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Quantum Theory of
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Outline

* Introduction
o Generalities of the Hall effects

o Quantum metric: what it is and where it appears

o Theory of the intrinsic quantum metric anomalous Hall effect

* The quantum metric Hall effect in MnBi,Te, and BP heterostructure
o An ideal platform for the quantum metric Hall effect

o Minimal model

°* Summary



The Hall effect

Linear Hall effect: * External B = normal Hall
[E. Hall, Am. J. Math. (1879)]

I(w)

[N. Nagaosa et al., Rev. Mod. Phys. 82 (2010)]
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The Hall effect

Linear Hall effect: * External B = normal Hall
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The Hall effect

Linear Hall effect: * External B = normal Hall
[E. Hall, Am. J. Math. (1879)]

1 1
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carrier density

* Intrinsic M = anomalous Hall
[E. Hall, Philos. Mag. (1881)]
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The Hall effect

Linear Hall effect: * External B = normal Hall
[E. Hall, Am. J. Math. (1879)]

1 1
Poy = — = o8B
Ty
\

carrier density

* Intrinsic M = anomalous Hall
[E. Hall, Philos. Mag. (1881)]

Jo (W) = o4y (w) Ey(w)
N\ mm) Require break of time-reversal symmetry

Hall conductivity mm) Different microscopic mechanism

[N. Nagaosa et al., Rev. Mod. Phys. 82 (2010)] 7



The Hall effect family grows

Normal Hall Spin Hall
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1980: Integer Quantum Hall
1982: Fractional Quantum Hall

[Adapted from C. Chang et al. J. Phys. Cond. Matt. (2016), R. Samajdar et al. PRB (2019) and Z.Z. Du et al.
Nat. Phys. (2021)]



The Hall effect family grows
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[Adapted from C. Chang et al. J. Phys. Cond. Matt. (2016), R. Samajdar et al. PRB (2019) and Z.Z. Du et al.
Nat. Phys. (2021)]



The non-linear anomalous Hall effects

* Hall current oscillates at a different frequency than the electric field

This talk: second-order anomalous Hall effect

Jy(3) = 0yaa (Wi, wa) Br(w1) Er(w2)

2

Y — Wy + wo antisymmetric Iny and x
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Two possibilities:
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* Can happen even in the presence of time-reversal symmetry

* Require inversion symmetry breaking



The non-linear anomalous Hall effects

* Hall current oscillates at a different frequency than the electric field

This talk: second-order anomalous Hall effect

Jy(3) = 0yaa (Wi, wa) Br(w1) Er(w2)

2

Y — Wy + wo antisymmetric Iny and x

a) w, =wy, >L=2w
Two possibilities:

b)a)z — —a)1=>2 — O
* Can happen even in the presence of time-reversal symmetry

* Require inversion symmetry breaking

What is the microscopic mechanism?



Theory of the linear Hall effects

Normal Hall

Lorentz force F = —

[N. Nagaosa et al., Rev. Mod. Phys. 82 (2010)]

ev X B

10



Theory of the linear Hall effects

Normal Hall

Lorentz force F=—--evxB

(Linear) anomalous Hall

Extrinsic: disorder — depend on electron lifetime 7

Intrinsic: anomalous velocity = independent of T

Cannot be explained by band structure alone!

[N. Nagaosa et al., Rev. Mod. Phys. 82 (2010)]

10



Theory of the linear Hall effects

(Linear) anomalous Hall

Intrinsic: anomalous velocity — independent of T

€
an = TE an
\% B X (k)

[N. Nagaosa et al., Rev. Mod. Phys. (2010), Jungwirth et al., Phys. Rev. Lett. (2002), Handane et al.
PRL (2004)]

11



Theory of the linear Hall effects

(Linear) anomalous Hall Q. (k)
Intrinsic: anomalous velocity = independent of T | o
. |
Van — —E x Q) (k) . V
R "/~ Berry curvature! an

