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The Kuramoto model
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The Kuramoto model

= From Kuramoto to Crawford: exploring the onset of
D~ synchronization in populations of coupled oscillators

Steven H. Strogatz

Center for Applied Mathematics and Department of Theoretical and Applied Mechanics, Kimball Hall, Cornell University,
Ithaca, NY 14853, USA

E——

éi (t) = W; T+ KT(t) Sin(\If@) — 0, (t))

In this form, the mean-field character of the model becomes obvious. Each oscillator appears to be uncoupled
from all the others, although of course they are interacting, but only through the mean-field quantities » and .
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The Kuramoto model
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Sync on networks
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Kuramoto model in a Network

N
1=1

KM in Complex Networks

N nodes connected by L links

Adjacency Matrix
0 Ap Ap Ay
A21 O A23 ..... A2N
A = :
Ayt A AN(N— 1) 0

Undirected networks Aij — Aji

Non-weighted networks Al-j e {1,0}

sin(6;(t) — 0:(1))
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KM in Complex Networks

Kuramoto model in a Network

N
05(t) = w; + A Y Agjsin(6;(t) — 6:(t))
j=1
Kuramoto Order Parameter
N

: 1 0.
r(t)e (t) = Z olti ()

g —
Typical network structures

P(k) ~ k™7

Scale-free

@gomezgardenes
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KM in Complex Networks

Kuramoto model in a Network

05(t) = w; + A Y Agjsin(6;(t) — 6:(t))
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Kuramoto Order Parameter
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Degree distribution P(k)

Scale-free
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KM in Complex Networks

Typical network structures
Scale-free

Onsets: SF ER

SF topologies anticipate (favor) the onset of Sync

@gomezgardenes
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KM in Complex Networks

Typical network structures

The more heterogeneous the degree distribution P(k) ~ k™7 of
the SF graph, the lower the synchronization threshold

@gomezgardenes



Can we connect in a precise way
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Can we connect in a precise way
the critical coupling with the
topology of the network?
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K, = Critical Coupling
7g(0)
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Kuramoto model in a Network

N
00) = @, + 2 Y Aysin (6’]-(t) . ei(r))

j=1

Kuramoto Order Parameter

N
J=1

Main Question:

What is the influence of network structure (A) in the
synchronization transition?
g A— A.8& r(d)

@gomezgardenes
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N
Main Question: ¢i(H) = o; + 4 2 Ay sin | 0,(1) — 0(1)

What is the influence of network structure (A) in the

synchronization transition?
A— A.& r(A)

Main difficulty: we lose the MF behavior of the model equations

* Continuum limit approach Ichininomiya

(2004)

Approaches: P i(0:1)
* Time-average Theory (TAT)

é

Restrepo, Hunt & Ot (205)

@gomezgardenes
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Oscillator density functional p ,(0,1):

Density of oscillators with degree k and natural
frequency w located at angle 0 at time ¢

g(w) & P(k)

-1 05 0 05 1

* Continuum limit approach Ichininomiya

(2004)

Approaches: P il0, 1)
* Time-average Theory (TAT)

N
rei =) A(e),
j=1

@gomezgardenes Restrepo, Hunt & Ott (2005)
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Kuramoto model in a Network

N
00) = @, + 2 Y Aysin (ej(t) _ Hi(t)>

Jj=1

Kuramoto Order Parameter

r(t)e™r W = — Z et
N &

Local Order Parameter Global Order Parameter
N N
v I I
Y 0. \q =1 J =1 J
/ N oL
j=1 zj:l k;
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Kuramoto model in a, Network
° N N .
6,0) = @; + Ay EM,@%)O:%X )

j=1] j=1

o™ 0.(1) = w; + Ar;sin (l/fz - Hi(t)) “ARQ).

with h(f) = Im

Local Order Parameter

N N
re™ = Z Alj<ei9j(t)>T — rei00) = Z Alje—iQi(t)<ei9j(t)>T
J=1 j=1
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CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

