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Observation of Topological Criticality



Motivation

disorder in 1d:  strong Anderson localization

single known exception: topological critical point

can we observe the critical state?
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Anderson localization
P.W. Anderson: “Absence of Diffusion in Certain Random Lattices“ (1958)

Abrahams, Anderson, Licciardello, Ramakrishnan: “Scaling theory of localization”(1979)

“Anderson insulator” 
absence of transport

metal

“Very few believed [localization] at 
the time, and even fewer saw its 
importance; among those who 
failed to fully understand it at first 
was certainly its author…” [Nobel 
lecture, 1977]

real systems: coupling to “bath”: decoherence, activation

Single-parameter scaling hypothesis
assumption: conductance g is 
the single relevant parameter

in a nutshell
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Quantum Simulator of the 3d Disorder-Driven 
Anderson Localization Transition

controlled observation of a 3d Anderson-insulator transition 
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Topological Anderson Insulators
topological insulators

single-parameter scaling

two-parameter scaling

two relevant parameters: 
conductance g, 

topological number
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topologically distinct Anderson insulators

fixed point line of critical states

topology may matter!

at quantum criticality: 

Anderson localization due to disorder
change of topological number

2 competing principles



A Quantum Simulator of the Topology-
Driven Anderson Localization Transition?

challenges
 precision control over internal degree of freedom (`spin’) 
 observable?

"why should we care?”

“a simulator for topological quantum matter in presence of engineered randomness”

a quantum simulator for topological disordered systems?



Optical Linear Networks
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“quantum walk of spin-1/2 
particle with tunable disorder”
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“chiral hopping on a 1d lattice”

T̂ (“step”)

“spin-rotations”

7!
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Tunable Disorder



Simulator of a Chiral Quantum Walk 

random angles: 
“static disorder”

(chiral symmetry)
<latexit sha1_base64="0jEqSArs24bHWMYrIInpFYM8MeI=">AAACDHicdVDLSgMxFM34rPVVdekmWARXZVJKHwuh6MZlBfuAzlAyadqGJpkhyQhl7Ae48VfcuFDErR/gzr8x01aoogcCJ+ecS3JPEHGmjet+Oiura+sbm5mt7PbO7t5+7uCwpcNYEdokIQ9VJ8CaciZp0zDDaSdSFIuA03Ywvkz99i1VmoXyxkwi6gs8lGzACDZW6uXynmZDgXvFOy8SnsJyyCk8t3zpblNuwXVdhBBMCaqUXUtqtWoRVSFKLYs8WKDRy314/ZDEgkpDONa6i9zI+AlWhhFOp1kv1jTCZIyHtGupxIJqP5ktM4WnVunDQajskQbO1OWJBAutJyKwSYHNSP/2UvEvrxubQdVPmIxiQyWZPzSIOTQhTJuBfaYoMXxiCSaK2b9CMsIKE2P7y9oSvjeF/5NWsYDKhdJ1KV+/WNSRAcfgBJwBBCqgDq5AAzQBAffgETyDF+fBeXJenbd5dMVZzByBH3DevwB/sZvw</latexit>

�2|±i = ±|±i
L/R-circular polarized photons

single time-step evolution

[D. Bagrets, K. W. Kim, S. Barkhofen, 
S. De, J. Sperling, C. Silberhorn, A. 
Altland, TM, PRR (2021)]



Effective Field Theory
Se↵ = S0 + Stop

<latexit sha1_base64="L1+osvUXVF+lpobDZ8RQXiel8+4=">AAACCHicbVDLSgMxFM3UVx1foy5dGCyCIJQZEXQjFN24rNQ+oB2GTJppQ5PMkGSEMszSjb/ixoUibv0Ed/6NaTsLbT0QOJxzLzfnhAmjSrvut1VaWl5ZXSuv2xubW9s7zu5eS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDPx2w9EKhqLez1OiM/RQNCIYqSNFDiHjSDrSQ5JFOX2ld0IXPvULjQdJ3ngVNyqOwVcJF5BKqBAPXC+ev0Yp5wIjRlSquu5ifYzJDXFjOR2L1UkQXiEBqRrqECcKD+bBsnhsVH6MIqleULDqfp7I0NcqTEPzSRHeqjmvYn4n9dNdXTpZ1QkqSYCzw5FKTMR4aQV2KeSYM3GhiAsqfkrxEMkEdamO9uU4M1HXiSts6rnVr2780rtuqijDA7AETgBHrgANXAL6qAJMHgEz+AVvFlP1ov1bn3MRktWsbMP/sD6/AG9Dpfh</latexit><latexit sha1_base64="L1+osvUXVF+lpobDZ8RQXiel8+4=">AAACCHicbVDLSgMxFM3UVx1foy5dGCyCIJQZEXQjFN24rNQ+oB2GTJppQ5PMkGSEMszSjb/ixoUibv0Ed/6NaTsLbT0QOJxzLzfnhAmjSrvut1VaWl5ZXSuv2xubW9s7zu5eS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDPx2w9EKhqLez1OiM/RQNCIYqSNFDiHjSDrSQ5JFOX2ld0IXPvULjQdJ3ngVNyqOwVcJF5BKqBAPXC+ev0Yp5wIjRlSquu5ifYzJDXFjOR2L1UkQXiEBqRrqECcKD+bBsnhsVH6MIqleULDqfp7I0NcqTEPzSRHeqjmvYn4n9dNdXTpZ1QkqSYCzw5FKTMR4aQV2KeSYM3GhiAsqfkrxEMkEdamO9uU4M1HXiSts6rnVr2780rtuqijDA7AETgBHrgANXAL6qAJMHgEz+AVvFlP1ov1bn3MRktWsbMP/sD6/AG9Dpfh</latexit><latexit sha1_base64="L1+osvUXVF+lpobDZ8RQXiel8+4=">AAACCHicbVDLSgMxFM3UVx1foy5dGCyCIJQZEXQjFN24rNQ+oB2GTJppQ5PMkGSEMszSjb/ixoUibv0Ed/6NaTsLbT0QOJxzLzfnhAmjSrvut1VaWl5ZXSuv2xubW9s7zu5eS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDPx2w9EKhqLez1OiM/RQNCIYqSNFDiHjSDrSQ5JFOX2ld0IXPvULjQdJ3ngVNyqOwVcJF5BKqBAPXC+ev0Yp5wIjRlSquu5ifYzJDXFjOR2L1UkQXiEBqRrqECcKD+bBsnhsVH6MIqleULDqfp7I0NcqTEPzSRHeqjmvYn4n9dNdXTpZ1QkqSYCzw5FKTMR4aQV2KeSYM3GhiAsqfkrxEMkEdamO9uU4M1HXiSts6rnVr2780rtuqijDA7AETgBHrgANXAL6qAJMHgEz+AVvFlP1ov1bn3MRktWsbMP/sD6/AG9Dpfh</latexit><latexit sha1_base64="L1+osvUXVF+lpobDZ8RQXiel8+4=">AAACCHicbVDLSgMxFM3UVx1foy5dGCyCIJQZEXQjFN24rNQ+oB2GTJppQ5PMkGSEMszSjb/ixoUibv0Ed/6NaTsLbT0QOJxzLzfnhAmjSrvut1VaWl5ZXSuv2xubW9s7zu5eS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdDPx2w9EKhqLez1OiM/RQNCIYqSNFDiHjSDrSQ5JFOX2ld0IXPvULjQdJ3ngVNyqOwVcJF5BKqBAPXC+ev0Yp5wIjRlSquu5ifYzJDXFjOR2L1UkQXiEBqRrqECcKD+bBsnhsVH6MIqleULDqfp7I0NcqTEPzSRHeqjmvYn4n9dNdXTpZ1QkqSYCzw5FKTMR4aQV2KeSYM3GhiAsqfkrxEMkEdamO9uU4M1HXiSts6rnVr2780rtuqijDA7AETgBHrgANXAL6qAJMHgEz+AVvFlP1ov1bn3MRktWsbMP/sD6/AG9Dpfh</latexit>

