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Quantum Mechanics as an Information Theory.

Complete knowledge about a system.

Use of QM for information processing.

Superposition: a much denser space than allowed by classical mechanics.
Entanglement: nonlocal correlations at quantum level.

Which hardware will we use?

What can we learn about Quatum Mechanics along this process?



First Quantum Revolution

Jack Kilby
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Robert Noyce (Intel co-founder)
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« Living in a world ruled by Information.
« A transformation as big as the Industrial Revolution.

* Built on an exponential increase of processing resources.
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storage capacity (memories),

« The pattern is reproduced in
bit rate in communication ...

2020

2010
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Year

But for how long can the silicon based CMOS stand the growth?

1980 1990

1970

Dissipation, clock frequency, transistor size, switching voltage are

imposing limits.
 Expected saturation by 2050.



« Electronics and photonics are a proof of success in quantum information.

* But information itself remained treated in a classical way:

we have just miniaturized relays and wires.

Bombe > Eniac (1946) > Intel 4040 (1971)
(bomba kryptologiczna)



*What will be the ultimate processing units?

Will we be forced to change from classical to quantum "bits"?

............. Qub lt

Cross the boundary between classical and quantum...




Quantum@Bchanics

Birth of a revolution at the dawn of the 20t Century

Introduction of the
concept of “quanta’

’
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F1G6. 4—Uniform spectrum and fit to Planck blackbody (T). Uncertainties are a small fraction of the line thickness.

THE COSMIC MICROWAVE BACKGROUND SPECTRUM FROM THE FULL COBE'
FIRAS DATA SET

D. J. Fxsen,? E. S. Cuene,? J. M. Gaigs,” J. C. MaTrER,? R. A. SHAFER,? AND E. L. WricHT*

THE ASTROPHYSICAL JOURNAL, 473:576-587, 1996 December 20
i) 1996. The American Astronomical Society. All rights reserved. Printed in U.S. A



QuantuliiOptics.

Quantization of the Electromagnetic Field (on the shoulders...)

OFTICAL
COMERENCE
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QOPTICS
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_____WOptics.

Maxwell Equations

Solution in a Box

0B

V-B=90 VxE=——

ot
1 OE

2 Ot

Wavevector

kj = 2mn;/L

Amplitude \

Us(t) = Ciq€

rwl

Angular Frequency

w = c|k|

Polarization

- —
€ks " Eks’ — (555r

€. X €0 = k/k




_____WOptics.

Energy of the EM Field

1

| . B?(r,t
ey, [FUEZ(r,tH 0
JV

10

dv = 2 Z Z w? | uges (1) 2
Kk s

Canonical Variables: going into Hamiltonian formalism

(ks(t) = ugs(t) + ug, (1)
Prs(t) = —iw [ty (t) — ug ()]



_____WOptics.

Energy of the EM Field
1 : 5 .
Ho= 5303 [P + i ()]
k s

Canonical Variables: going into Hamiltonian formalism

(ks(t) = ugs(t) + ug, (1)
Prs(t) = —iw [ty (t) — ug ()]



_____WOptics.

Energy of the EM Field
1 i 5
H = 5 ZZ [pis(t) + w2qf{5 (f)}
k s

A very familiar Hamiltonian!

Sum over independent harmonic oscillators



QuantulliOptics.

Energy of the EM Field

H = 5 Z Z {}(}is(t) + wzf}lzis(t)}
k S

Using creation and annihilation operators, associated with amplitudes u,

5 [ b - ? Al _ 3
(}ks (t) — E |:(,Lks(t) —l— (_I,Ls(t)} {(Lks(t),(ﬁk;r{;;(t)} —_ (SkkI(SSSI

{&ks (+). f_},kfsf(t)} —

af, (), iy | =0



QuantuliiOptics.