N N
retti = ZAU(eiej(t)h —> = ZAzje_iTi@iejmﬁ

j=1

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

. 0. 7 steady State:

Locking condition
w; = Argsin (00) — ;) — ;| < Ar,

Local Order Parameter

N N
—> ;= ) Age (W) = A N0,
j=1 j=1

N N
(00—, (0.()—Y,
Z Aij<el(ej(t) \Pl)>T T Z Aij<el( 0 l)>T

|a)j|§/17f]- |wj|>ﬂ’”j
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Steady State:

, COMPLEX NETWORKS, INFORMATION THEORY, AND MACHINE LEARNING IN NEUROSCIENCE
CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

N N
—> ;= ) AT (W) = A OO,

j=1

N
_ =3
= ) A
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

e SR O Steady State: Locking condition
W; = Ar;sin (Hi(f) - sz) — o < 4r,
Local Order Parameter
N N N
_ —iV./ i0(1)\ _ (0.4P)i(0—-F))
—> ;= ) Aje (), =R | AN AL
J=1 ;| <4r|w;| <Ar;
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CRITICAL COUPLING

Ll Bt T oy Kuramoto model in a Network
bt s S X > 1/ IS er e .
3 e v'...!é'. ‘-.:.
S A Y

3

%

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

Local Order Parameter
N N
— 1= Z Age ("), = Re 2 Aljei(ef_l}’f)ei(?j‘q’i)
J=1 ;| <Ar,;

N _ _
— Z Aj;j [cos(0; — W))cos(¥; — W) — sin(0; — ¥)sin(¥; — ¥)
;| <Ar; ) )

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

N :

J

=y Al 1-| =
] 7.

oy <, \ j

Symmetry of g(w)

@gomezgardenes
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CRITICAL COUPLING
%

I Y .
*"“%" ol et Tk 1.2 Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

2 2
-

N N
”i=z A,-j 1 - cos(‘Pj—‘Pl.) :Z Aij 1 — | L

AT A1
;| <Ar; \ J ;| <Ar; J

Smallest possible A

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

;;_:  Steady State: Locking condition

W o, = Arsin (00 —w) —> || < r
Local Order Parameter Global Order Parameter
2 ZN " ZN "
Y " =1"] j=1"7

N
_ . S ~ 1\ ]
”i—z Aija | o > Fe’
o\ T\

— N —
ijl k; 2L

TAT Auto-consistent equation for r;

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

w7 Steady State Locking condition

A w; = Ar; SIn (6’i(t) i l//l) — o] < 4r;

Local Order Parameter

5 Requires:
. = i A |11 — i B Adjacency Matrix |
l Y A7 B Set of nodes’ frequencies
|wj|Sﬂ«I’J \ J

TAT Auto-consistent equation for r;

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

N o, :
' J

AT

g(w), |1 — Y dw

r
—/11’]- \ /IIT]

Frequency distribution approximation (FDA)

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

0
YA " . 1= Z) 4 v
: ! —/lr-g \ /17‘] /hjl

] J

Frequency distribution approximation (FDA)

@gomezgardenes



SCHOOL ON NONLINEAR DYNAMICS, COMPLEX NETWORKS, INFORMATION THEORY, AND MACHINE LEARNING IN NEUROSCIENCE

CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At 1. we have r; —> 07 : Requires:
1
ro~ 1y A “Arn/ 1 — 24 2 Adjacency Matrix
l ; ) 8( J)\/ B Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At 1. we have r; —> 07 : Requires:
1
r. ~ ) A.7.0(0 1 — x2dyx B Adjacency Matrix
l C; 17181 » v B Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At 1. we have r; —> 07 : Requires:
. . .
r. ~ ) A.r0(0)— B Adjacency Matrix
l C; i8¢ )2 B Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At A.we have r; - 07 : Requires:
ry o~ 480)7 Z A.r. 2 Adjacency Matrix
2 7 2 Frequency Distribution