Stop = �

Z
dx str

�
Q�1@xQ

�
<latexit sha1_base64="eDwbIO6exHM9QFag2z4c1IDd1vc="></latexit><latexit sha1_base64="eDwbIO6exHM9QFag2z4c1IDd1vc="></latexit><latexit sha1_base64="eDwbIO6exHM9QFag2z4c1IDd1vc="></latexit><latexit sha1_base64="eDwbIO6exHM9QFag2z4c1IDd1vc="></latexit>

S0 =
1

2

Z
dx str

�
⇠@xQ

�1@xQ+ i!(Q+Q�1)
�

<latexit sha1_base64="c71Th4DGsQPutQZZKaKT9yiC67A="></latexit><latexit sha1_base64="c71Th4DGsQPutQZZKaKT9yiC67A="></latexit><latexit sha1_base64="c71Th4DGsQPutQZZKaKT9yiC67A="></latexit><latexit sha1_base64="c71Th4DGsQPutQZZKaKT9yiC67A="></latexit>

diffusive nonlinear sigma model with topological term

experiment typically 
probes states from entire 
(quasi)energy spectrum!

0

1

-1

<latexit sha1_base64="uB8uDKWLZ9foWvc6h2r2fBmKWzE=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4qjPia1l047KCfUBnKJn0tg3NJCHJCGXob7hxoYhbf8adf2PazkJbD1w4nHMv994TK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaaQoNKLnU7JgY4E9CwzHJoKw0kiTm04tHd1G89gTZMikc7VhAlZCBYn1FinRSGoAzjUpyFinXLFb/qz4CXSZCTCspR75a/wp6kaQLCUk6M6QS+slFGtGWUw6QUpgYUoSMygI6jgiRgomx28wSfOKWH+1K7EhbP1N8TGUmMGSex60yIHZpFbyr+53VS27+JMiZUakHQ+aJ+yrGVeBoA7jEN1PKxI4Rq5m7FdEg0odbFVHIhBIsvL5PmeTW4ql4+XFRqt3kcRXSEjtEpCtA1qqF7VEcNRJFCz+gVvXmp9+K9ex/z1oKXzxyiP/A+fwAOr5G2</latexit>

✏/⇡

Floquet system

E

0

“mirror symmetric spectrum”
(chiral symmetry!)

critical states

[D. Bagrets, K. W. Kim, S. Barkhofen, 
S. De, J. Sperling, C. Silberhorn, A. 
Altland, TM, PRR (2021)]



Sinai Diffusion

 observable ?

h|q|i ⇠ ln2 t
<latexit sha1_base64="3W1l4PhR6PNPziB6gC2naOaUfs4=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSxLa7ohuXFewFOmPJpJk2NJMZk4xQ2m7d+CpuXCji1jdw59uYaSuo6IHAx/+fw8n5/VhwbRD6cDJLyyura9n13Mbm1vZOfnevqaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/eJ76rVumNI/klRnFzAtJX/KAU2Ks1M1DVxDZFwxObibQVXN2NQ+tIa9L0HTzBVRECGGMYQq4fIosVKuVEq5AnFq2CmBR9W7+3e1FNAmZNFQQrTsYxcYbE2U4FWyacxPNYkKHpM86FiUJmfbGs0um8MgqPRhEyj5p4Ez9PjEmodaj0LedITED/dtLxb+8TmKCijfmMk4Mk3S+KEgENBFMY4E9rhg1YmSBUMXtXyEdEEWoseHlbAhfl8L/oVkqYlTElyeF2tkijiw4AIfgGGBQBjVwAeqgASi4Aw/gCTw7986j8+K8zlszzmJmH/wo5+0TraOZrQ==</latexit><latexit sha1_base64="3W1l4PhR6PNPziB6gC2naOaUfs4=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSxLa7ohuXFewFOmPJpJk2NJMZk4xQ2m7d+CpuXCji1jdw59uYaSuo6IHAx/+fw8n5/VhwbRD6cDJLyyura9n13Mbm1vZOfnevqaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/eJ76rVumNI/klRnFzAtJX/KAU2Ks1M1DVxDZFwxObibQVXN2NQ+tIa9L0HTzBVRECGGMYQq4fIosVKuVEq5AnFq2CmBR9W7+3e1FNAmZNFQQrTsYxcYbE2U4FWyacxPNYkKHpM86FiUJmfbGs0um8MgqPRhEyj5p4Ez9PjEmodaj0LedITED/dtLxb+8TmKCijfmMk4Mk3S+KEgENBFMY4E9rhg1YmSBUMXtXyEdEEWoseHlbAhfl8L/oVkqYlTElyeF2tkijiw4AIfgGGBQBjVwAeqgASi4Aw/gCTw7986j8+K8zlszzmJmH/wo5+0TraOZrQ==</latexit><latexit sha1_base64="3W1l4PhR6PNPziB6gC2naOaUfs4=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSxLa7ohuXFewFOmPJpJk2NJMZk4xQ2m7d+CpuXCji1jdw59uYaSuo6IHAx/+fw8n5/VhwbRD6cDJLyyura9n13Mbm1vZOfnevqaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/eJ76rVumNI/klRnFzAtJX/KAU2Ks1M1DVxDZFwxObibQVXN2NQ+tIa9L0HTzBVRECGGMYQq4fIosVKuVEq5AnFq2CmBR9W7+3e1FNAmZNFQQrTsYxcYbE2U4FWyacxPNYkKHpM86FiUJmfbGs0um8MgqPRhEyj5p4Ez9PjEmodaj0LedITED/dtLxb+8TmKCijfmMk4Mk3S+KEgENBFMY4E9rhg1YmSBUMXtXyEdEEWoseHlbAhfl8L/oVkqYlTElyeF2tkijiw4AIfgGGBQBjVwAeqgASi4Aw/gCTw7986j8+K8zlszzmJmH/wo5+0TraOZrQ==</latexit><latexit sha1_base64="3W1l4PhR6PNPziB6gC2naOaUfs4=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSxLa7ohuXFewFOmPJpJk2NJMZk4xQ2m7d+CpuXCji1jdw59uYaSuo6IHAx/+fw8n5/VhwbRD6cDJLyyura9n13Mbm1vZOfnevqaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/eJ76rVumNI/klRnFzAtJX/KAU2Ks1M1DVxDZFwxObibQVXN2NQ+tIa9L0HTzBVRECGGMYQq4fIosVKuVEq5AnFq2CmBR9W7+3e1FNAmZNFQQrTsYxcYbE2U4FWyacxPNYkKHpM86FiUJmfbGs0um8MgqPRhEyj5p4Ez9PjEmodaj0LedITED/dtLxb+8TmKCijfmMk4Mk3S+KEgENBFMY4E9rhg1YmSBUMXtXyEdEEWoseHlbAhfl8L/oVkqYlTElyeF2tkijiw4AIfgGGBQBjVwAeqgASi4Aw/gCTw7986j8+K8zlszzmJmH/wo5+0TraOZrQ==</latexit>