Electrons in solids:
wn,k(r) = ™" <I'| un,k>

Qn(k) = Vk X <un,k\ Vkun,k>

[N. Nagaosa et al., Rev. Mod. Phys. (2010), Jungwirth et al., Phys. Rev. Lett. (2002), Handane et al.
PRL (2004)] 11
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Theory of the linear Hall effects

(Linear) anomalous Hall Q. (k)
Intrinsic: anomalous velocity = independent of T o
e
Van = —E x Qn<k> V
h “— Berry curvature! an

Electrons in solids:
wn,k(r) = ™" <I'| un,k>

Qn(k) = Vk X <un,k\ Vkun,k>

cell periodic

Electric current:

e? d’k s
V= e [ fovn = [ = G 2 [ (a0

n&occ

[N. Nagaosa et al., Rev. Mod. Phys. (2010), Jungwirth et al., Phys. Rev. Lett. (2002), Handane et al.
PRL (2004)] 11



Theory of the linear Hall effects

(Linear) anomalous Hall

Intrinsic: anomalous velocity = independent of T

€
an = TE an
\% B X (k)

Electrons in solids:
wn,k(r) = ™" <I'| un,k>

Qn(k) = Vk X <un,k\ Vkun,k>

cell periodic

Ty :% Z / (;lﬁlidfo(k)ﬁi(k)

Nneocce

\Y
Berry curvature! —

Time reversal (T):
Q, (k) 5 —Q,(—k)
fo(k) &> fo(—K)

Requires I breaking!

[N. Nagaosa et al., Rev. Mod. Phys. (2010), Jungwirth et al., Phys. Rev. Lett. (2002), Handane et al.

PRL (2004)]
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Non-linear Hall: beyond the Berry curvature

* Extrinsic contributions to the non-linear Hall effect also involves the Berry curvature

3
e T
Xabe — €ade : abe)Q
2(1 + 10T ) k
a Anomalous Hall effect C Nonlinear Hall effect Berry curvature
— dipole
-
JAHE J NLHEI

F?F—-T

v

X

Berry curvature A
- .+
ky
Ve

[Sodemann, Fu (2014; Ma et al. (2018); Kang et al. (2018)]




Non-linear Hall: beyond the Berry curvature

* Extrinsic contributions to the non-linear Hall effect also involves the Berry curvature

€3T . .
o 0. FOQ | Observed in bilayer WTe
X abc €ade 2(1 ; T) / be) d Y 2

From Ma et al. (2018):

@ Anomalous Hall effect C Nonlinear Hall effect Berry curvature
M — dipole

JAHE J InHE

=, 2

X

Berry curvature
- .+

€ k

..

X

[Sodemann, Fu (2014; Ma et al. (2018); Kang et al. (2018)]

* Intrinsic second-order Hall effect is generated by dipoles of the quantum metric -



The quantum geometry of the electrons

* Quantum geometric tensor: geometric properties of the electron wave functions

QSZ)(k) = (Opun| Oyun) — (Ouun| un) (un| Oyun) = Z A(M) A(V)( )
m#n T
|

AW = (U x| Ot 1)

Non-Abelian Berry connection

[J. P. Provost and G. Valle et al. Communications in Mathematical Physics (1980)] 12



The quantum geometry of the electrons

* Quantum geometric tensor: geometric properties of the electron wave functions

QEZZ)(k) = (Opun| Oyun) — (Ouun| un) (un| Oyun) = Z A(M) (V)( )

m#n T
|
1 Av%% = 1 (U k| Optin )
(n) _ _ = -
m@,,' (k) = ZQW/(k) Berry curvature Non-Abelian Berry connection

[J. P. Provost and G. Valle et al. Communications in Mathematical Physics (1980)] 12