J

Frequency distribution approximation (FDA)

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At /IC we have ri — O+ . Requires:
2 57,1 e @ Ay P Adjacency Matrix
: A.g(0)r 2 Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State:

)

KL= y 3 )

Gt 3
R AN
”% Py s &

54 fv‘—p "{A';;’.\_w.,

; 2R oy

A \ “ “

»’?]{, Y

3

Locking condition
w; = Arsin (040 — ;) —  |w;| < Ar,

Local Order Parameter

At we haver; ~ 07 Requires:
: . : (A) 2 Adjacency Matrix
i g0y " B Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Critical Coupling

Requires:
. = : : B Adjacency Matrix
g0z A, (A) 2 Frequency Distribution

Frequency distribution approximation (FDA)

@gomezgardenes
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CRITICAL COUPLING

Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition
w; = Arsin (040 — ;) —  |w;| < Ar,

Critical Coupling

Requires:
A = : 1 KEKM 1 2 Adjacency Matrix
‘ g0z A, (A) . A, (A) 2 Frequency Distribution
KKM = 2
g0z

@gomezgardenes
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Kuramoto model in a Network

0,(1) = w; + Ar;sin (y; — 6,0))

Steady State: Locking condition

w; = Arsin (040 — ;) —  |w;| < Ar,

Critical Coupling

Requires:
A = 2 1 KKkM 1 2 Adjacency Matrix
g0 A, (A) - A, (A) B Frequency Distribution

2 (k) Requires:

HMF: 7, =7k, — 4. = O & Degree Distribution
8(0)x (k%) 2 Frequency Distribution

@gomezgardenes
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Steady State: Locking condition

w; = Argsin (00 —y;) — ;| < A,

Requires:

A @ 2 1 — gkM 1 2 Adjacency Matrix
© g0z A

A) * A,.{A) P Frequency Distribution

max (

< k) Requires:

(k2) 2 Degree Distribution
2 Frequency Distribution

@gomezgardenes
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CRITICAL COUPLING

Scale-free Networks P(k) ~ k™7

o0 00 As y decreases the network

< k2> ~ 2 P(k)dk ~ k2~rJk  becomes more heterogeneous
and the second moment

Increases

2 (k)
A, =
7g(0) (k?)

The critical coupling 4.
decreases as y decreases

ﬁ

@gomezgardenes



Microscopic view
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LUCAL SYNCHRUN IZATIUN CRITICAL COUPLING

New Measure:

3 the degree of synchronization between pairs of connected nodes:

- | i[0:(1)—0;(0)]
B = T||_r>noo Aij Fi e iGI dt
Djj ~ 0 — local incoherence Dij — 1 — local synchronization.

@ gomezgar denes Gomez-Gardenes et al. Phys. Rev. Lett. (2007)
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LUCAL SYNCHRUN IZATIUN CRITICAL COUPLING

New Measure:

3K the degree of synchronization between pairs of connected nodes:

r+T .
'IT / oi[0:(0)—0;(0)] 4+

T

D,'j: Iim A,j

T o0

Djj ~ 0 — local incoherence Dij — 1 — local synchronization.

—

@ gomezgar denes Gomez-Gardenes et al. Phys. Rev. Lett. (2007)
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LUC AL SYNCHRUN I Z ATIUN CRITICAL COUPLING

D= lim A= / Tl o] 4
S - fo el U o i
Djj ~ 0 — local incoherence Djj = 1 — local synchronization.

