Adiabatic quantum computing
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The adiabatic quantum computing (AQC) is based on the adiabatic evolution of the
qguantum system.

Time-independent Hamiltonian

When the Hamiltonian A of a system is time independent, the solution of the
Schrodinger equation (72 = 1)

d B
— | w(?)) = H|y(1))

IS | .
[w(t)) = e | w(0)) . (H = 0)

The evolved state in the Hamiltonian eigenbasis H|n) = E |n)is

[ w(?)) = Z c,(0)e """ | n) .

n
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If the initial state of the system is a Hamiltonian eigenvector, ¢,(0) =6, ’
SAIFR | o fundamenta: aseares

then, there Is no transition among its eigenstates fors > 0
[ y(0)) = e™" |n) .

Time-dependent Hamiltonian

For time-dependent Hamiltonians, the Schrodinger equation becomes

d
— | w(2)) = H(t) [w(?))
and the corresponding solution can be written as

p() = Y c,(De  hED  n(r))

n

To solve the Schrodinger equation we need to find the coefficients ¢, (7).



@ercise: Show that the coefficients of the state expansion c¢,(t) are ncm ’
S
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coupled to each other by

; k|H —i
ék = — Ck<k ‘ k> — Z < ‘ ‘n> fognk(f)dT

IN which
\ gnk(t) — En(t) — Ek(t) : J

Adiabatic evolution

A quantum system that begins in the nondegenerate ground state of a time-
dependent Hamiltonian will remain Iin the Instantaneous ground state
provided the Hamiltonian changes sufficiently slowly.

M. S. Sarandy, L. A. Wu, and D. A. Lidar, Quantum Inf Process 3, 331 (2004).
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M. S. Sarandy, L. A. Wu, and D. A. Lidar, Quantum Inf Process 3, 331 (2004).
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The power of AQC ’SICTP el

~AQC is a universal computational model;

~In terms of computational complexity, it is polynomially equivalent to gate-based
quantum computing’.

o The solution to a desired problem is encoded in the ground state of a Hamiltonian
(cost function). It is more robust to decoherence!

1D. Aharonov, et al., SIAM Journal on Computing 37, 166 (2007). arXiv.quant-ph/0405098.
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Adiabatic quantum computing? ’
S

In the AQC model we solve optimization problems. Many computational problems
can be cast as the minimization of some cost function h.

The idea is to interpolate between an easy to prepare Hamiltonian H; to a final one that
contains the solution to the desired problem, as

|H‘t= = A:t:Hi + B:t:Hﬁ |

The real time dependent coefficients A(¢) and B(¢) must satisty

AO)=1 A(T)=0
B(0)=0 B(T)=1

and
[Hla HP] ;é O

1E. Farhi, et al., arXiv:quant-ph/0001106v1 (2000); T. Albash and D. Lidar, Rev. Mod. Phys. 90, 1 (2018).
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Initial Hamiltonian: In general, the initial Hamiltonian is encoded as ’
SAIFR | i inamentatpesearen

le—%Z(l—af),

whose ground state Is

lYe0) = | +++...4+).

Final Hamiltonian: Hp is called problem Hamiltonian and Iits ground state encodes the
solution of the problem.

Adiabatic evolution path: In general, the functions A(r) and B(¢) are chosen as

A(t) =s(t) and B()=1-s(1).

A common expression for the interpolation function is

[

s(t) = e 1" is the total computing time.
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The running time and the gap ’
S
o The final (solution) state is achieved with high probabillity if the runtime is sufficiently
large. But how long is long enough?
< It depends on each specific problem.
o The total computing time T determines the efficiency of the algorithm, which is
constrained by the adiabatic theorem.
~However, it is strongly dependent on the energy gap between the ground and first
excited states gy, = |E,— E,| = T > g5
< Only in simple cases it is possible to estimate de energy gap.

< There is no easy recipe to compute the runtime in the AQC model. 3

dH (s)

maXO<s<1 | ¢,,(0)(k(s) |
> m

| n(s)) |




Some strategies to improve the computational time ’Sﬂg

o Optimize the interpolation function: new time dependency; parameters with
different speeds.

< Add intermediate hamiltonians to avoid energy gap closure.

- Choose different (simpler) final Hamiltonians, but that commute with Hr and have
the same ground state.

1. Albash and D. Lidar, Rev. Mod. Phys. 90, 1 (2018).
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Quantum annealing! (QA) is an optimization process for finding the
global minimum of a given objective function over a given set of candidate solutions
(candidate states), by a process using quantum fluctuations.

This method is strongly inspired on the classical method for optimization named
Simulated Annealing. In this case, the thermal fluctuations are used to overcome the
potential barriers.