Pt,�(q) = F (q⇠�1
t )

<latexit sha1_base64="7VdEDVHGF20hHPU9z8G9rw7BJA0="></latexit><latexit sha1_base64="7VdEDVHGF20hHPU9z8G9rw7BJA0="></latexit><latexit sha1_base64="7VdEDVHGF20hHPU9z8G9rw7BJA0="></latexit><latexit sha1_base64="7VdEDVHGF20hHPU9z8G9rw7BJA0="></latexit>

⇠t ⇠ ln2 t
<latexit sha1_base64="XKOuympgv1slVWtZb4hByYRCVUM=">AAAB+3icdVBNSwMxEM3Wr1q/aj16CRbBU0mKaL0VvXisYD+gW0s2TdvQbHZJZqWl9K948aCIV/+IN/+N2baCij4YeLw3w8y8IFbSAiEfXmZldW19I7uZ29re2d3L7xcaNkoMF3Ueqci0AmaFklrUQYISrdgIFgZKNIPRVeo374WxMtK3MIlFJ2QDLfuSM3BSN1/wx7IL2LcyxL7Sd2UM3XyRlAghlFKcEnp+Rhy5uKiUaQXT1HIooiVq3fy734t4EgoNXDFr25TE0JkyA5IrMcv5iRUx4yM2EG1HNQuF7Uznt8/wsVN6uB8ZVxrwXP0+MWWhtZMwcJ0hg6H97aXiX147gX6lM5U6TkBovljUTxSGCKdB4J40goOaOMK4ke5WzIfMMA4urpwL4etT/D9plEuUlOjNabF6uYwjiw7RETpBFJ2jKrpGNVRHHI3RA3pCz97Me/RevNdFa8ZbzhygH/DePgEycpPk</latexit><latexit sha1_base64="XKOuympgv1slVWtZb4hByYRCVUM=">AAAB+3icdVBNSwMxEM3Wr1q/aj16CRbBU0mKaL0VvXisYD+gW0s2TdvQbHZJZqWl9K948aCIV/+IN/+N2baCij4YeLw3w8y8IFbSAiEfXmZldW19I7uZ29re2d3L7xcaNkoMF3Ueqci0AmaFklrUQYISrdgIFgZKNIPRVeo374WxMtK3MIlFJ2QDLfuSM3BSN1/wx7IL2LcyxL7Sd2UM3XyRlAghlFKcEnp+Rhy5uKiUaQXT1HIooiVq3fy734t4EgoNXDFr25TE0JkyA5IrMcv5iRUx4yM2EG1HNQuF7Uznt8/wsVN6uB8ZVxrwXP0+MWWhtZMwcJ0hg6H97aXiX147gX6lM5U6TkBovljUTxSGCKdB4J40goOaOMK4ke5WzIfMMA4urpwL4etT/D9plEuUlOjNabF6uYwjiw7RETpBFJ2jKrpGNVRHHI3RA3pCz97Me/RevNdFa8ZbzhygH/DePgEycpPk</latexit><latexit sha1_base64="XKOuympgv1slVWtZb4hByYRCVUM=">AAAB+3icdVBNSwMxEM3Wr1q/aj16CRbBU0mKaL0VvXisYD+gW0s2TdvQbHZJZqWl9K948aCIV/+IN/+N2baCij4YeLw3w8y8IFbSAiEfXmZldW19I7uZ29re2d3L7xcaNkoMF3Ueqci0AmaFklrUQYISrdgIFgZKNIPRVeo374WxMtK3MIlFJ2QDLfuSM3BSN1/wx7IL2LcyxL7Sd2UM3XyRlAghlFKcEnp+Rhy5uKiUaQXT1HIooiVq3fy734t4EgoNXDFr25TE0JkyA5IrMcv5iRUx4yM2EG1HNQuF7Uznt8/wsVN6uB8ZVxrwXP0+MWWhtZMwcJ0hg6H97aXiX147gX6lM5U6TkBovljUTxSGCKdB4J40goOaOMK4ke5WzIfMMA4urpwL4etT/D9plEuUlOjNabF6uYwjiw7RETpBFJ2jKrpGNVRHHI3RA3pCz97Me/RevNdFa8ZbzhygH/DePgEycpPk</latexit><latexit sha1_base64="XKOuympgv1slVWtZb4hByYRCVUM=">AAAB+3icdVBNSwMxEM3Wr1q/aj16CRbBU0mKaL0VvXisYD+gW0s2TdvQbHZJZqWl9K948aCIV/+IN/+N2baCij4YeLw3w8y8IFbSAiEfXmZldW19I7uZ29re2d3L7xcaNkoMF3Ueqci0AmaFklrUQYISrdgIFgZKNIPRVeo374WxMtK3MIlFJ2QDLfuSM3BSN1/wx7IL2LcyxL7Sd2UM3XyRlAghlFKcEnp+Rhy5uKiUaQXT1HIooiVq3fy734t4EgoNXDFr25TE0JkyA5IrMcv5iRUx4yM2EG1HNQuF7Uznt8/wsVN6uB8ZVxrwXP0+MWWhtZMwcJ0hg6H97aXiX147gX6lM5U6TkBovljUTxSGCKdB4J40goOaOMK4ke5WzIfMMA4urpwL4etT/D9plEuUlOjNabF6uYwjiw7RETpBFJ2jKrpGNVRHHI3RA3pCz97Me/RevNdFa8ZbzhygH/DePgEycpPk</latexit>

 Memory of initial polarization notwithstanding random coin operators

“probability distribution of critical walker”