Studying D;;: We can monitor how synchronized links are created as a
function of the coupling. Different paths towards synchronization:

0.01

ayf

>0
o

>
'«Q-o
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KURAMOTO MODEL IN COMPLEX NETWORKS

SYNC. TRANSITION: THE CRITICAL COUPLING

PLAYING WITH THE TRANSITION: EXPLOSIVE SYNC.
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Explosive Percolation in
Random Networks

2,3%

Dimitris Achlioptas, Raissa M. D'Souza,*>* Joel Spencer®
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Networks in which the formation of connections is governed by a random process often undergo a
percolation transition, wherein around a critical point, the addition of a small number of
connections causes a sizable fraction of the network to suddenly become linked together. Typically
such transitions are continuous, so that the percentage of the network linked together tends to zero
right above the transition point. Whether percolation transitions could be discontinuous has been
an open question. Here, we show that incorporating a limited amount of choice in the classic
Erdos-Rényi network formation model causes its percolation transition to become discontinuous.
@gomezgardenes
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EXPLOSIVE SYNCHRONIZATION®? .

@gomezgardenes Gomez-Gardenes et al. Phys. Rev. Lett. (2011)
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EXPLOSIVE SYNC.

EXPLOSIVE SYNCHRONIZATION?

@gomezgardenes
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EXPLOSIVE SYNC.

EXPLOSIVE SYNCHRONIZATION?

@ We compute for each value of A the effective frequency of each node:

1 t+T )
Wil = = / fi(t)dr, with T>1.
t

12 oy ' v ' ' v
> 8 f.w.; -
=
6 ,‘ s —— '
"”mi "iiiﬂ”f 5 ;;"'. s IIIIIIIHHHHr
et | S
i : i
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Other possible Explosive set-ups

Framework we{M mmm} g(w) P(k) Information
P
CFD o |“ ‘/
w; = ki - ® e P(k) — g(w) X I.ocal
o 4 v <3 | I‘“Il

[GOomez-Gardefies et al. 2011]

Suppressing the emergence of a Sync macroscopic component
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NE XT STE P EXPLOSIVE SYNC.

We now explore the possibility of obtaining an explosive synchronization
transition in an experimental setup.

@ Possibility of using simple network configurations as the star graph.

@ Robustness of results under perturbations.

Bad News

However, we have to move from the Kuramoto model to a more realistic
and complicated dynamical systems.

Rossler System: i

|

|
~
~
2N
~

@gomezgardenes
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RO S SLE R SYSTE M EXPLOSIVE SYNC.

Let us consider an ensemble of N piecewise Rossler units, interacting in a
network via a bidirectional diffusive-like coupling:

N
)'<,' = = 0.05 Xj — dz A,'j(Xj — X,') -+ 0.5}/,' + Z;
j=1

vi = —ai(—xi+i),
zi = —ai(g(x)|+zi).

where the piecewise part Is:

0 if % <3

g(xi) = { u(xi —3) if x> 3

The parameter v = 0.02 — 10/ R controls the dynamical state of the
system. For R € [55,110] the above system is in the chaotic phase.

@gomezgardenes
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RO S SLE R SYSTE M EXPLOSIVE SYNC.

Each of the natural frequencies depends linearly on each value ¢;.

Thus we include the correlation between structure and dynamics by

setting:

ki— 1
N

a,-:a<1+Aa ).witha:104
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‘ Experimental setup

N = 6 oscillators arranged in a star-graph topology. The coupling is
controlled by digital potenciometers and the output signals are

recorded and analyzed.
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RO S SLE R SYSTE M EXPLOSIVE SYNC.
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EXPLOSIVE SYNC.

OTHER EXPERIMENTS

PHYSICAL KLVIEW EYE 06500 10 s)y
Fxperimental evidenee of explasive synchromization in mercary heating-heset oscillutors

Pawan Kumas,' Dinesn Kumar Verma,! . Pamuananda,' ard 5 Boccs e ™!
Errepartnsodt of Phcics, Dsdian Dty of Tecimmiagy Baabay, Poa? Mawtba-#00 676 Tedu
FONR-Irsionre of Cowplen Svaveay, Y Moo de! P, JO. 50005 Seseo Frucaving (F7), kofy
Loty of Baly i byl Treede Tonre 25 Bavwene® S0 08025 Tet Aviv Do
tRecvived 18 Micch 2015 poblished 9 Jume 20150