ﬁnnealing: The goal is to find the equilibrium state\
of a system in the limit of low temperature. Steps: ?j

(&) melting the material under study;

(b) lowering the temperature very slowly;
(c) spending a considerable amount of time in a Global minimmun
k range of temperatures close to freezing point. J

Figure taken from C. C. McGeoch , Adiabatic
Quantum Computation and Quantum

1T. Kadowaki and H. Nishimori, Phys. Rev. E. 58, 5355 (1998). Annealing: Theory and Practice (2014



https://en.wikipedia.org/wiki/Phys._Rev._E
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QA: thermal fluctuations are replaced by quantum fluctuations ' i L

Energy

Classical path

Solution Solution

Quantum Tunnelling Adiabatic evolution

In general, QA is recommended for applications where the search space is discrete,
such as combinatorial optimization problems. EX.: spin glass or the traveling salesman
problem.
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Implementing Quantum Annealing ’
S

1 - The objective function is encoded in the final Hamiltonian Hr, whose ground state
contains the solution for an optimization problem.

2 - The system starts in an arbitrary initial state.

3 - Its adiabatic evolution is governed by the time-dependent Hamiltonian
H(t) = Hp + T'(0)H),

where I'(?) Is the transverse field coefficient, which is initially very high, and reduces to
zero over time.

Hpis the transverse field Hamiltonian, which does commute with Hr

S. Aaronson, Quantum Computing, Lecture 15.
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The transverse field Hamiltonian ’
S

The disordering Hamiltonian Hp introduces Kinetic energy to the annealing process
in the form of quantum fluctuations of the solution space.

Decreasing I'(r) moves the system closer to Hr while dampening the quantum
fluctuations.

High values of I'(r) allow the computation to escape local minima by “tunneling
through” hills instead of climbing over them incrementally, as Simulated Annealing
does. This is allows the algorithm to move "faster" and "further" across the
landscape early in the process.

C. C. McGeoch, Adiabatic Quantum Computation and Quantum Annealing: Theory and Practice. Synthesis
Lectures on Quantum Computing 5,1 (2014).
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DWave Systems

In the DWave quantum annealers, the final Hamiltonian Hr is written as an Ising
Hamiltonian

— _ l [ )
HF — Hlsing _ Z hidz T 2 JijGZGZ’
l I

IN which the coefficients 4; and J;; encode the desired problem. The time-dependent
Hamiltonian is given by

H(@) =[1 —s(0)|H, + s(t)Hy,
where s5(7) Is the scheduling function. The initial Hamiltonian is

HI=—ZG;’.

1D-Wave Systems Inc., https://dwavesys.com.
2F. Glover, G. Kochenberger, and Y. Du, 40R-Q J Oper Res 17, 335 (2019).
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After the total evolution time T, the qubits are measured in the
computational basis, returning a string of bits S

1212,...2,) s.t. z €1{0,1}

However, beyond quantum fluctuations, there are thermal fluctuations, once the
superconducting qubits are cooled down approximately 15 mK.

After many runs, the lowest energy eigenstate is taken as the solution to the problem.

Observations:
1- Due to decoherence and several experimental imperfections, the results cannot be

good.
2 - AQC and QA methods are sometimes treated as equals.
3 - Due to Hy, = H;,, the DWave quantum annealers are dedicated quantum

computers, not universal ones.



Finding the prime factors of N = pqg via QA1
Our first task is to build a cost function to this problem,
2

The solution to the problemis x=p andy=¢g s.t. fy(x,y) =0.

Expanding x and y in binary representation x;,y, € {0,1}

w:ifxﬂrl y:zy:Qkyk—Fl
1=1 k=1

i N Ny, -
Fn(x1, .oy Tn, Y1, ,yny) = | N — (Z 2°x; + 1) (Z Qkyk + 1)
i i=1 k=1 _

1X. Peng, et al., Phys. Rev. Lett. 101, 220405 (2008).
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We are
considering

only odd
numbers.



ICTP nnnnnnnnnnnnnnnnnnn
ooooooooooooooooooooo
AI F R South American Institute
aaaaaaaaaaaaaaaaaaaaaa

Quantizing the binary variables: ’
S

I — o7 1 —o03
2 =T

we obtain the problem Hamiltonian

£ =

_ " n, -9
Hy = |NI - (Z 20 + 1) (Z 2" g + 1)

Bounds on the values of n, and n, 1

o= Mokl Pl <1y = logs 111

|w],4sa means the largest odd integer not larger than w.
lw] means the smallest integer larger than or equal to w.

IN. N. Hegade, et al., Phys. Rev. A 104, L050403 (2021).




