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[ Introduction ]

In the last decades there has been quite a lot of interest in investigating how
the hadronic properties are affected by the presence of strong magnetic

fields.
Motivation: their possible existence in physically relevant situations:

* High magnetic fields in non-central relativistic heavy ion collisions
« Compact Stellar Objects: magnetars
« Early Universe

Features of strongly interacting matter under intense magnetic fields have
been investigated in a variety of approaches: NJL, LQCD, yPT, quark

models, etc

Recent reviews:
Kharzeev, Landsteiner, Schmitt,Yee, Lect. Notes Phys. 871, 1 (2013).

Miransky, Shovkovy, Phys. Rept. 576, 1 (2015).
Andersen, W. R. Naylor, A. Tranberg, Rev. Mod. Phys. 88, 025001 (2016)




[ Generalized NJL model at finite B J

We start from the Euclidean lagrangian of the NJL model for 2 flavors in the
presence of an external e.m. field

L=g0)(=1B+m )y ()= {[70)rp ()] +[7 iz | | se

0|70 7,7 W(X)]2 ~ Gy |70 7, w(X)]2 v

+20, Z detfy (x)1+¢ 7/5)’;”()()] 1 tHooft

e=%1

where |D, =0, -iQA, , Q=diag(Q,,Q,) , Q =-2Q,=2e/3, 7,=(17) , W:[%j

Wy

We consider a constant and uniform magnetic field along the z-axis and
choose the Landau gauge

—

B=B X, A, =0, A=(0,B x,0)




We bosonize the fermionic theory, introducing o,(X), m,(x),pgu(x) and
integrating out the fermion fields. The bosonized Euclidean action reads
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where

D, =6 (x-X {—iD’ +m, + Zs:ra [o-a(x) +iym, (X)+ 7ﬂpau(x)]}

a=0

g=g.+0 a=0 Flavors decoupled
o S I d +0.) a=1/2 Maximum flavor mixing
BTG R a[10.1-0.2 “empirical’




We proceed by expanding the bosonized action in powers of the fluctuations
60,(x), 6ma(x), 6pgeu(x) around the corresponding mean field (MF) values.

We assume that only 7,6, = diag(a, ,d,4) IS non-vanishing. Thus we write

D, =diag(D""* D) +5D, .

where D" =8 (x—x) (-1 #-Q;Bxy,+M,) with M, =m_+6&,

. . . Y y MF y quad
The effective actionis Sy, = Sios T 5mme ...

At MF level we have

S (L a)a, +6,) 2a 6,5,
VAN 89(1-2a)
N, 4, 44t MF,f \ 71
o f;djd xd*x trDIn(SXT,X, ),

MF quark propagatolr in presence of mag. field




For MF quark f — VE T .
propagator we use S;\AXF = EXp _ICDf (X, X')] S (x—x)

Translational invariant part
SMES (x —x') = jeip(x-x’) S}f
O, (%, X) =3B, (% +X)(x, ~ %)/ 2 P
In proper time

- ® tanh(zB
S, =jodr exp{—r(M% P||2+—T(BT ) pi”

f

Schwinger phase (SP)

s, =sign(Q;B) . B, =|QB|

—(p.. p =(p.. - P,y
P, (pl pg) Py (ps p4) x[(M—p”;/”)(1+|sf7172tanh(rBf))—W(;Bf)]

To regularize the MF-action we sum and subtract the B=0 contribution. The
B-dependent piece turns out to be finite. The B=0 one is reqgularized
introducing 3D-cutoff A (Magnetic Field Independent Regularization — MFIR)

The MF effective masses M; are obtained from the coupled set of gap

equations MF,re MF,re
68bos ™ — aSbos ™ =0
oM, OM ¢




NEUTRAL MESON MASSES IN NJL AT FINITE MAGNETIC FIELD

At quadratic level the neutral meson contribution is

S quad,neutral __

e —%fd“x dx' D> SM(X) Gy (X, X') SM'(X)
M,M’

M = 04,1, Pa,u

with a = 0,3

Note that for B=0  (o,,7,, 0,) < (0,"n", ®)

(03, 73, P3) & (alo’ﬂo’po)

with

The inverse meson propagator Gy (x, x) is

! l 4 !/
gMM’(X’X)ZZ 5MM’5(4)(X_X)+jMM’(X’X)1
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where
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T (% X) = Fg (X', X)+é), 8M'f|v?|v|'(x” X)

