch 1992).

´ Social Pressure: In some situations, interactions partners may exert social 
pressure to conform with each other (Festinger Schachter & Black 1950, 
Homans 1951).

´ Cognition theories (Festinger 1957, Heider 1967): imply that we want to be 
like people we like to interact with. To achieve this, we can convince the 
others or change ourselves

´ Persuasive Arguments Theory (PAT): Interactions partners exchange 
arguments and persuade each other that certain opinions are more 
adequate (Myers 1982, Wood 2000).



Empirical Results also demonstrate the 
importance of social influence.

• Psychological experiments 
consistently show that 
subjects adjust their 
opinions after being 
informed about the 
opinions of another person 
(Wood 2000)

• When subject share some 
attribute with that person, 
they tend to decrease their 
opinion distance (Berscheid
1966, van Kniooernberg
and Wilke 1988).



What would we like to know?

´ Under what conditions does a group reach consensus or a given 
opinion becomes predominant?

´ Can we predict the final collective outcomes when different 
mechanisms compete among each other, as for instance, when 
some individuals tend to agree and others to disagree?



Theoretical & numerical models
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From Physics perspective
´ How do the interactions between social agents create order out of an 

initial disordered situation? 
´ Order is a translation in the language of physics of what is denoted in 

social sciences as consensus, agreement, uniformity, while disorder stands 
for fragmentation or disagreement. 

´ It is reasonable to assume that without interactions, heterogeneity 
dominates left alone, each agent would choose a personal response to 
a political question. 

´ Still, it is common experience that shared opinions, cultures, and 
languages do exist. 

´ The focus of the statistical physics approach to social dynamics is to 
understand how this comes about. 

´ The key factor is that agents interact, and this generally tends to make 
people more similar (or not!)

´ Repeated interactions in time can lead (or not) to higher degrees of 
homogeneity, which can be partial or complete depending on the 
temporal or spatial scales.



Representing opinions

The first decision to make in order to build opinion 
formation models is to choose how to represent 
opinions.
If we have a single topic of discusion, opinion will be
represented by a single variable that could be discrete 
or continuous.
If we model opinions in several topics, we represent 
them as vectors.



The Classical 
discrete models



Voter Model

– Clifford, P., and A. Sudbury, 1973, Biometrika 60, 581. 
- Holley, R., and T. Liggett, 1975, Ann. Probab. 3, 643.

- Each agent can be in one of two states (pro, con) (black, white) (up, down)
- Initially solved in a 2D grid
- Follow an imitation dynamics (Akers 1979) which is the behavior followed in low 

information environments.
- Agents can be considered as non-confidence in their own opinion.
- Bulk noise is absent so consensus (all agents in the same state) is an absorbing 

state (at least in finite systems)
- Starting from a disordered initial condition, voter dynamics tends to increase the 

order of the system, as in usual coarsening processes (Scheucher and Spohn, 
1988).

- The question is whether full consensus is reached in a system of infinite size. 



Voter Model: Dynamical rules

– Clifford, P., and A. Sudbury, 1973, Biometrika 60, 581. 
- Holley, R., and T. Liggett, 1975, Ann. Probab. 3, 643.

3/4

1/4

1 – Pick a random agent
2 – Assume the state of a randomly selected neighbor
3 - Repeat 1 & 2 until consensus necessarily occurs in a finite system.



Voter Model evolution



Voter model main properties 
- A very useful quantity to characterize the dynamics of the voter 
model is the density of active links r:
- An active links is a link between two agents with different state (and 
therefore able to change)
- In d-dimensional- grid, the density of active links behaves as:
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- Its mean that, in the thermodynamic limit, the system converge to 
consensus if d ≤ 2.
- For d>2 instead, it exhibits asymptotically a finite density of 

interfaces, i.e., no consensus is reached (in an infinite system) and 
domains of opposite opinions coexist indefinitely in time

- In finite systems, the time to reach consensus TN, depends on size N:
- TN ~ N2 for d=1, TN ~ N.ln(N) for d=2 and TN ~ N for d>2



Voter model in complex networks

Here, the authors analyze the dynamics of the voter model 
when the connectivity is given by different complex networks

It is possible to derive master equations for voter model in networks?



The Voter model in uncorrelated 
networks



The Voter Model in uncorrelated networks
We will follow the developing of  master equations for the evolution of 
the voter model in uncorrelated networks as V&E perform in the paper.

This can be done in terms of two  macroscopic variables: 

r: density of active links
m: magnetization

What happen to r and m when a node of degree k
changes is state from s to –s?

µ : <k>
# of links: !"