Energy of the EM Field

H=S"3 huw (&Ls&ks +
k s

)

“ Amplitudes of Electric and Magnetic Fields “

<o f ilk-r—wt)
by €
(k > 51*(«;)( ikr m‘)}




Field QuadraturesE=asiEassical Description

Classical Description of the Electromagnectic Field:

Fresnel Representation of a single mode




Field QuadraturesE=asiEassical Description

« Classical Description of the Electromagnectic Field:

Fresnel Representation of a single mode

T v For a fixed position
IE(t) Re[a exp(la)t)]
1
Bilr,£) = \/FOTZZW [“ke[ﬂfksf T i (t)ep e K 1"}
' k s
B(r.t) = \/:—’.;T ZZ {uks(t)(k X eks)cik'r —up (1) (k x €,)e ?k-r}
_ — £
"E{TJ=X COS[OT]F Y Sen(a1]
pd b



Field QuadratureSEuag

The electric field can be decomposed as
) _ ¢ e it O — [p@
BV = e ;Z e [a.ksuks(l)e ] ; E'7 = [E ]

And also as

E = LWZZZ\/Q_GOG Xcos T —wt)-i—Ysm(k r —wz‘)]

1.

X and Y are the field quadrature operators, satisfying

Xo(t) = e a(t) +e?al(t),  Yo(t) = —i[e?a(t) — ¥ al (t)]

[X(O),X (9+ %)] = 2i Thus, AXAY > 1



Field Quadratur SSBANERtum Optics

XO).X(0+5)] =2 Thus,  AXAY > 1

Uncertainty relation implies in a
probability distribution for a given

pair of quadrature measurements

>

Field quadratures behave just as position and momentum operators!




Quantuf@iBptics

Now we know that:

- the description of the EM field follows that of a set of
harmonic oscillators,

- the quadratures of the electric field are observables, and
- they must satisfy an uncertainty relation.

But how to describe different states of the EM field?

Can we find appropriate basis for the description of the field?

Or alternatively, can we describe it using density operators?

And how to characterize these states?



Quantum OpticSEmUmber States

Eigenstates of the number operator

P nf{ (e s Nis|Mks) = Niks|Mks)

Number of excitations in a given harmonic oscillator >

number of excitations in a given mode of the field -

number of photons in a given mode!

Fock States:
Annihilation and creation operators: Eigenvectors of the Hamiltonian
Uis|Ncs) = vV Nis| ks — 1), {n}) = H ks )
(zkglnkg> = Vnks + 1|nks + 1), ks
ks
. 1
£ = {ni—b’k ('“k + _)]
ks :




Quantum OpticSEmUmber States

Complete, orthonormal, discrete basis

('”k.a |"H’Lk,,> - ﬁlr-'-k.ql"”-k.q = H'”’H{'m’H - H fj—”-k.q Mics 3

ks

Disadvantage: except for the vacuum mode it is quite an unusual state of
the field.

Can we find something better?



-

g-states in Fock space:
Describing the usual textbook solution of the harmonic oscillator
Hamiltonian with energy eigenstates.

P(qx,) = <nks|61ks><ka|nks> = |<ka|nks>|2~

<qks|ak5|0k.$> =0= (w/zﬁ)l/z<qm|[q\ks + (i/w)ﬁks]|0ks>
- (h/zw)l/z[(w/h)qm + a/aqm*]<qks|0ks>a

(qxs| Prsl¥) = (11)(3/3qks) (qrs| ) -



Quantum OpHEEEq - States

0 = (h20)"*[(w/h)qxs + 3/3qx,){qxslOk;)

1/4 * ,
<ka|0> = (%) eXp(—%qﬁSw/h) j |<QR3|O>|~ kos =1
T — Q0

So far, we have the ground state.

1

aT‘ ks |()
\/(nksl)<qk5|( k:) | >

<ka’nk5> =



Recursive operations on the ground state give us

<q}cs|n’ks> = \/( <QR5|(ak5)nks|O>
nks
1 h nks/zrw 3 17ks
= ks — s 0
\/(nks )(20)) - h o aq}(s- <qk ’ >
1 5 \mel2] 5 s 1/4
= ( ) _a‘)"qks - (_w_) exp(—%qisa)/h)
\/(nksl) 2w | A ac]ks- mh
Leading to the nth-order Hermitian polynomial
1 w 1/4 1 2
<Qk5|nks) = (2nks ')1/7 ( Th ) an,\-[\/(w/h)%s] eXp (_iqlbcsw/h)
Ppet) '™



Quantum OpHES m

<CIk5|nk5> P(ka) = <nkslqm><qm|nks>

AN
N .
yANTAN VAV VAN




Quantum OpPHES m

<ka|nk5>

"Hlnm \MAARALL k

P(qx,) = ( ksl Gus) (Grs| nxs)

"‘l““Huummu:unuuuuu“““““"‘

n T

-10 =3 0 5 10




Quantum OpticSEmUmber States

Disadvantage: except for the vacuum mode it is quite an unusual state of
the field.