(Sinai diffusion)

challenges
 precision control over an internal degree of freedom (`spin’) 

<latexit sha1_base64="t6rQqc0TSn5mVXS0zvdiMAz2FOQ=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJhSpB5TFWsDB0KIg+pDaqHNdprTpOsJ1KVZTvYGEAIVY+ho2/wW0zQMuRru7ROffK18eLOFPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxvdTv3WmErFQvGoJxF1AzwQzGcEayO59V5Sq6Vnpj3U0l6xZJftGdAycTJSggz1XvGr2w9JHFChCcdKdRw70m6CpWaE07TQjRWNMBnhAe0YKnBAlZvMjk7RiVH6yA+lKaHRTP29keBAqUngmckA66Fa9Kbif14n1v61mzARxZoKMn/IjznSIZomgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzFLy+T5nnZuSxf3FdK1ZssjjwcwTGcggNXUIU7qEMDCDzBM7zCmzW2Xqx362M+mrOynUP4A+vzByctkbc=</latexit>

PLL � PRL

<latexit sha1_base64="fioHJ9qgqSLCmqVtmQ0g5ONrzWo=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw0zpa3ZFNy66qGAf0A4lk2ba2EwyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUHMqNKO82GtrW9sbm3ndvK7e/sHh4Wj444SicSkjQUTshcgRRjlpK2pZqQXS4KigJFuML3K/O49kYoKfqtnMfEjNOY0pBhpI3Vaw7TZnA8LRceu1j2vUoGOXXZrbtXLSMl1PA+6trNAEazQGhbeByOBk4hwjRlSqu86sfZTJDXFjMzzg0SRGOEpGpO+oRxFRPnp4to5PDfKCIZCmuIaLtTvEymKlJpFgemMkJ6o314m/uX1Ex3W/ZTyONGE4+WiMGFQC5i9DkdUEqzZzBCEJTW3QjxBEmFtAsqbEL4+hf+TTsl2q3blplxsXK7iyIFTcAYugAtqoAGuQQu0AQZ34AE8gWdLWI/Wi/W6bF2zVjMn4Aest0/jMI9e</latexit>

PLL
<latexit sha1_base64="bDRYMKJ9VV7Hjgy8nR4R/eLOq7I=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQlKqTXZFNy5cVLEPaEOZTCft2MlMmJkIJfQf3LhQxK3/486/cZpWUNEDFw7n3Mu994QJo0o7zoe1tLyyurZe2Chubm3v7Jb29ltKpBKTJhZMyE6IFGGUk6ammpFOIgmKQ0ba4fhi5rfviVRU8Fs9SUgQoyGnEcVIG6nV6Gc3V9N+qezYFd/3fA86tutVq5VaTnwD6NpOjjJYoNEvvfcGAqcx4RozpFTXdRIdZEhqihmZFnupIgnCYzQkXUM5iokKsvzaKTw2ygBGQpriGubq94kMxUpN4tB0xkiP1G9vJv7ldVMdeUFGeZJqwvF8UZQyqAWcvQ4HVBKs2cQQhCU1t0I8QhJhbQIqmhC+PoX/k1bFds/s0+tquX6+iKMADsEROAEuqIE6uAQN0AQY3IEH8ASeLWE9Wi/W67x1yVrMHIAfsN4+AQolj3k=</latexit>

PRL

[D. Bagrets, K. W. Kim, S. Barkhofen, 
S. De, J. Sperling, C. Silberhorn, A. 
Altland, TM, PRR (2021)]

[L. Balents, MPA Fisher, PRB (1997)]
[A.Altland,D. Bagrets, A. Kamenev PRB (2015)]



Circular Photon-Polarization
<latexit sha1_base64="0jEqSArs24bHWMYrIInpFYM8MeI=">AAACDHicdVDLSgMxFM34rPVVdekmWARXZVJKHwuh6MZlBfuAzlAyadqGJpkhyQhl7Ae48VfcuFDErR/gzr8x01aoogcCJ+ecS3JPEHGmjet+Oiura+sbm5mt7PbO7t5+7uCwpcNYEdokIQ9VJ8CaciZp0zDDaSdSFIuA03Ywvkz99i1VmoXyxkwi6gs8lGzACDZW6uXynmZDgXvFOy8SnsJyyCk8t3zpblNuwXVdhBBMCaqUXUtqtWoRVSFKLYs8WKDRy314/ZDEgkpDONa6i9zI+AlWhhFOp1kv1jTCZIyHtGupxIJqP5ktM4WnVunDQajskQbO1OWJBAutJyKwSYHNSP/2UvEvrxubQdVPmIxiQyWZPzSIOTQhTJuBfaYoMXxiCSaK2b9CMsIKE2P7y9oSvjeF/5NWsYDKhdJ1KV+/WNSRAcfgBJwBBCqgDq5AAzQBAffgETyDF+fBeXJenbd5dMVZzByBH3DevwB/sZvw</latexit>

�2|±i = ±|±i

<latexit sha1_base64="8+oKY71Qf5QTyw860oHtL4jDdTc=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcLkLQi8cIZoFkCD2dnqRNL0N3jxCG/IMXD4p49X+8+Td2kjlo4oOCx3tVVNWLEs6M9f1vb2l5ZXVtvbBR3Nza3tkt7e03jEo1oXWiuNKtCBvKmaR1yyynrURTLCJOm9HwduI3n6g2TMkHO0poKHBfspgRbJ3U6JABu/a7pbJf8adAiyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNxsZMammAyxH3adlRiQU2YTa8do2On9FCstCtp0VT9PZFhYcxIRK5TYDsw895E/M9rpza+CjMmk9RSSWaL4pQjq9DkddRjmhLLR45gopm7FZEB1phYF1DRhRDMv7xIGqeV4KJyfn9Wrt7kcRTgEI7gBAK4hCrcQQ3qQOARnuEV3jzlvXjv3sesdcnLZw7gD7zPH/Vhjr0=</latexit>

� = 0 <latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="AdlFngslNaOkhCJVOl0PCwIh17k=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcLkLQi8cIZoFkCD2dnqRNL0N3jxCG/IMXD4p49X+8+Td2kjlo4oOCx3tVVNWLEs6M9f1vb2l5ZXVtvbBR3Nza3tkt7e03jEo1oXWiuNKtCBvKmaR1yyynrURTLCJOm9HwduI3n6g2TMkHO0poKHBfspgRbJ3U6JABuw66pbJf8adAiyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNxsZMammAyxH3adlRiQU2YTa8do2On9FCstCtp0VT9PZFhYcxIRK5TYDsw895E/M9rpza+CjMmk9RSSWaL4pQjq9DkddRjmhLLR45gopm7FZEB1phYF1DRhRDMv7xIGqeV4KJyfn9Wrt7kcRTgEI7gBAK4hCrcQQ3qQOARnuEV3jzlvXjv3sesdcnLZw7gD7zPH/bljr4=</latexit>