#



The Voter Model in uncorrelated networks
Let’s formulate a Master Equation (ME) for the density of active links:
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Where we use that dt=1/N and dr)k is the change in the density of active 
links when  a node of degre k is chosen.
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The Voter Model in uncorrelated networks

The probability of having n active links among k ones will depend on the state s
of the node.
-During the evolution the density of opinions +/-, s+ and s- will change, we can 
write: 

𝐵 𝑛, 𝑘 = %
1/±

𝜎1 𝐵(𝑛, |𝑘 𝑠)

Then:

𝑑𝜌
𝑑𝑡

=
2
𝜇
%
-

𝑃-%
1/±

𝜎1%
./0

-

𝐵(𝑛, |𝑘 𝑠)
𝑛
𝑘
𝑘 − 2𝑛

Which can be written as:

𝑑𝜌
𝑑𝑡

=
2
𝜇
%
-

𝑃-%
1/±

𝜎1 𝑛 -,1 −
2
𝑘
𝑛4 -,1



The Voter Model in uncorrelated networks
Where we have used that:

𝑛 -,1 = ∑./0- 𝑛𝐵(𝑛, |𝑘 𝑠) 𝑛4 -,1 = %
./0

-
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Here, we use the hypotesis of uncorrelated networks: We assume that the 
probability of having an active link depends only of the states of the two 
connected nodes and is independent of the others neighboors. 

Therefore, if we call 𝑝 = 𝑃( |−𝑠 𝑠) the probability that a neighboor of node 
“i” be in a state “-s” given that “i” is in state “s”, then B(𝑛, |𝑘 𝑠) becomes a 
binomial distribution and:

𝐵(𝑛, |𝑘 𝑠) = 𝑘
𝑛 𝑝. 1 − 𝑝 -=.

𝑛 -,1 = 𝑘𝑝
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# of active links conecting ”s” wirh “–s”

# of links connecting to a node with state “s”



The Voter Model in uncorrelated networks
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Master equation for density of active links

𝑑𝜌
𝑑𝑡
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This equation has two stationary solutions:

𝜌∗ = 0 𝜌∗ =
𝜇 − 2
𝜇 − 1

2𝜎E 1 − 𝜎E = 4𝜉(𝜇)𝜎E 1 − 𝜎Eor
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𝜇 − 2

2 𝜇 − 1
with

Stable if 𝜇 ≤ 2 Stable if 𝜇 > 2



Stationary state
The stationary solution of the voter model is a complete or a partially ordered 
state depending on the value of the mean degree µ = <k>

If µ > 2, the solution is a partially ordered state with a fraction of active links 
different from zero as long as s+ or s- were also different from zero.

If 𝑁 → ∞, fluctuations goes to zero (in r and ss) and 𝜎' 𝑡 → 𝜎' 0 and:

𝜌∗ = 4𝜉𝜎' 0 1 − 𝜎' 0 ≡ 𝑐𝑡𝑒

The system does not reach complete order in the thermodinamic limit.
However, in finite systems always exist a fluctuation that leads to all 
nodes have the same opinion and therefore r = 0.



Master equation for density of active links

Hands on: Reproduce this figure of 



Let’s introduce link magnetization
Although r is useful to find the absorbing state, it does not provide  
which of  the two states is reached:  all + or all -. Let’s define:

r+ + : density of links connecting two nodes with opinions +1
r- - : density of links connecting two nodes with opinions -1

Then, m = r+ + - r+ + . Let’s write the relation between m and r:

First, we will write rss : in terms of  ss :

1. # of total links from a node with opinion “s”: 𝝈𝒔𝝁𝑵
2. # of total links from “s” to “-s”: 𝝆(𝝁𝑵𝟐 )
3. # of total links from “s” to “s” : 𝝆𝒔𝒔𝝁𝑵
Then, (1) = (2) + (3) and 𝝆𝒔𝒔= 𝝈𝒔 − ⁄𝝆 𝟐 , leading to: 𝒎 = 𝝆)) − 𝝆** = 𝟐𝝈) − 𝟏

Using that  𝝆 = 𝟒𝝃𝝈) 𝟏 − 𝝈) we obtain: 
𝝆 = 𝝃 𝟏 −𝒎𝟐



Link magnetization and density of active links

Hands on: Reproduce this figure of 



Master equation for the link magnetization

𝑷(𝒎, 𝒕 + 𝜹𝒕) =8
𝒌

𝑷𝒌 𝑾𝒎)𝜹𝒌→𝒎 𝑷 𝒎+ 𝜹𝒌, 𝒕 +𝑾𝒎*𝜹𝒌→𝒎 𝑷 𝒎− 𝜹𝒌, 𝒕 +𝑾𝒎→𝒎 𝑷 𝒎, 𝒕

Probability of not changing m.Probability of going from m+dk to m.