The quantum geometry of the electrons

* Quantum geometric tensor: geometric properties of the electron wave functions

QEZZ)(k) = (Opun| Oyun) — (Ouun| un) (Un| Opun) = — Z ”47(#7)7,(1{)“47(57)1(1{)

m#n T
|
. | AW =i (U x| Optin o)
n -
m@,,' (k) = _§QW/(k) ) Berry curvature Non-Abelian Berry connection
ReQ,(f;) (k) = g, (k) | «=—— Quantum metric % |1k 5k )
Distance between quantum states "“"G
p
di* = |Juktsx) — |ux)]

[J. P. Provost and G. Valle et al. Communications in Mathematical Physics (1980)] 12



Theory of the intrinsic non-linear Hall effect: beyond Berry curvature

* Semiclassical description (second order in E, with B = 0) [Y. Gao et al. PRL 112 (2014)]

Ji- LV — k x Q (k) — k x (ka C E)
. . E
) K=k \ Van + V.,

field correction to the
anomalous velocity (U,4,)

13



Theory of the intrinsic non-linear Hall effect: beyond Berry curvature

* Semiclassical description (second order in E, with B = 0) [Y. Gao et al. PRL 112 (2014)]

) . . - Q+Q
Ji- LV, — k x Q, (k) — k x (ka C E)
. E
) K=k \ Van+\7an

field correction to the

. anomalous velocity (U,4,)

- (0:Gye — 0y,Gyz)

For EX: 77an,y —

13



Theory of the intrinsic non-linear Hall effect: beyond Berry curvature

* Semiclassical description (second order in E, with B = 0) [Y. Gao et al. PRL 112 (2014)]

;

For EX: 6an,y —

Gn,uv

i

= LVé e — k x Q,(k) — k x (ka C E)
. E

field correction to the

. anomalous velocity (U,4,)

(8xGy:€ o ame)

(M) A(V) ( )
= 2R «— Berry curvature polarizabilit
© Z — em(K) Y P y

m;én

13



Theory of the intrinsic non-linear Hall effect: beyond Berry curvature

* Semiclassical description (second order in E, with B = 0) [Y. Gao et al. PRL 112 (2014)]

) . . - Q+Q
< r=3Viénx — k x Q,(k) —k x (ka G E)
: E
k=—%tE N
\ h \ Van -+ Van
field correction to the
o anomalous velocity (U,4,)
For EX: 6an,y — ﬁ (830ny — ayG:B:c)
(M) A(V) (k)
G.uv(k) = 2Re Z <« Berry curvature polarizability

—em(k)

m;én

Q/(,LTIL/)(k) = (Opun| Oyun) — (Ouun| un) (Un| Oyun) = Z A(M) (V) (k)
m#n 13



Theory of the intrinsic non-linear Hall effect

* From the field correction to the anomalous velocity:

Uy:cx_QGZ/ Ug() Uy Gya (K)

/‘ E€nk — Eak

Antisymmetric:

Uya::c - _nyx

[Y. Gao et al. PRL 112 (2014), C. Wang et al. PRL 127 (2021)
Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)]

d(enkx —er) + AIC

14



Theory of the intrinsic non-linear Hall effect

* From the field correction to the anomalous velocity:

ddk (k) — vrgy (k
aym—Qe Z/ Uy g (k) = vague ( )5(5n,k—€p)—|—AIC

/‘ /8n,k — &nk

Antisymmetric: Quantum metric dipole: D, (k)

Oyzx = —Oxyx T B Dywx(k)

Ky | [Adapted from Liu et
al. PRL 127 (2021)]

[Y. Gao et al. PRL 112 (2014), C. Wang et al. PRL 127 (2021)
Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)]

14



Theory of the intrinsic non-linear Hall effect

* From the field correction to the anomalous velocity:

ddk (k) — vrgy (k
aym—Qe Z/ Uy g (k) = vague ( )5(5n,k—€F)—|—AIC

/ E€nk — €ak \
/ ic di yaz (K)

Antisymmetric: Quantum metric dipole: D

o — o Additional interband

contributions

Ky [Adapted from Liu et
al. PRL 127 (2021)]

[Y. Gao et al. PRL 112 (2014), C. Wang et al. PRL 127 (2021)
Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] 14



Symmetry considerations

* What about the original anomalous velocity contribution?