We repont expenaneme. evidenae ol explosive syndvvaiauticmin coupled ebemo mec smical svaems nmmaly
ey Descangehe et COMITHY ool Dt Doty toes MEH oscllibess o4 e etuaoek coo gt on
urd seting navwral Mregoescivs o ewdh oscillate in propanien o the e ber of s links, u gsadual cerease of e
complir g strength cosilte inas abeupt anct irrevzeabls (htocder e ) transilica from e system’ s unordeed o
ekt phase. On he i, socl & yoaeleom Lo beaves dhe emergeney of ablashk roglme where 1e0ex Jing sunes
com be cxpenimentally sevenled Foally, we peove how soc= a pezime o s an =spenmental mnplememtocico of
mugnzticlike sumes of synsdwon aotica, by he os2 of on excemal slgral.

1 v v
1
(a) »

o8 2 .
0.9} nal ;r"'*/ N

/200 1T00 VR0 LMD %
VR Imroe

1100 1180 1XC 140 120
1R (mho)

" e V' ‘I’ vew 'I) —'I‘
gy
Z 04t
oz’ J
ol w =

Q1 02 03 04 06 0 T OE TO 1 0:1 V200 '):4 U:b us 0::’ 'J:'d (UL B |
Time '2) Time (=)

T—

@gomezgardenes

SCIENCE ADVANCES | RESEARCK ARTICLE

FHYSICS

First-order synchronization transition inalarge
population of strongly coupled relaxation oscillators
Dumitru Célugéru'~, Jan Frederik Totz'“'*, Erik A. Martens®, Harald Enget*

Onset and loss of spratacoization in couphed ascillaens 2w of fundansental v paTance i Ledo canding siver
gant behsvior v natursl end man-made systera, whizh rasge fFom nean netwerks tc powe-crids, We regart on
exparirncnts with hunorack of sorongly couplad promchemicy relaxa tion cedlimors: that osh b g discontinuous
synchrnoaation tansiton with hysisess, & opposed 10 the P22 g watic comtinmuous ransiten capeasd fram
the Wided uied weak coupling theaey. The misulteg Firg-crder aniition i5 ralst with reipect 5c changes in
retwork ceanectivity snd nwural Fraquency distroution, This sllows us 1o identidy the relnsation che acter of the
ool latons 34 Ehe cssential pasvacter that detonnines the nature of the syncwonizaton franition, We further
supxt this My pothiis by rewealing the machanism of Use sransiven, whech cannoat baacooanted foe by staodard
plass rcction tazhniquer

Topaighr 220
Aty mure
13t rmeee:
wadurhoe et
Arraboan A ockatan
Yo rhe A ieme e
M e Moo
wrd) K Coeewe w
Mok Curroand
anzm o S
SoanTara Miiteton
U Cayvrsenchi
e TSR

Y T—



Explosive Sync
in Real World?



Explosive Sync. Evidences

Ongoing consensus about the role of bistability as a natural
framework for biological switches

Abrupt transitions and hypersensitive responses have been
analyzed from the perspective of ES

Conscious-Unconscious Transitions (Anesthesia)
[Kim et al. 2016, Kim et al. 2017]

Choroid Plexus & Circadian clocks
[Myung et al. 2018]

Epileptic Seizures
[Wang et al. 2017]

Frequency detection of the cochlea
| Wang et al. 2016]

Hypersensitivity of Fibromyalgia patients
[Lee et al. 2018]

@gomezgardenes
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EXPLOSIVE SYNC.

EXPLOSIVE SYNC. EVIDENCES

Hypersensitivity of Fibromyalgia patients [Lee et al. 2018]

Experiment & Analysis
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EXPLOSIVE SYNC. EVIDENCES

Hypersensitivity of Fibromyalgia patients [Lee et al. 2018]
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OPEN Functlonal Brain Network
‘Mechanism of Hypersensitivity in
Chronic Pain
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