Example: N=21 ’
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Hyy = 1627y7 + 64 y1y2 + 1627y, + 6425y5 + 3227y + 427

+ 16$1y% -+ 64$1y1y2 — 152x1y1 + 645813]% — 304$1y2
— 80x1 + 4y7 + 16y1y2 — SOy; + 16y5 — 160y + 400

We can simplify the Hamiltonian taking into account the repeated binary variables:

_ 2
Xi = X Yi = Yk

The simplified Hamiltonian is

H21 — 128:131y1y2 — 104$1y1 — 144331y2 — 76331 + 16y1y2
— 76y, — 144y5 + 400

X = 1.2+ 1 = 3

t tate is |xyyn) = [111) =
s ground state is | xy;y,) = |111) v= 122412141 =7



Solving differential equations on quantum ’C .
- S
annealers: 2D heat equation
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Heat equation in the stationary regime for a square plate of length L with multiple
heat sources and sinks is
0°T  9°T |
k | | +g=0

0x% 0y

Boundary conditions

g(x,y) - heat-source function T'(x,0)=0°C, xel0,L],

X
T(x,L)=— x100°C, x €10, L],
k Is the thermal conductivity of the material &, L) L 0, L]

(we use k=1 W/m K). T0O,y)=0°C, yel0,L],

T(L.y) =~ x 100°C, y € [0, L]

G. G. Pollachini, Phys. Rev. A 104, 032426 (2021) L



Using the finite element method, the plate can be divided in ’mp —
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smaller squares

Ox9=81 variables

0°T T (Xit1,yj) — 2T (x;, ¥;) + T (Xi—1, y;)
_(xia y]) —
0.x2 (L/m)?
(L/m)* 3*T
BZ_T(x y;) = T (xi,yjv1) = 2T (xi, yj) + T (xi, yj—1)
oyz (L/m)>
(L/m)* 84T( -
I xiay'
12 0y4 /
N

KIT (xit1,y;) — 4T (x;, y;) + T (xi—1, ;) + T (xi, yj+1)
+ T (x;,yj—1)] + O, y;) =0,

m=11 Q = (L/m)*q



Solving linear systems on quantum annealers ’
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The solution of the system of coupled linear equations can be found by minimizing the

function
T
H(x) = (Ax — b) (Ax — b)
Each component can be represented Iin floating-point notation as

R—1
x; € |—d,2¢c;— d;) X; = C; Z ¢27" —d, g. € {0, 1)

r=0

R describes the precision of the approximation.
D. O'Malley and V. V. Vesselinov, in 2016 IEEE High Performance Extreme Computing Conference (HPEC) (IEEE,

2016);
M. L. Rogers and R. L. Singleton Jr, Frontiers in Physics 8, 265 (2020).



Encoding the problem - discrete Hamiltonian ’
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R—1N—1 R—1 N—1
7id i
H(q) = E ﬁ E g, + § | 2 J}lq.q!
r=0 1=0 r,s=01, j=0

Coefficients

N— N—
h; = —2 Z AkiAijidj + ZAjiCibj 27

N—1
1] __ —(r+s)
J,é — E AkiAijiCj 2 :
k=0

Two indices for each qubit?
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Mapping the indexes ’
S

ti,r)=iIR+r, £t=0,..., NR—1
in which
(=0,1,...,N—1
r=0,1,...,R—1
The inverse map i, = [L/R].
ro = ¢ mod R
The QUBO Hamiltonian

H(g) = Z a,q, + Z by 4s9, DWave needs just

the Hamiltonian
f LK coefficients.
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Ilterative method for Ax = b = less qubits ’
(Block Gauss-Seidel method) S

After k steps

k k—1
A11X§ "=b; —Apx{TY,

(k) (k)
A22X2 — b2 — A21X1 :
lterative solution

1 0
Allxg ) — b1 —Alzxg )

n

1 1
Aszg ) — b2 — Azlxg )



Initial conditions
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Distribution of sources and sinks

1.0
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> o
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x (m)



Relative error after steps ’
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: ICTP | fortreortial rysics
(Benchmarking the 2000Q and Advantage Systems) AIFR | s,
0.40
0.30
(k) _ ”X(k) — X||
e =
X[

0.20

o(k)

= 2000Q-3 qubits

010 REAT 2000Q-5 QUbitS
0.09 4 *=V¥== 2000Q-7 qubits

0.08 Advantage-3 qubits
0.07 Advantage-5 qubits
0.06 Advantage-7 qubits
0.05 == (Classic GS



Relative error after steps with a shrink factor y = 0.8 of at each step
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0.40
0.30
0.20

S

QO = 2000Q-3 qu

0.10 . _ -

0.09 2000Q-5 qu ofts
0.08 = s == 2000Q-7 qubits
0.07 Advantage-3 qu
0.06 Advantage-5 qu
0.05 Advantage-7 qu
0.04 == (Classic GS
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Solution:
temperature distribution on the plate

0.0 0.2 0.4 0.6 0.8 1.0

x (m)
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Opportunity: ’S'g,;g

Masters Scholarship in Quantum Computing

Start: beginning of 2023



Conclusions and perspectives ’S.CTP —
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o Quantum computing is a very exciting field!!!

<~ This mini course is a first step towards the development of more sophisticated
quantum algorithms.

o There are interesting open questions.

o1 hope you have enjoyed :)