� = 1

<latexit sha1_base64="Q9OLMgnYACgPZ2PW55twrBhLxM8=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcSa4XYSgF48RzALJEHo6PUmTnp6xu0YIQ37CiwdFvPo73vwbO8tBEx8UPN6roqpekEhh0HW/naXlldW19dxGfnNre2e3sLdfN3GqGa+xWMa6GVDDpVC8hgIlbyaa0yiQvBEMbsd+44lrI2L1gMOE+xHtKREKRtFKzTbri2vvtNwpFN2SOwFZJN6MFGGGaqfw1e7GLI24QiapMS3PTdDPqEbBJB/l26nhCWUD2uMtSxWNuPGzyb0jcmyVLgljbUshmai/JzIaGTOMAtsZUeybeW8s/ue1Ugyv/EyoJEWu2HRRmEqCMRk/T7pCc4ZyaAllWthbCetTTRnaiPI2BG/+5UVSL5e8i9L5/VmxcjOLIweHcAQn4MElVOAOqlADBhKe4RXenEfnxXl3PqatS85s5gD+wPn8AdgBjzM=</latexit>

� = 1/2

L/R-circular polarized photons

<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L

<latexit sha1_base64="Sk9OBzw+gI4vu7AEQGMIlMfGIXg="></latexit>

�P (t) ⌘
X

q

(PLL(t, q)� PRL(t, q))

“initial state overlapping with critical 
state preserves circular polarization”



Sub-Lattice Symmetry

“hopping between n.n. sites”

<latexit sha1_base64="K9MYG+ATtP1MX0lntgl8neVGK7Y=">AAACHnicbVDLSgMxFM3UV62vqks3waK4KjNi1Y1QdOOygtMWOqVk0ts2NJMMSUYsQ7/Ejb/ixoUigiv9G9MHoq0HAodzziX3njDmTBvX/XIyC4tLyyvZ1dza+sbmVn57p6ploij4VHKp6iHRwJkA3zDDoR4rIFHIoRb2r0Z+7Q6UZlLcmkEMzYh0BeswSoyVWvkS9vEFDkLoMpHGETGK3Q/xIfZbKchhEIyIBKsEINo/gVa+4BbdMfA88aakgKaotPIfQVvSJAJhKCdaNzw3Ns2UKMMoh2EuSDTEhPZJFxqWChKBbqbj84b4wCpt3JHKPmHwWP09kZJI60EU2qTdr6dnvZH4n9dITOe8mTIRJwYEnXzUSTg2Eo+6wm2mgBo+sIRQxeyumPaIItTYRnO2BG/25HlSPS56p8XSzUmhfDmtI4v20D46Qh46Q2V0jSrIRxQ9oCf0gl6dR+fZeXPeJ9GMM53ZRX/gfH4DexOiKw==</latexit>

U =

✓
Ueo

Uoe

◆

2nd chiral symmetry

0

1

-1

1/2

-1/2

<latexit sha1_base64="uB8uDKWLZ9foWvc6h2r2fBmKWzE=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4qjPia1l047KCfUBnKJn0tg3NJCHJCGXob7hxoYhbf8adf2PazkJbD1w4nHMv994TK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaaQoNKLnU7JgY4E9CwzHJoKw0kiTm04tHd1G89gTZMikc7VhAlZCBYn1FinRSGoAzjUpyFinXLFb/qz4CXSZCTCspR75a/wp6kaQLCUk6M6QS+slFGtGWUw6QUpgYUoSMygI6jgiRgomx28wSfOKWH+1K7EhbP1N8TGUmMGSex60yIHZpFbyr+53VS27+JMiZUakHQ+aJ+yrGVeBoA7jEN1PKxI4Rq5m7FdEg0odbFVHIhBIsvL5PmeTW4ql4+XFRqt3kcRXSEjtEpCtA1qqF7VEcNRJFCz+gVvXmp9+K9ex/z1oKXzxyiP/A+fwAOr5G2</latexit>

✏/⇡

eigenstates
<latexit sha1_base64="34r+m4ZP/Wx/Gk3TmyExzKX+H6g=">AAACCXicbVC7TsMwFL3hWcorwMhiUSExlCqpeI0VLAwMBdGH1FSV47qtVccJtoNUha4s/AoLAwix8gds/A1umwFajmTp3HPu1fU9fsSZ0o7zbc3NLywuLWdWsqtr6xub9tZ2VYWxJLRCQh7Kuo8V5UzQimaa03okKQ58Tmt+/2Lk1+6pVCwUt3oQ0WaAu4J1GMHaSC0beclD8S5/40ksupzmkakO3fxVWnvDlp1zCs4YaJa4KclBinLL/vLaIYkDKjThWKmG60S6mWCpGeF0mPViRSNM+rhLG4YKHFDVTMaXDNG+UdqoE0rzhEZj9fdEggOlBoFvOgOse2raG4n/eY1Yd86aCRNRrKkgk0WdmCMdolEsqM0kJZoPDMFEMvNXRHpYYqJNeFkTgjt98iypFgvuSeH4+ihXOk/jyMAu7MEBuHAKJbiEMlSAwCM8wyu8WU/Wi/VufUxa56x0Zgf+wPr8AddUmS0=</latexit>

{|2q,Ri, |2q � 1, Li}
<latexit sha1_base64="sHCJezHUFsfyIPAjQAbRhl6Je6g=">AAACCXicbVC7TsMwFL3hWcorwMhiUSExlCqpeI0VLAwMBdGH1FSV47qtVccJtoNUha4s/AoLAwix8gds/A1umwFajmTp3HPu1fU9fsSZ0o7zbc3NLywuLWdWsqtr6xub9tZ2VYWxJLRCQh7Kuo8V5UzQimaa03okKQ58Tmt+/2Lk1+6pVCwUt3oQ0WaAu4J1GMHaSC0beclD8S5/5UksupzmkakO3fxNWnvDlp1zCs4YaJa4KclBinLL/vLaIYkDKjThWKmG60S6mWCpGeF0mPViRSNM+rhLG4YKHFDVTMaXDNG+UdqoE0rzhEZj9fdEggOlBoFvOgOse2raG4n/eY1Yd86aCRNRrKkgk0WdmCMdolEsqM0kJZoPDMFEMvNXRHpYYqJNeFkTgjt98iypFgvuSeH4+ihXOk/jyMAu7MEBuHAKJbiEMlSAwCM8wyu8WU/Wi/VufUxa56x0Zgf+wPr8Adb0mS0=</latexit>