Probability of going from m-dk to m.

We can write down the probabilities of the possible changes in m, due to the selection of a 
node of degree k in :

- A node with spin s and degree k, change its state with probability: 𝝈𝒔𝑷 |−𝒔 𝒔 = ⁄𝝆 𝟐, 
producing a change in magnetiation 𝜟𝒎 = 𝒔𝜹𝒌 with 𝜹𝒌 =

𝟐𝒌
𝝁𝑵

.
- The same node remains in the same state with probability: 𝝈𝒔 𝟏 − 𝑷 |−𝒔 𝒔 = 𝝈𝒔 𝟏 − =𝝆 𝟐𝝈𝒔 .

Where P(m,t) is the probability of having magnetization m at time t.

With 𝑃( |−𝑠 𝑠) = )
$*!

, as before



Master equation for the link magnetization

𝑷(𝒎, 𝒕 + 𝜹𝒕) =D
𝒌

𝑷𝒌
𝝃
𝟐 𝟏 − 𝒎+ 𝜹𝒌 𝟐 𝑷 𝒎+ 𝜹𝒌, 𝒕 +

𝝃
𝟐 𝟏 − 𝒎− 𝜹𝒌 𝟐 𝑷 𝒎− 𝜹𝒌, 𝒕 + 𝟏 − 𝝃 𝟏 −𝒎𝟐 𝑷 𝒎, 𝒕

Using that 𝝆 = 𝝃 𝟏 −𝒎𝟐 we can write the transition probabilities as:
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𝜉
2
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Now, we go to the continuous limit by expanding P at first order in t and second order in m:

𝑃 𝑚, 𝑡 + 𝛿𝑡 = 𝑃 𝑚, 𝑡 +
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…..



Master equation for the link magnetization
After a while:

𝑁𝛿𝑡
𝜕𝑃
𝜕𝑡 =
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𝜇$D

&
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Now, if we identify 𝜇$ = ∑& 𝑘$𝑃& as the second moment of the degree 
distribution and we define a caracteristic time 𝜏 = 1"2

$31"
, we take 𝑡4 = ⁄5 6

and the limit 𝛿𝑡 = ⁄" 2 → 0 as 𝑁 → ∞: 

𝜕𝑃(𝑚, 𝑡b)
𝜕𝑡′

=
𝜕4

𝜕𝑚4 1 −𝑚4 𝑃(𝑚, 𝑡b) (2)

The general solution of (2) is:

𝑃(𝑚, 𝑡0) =8
123

4

𝐴1𝐶1
5/#(𝑚)𝑒* 1)7 1)# 80 (3)

Cl
3/2(x): Gegembauer polynomials



Average dynamics of density of active links

Having P(m,t’) we can calculate the time evolution of <r>(t):

𝜌(𝑡4) = 𝜉 1 − 𝑚$(𝑡4) = c
!"

'"

𝑑𝑚 1 −𝑚$ 𝑃(𝑚, 𝑡4)

Replacing P(m,t’) from (3) and finding the coefficients with 
an initial condition 𝑚7 = 𝜉 1 −𝑚7

$ then:

𝜌(𝑡0) = 𝜉 1 − 𝑚3
# 𝑒*#80

And replacing back t’ and 𝜉 we have:

𝜌(𝑡) =
𝜇 − 2

2 𝜇 − 1 1 − 𝑚7
$ 𝑒 8!$5 6



Temporal evolution & different networks

Hands on: Reproduce this figure of 



Beyond the classical voter model
Not only the node’states can change in time. Also the contact network 
can evolve and the final states depend on the interplay between both 
dynamics 



Co-evolutionary voter model in complex networks



Co-evolving voter model in complex networks
How they look like?



Co-evolving nonlinear voter model



Co-evolving nonlinear voter model
Dynamics Phase Diagram

Let’s remember this!!



Multi-state voter model



Voter model & Data
Can be used the voter model to reproduce real data?



Voter model & Data



Voter model & Data



Summary

´ We have seen sociological theories of social influence

´ We focus today on discrete opinion model, like different variations of the 
classical voter model

´ We derived the master equations of the voter model in uncorrelated 
networks

´ We show variations of voter model with co-evolving networks. It appears 
echo-chambers? What is this?

´ Can voter model be applied to understand voting data?



See you next class!!