Fif (X, ) = N, trg[SME M gve ]

g for M = o, o,
g(l-2a) for M = =, =,
Oys for M = p,,

L O for M = p,,

ey =+1(-1) fora=0 (3)

1 for M= g, o,
™= iy, for M= rn, x,
Y. for M = Pour Py




Contributions of Schwinger phases from quark propagators cancel out. The
polarization functions are translational invariant. Taking Fourier transform of
M (x) polarization functions are diagonal in momentum space
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where  G,,,.(q) { ZSM - ( Fuw (@) + &y &4 Fyw: (Q))}
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W|th FI\/];M(q) = chtrD [§;+q/21—‘M"le\'/,li’f S~;—q/2]
P

The expressions for FI\]/;M'(q) are divergent. As in MF-action we sum and

subtract the B=0 contributions. B-dependent piece turns out to be finite. The
B=0 ones are regularized introducing 3D-cutoff A (MFIR)

fmag - rf f,B=0
FMM, (CI) - FMM’(CI) - FMM’ (q)




To calculate the meson masses we set g =0and g, =im. In this case
scalar meson decouples. Only non-vanishing polarization functions are

f.mag __ mag 2 mag
F o = N[ 17 —m?1579 |

a7

f -
Flme —iN_ 1 5

o Poy C u3

Ff,mag _ Nc |:| mag (5 5 +5ﬂ25‘/2)—|—m2|5mfag5y351/3:|

paypbv

I finite integrals that depend on (My,m, B)

The p meson polarization vectors e (Sz=x1,0 spin projection) are (at

u
rest) . 1
ef;l)—ﬁ +i,0,0) | p] e?=(0,010) [p]

Then, in the pseudocalar-vector sector we have

G, corresponds to 7z, — 7, — p,, — p5, System (Sz=0)

G=G, ®2G, where
- | {G corresponds to p, — p, system (Sz=+1)

Demanding detG ;=0 and detG ; = 0 masses and compositions obtained




CHARGED MESON MASSES IN NJL AT FINITE MAGNETIC FIELD

At quadratic level the Q=+e meson contribution is (similar for Q=-¢ )

Sert =~ [dXdX Y OM(0" Gy (xX) SM)| [ M =15
M,M’

The inverse meson propagator G (x,x") is

1

Omm 5(4)(X—X')+jMM,(X, X'),
29,

Gaw: (X, X)) =

where

(X, X) = N_exp[i(D, (X, X)+ D4 (x',X)) | tr [ SYF (x— x )™ SV (x = xyr™ |

Note that using @+ = Q,+= @, — Q4 = @+ we have

D (X, X)=D,(X,X)+D (X", X)

SP does not vanish. Needed to keep gauge invariance of action. Translational
Invariance is broken. We cannot use plane waves (Fourier transform) to
“diagonalize” space dependence of Gy (x,x")




Charged pion Solution of Klein-Gordon eq. in constant B

ol (X) _ Z IFC—I (X) Tt (q) where Fq (X) _ Nk ei(Q2X2+Q3X3+Q4X4) Dk (r)
q

_ _1< _
q=(lT<,q2,q3,q4), ; :ZﬂkZ:::sz r=\2B.x-s2/B.q, ; N, =(4zB,)" k!
B,=[QB| . s =sign(Q.B)

k = 0,1,.. Landau level

D, (X) = D112 =14 H, (x/\/f) where H, (x) are Hermite polynomials

Charged rho Solution of Proca eq. in constant B
P =2 REC) AN yhere  [RE(0= X E, (047
aq 1=-1,0,1
k = —1,0,1,.. Landau level q, =(k—s4,0,,9;,0,)

Fork>1 , p;i(g) can be expressed in terms of 3 independent (transverse)
polarization vectors. For k = —1 there is only one polarization vector while for k = 0
there are two. This way of writing the solutions is similar to that of Ritus for

fermions.
There is some freedom in the election of the 3 matrices A; which is compensated by
the choice of the polarization vectors €, (q) .




In this basis . 1 5MM,5A_, B
St === % Y [om(@)] =T (@.0°) [M(T)
2 M ga 20
For example Oy = (27) 84 6(0, ~0,)5(0; — 05 )5(0, —0)

T o @A) = 2N0JpvtrD [ p+v/2|75 S; w2l7s ]J-d “xd*x’ eV F, ()T, (X) g!®a (:X)gi®y (x'x)

Explicit calculation

shows

T (TT) = Oy Iy (K, IT7) | 102 = (2K 2B, +2 42

Here, JMM,(k,H 2) are integrals which also depend on M; and B. They are
regularized using the MFIR scheme.

