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* Elastic scattering

* Relativistic interpretation of electromagnetic form factors
* Phase-space formalism

* Frame dependence of spatial distributions

* Electric and magnetic polarizations



Spatial structure through elastic scattering

Example: X-ray diffraction
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Nuclear elastic scattering

Crystals & atoms d~107"%m = Aw=~10%*eV =—> X-rays

High-energy

. ~ _15 ~ 9
Nuclei & nucleons d =~ 10 m = hw=~10"eV —> electron beams

A Large recoil for light nuclei!



Nuclear elastic scattering

Crystals & atoms d~10""m

Nuclei & nucleons d~10"1""m

Relativistic treatment
in Born approximation

Spin-0
do’ do’ target -
d_Q E pointlike B [F(Q )}
Q% = —A?

=  hw=~10%eV =>

=  hw=a~10%eV =

X-rays

High-energy
electron beams

A Large recoil for light nuclei!

[Rosenbluth, PR79 (1950) 615]
[Hofstadter, RMP28 (1956) 214]
[Yennie, Lévy, Ravenhall, RMP29 (1957) 144]



Nuclear elastic scattering

Crystals & atoms d~10""m

Nuclei & nucleons d~10"1""m

Relativistic treatment

=  hw~ 10%eV = X-rays

High-energy
electron beams

=  hw=a~10%eV =

A Large recoil for light nuclei!

in Born approximation © Pi Pf €
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Q? = —A? Electric Magnetic
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[Hofstadter, RMP28 (1956) 214]
[Yennie, Lévy, Ravenhall, RMP29 (1957) 144]



Nucleon form factors

Proton Neutron
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Electromagnetic current matrix elements

Normalization {'|p) = (27)°2p" 5 (p" —p)

H (', s'|J(0)|p, s) =T(p’, s"\TH(P, A)u(p, s)
o ANY
DH(P,A) = Y*FL(Q?) + o=~ Fa(Q”)
N . N .
— _ é I é forrlr):;:ztor for:'\af:Icltor
p=Pr-=3 p=rP+3

F1(0) =qn,  F2(0) = kN

Electric Anomalous
charge magnetic moment
Sachs form factors
Gr(Q?%) = F1(Q°) — TF%(Q%) Q? = A2
Gu(Q?) = F1(Q%) + F2(Q%) T

[Foldy, PR87 (1952) 688]
[Ernst, Sachs, Wali, PR119 (1960) 1105]
[Sachs, PR126 (1962) 2256]



Non-relativistic interpretation

Localized states Normalization (7'[5) = (27)* 6 (5" — p)
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Non-relativistic interpretation

Localized states Normalization (7'[5) = (27)* 6 (5" — p)
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Non-relativistic interpretation

Localized states Normalization (7'[5) = (27)* 6 (5" — p)

- - d3P dBA ?:_'- .’Ef—f _?:"_ P 7z 7 — ~ — —
@ o)) - | P 0B (B4 & |o(0)|P -

|1
S—

l—Y—,
dPA L Rm Ry A A Internal
~ [ G I EN0I -3 geon

Generic expectation value (¢[y) =1

Do) = W) = [ o p@Pplr-7) o



Relativistic interpretation (Sachs approach)

Generic expectation value

(0@ = /
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Normalization (7'|p) = (27)° 6P (5" — p)
Wave packet  ¥(p) = (7))
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[Sachs, PR126 (1962) 2256]
[Burkardt, PRD62 (2000) 071503]
[Belitsky, Ji, Yuan, PRD69 (2004) 074014]



Relativistic interpretation (Sachs approach)

Normalization (7'|7) = (2r)% 6% (5" — p)
Generic expectation value =1 ~
P Wl Wave packet  ¥(p) = (P'[)
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Internal distribution

[Sachs, PR126 (1962) 2256]
[Burkardt, PRD62 (2000) 071503]
[Belitsky, Ji, Yuan, PRD69 (2004) 074014]



Relativistic interpretation (Sachs approach)

Normalization (7’|7) = (27)? (3)(ﬁ’ D)

. . —1 _
Generic expectation value  (¢|¢) Wave packet () = (7 ])
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Internal distribution