’ . . <>
i = 1V~ k x Q,(k) — k x (Viex G E)
*  Quantum metric Hall effect dominates in PT symmetric materials

Time-reversal (7'): €2, (k) R —Q,(—k) oy
Inversion (P): €2, (k) LN Q,(—k) ‘ Qn(k) 0

[Y. Gao et al. PRL 112 (2014), C. Wang et al. PRL 127 (2021)

First observation in a heterostructure of MnBi,Te, and BP

15



Experimentally measured anomalous Hall effect

* Material: heterostructure composed by MnBi,Te, (MBT) and black phosphorus (BP)

Suyang Xu
Harvard

SETUP:

[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] 16



Experimentally measured anomalous Hall effect

* Material: heterostructure composed by MnBi,Te, (MBT) and black phosphorus (BP)

SETUP: auyang Xu
Harvard
150F
s
100F
= Hall voltage
S 50) \
& B 2
~ T xxC;c)
Of-”“TT;;;;QLu;JElDDDHDDDDF[DDFIDDDDDDID
0 2 4\

L0
7° (uA) Longitudinal voltage

—> Dominance of the Hall response

[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] 16



Properties of MnBi,Te,

C3Z M
P ] (spatial inversion)

1

Crystal space group: R3m ==

unit cell:

CRYSTAL STRUCTURE

Septuple layer (SL)

References

17



Properties of MnBi,Te,

CRYSTAL STRUCTURE

CBZ
P ] (spatial inversion)

 Crystal space group: R3m == {

* Mn moments ferromagnetically in each SL below ~25K

* @Ground state is AFM

Septuple layer (SL)
References

17



Properties of MnBi,Te,

CRYSTAL STRUCTURE

References

C3, M

* Crystal space group: R3m = { P [V (spatial inversion)

* Mn moments ferromagnetically in each SL below ~25K
e Ground state is AFM

* SlLs coupling is van der Waals type

Even layer structures:

£ e o A S
| v 4 > @ i o vy
Septuple layer (SL) T [

PT symmetric AFM= 2(k) = 0 17



Fermi surface and quantum metric dipole in the 6SL MBT

\ )
* Low energy physics dominated by p, orbitals of Bi and Te atoms
v % hysics domi db bitals of Bi and
N
e
\ 1 D Each SL: k.p model around the center of BZ
v [B. Lian et al. PRL 124 (2020)]

i (k) = fany () + (=1)*yarha (k)

18
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\ )
* Low energy physics dominated by p, orbitals of Bi and Te atoms
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N
e
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v [B. Lian et al. PRL 124 (2020)]

he(k) = by (k) + (=1)varhn (k)
| | N

Normal state - Ferromagnetic
(consistent with R3m) ordering in each SL
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Fermi surface and quantum metric dipole in the 6SL MBT

\ )
* Low energy physics dominated by p, orbitals of Bi and Te atoms
v ?) hysics domi db bitals of Bi and
N
e
\ 1 D Each SL: k.p model around the center of BZ
v [B. Lian et al. PRL 124 (2020)]

h(k) = fan () + (—1)*yarha (k)
\ p \_Y_)

Normal state - Ferromagnetic
(consistent with R3m) ordering in each SL

Inter-SL hopping: T, (k)

18



Fermi surface and quantum metric dipole in the 6SL MBT

\ )
\ { % 6sL * Low energy physics dominated by p, orbitals of Bi and Te atoms
Ny
N -,
\ 1 7T°(k) Each SL: k.p model around the center of BZ
03 v [B. Lian et al. PRL 124 (2020)]

v he(k) = hy(k) + (—1)*varhu (k)
| | \_Y_/

01} Normal state - Ferromagnetic
(consistent with R3m) ordering in each SL

E (eV)

0.0+

-0.1

Inter-SL hopping: T, (k)

-0.2 :
-01 0 0-\

A7) Large quantum metric!