{|2q, Li, |2q � 1, Ri}

<latexit sha1_base64="Q9OLMgnYACgPZ2PW55twrBhLxM8=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcSa4XYSgF48RzALJEHo6PUmTnp6xu0YIQ37CiwdFvPo73vwbO8tBEx8UPN6roqpekEhh0HW/naXlldW19dxGfnNre2e3sLdfN3GqGa+xWMa6GVDDpVC8hgIlbyaa0yiQvBEMbsd+44lrI2L1gMOE+xHtKREKRtFKzTbri2vvtNwpFN2SOwFZJN6MFGGGaqfw1e7GLI24QiapMS3PTdDPqEbBJB/l26nhCWUD2uMtSxWNuPGzyb0jcmyVLgljbUshmai/JzIaGTOMAtsZUeybeW8s/ue1Ugyv/EyoJEWu2HRRmEqCMRk/T7pCc4ZyaAllWthbCetTTRnaiPI2BG/+5UVSL5e8i9L5/VmxcjOLIweHcAQn4MElVOAOqlADBhKe4RXenEfnxXl3PqatS85s5gD+wPn8AdgBjzM=</latexit>

� = 1/2

“photons alternating circular 
polarization every site”

<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
“initial states  overlapping with 

critical state preserve “staggered” 
circular polarization”



Proposal
measure circular photon polarization 
after t time steps

initial state: 
L-circular polarized 
photon localized on 
single site

<latexit sha1_base64="lP7ODQZSAL1cYcj033em2jqo5Oo=">AAACFXicbVC7SgNBFJ2Nrxhfq5Y2g0GwkLArvhohaGNhEcE8ILuE2ckkGTKPZWZWCJv8hI2/YmOhiK1g5984SbbQxAMD555zL3fuiWJGtfG8bye3sLi0vJJfLaytb2xuuds7NS0ThUkVSyZVI0KaMCpI1VDDSCNWBPGIkXrUvx779QeiNJXi3gxiEnLUFbRDMTJWarlHwzRQHFIxChQSXUbgJRx6GQ+koZzo4W1Wt9yiV/ImgPPEz0gRZKi03K+gLXHCiTCYIa2bvhebMEXKUMzIqBAkmsQI91GXNC0VyG4L08lVI3hglTbsSGWfMHCi/p5IEdd6wCPbyZHp6VlvLP7nNRPTuQhTKuLEEIGnizoJg0bCcUSwTRXBhg0sQVhR+1eIe0ghbGyQBRuCP3vyPKkdl/yz0undSbF8lcWRB3tgHxwCH5yDMrgBFVAFGDyCZ/AK3pwn58V5dz6mrTknm9kFf+B8/gAcvJ9w</latexit>

|ini = |0i ⌦ |Li
@topological critical point

<latexit sha1_base64="3gtWrVVrBveFkWf+Rr45VhypiOE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJ+FoW3bisYB/QhDKZ3rRDJ5M4MxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHCmdKO820VFhaXlleKq6W19Y3NLXt7p6HiVFKo05jHshUQBZwJqGumObQSCSQKODSDwfXYbz6AVCwWd3qYgB+RnmAho0QbqWPveZAoxmPhKRbBPXaOvYR17LJTcSbA88TNSRnlqHXsL68b0zQCoSknSrVdJ9F+RqRmlMOo5KUKEkIHpAdtQwWJQPnZ5PoRPjRKF4exNCU0nqi/JzISKTWMAtMZEd1Xs95Y/M9rpzq89DMmklSDoNNFYcqxjvE4CtxlEqjmQ0MIlczcimmfSEK1CaxkQnBnX54njZOKe145uz0tV6/yOIpoHx2gI+SiC1RFN6iG6oiiR/SMXtGb9WS9WO/Wx7S1YOUzu+gPrM8fF3yU/w==</latexit>

✏ ' 0,⇡

<latexit sha1_base64="B3FYjlOHdLRxzST/A0WXuHI/Qmc=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYXEACWpeI0VLIxFog+piSrHvWmtOk6wHaQq6sDCr7AwgBArH8HG3+C2GaBwpHt1dM69su/xY86Utu0vK7ewuLS8kl8trK1vbG4Vt3eaKkokhQaNeCTbPlHAmYCGZppDO5ZAQp9Dyx9eTfzWPUjFInGrRzF4IekLFjBKtJG6xZILsWI8Eq5iIdzhIzdmx9XDae8Wy3bFngL/JU5GyihDvVv8dHsRTUIQmnKiVMexY+2lRGpGOYwLbqIgJnRI+tAxVJAQlJdOjxjjfaP0cBBJU0LjqfpzIyWhUqPQN5Mh0QM1703E/7xOooMLL2UiTjQIOnsoSDjWEZ4kgntMAtV8ZAihkpm/YjogklBtciuYEJz5k/+SZrXinFVOb07KtcssjjwqoT10gBx0jmroGtVRA1H0gJ7QC3q1Hq1n6816n43mrGxnF/2C9fENTM2XOQ==</latexit>

✏ ' �⇡/2,⇡/2

<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L

<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

<latexit sha1_base64="CUW0CJaA8iFgP/MVsnerBAD2l8M=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSDES9gVX8egHjxGMA/ILmF20kmGzOwsM7OBsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7ooQzbTzv21lZXVvf2CxsFbd3dvf23YPDhpapolCnkkvViogGzmKoG2Y4tBIFREQcmtHwbuo3R6A0k/GTGScQCtKPWY9RYqzUcd3gHrghuFYOpIA+Oeu4Ja/izYCXiZ+TEspR67hfQVfSVEBsKCdat30vMWFGlGGUw6QYpBoSQoekD21LYyJAh9ns8gk+tUoX96SyFRs8U39PZERoPRaR7RTEDPSiNxX/89qp6d2EGYuT1EBM54t6KcdG4mkMuMsUUMPHlhCqmL0V0wFRhBobVtGG4C++vEwa5xX/qnL5eFGq3uZxFNAxOkFl5KNrVEUPqIbqiKIRekav6M3JnBfn3fmYt644+cwR+gPn8wc3IJLB</latexit>

�P (!)
peaks at

<latexit sha1_base64="vjpCGc8+cf5c/DQgQZla5QUGg60=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFcSJkRXxuh6MZlBfuAzlAyadqGJpmQZIQy9DfcuFDErT/jzr8xbWehrQcuHM65l3vviRVnxvr+t7e0vLK6tl7YKG5ube/slvb2GyZJNaF1kvBEt2JsKGeS1i2znLaUpljEnDbj4d3Ebz5RbVgiH+1I0UjgvmQ9RrB1UhgmgvbxjX8aKtYplf2KPwVaJEFOypCj1il9hd2EpIJKSzg2ph34ykYZ1pYRTsfFMDVUYTLEfdp2VGJBTZRNbx6jY6d0US/RrqRFU/X3RIaFMSMRu06B7cDMexPxP6+d2t51lDGpUkslmS3qpRzZBE0CQF2mKbF85AgmmrlbERlgjYl1MRVdCMH8y4ukcVYJLisXD+fl6m0eRwEO4QhOIIArqMI91KAOBBQ8wyu8ean34r17H7PWJS+fOYA/8D5/AD+SkS8=</latexit>

