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Mechanical Metamaterials



Composite materials



Composite biomaterials
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• Relation Structure-Property?

• How far can we go?



Mechanical Metamaterials

Light & Strong
materials

Wave guiding
devices

Shape
Changers

Coulais et al. (2016) NatureSchaedler et al. (2011) Science J. Cha et al. (2018) Nature



How to make them?



Applications?





Susstrunk et al. (2015) Science

Guiding waves (~2Hz)



J. Cha et al. (2018) Nature

Guiding waves (~10MHz)



Lamoureux et al. (2015) Nat. Comm.







Rafsanjani et al. (2018) Sci. Robot.



Kuribayashi et al. Mat. Sci. Eng. 2006



Prosthetics and Wear-Tech

Shaw et al., Nat. Comm. (2019) 
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On demand fracture for food

Souto, Zhang, Aragon, Velikov, Coulais Soft Matter (2022)





This course: Focus on shape-changing metamaterials

1. Intuitive examples and tool to characterize metamaterials 
(today)

2. Designing metamaterial using combinatorics (Wednesday)

3. Beyond the Unit cell (Thursday)

4. Active metamaterials (Friday)



How to relate Structure to Function?



How to relate Structure to Function?



How to relate Structure to Function?



How to relate Structure to Function?



How to relate Structure to Function?



Milton and Cherkaev (1995) J. Eng. Sc. Tech

Geometry controls mechanics…
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Geometry controls mechanics…



Milton and Cherkaev (1995) J. Eng. Sc. Tech

Geometry controls mechanics…



Schaedler et al. (2011) Science

ρ ~ 1 g/L

E~1 kPa

Geometry controls mechanics…



Milton and Cherkaev (1995) J. Eng. Sc. Tech

Geometry controls mechanics…



Lakes (1987) Science

Positive Negative (Auxetic)

Geometry controls mechanics…



Geometry controls mechanics…

…But how?

Can we go beyond intuition?



The light comes from Maxwell !



# degrees of 
freedom (dofs)

# states 
self-stress

# solid body 
motions
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Maxwell (1864) Phil Mag
Calladine (1978) IJSS

Lubensky et al. (2015) Rep. Prog. Phys

# floppy 
motions # constraints

Rigidity & floppiness of discrete frames



Waitukaitis et al. (2015) PRL
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Example 1: compute the # of free motions

app.wooclap.com/JCGHJC
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Example 1: compute the # of free motions

app.wooclap.com/JCGHJC



Example 2: Kane-Lubensky chain

Kane and Lubensky. (2014) Nat. Phys.



Example 2: Kane-Lubensky chain

app.wooclap.com/JCGHJC Kane and Lubensky. (2014) Nat. Phys.
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Example 3: disordered materials



Example 4: Inverted honeycomb lattice

Metamaterial



Example 5: Number of Zeros modes and SSS?
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Classification of flexible metamaterials

Bossart, Dykstra et al. PNAS (2021)

Frustrated

N0 = 0

Single mode

N0 = 1

Oligomodal

N0 = O(1) > 1

Plurimode

N0 > O(1)
e.g. N0 = O(N)



Exercise (30 min)
d(d+ 1)