)

18



Fermi surface and quantum metric dipole in the 6SL MBT

E (eV)

Foru = —=50meV:

Quantum metric dipole:

xXx X
vy.g - vxgy

I+
=/ \
| ( )
— I
ke (A1)

18



Fermi surface and quantum metric dipole in the 6SL MBT

Foru = —=50meV:

\.
\
\
} vy g™t — v g¥”*

I+
0.2}
o J// ‘\\\

0.1+ \ / I

0.0+

ky (A™1)

E (eV)
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No quantum metric Hall effect
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Fermi surface and quantum metric dipole in the 6SL MBT

Foru = —=50meV:

Quantum metric dipole:
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How?
18



Black phosphorus (BP) promotes the needed C;, breaking

BP/MBT/BP

top view
BP layer H{EBI’% ol @

BP top
SL 1
SL 2
SL 3
SL 4
SL 5
SL 6

BP bottom

[Ezawa et al. NJP (2014)

* Low ener hysics: tight-biding dominated b orbitals of P atoms
&Y Py & & Y Pz Rudenko et al. PRB (2015)]

[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] 19



Black phosphorus (BP) promotes the needed C;, breaking

BP/MBT/BP
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[Ezawa et al. NJP (2014)

* Low ener hysics: tight-biding dominated b orbitals of P atoms
&Y Py & & Y Pz Rudenko et al. PRB (2015)]

* BP tetragonal lattice breaks C3,

—

a) Hybridization of BP and MBT bands

Sources of Cs, breaking: Next-neighbor interlayer hoping: U, and U,

b) Lattice mismatch = strain
[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] - 19




The BP/MBT/BP heterostructure: results from theoretical modeling \‘Dﬁt
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The BP/MBT/BP heterostructure: results from theoretical modeling "
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Band structure: Quantum metric dipole: v:}
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Energy dependence of the non-linear anomalous Hall effect
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Energy dependence of the non-linear anomalous Hall effect
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Energy dependence of the non-linear anomalous Hall effect
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Energy dependence of the non-linear anomalous Hall effect
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Strain alone cannot capture the features of the observed Hall signal

* Large mismatch between MBT and BP lattice induces strain

e New terms in the MBT minimal model
h00) = (1) + (~1) e e ()
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Energy dependence of the non-linear anomalous Hall effect
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[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)] 77



Ruling out other sources of second-order AHE
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1) Finite only below T, = Hall
signal comes from the spin texture
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Ruling out other sources of second-order AHE
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Ruling out other sources of second-order AHE
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Summary

10

Theory | |
<
» Second-order anomalous Hall effect i "
* Extrinsic: disorder, Berry curvature multipoles °
* [Intrinsic: dipoles of qguantum metric 1% 0 o 2
7, (10 cm”)
* Intrinsic component dominates in PT-symmetric materials with large quantum
metric
* BP/MBT/BP is an ideal platform
* Main features captured by a minimal model
* Hybridization between MBT and BP bands is essential to account for sign
change of the Hall signal _ / \
* Future direction: what about multipoles of quantum metric? < N/
ke (A1)

Thank you!
[Gao, Liu, Qiu, Gosh, Trevisan et al., Science (2023)]
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Frequency dependence of the quantum metric anomalous Hall conductivity
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Fig. S23. Measured frequency dependence of the nonlinear Hall effect. (A) 02% — n, at discrete

YT
frequency w values. (B-E) ¢7%, —w at four charge density n. values (noted by the black arrows in panel A).



Dominant contribution of the quantum metric term

40 Di s CONtribution + AIC 1
- L
-
5 0:-____"-—--____=——_ e T e . WY S
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Fig. S42. Quantum metric dipole dominated nonlinear Hall conductivity. Two-band model (quan-
tum metric dipole Dyjeyrie contribution) and multiband model ( Dygepic+ additional inter band contributions
AIC) calculated nonlinear Hall conductivity as a function of carrier density. The nonlinear Hall signals are
dominated by the quantum metric dipole contribution.
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