! = 0,⇡



initial state preparation
detection

Experiment

simulating static and dynamic (dephasing) disorder

t=15 time steps

binary disorder

INSTITUT FÜR PHOTONISCHE 
QUANTENSYSTEME (PHOQS)

Sonja Barkhofen
Syamsundar De 
Jan Sperling
Christine Silberhorn

<latexit sha1_base64="ByIYl2rtyrNFxampcMbHBYKr+Do=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBVsxCNlBA1lkMhDii3rfDknp5zP5m6NFFlu+BUaChCi5TPo+BsuiQtIGGml0cyudneChDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+t4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjdTPzOI5WKxeIexgn1IjwQLGQEg5Z888CFIQXsP7hMuJmbRG7CTutu7ptVu2ZPYS0SpyBVVKDpm19uPyZpRAUQjpXqOXYCXoYlMMJpXnFTRRNMRnhAe5oKHFHlZdMHcutYK30rjKUuAdZU/T2R4UipcRTozgjDUM17E/E/r5dCWPcyJpIUqCCzRWHKLYitSRpWn0lKgI81wUQyfatFhlhiAjqzig7BmX95kbTPas5l7eLuvNq4LuIoo0N0hE6Qg65QA92iJmohgnL0jF7Rm/FkvBjvxsestWQUM/voD4zPH9sZlpU=</latexit>

✓q 2 {±⇡/8} (500 realizations) 

 

 

[S. Barkhofen, et al., arXiv:2301.05428]



t=15 steps

t



Power spectrum
<latexit sha1_base64="CUW0CJaA8iFgP/MVsnerBAD2l8M=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSDES9gVX8egHjxGMA/ILmF20kmGzOwsM7OBsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7ooQzbTzv21lZXVvf2CxsFbd3dvf23YPDhpapolCnkkvViogGzmKoG2Y4tBIFREQcmtHwbuo3R6A0k/GTGScQCtKPWY9RYqzUcd3gHrghuFYOpIA+Oeu4Ja/izYCXiZ+TEspR67hfQVfSVEBsKCdat30vMWFGlGGUw6QYpBoSQoekD21LYyJAh9ns8gk+tUoX96SyFRs8U39PZERoPRaR7RTEDPSiNxX/89qp6d2EGYuT1EBM54t6KcdG4mkMuMsUUMPHlhCqmL0V0wFRhBobVtGG4C++vEwa5xX/qnL5eFGq3uZxFNAxOkFl5KNrVEUPqIbqiKIRekav6M3JnBfn3fmYt644+cwR+gPn8wc3IJLB</latexit>

�P (!)

peak at w=0? 

“critical state”

<latexit sha1_base64="NmmvqP6zyqWo+xAibrOTnxq4dlw=">AAAB8nicbVDLSsNAFL3xWeur6tJNsAiualJ8LYtuXFawD0hCmUwn7dB5hJmJUEI/w40LRdz6Ne78G6dtFtp64MLhnHu59544ZVQbz/t2VlbX1jc2S1vl7Z3dvf3KwWFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE4/upn7niShNpXg045REHA0ETShGxkpBKDkZoPN6mNJeperVvBncZeIXpAoFmr3KV9iXOONEGMyQ1oHvpSbKkTIUMzIph5kmKcIjNCCBpQJxoqN8dvLEPbVK302ksiWMO1N/T+SIaz3mse3kyAz1ojcV//OCzCQ3UU5Fmhki8HxRkjHXSHf6v9unimDDxpYgrKi91cVDpBA2NqWyDcFffHmZtOs1/6p2+XBRbdwWcZTgGE7gDHy4hgbcQxNagEHCM7zCm2OcF+fd+Zi3rjjFzBH8gfP5A8IjkO0=</latexit>

!/2⇡
<latexit sha1_base64="NmmvqP6zyqWo+xAibrOTnxq4dlw=">AAAB8nicbVDLSsNAFL3xWeur6tJNsAiualJ8LYtuXFawD0hCmUwn7dB5hJmJUEI/w40LRdz6Ne78G6dtFtp64MLhnHu59544ZVQbz/t2VlbX1jc2S1vl7Z3dvf3KwWFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE4/upn7niShNpXg045REHA0ETShGxkpBKDkZoPN6mNJeperVvBncZeIXpAoFmr3KV9iXOONEGMyQ1oHvpSbKkTIUMzIph5kmKcIjNCCBpQJxoqN8dvLEPbVK302ksiWMO1N/T+SIaz3mse3kyAz1ojcV//OCzCQ3UU5Fmhki8HxRkjHXSHf6v9unimDDxpYgrKi91cVDpBA2NqWyDcFffHmZtOs1/6p2+XBRbdwWcZTgGE7gDHy4hgbcQxNagEHCM7zCm2OcF+fd+Zi3rjjFzBH8gfP5A8IjkO0=</latexit>

!/2⇡



Statistical Detuning

1000 simulations  (ensembles of 500 realizations)

sites visited
<latexit sha1_base64="mXfzQrOCZtvooVgGkQOl+OVsJxU=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoivpZFN+6sYB/QhDKZTtuhk0mYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCWLOlHacb6uwsrq2vlHcLG1t7+zu2fvllooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8c3Ubz9SqVgkHvQkpn6Ih4INGMHaSD27rD3FQpR6BHN0l1Vd56RnV5yaMwNaJm5OKpCj0bO/vH5Ekp AKTThWqus6sfZTLDUjnGYlL1E0xmSMh7RrqMAhVX46uz1Dx0bpo0EkTQmNZurviRSHSk3CwHSGWI/UojcV//O6iR5c+SkTcaKpIPNFg4QjHaFpEKjPJCWaTwzBRDJzKyIjLDHRJq6SCcFdfHmZtE5r7kXt/P6sUr/O4yjCIRxBFVy4hDrcQgOaQOAJnuEV3qzMerHerY95a8HKZw7gD6zPHz2kk0c=</latexit>

t ⇠ O(10)
<latexit sha1_base64="ByIYl2rtyrNFxampcMbHBYKr+Do=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBVsxCNlBA1lkMhDii3rfDknp5zP5m6NFFlu+BUaChCi5TPo+BsuiQtIGGml0cyudneChDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+t4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjdTPzOI5WKxeIexgn1IjwQLGQEg5Z888CFIQXsP7hMuJmbRG7CTutu7ptVu2ZPYS0SpyBVVKDpm19uPyZpRAUQjpXqOXYCXoYlMMJpXnFTRRNMRnhAe5oKHFHlZdMHcutYK30rjKUuAdZU/T2R4UipcRTozgjDUM17E/E/r5dCWPcyJpIUqCCzRWHKLYitSRpWn0lKgI81wUQyfatFhlhiAjqzig7BmX95kbTPas5l7eLuvNq4LuIoo0N0hE6Qg65QA92iJmohgnL0jF7Rm/FkvBjvxsestWQUM/voD4zPH9sZlpU=</latexit>