Can we find something better?

[
MPIJCS — m

Eigenfunctions of the position operador: q\|q> — q|q>

Continuous spectra.

Nice, but limited for representing non-pure (mixed) states.

We can do something better using the Fresnel plane



Quantum Opticse= Co}}m

Eigenvalues of the annihilation operator:  axs oks) = ks ks)

o0 Nks
. PN 2 /s Yy, .
In the Fock State Basis: (ys) = e M2 L' s
e —0 VTks:

Completeness: but is not orthonormal

' . L. L .
%/ o) alda =1 (o) = exp <_§ a* 4+ oot — 5 o Z)

Over-complete!

Moreover:
- corresponds to the state generated by a classical current,
- reasonably describes a monomode laser well above threshold,

- it is the closest description of a “classical” state.



Quantum OpticSEmUmber States

S T

Precise number of photons

(n)=n .

An® =10

Growing dispersion of the quadratures

(X?) = (Y?) =2n+1




Quantum OpticsEesoherent State




p?
2m

2

= —— + —kx — eEpx,



Quantum OpticSENsoherent State UANTUM
OPTICS

MARLAN O.SCULLY AND M. SUHAIL ZUBAIRY
—
—

D'(@) = D(—a) = [D(x)] "



Quantum OpticSEeoherent State

}
|2 = D(2)|0}

D(2) = exp(aa’ -




Quantum OpticSENsoherent State QJANTUM
OPTICS

je) = D(ax)|0) o

D(OC) _ eaa'f—a'a

Mean value of number operator

(ala’alo) = |o|?

Poissonian distribution of photons
<n>ne_ (n)
n!

p(n) =

(n) = |of*

Therefore, variance of photon number is equal to the mean number!

A% = (%) = (7)? = |af?



Quantum Optics — ColEIEnNSqueezed States

|1> — D(%)‘O> S(S) = eXp(l/zg*aZ . 1/286112)
e = re?'?

D(x) = exp(aa’ — 2*a)
o, £ ) = D()S()|0)

> X




Quantum OpticSEsHueezed State UANTUM
OPTICS

S(e) = exp(1/2¢*a® — 12¢at?y 7 M <
e = re?'?

S(E)‘O) - ‘O,E) \ ................................................................................

$1(&) = 571(¢) = S(=¢).



Original ground state
Displaced ‘narrowe
SHO potential /

Squeezed ground state

V= -eE (ax-bx?)

PPl 2
H = T + Ekx — eEp(ax — bx”).
2

1
#="r 4 ~(k + 2ebEg)x* — eaEyx.
2m 2



w(x,t =0)=0d(x— xp),

pix,t=mn/2v)= \/%exp [i (m\;ixo) x] :

wix,t =mn/v)=0(x + Xop).




o

(a)

(b)

(c)

D.FE Walls G.J. Milburn

Quantum
Optics

>
@ sorone
b



Quantum OpticsEEYEnRSIty Operators

We have states defined by

The Hamiltonian operator: H|n hw [ n + ) n)

q|q)

The position operator” | >

The annihilation operator: &‘O{} — OélOé}

How can we represent a mixed state (e. g. a thermal state)?



Quantum OpticSENSENSIty Operators

Pure X Mixed States

V) = Z Cn|Gn) Z | ) (am| =1

‘Cn = <(Ln |U>‘ <a'n‘z |an> = dmn

(4) = (¥|A

A

U) <CL m Un > = A

Introducing the density operator (von Neumann — 1927)

*

CnCpy = Pnm p = |lr)> <U |




Quantum OpticsEEYEnRSIty Operators

(4) = Z(an |plam)(am|Alan)

= Z(an|,0A|an> = Tr{pA}

Now we can represent a statistical mixture of pure states!

P = Zpkp/: ZpA =




Calculate the mean value and the variance of the number operator n, and the quadrature
operators X = (4 + a') and Y = —i(a — a') ), for the following states:

1. Fock state |n)
2. Coherent state |a)

3. Squeezed state |a,n) = D(a)S(n)|0), with n € R.

4. Squeezed state |5,n) = S(n)D(B)|0), with n € R.
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