Probabilistic interpretation

Validit.:y 1/D<<‘5‘<<‘5ﬁ<<PO

domain

Hydrogen MpDpgy ~ 10°
Nucl MyxDn ~ 4
neeen NN - [Sachs, PR126 (1962) 2256]
[Burkardt, PRD62 (2000) 071503]
[Belitsky, Ji, Yuan, PRD69 (2004) 074014]



Relativistic interpretation (Sachs approach)

Normalization (P[P

G i tati I (Ylh) =1 s
eneric expectation vailue - Wave packet D(p) = (P|Y)

3p 13 L. -
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Crucial assumption (P + 2) ~ §(P) A~ 0
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Internal distribution

Probabilistic interpretation

Validit.y I/D < ‘5‘ < ‘5}7‘ < PO Rest frame ‘ﬁ‘ =0 = P'~M

domain
Hydrogen MpyDpy ~ 10° W(P)2 = 2r)36®(P) A\ Clash with (P +3) ~ (P)!

Nucl MnDy =4
ucleon NN A [Sachs, PR126 (1962) 2256]

[Burkardt, PRD62 (2000) 071503]
[Belitsky, Ji, Yuan, PRD69 (2004) 074014]



Relativistic interpretation (Sachs approach)

A —f
Breit (aka brick-wall) frame o ———
7
— — P’ * 5
_ 0 _ _
P=0 = A"= D0 = 0

[Sachs, PR126 (1962) 2256]
[Friar, Negele, In Adv. Nucl. Phys., Vol.8(1975) 219]



Relativistic interpretation (Sachs approach)

A —+/
Breit (aka brick-wall) frame  vonw ———
P
L P.A
_ 0 _ _
P=0 = A= D0 0
(pla SI‘JO (0)[p, SMBF = 2MN0ss GE(Qz) Same structureasin

- — - o o e !
<p’; S"J(O)‘p, S)}BF _ i(&s’s % A) G (Qg) non relatlwstlicase
Q2}BF = A

[Sachs, PR126 (1962) 2256]
[Friar, Negele, In Adv. Nucl. Phys., Vol.8(1975) 219]



Relativistic interpretation (Sachs approach)

A —+/
Breit (aka brick-wall) frame  vonw ———
P
L P.A
_ 0 _ _
P=0 = A= D0 0
(pla SI‘JO (0)[p, SMBF = 2MN0ss GE(Qz) Same structureasin

non-relativistic case !

W', T(0)[p, )|y = i(Fsrs x B) Gar(Q°) o
Q }BF =A

dgA AR GE (Qz) Rela?ivistic
3 € — recoil
(27") vV 1 + 7 corrections?

3D charge distribution pE (T) = /

p° }BF = Mpn+V'1+ T responsible for the Darwin term

in the non-relativistic expansion

do /do
dQ/ dQ

5 T oy 9 1
{[ee@)* + 2 [6u@)]"} 7= [Sachs, PR126 (1962) 2256]
[Friar, Negele, In Adv. Nucl. Phys., Vol.8(1975) 219]

pointlike



Breit frame distributions
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[C.L., PRL125 (2020) 232002]



Breit frame distributions

Proton Neutron
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Relativistic interpretation (IMF approach)

A
Probabilistic interpretation - .
Infinite-momentum frame o \
P

validiy /D « |A| < |6p] < P°

domain

P,y = A’xA, <P

[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]

[Burkardt, PRD62 (2000) 071503]



Relativistic interpretation (IMF approach)

A
Probabilistic interpretation - .
Infinite-momentum frame o \
P

validiy /D « |A| < |6p] < P°

domain

P,y = A’xA, <P
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Z‘ 5: / X 5 z
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[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]

[Burkardt, PRD62 (2000) 071503]



Relativistic interpretation (IMF approach)

A
Probabilistic interpretation - .
Infinite-momentum frame o \
P

validiy /D « |A| < |6p] < P°

domain

P,y = A’xA, <P

—

(T \\ X 5 pe
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2D charge distribution PE (27)2
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Galilean symmetry under finite boosts ™ No recoil correction!