We are interested in the lowest pion and rho meson states (thus we set g;=0)

« ptitcorrespondsto k = —1. 1

No

Onl

couplingto ™.

* it corresponds to k = 0.

y couples with p*

associated to S,=0

_ = 7(reg) —m?2 ) —
zgv Jp+,0+ (k1 mp+) — O . EID+ (eB) — ’m;+ . eB
det[ 9 (k,—mpy) |=0.| E,(eB)=y/m;, +eB

f
2 x 2 matrix of t*p] (k=0) sector




[ Results ]

In our numerical calculations the values of g, g, = g,3,A and m, are fixed so
as to reproduce the B=0 values of f;=92.4 MeV, m,=138 MeV and m,=m,,=

770 MeV together with M=400 MeV. For a = 0.1 we get m.,»=520 MeV

1.2 4+——7F——TF——T1——7—
B =3 / AS] = (AZL +AZY) /2
o=0.5 b
1 CLaco 5] 7 2m, _
0.8 [ This work .}f’ . Zé [(q ;) — <qqu>0:|+1
Magnetic — o
catalysis q oe S = (135x86)"*MeV
0.4 4 _ MF
< qqu >B,T: aSbos /am
0.2 4
R SR e e <0;0; >00= (_241 MGV)B
eB [GeV?]

Good agreement with LQCD results (Bali et al, '12)




NEUTRAL MESON SECTOR

S,=+1 states

my, [GeV]
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S,=0 states compositions

k) =] zo) + €| gy +icS)| py ) +iCt)] ps ) for spin/isospin decomposition
k) =c )+ ) +ic] p, ) +ich?] pg.) for spin/flavor decomposition .
State eB [GeVg] Spin-isospin composition Spin-flavor composition
- N R A
n h=1) 0.05 0.00 0.99 -0.02 -0.01 071 -070 -0.02 -0.01
0.5 0.10 0.99 -0.08 -0.03 077 -0.63 -0.08 -0.04
1.0 0.16 098 -0.08 -0.03 081 -0.59 -0.08 -0.04
Lk =2) 0.05 0.99 -0.04 -0.04 -0.13 0.67 073 -0.12  0.07
0.5 087 -0.32 0.06 -0.38 0.38 084 -0.22 0.31
1.0 083 -0.34 0.10 -0.42 0.35 083 -0.22  0.37
& (k=3) 0.05 -0.20 0.27 0.76 -0.56 005 -033 0.4 0.93
p(k=4) 0.05 0.49 0.33 0.47 0.65 0.58 Q.11 0.79 -0.13
Table I. Composition of the S, = 0 meson mass eigenstates for some selected values of e B. Results
correspond to o = 0.1. Relative signs hold for the choice B > 0.




Effect of flavor mixing and the mixing with

vectors on the pseudoscalar masses
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Comparison of mass of lowest S,=0 state with LQCD results
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Masses of vector S,=+1 states

:=1(B) / m (B=0)

Comparison with LQCD results
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Effect of B-dependent couplings

We take
K, = 0.321
9(eB) /g = 9, (eB)/g, = K, +(1- ;) exp| i, (eB)? | x, =1.31 GeV?

This leads to behavior of quark masses similar to e.g. Endrodi-Marko, '18, etc

Results do not
change much

3
O
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CHARGED MESON SECTOR

Weuse a = 1/2 for

simplicity
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Our result differs from previous SU2 NJL calculations (Liu et al '15; Cao '19)
which find VCS. They set p meson at rest (g =0) and neglect Schwinger Phase
[It might be called "Plane Wave Approximation”]




k=0 states (S,=0)
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[ Summary and Conclusions ]

- We have considered the effect of a strong magnetic field on the masses of
pseudoscalar and vector mesons in the context of an extended NJL model
taking into account the mixings induced by the magnetic field

- For neutral mesons with Sz=0 we find that while the pseudocalars masses
tend to decrease as the magnetic field increases those of the vectors behave
In the opposite way.

- The effect of the mixing on mass of the lowest state (the pion”) is non-
negligible. Mass somewhat small as compared with LQCD results. Axials ?

- Masses of neutral mesons with Sz=+1 tend to increase with B
- Effect of B-dependent couplings on neutral meson masses rather small

- The mass of lowest p* decreases at low B but stabilizes at a non-zero value.
NO VSC. Different from other NJL calculations that neglect SP

- Effect of pmr mixing on mass of lowest charged pion” non-negligible. Gets
NJL results closer to those of LQCD