✓q 2 {±⇡/8}
<latexit sha1_base64="h3/XJFniLwMGbbJ73tLjdW4g1yk=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjioibia1l047KCfUATwmQ6aYfOJOnMjVBC/8GNv+LGhSJu3bjzb5y2WWjrgQuHc+7l3nuCRHANtv1tLSwuLa+sFtaK6xubW9ulnd2GjlNFWZ3GIlatgGgmeMTqwEGwVqIYkYFgzaB/M/abD0xpHkf3MEyYJ0k34iGnBIzkl47dUBGaOaMMRq5OpT/ALvQYEH/gai4xdk5cPVBgbL9Utiv2BHieODkpoxw1v/TldmKaShYBFUTrtmMn4GVEAaeCjYpuqllCaJ90WdvQiEimvWzy0wgfGqWDw1iZigBP1N8TGZFaD2VgOiWBnp71xuJ/XjuF8MrLeJSkwCI6XRSmAkOMxwHhDleMghgaQqji5lZMe8SEBCbGognBmX15njROK85F5fzurFy9zuMooH10gI6Qgy5RFd2iGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gCc+J6g</latexit>

1

t

X

q

✓q ⇠ 1/
p
t

<latexit sha1_base64="OWgjUXKLYzHgfRLhGoonW0jEjJc=">AAACGXicbVC7TsMwFHXKq5RXgZHFokIqAyVBvMYKFsYi0YfUlMhxndaqnaT2DVIV9TdY+BUWBhBihIm/wX0M0HIkS0fnnKvre/xYcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk1HiaKsSiMRqYZPNBM8ZFXgIFgjVoxIX7C637se+fUHpjSPwjsYxKwlSSfkAacEjOTlbTdQhKbOMIWhqxPp9XHxyDm877vQZUC8vqu5xNg5dnVfgQl5+YJdssfA88SZkgKaouLlP912RBPJQqCCaN107BhaKVHAqWDDnJtoFhPaIx3WNDQkkulWOr5siA+M0sZBpMwLAY/V3xMpkVoPpG+SkkBXz3oj8T+vmUBw2Up5GCfAQjpZFCQCQ4RHNeE2V4yCGBhCqOLmr5h2iakKTJk5U4Ize/I8qZ2UnPPS2e1poXw1rSOL9tA+KiIHXaAyukEVVEUUPaJn9IrerCfrxXq3PibRjDWd2UV/YH39ABHroFo=</latexit>

1

t

X

q

(�1)q✓q ⇠ 1/
p
t

detuning of critical states detuning of critical states
<latexit sha1_base64="bGy1vzMDmUuca5ku19vuBgLISJc=">AAAB73icdVDLSgMxFM34rPVVdekmWARXJSnax67oxmUF+4B2KJk004YmmTHJCGXoT7hxoYhbf8edf2OmraCiBy4czrmXe+8JYsGNRejDW1ldW9/YzG3lt3d29/YLB4dtEyWashaNRKS7ATFMcMVallvBurFmRAaCdYLJVeZ37pk2PFK3dhozX5KR4iGnxDqp2zd8JMmgPCgUUQkhhDGGGcHVCnKkXq+VcQ3izHIogiWag8J7fxjRRDJlqSDG9DCKrZ8SbTkVbJbvJ4bFhE7IiPUcVUQy46fze2fw1ClDGEbalbJwrn6fSIk0ZioD1ymJHZvfXib+5fUSG9b8lKs4sUzRxaIwEdBGMHseDrlm1IqpI4Rq7m6FdEw0odZFlHchfH0K/yftcglXShc358XG5TKOHDgGJ+AMYFAFDXANmqAFKBDgATyBZ+/Oe/RevNdF64q3nDkCP+C9fQIXjpAI</latexit>�2

<latexit sha1_base64="MZlVo+boJszD4LOMyWKfcyiY4S0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4KknRPnZFNy4r2ge2Q8mkaRuaZIYkI5Shf+HGhSJu/Rt3/o2ZtoKKHrhwOOde7r0niAQ3FqEPL7Oyura+kd3MbW3v7O7l9w9aJow1ZU0ailB3AmKY4Io1LbeCdSLNiAwEaweTy9Rv3zNteKhu7TRiviQjxYecEuuku57hI0n6JXjTzxdQESGEMYYpwZUycqRWq5ZwFeLUciiAJRr9/HtvENJYMmWpIMZ0MYqsnxBtORVsluvFhkWETsiIdR1VRDLjJ/OLZ/DEKQM4DLUrZeFc/T6REGnMVAauUxI7Nr+9VPzL68Z2WPUTrqLYMkUXi4axgDaE6ftwwDWjVkwdIVRzdyukY6IJtS6knAvh61P4P2mVirhcPL8+K9QvlnFkwRE4BqcAgwqogyvQAE1AgQIP4Ak8e8Z79F6810VrxlvOHIIf8N4+ARXrkI8=</latexit>

�2S

500 realizations

<latexit sha1_base64="NmmvqP6zyqWo+xAibrOTnxq4dlw=">AAAB8nicbVDLSsNAFL3xWeur6tJNsAiualJ8LYtuXFawD0hCmUwn7dB5hJmJUEI/w40LRdz6Ne78G6dtFtp64MLhnHu59544ZVQbz/t2VlbX1jc2S1vl7Z3dvf3KwWFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE4/upn7niShNpXg045REHA0ETShGxkpBKDkZoPN6mNJeperVvBncZeIXpAoFmr3KV9iXOONEGMyQ1oHvpSbKkTIUMzIph5kmKcIjNCCBpQJxoqN8dvLEPbVK302ksiWMO1N/T+SIaz3mse3kyAz1ojcV//OCzCQ3UU5Fmhki8HxRkjHXSHf6v9unimDDxpYgrKi91cVDpBA2NqWyDcFffHmZtOs1/6p2+XBRbdwWcZTgGE7gDHy4hgbcQxNagEHCM7zCm2OcF+fd+Zi3rjjFzBH8gfP5A8IjkO0=</latexit>

!/2⇡



 quantum simulator for topological criticality  

 realizes chiral quantum walk with tunable disorder

 prediction: peaks in power spectrum of dynamic spin polarization

(interplay of chiral and sublattice symmetry)

 one of the peaks observed in experiment

 restricted number of time steps, ensemble: fluctuations matter!

 future: increase number of time-steps! Study controlled detuning…

“a simulator for topological quantum matter in 
presence of engineered randomness”

Conclusions

[K. W. Kim, D. Bagrets, TM, A. Altland, PRX (2023)]



metal-insulator 
transition

topological metal

Quantum Simulator of Topological Metals

Simulator of surfaces states of 4d Quantum-Hall insulator

experimental realization…?

simulation of higher dimensional dynamics via time-
dependent protocols using incommensurate frequencies 