[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]

[Burkardt, PRD62 (2000) 071503]



Other approaches with similar results

Light-front coordinates (no need to consider IMF)

The instant form

ACI

The front form

[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302]
[Burkardt, IIMPA 18 (2003) 2, 173]

[Miller, PRL99 (2007) 11200]

[Carison, Vanderhaeghen, PRL100 (2008) 032004]



Other approaches with similar results

Light-front coordinates (no need to consider IMF)

[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302]
[Burkardt, IIMPA 18 (2003) 2, 173]

[Miller, PRL99 (2007) 11200]

[Carlson, Vanderhaeghen, PRL100 (2008) 032004]

The instant form The front form

Method of dimensional counting (IMF averaged over all directions)

[Fleming, In Phys. Reality & Math. Descrip. (1974) 357]
) 4 22 .2 REREE. [Epelbaum, Gegelia, Lange, Meissner, Polyakov, PRL129
® ' - (2022) 012001]
g K ' [Panteleeva, Epelbaum, Gegelia, Meissner, PRD106
(2022) 5, 056019]




IMF distributions

Proton
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[Miller, PRL99 (2007) 11200]
[Carison, Vanderhaeghen, PRL100 (2008) 032004]



IMF distributions

Proton
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[Miller, PRL99 (2007) 11200]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



IMF artifacts — component mixing

T rest
Neutron
at rest
3
Jrest < 0
3
Jrest > 0
Anomalous
magnetic moment
E'=v(E+7xB) = d =+0xj
Induced
electric dipole
moment

[Burkardt, DMPA18 (2003) 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



IMF artifacts — spin rotation
A Relativistic boosts do not commute! [Ki, Kj} = —jelk gk

\PIMFa)\ — U)

e [Melosh, PRD9 (1974) 1095]
[Prest, o) [Chung et al,, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]



IMF artifacts — spin rotation

A Relativistic boosts do not commute! [K° K7] = —ic"% J*

> [R(psr — prvr)lxva [pivr, A = o)

A Melosh-Wigner A
rotation
=
=
¥
T
&3
m
o)
Q
‘pBFa S = J)
— ’P‘B‘E\'
[Drest, T) [Melosh, PRD9 (1974) 1095]

[Chung et al.,, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]



IMF artifacts — spin rotation

A Relativistic boosts do not commute! [K° K7] = —ic"% J*

> [R(psr — prvr)lxva [pivr, A = o)

A Melosh-Wigner A
rotation
Spin independent Spin dependent
~ ~ BF Gg Gum
S =
$ T IMF | ;- GetrOn o Cu o Cr
. . R SRR =
é g
Ny —
Q q
Which set is the « physical » one?
PR, S = 0)
pes)
Blpsest
‘prest ? O') [Melosh, PRD9 (1974) 1095]

[Chung et al.,, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]



Fundamental problems

1) The notion of spatial distribution relies on simultaneity

2) A probabilistic interpretation requires that inertia does not depend
on momentum

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]



Fundamental problems

1) The notion of spatial distribution relies on simultaneity

2) A probabilistic interpretation requires that inertia does not depend
on momentum

These conditions are satisfied by Galilean symmetry
... but not Lorentz symmetry !

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]



Fundamental problems

1) The notion of spatial distribution relies on simultaneity

2) A probabilistic interpretation requires that inertia does not depend
on momentum

These conditions are satisfied by Galilean symmetry
... but not Lorentz symmetry !

Traditional perspective: maintain strict probabilistic interpretation by

* neglecting recoil corrections (Sachs approach)
* restricting to Galilean subgroup (IMF approach)

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]



Fundamental problems

1) The notion of spatial distribution relies on simultaneity

2) A probabilistic interpretation requires that inertia does not depend
on momentum

These conditions are satisfied by Galilean symmetry
... but not Lorentz symmetry !

Traditional perspective: maintain strict probabilistic interpretation by

* neglecting recoil corrections (Sachs approach)
* restricting to Galilean subgroup (IMF approach)

New perspective: relax probabilistic interpretation
but fully account for frame dependence !