2
+

<latexit sha1_base64="Thbu5E9QjWjiA7ThTqB6CAyJBbQ=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQKZSkCLosunFZwT6gDWUymbRDJ5MwMxFCiL/ixoUibv0Qd/6NkzYLbT1w4XDOvdx7jxczKpVtfxuVjc2t7Z3qrrm3f3B4ZB2f9GWUCEx6OGKRGHpIEkY56SmqGBnGgqDQY2TgzW8Lf/BIhKQRf1BpTNwQTTkNKEZKSxOrNg4Ewpnf8JvORZ6186ZpTqy63bIXgOvEKUkdlOhOrK+xH+EkJFxhhqQcOXas3AwJRTEjuTlOJIkRnqMpGWnKUUikmy2Oz+G5VnwYREIXV3Ch/p7IUChlGnq6M0RqJle9QvzPGyUquHYzyuNEEY6Xi4KEQRXBIgnoU0GwYqkmCAuqb4V4hnQaSudVhOCsvrxO+u2WY7ec+8t656aMowpOwRloAAdcgQ64A13QAxik4Bm8gjfjyXgx3o2PZWvFKGdq4A+Mzx9K1JM3</latexit><latexit sha1_base64="Thbu5E9QjWjiA7ThTqB6CAyJBbQ=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQKZSkCLosunFZwT6gDWUymbRDJ5MwMxFCiL/ixoUibv0Qd/6NkzYLbT1w4XDOvdx7jxczKpVtfxuVjc2t7Z3qrrm3f3B4ZB2f9GWUCEx6OGKRGHpIEkY56SmqGBnGgqDQY2TgzW8Lf/BIhKQRf1BpTNwQTTkNKEZKSxOrNg4Ewpnf8JvORZ6186ZpTqy63bIXgOvEKUkdlOhOrK+xH+EkJFxhhqQcOXas3AwJRTEjuTlOJIkRnqMpGWnKUUikmy2Oz+G5VnwYREIXV3Ch/p7IUChlGnq6M0RqJle9QvzPGyUquHYzyuNEEY6Xi4KEQRXBIgnoU0GwYqkmCAuqb4V4hnQaSudVhOCsvrxO+u2WY7ec+8t656aMowpOwRloAAdcgQ64A13QAxik4Bm8gjfjyXgx3o2PZWvFKGdq4A+Mzx9K1JM3</latexit><latexit sha1_base64="Thbu5E9QjWjiA7ThTqB6CAyJBbQ=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQKZSkCLosunFZwT6gDWUymbRDJ5MwMxFCiL/ixoUibv0Qd/6NkzYLbT1w4XDOvdx7jxczKpVtfxuVjc2t7Z3qrrm3f3B4ZB2f9GWUCEx6OGKRGHpIEkY56SmqGBnGgqDQY2TgzW8Lf/BIhKQRf1BpTNwQTTkNKEZKSxOrNg4Ewpnf8JvORZ6186ZpTqy63bIXgOvEKUkdlOhOrK+xH+EkJFxhhqQcOXas3AwJRTEjuTlOJIkRnqMpGWnKUUikmy2Oz+G5VnwYREIXV3Ch/p7IUChlGnq6M0RqJle9QvzPGyUquHYzyuNEEY6Xi4KEQRXBIgnoU0GwYqkmCAuqb4V4hnQaSudVhOCsvrxO+u2WY7ec+8t656aMowpOwRloAAdcgQ64A13QAxik4Bm8gjfjyXgx3o2PZWvFKGdq4A+Mzx9K1JM3</latexit><latexit sha1_base64="Thbu5E9QjWjiA7ThTqB6CAyJBbQ=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQKZSkCLosunFZwT6gDWUymbRDJ5MwMxFCiL/ixoUibv0Qd/6NkzYLbT1w4XDOvdx7jxczKpVtfxuVjc2t7Z3qrrm3f3B4ZB2f9GWUCEx6OGKRGHpIEkY56SmqGBnGgqDQY2TgzW8Lf/BIhKQRf1BpTNwQTTkNKEZKSxOrNg4Ewpnf8JvORZ6186ZpTqy63bIXgOvEKUkdlOhOrK+xH+EkJFxhhqQcOXas3AwJRTEjuTlOJIkRnqMpGWnKUUikmy2Oz+G5VnwYREIXV3Ch/p7IUChlGnq6M0RqJle9QvzPGyUquHYzyuNEEY6Xi4KEQRXBIgnoU0GwYqkmCAuqb4V4hnQaSudVhOCsvrxO+u2WY7ec+8t656aMowpOwRloAAdcgQ64A13QAxik4Bm8gjfjyXgx3o2PZWvFKGdq4A+Mzx9K1JM3</latexit>

1. Use Maxwell-Calladine theorem to estimate N_0 – NS in these two structures
2. Determine the zero modes and states of self-stress by intuition
3. Code up the compatibility matrix
4. Compute its null-space to determine the number of zero modes and their shape
5. Compute the null-space of the equilibrium matrix (transpose of the compability matrix)

Reminder:
The compatibility matrix relates the displacement of the nodes to the elongation of the 
bonds

Hint:
*Define a matrix of node positions (in 2d, Nx2 matrix)
*Define an adjacency matrix (N*N) that has ones when node i and node j share a bond
*Write a function that calculate the bond vector
*populate the compatibility matrix with the bond vectors
*See Gitlab for help 
https://uva-hva.gitlab.host/published-projects/CourseMechanicalMetamaterials