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]



Phase-space approach

Phase-space representation

d°P -
WO = [ Gz PR (R P) (0) 5@
NucleonWigner (7, P) = [ d*z e 77y (R = $)u(Fi + 3) o) = [ S i

[Wigner, PR40 (1932) 749]
[Hillery, O'Connell, Scully, Wigner, PR106 (1984) 121]
[Bialynicki-Birula, Gornicki, Rafelski, PRD 44 (1991) 1825]



Phase-space approach

Phase-space representation

Nucleon Wigner pTP(R'? 15') _ /dBZB—iI-_’.on*(R' o g)d}(

distribution

Quasi-probabilistic interpretation

[ ERouEP) = 0P
3 - - —
| G el P) = R

[Wigner, PR40 (1932) 749]
[Hillery, O'Connell, Scully, Wigner, PR106 (1984) 121]
[Bialynicki-Birula, Gornicki, Rafelski, PRD 44 (1991) 1825]



Relativistic spatial distributions

Internal distribution (for a state « localized » in phase-space)

L A Ra-B) 5 A 5 A
wma@—/aﬁw (P+ 3100)|F - )

0y p(i), =i R

\.Ol

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPJC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJIC79 (2019) 89]



Relativistic spatial distributions

Internal distribution (for a state « localized » in phase-space)

N[>
—

- d’A —iA(Z-R) /p | A 5]
(0) 5 5(7) = / G (P + 310(0)|P -

= (O)gp(r),  T=7—R

\.Ol

P-A

! C .
P 0 (no energy transfer == same initial and final boost factor)

Elastic frames A" =

BF IMF

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPJC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJIC79 (2019) 89]



Relativistic spatial distributions

A )’ F(b
Elastic frame uﬁm/ ’ ( L/\
\ﬁ Abel <

P A transform
PO f(r) r

—

P:Pzél’z = AO:

——> b

A% =0 = A,=0 < /dz

¥ line of
< sight

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]

[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Relativistic spatial distributions

A / P’ F(b,) \
. 1
Elastic frame VWV
\ﬁ Abel <
transform

P.A.
PO f(r) r

—

P:Pzél’z = AO:

'—’bL

A% =0 = A,=0 < /dz

z ¥ line of
sight

2D charge distribution PEF (b, P,) = /dz (J" (") &.p.e.

EF

Interpolates between BF and IMF . .
L=7L—Ry

7 BF [
B @50 = [0 Wl ) = (20720 6D — )
pi (brioo) = pp™ (b1)
[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]
[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



EF charge distributions

(TolaVANY
H [H(P,A) = y"F1(Q%) + M (Q%)
M Pt 1€l *PrN , Payay
N %5)% N = 55 Ge(@)+ 2P2ﬁ > Gu(Q7)

Reminiscent of J = pi+ V x M !

[C.L., PRL125 (2020) 232002]



EF charge distributions

! DA(PA) = Y F(Q%) + = Fa(Q?)
- MPH ie'*PA N Pgyavs
N N = pr Gr(@)+ 2P? G (@)
pzp—% P,:P"‘% Reminiscent of .J = pi' + V x M !

- | pEF (b, P,) = /0 QQJO(Qb) PE(Q; Po) + pp(Q; Py)] | bonsirudina!

~CONV . _ PO + M(l + T) 2 BF 2 THMF 2
PE (Q? Z) - (PO n M)(l n T) GE(Q ) ﬁ(E‘)nV(Q;O) _ G?‘(_?T) ﬁ%)nV(Q;OO) _ GlE—(i_QT)
~magn TP2 2 ~magn /. Ny __ ~magn /. . TGM(Q2)
(@ F:) = maporana ooy CM(@) [T @0=0 PE e (@500) = =
Q? = a7
T = Q%/4MF

= M2(1+71)+ P2
[C.L., PRL125 (2020) 232002]



EF charge distributions (longitudinal polarization)
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[C.L., PRL125 (2020) 232002]



EF charge distributions (longitudinal polarization)
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[C.L., PRL125 (2020) 232002]



EF charge distributions (transverse polarization)
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[Kim, Kim, PRD104 (2021) 7, 074003]



Four-current amplitude

Expected Lorentz transformation of an off-forward amplitude

(', 8'[T*(0)|p, s) Z D) (W, MDY (. A) A, (plg, s5177 (0)|ps, 55

[Durand, De Celles, Marr, PR126 (1962) 1882]



Four-current amplitude

Expected Lorentz transformation of an off-forward amplitude

@, s'|.7"(0)|p, s) Z D! 2, (P, MDD (p, A) A", (P, 55| (0)|p s, 5B)

[Durand, De Celles, Marr, PR126 (1962) 1882]

Confirmation by explicit calculation

Wi igner rotation
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[C.L., Wang, PRD105 (2022) 9, 096032]
[Chen, C.L., PRD106 (2022) 11, 116024]



Four-current distributions (transverse polarization)

Charge distribution Longitudinal current Transverse current
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Convection and polarization

Electric polarization

Polarized medium o P, P, P
_Pm 0 _Mz My

Tt = Jt + 9o P P =
- (8
c _Py Mz 0 _MCC
Convection Polarization — Pz — My Mm 0
current current
Magnetic polarization
(or magnetization)
O — —
J'=p.—V-P

[Chen, C.L., 2302.04672 [hep-ph] to appearin PRD]



Convection and polarization

Electric polarization

Polarized medium o P, P, P
P, 0 —M, M,

Tt = Jt + 9o P P =
- (8
c _Py Mz 0 _Mw
Convection Polarization — Pz — My M:B 0
current current
Magnetic polarization
(or magnetization)
O — —
J'=p.—V-P

General spin 2 target  (/.5'17"(0)lp, s) = @', s )T (P, A)ulp, 5)

oMYA,

F#(Pa A) - V#Fl(QQ) + IM x

F5(Q%) - [ =7

[Chen, C.L., 2302.04672 [hep-ph] to appearin PRD]



Convection and polarization

Electric polarization

Polarized medium o P, P, P
P, 0 —M, M,

Tt = Jt + 9o P P =
- (8
c _Py Mz 0 _Mw
Convection Polarization — Pz — My M:B 0
current current
Magnetic polarization
(or magnetization)
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[Chen, C.L., 2302.04672 [hep-ph] to appearin PRD]



Convection and polarization

Electric polarization

Polarized medium 0 P P, P.
-P, 0 —-M, M

o TH Qp phv — x z y

Convecton Polizaton =F.

Magnetic polarization
(or magnetization)

—

pe—V-P

<
o
|

General spin 2 target  (/.5'17"(0)lp, s) = @', s )T (P, A)ulp, 5)

oMYA,

[H(P,A) =" (Q%) + Fy(Q?) = Iy =7
2M N
M PH o GEPPAA L Payays ) L e MePAPgya s )
PH 1ot A e
— F 2 v 2 pv - [0z 2
7 1(Q7) + Wi G (Q7) = [ 57 ° Gu(Q7)
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Convection and polarization

Breit frame charge distributions

2.0

1.0

0.0

Jg(r) [e-fm ]

-1.0

g
o

Proton Neutron
YT T [T Tt 0'6—"‘: R
-\ oh In BF (3D) - F In BF (3D) ]
- — J3(r) - : — JYr) i
3 R ICRE o = pLp®
- = phat) ] E = phsr)

""" S,

- 1= :
- 1 = -
i 'oca’“’AUGM ] —:
R R R R el
0 0.5 1.0 1.5 2.0 15

r [fm]

urpBA
Iy = —234 Me Pfﬁ%\% G1:(Q?) | is the most natural definition !

[Chen, C.L., 2302.04672 [hep-ph] to appearin PRD]



BF magnetization distributions
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BF magnetization distributions
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BF magnetization distributions
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EF polarization and magnetization distributions
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LF polarization and magnetization distributions
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Induced electric dipole moment
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Induced electric dipole moment
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Conclusions

* Clash between probabilistic interpretation and Lorentz
symmetry

* Phase-space approach provides a general perspective
interpolating between different pictures (BF, IMF, ...)

* Wigner spin rotations are not intuitive but are key to
understanding the frame dependence of spatial distributions

* Sachs form factors (Gg, Gy) lead to a much simpler
general picture than Dirac and Pauli (F,, F,) form factors



Centers of a relativistic system
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