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Non-relativistic physics and cube of physical theories
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new holographic dualities ?
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NRG GR how does this fit with
ﬂ string theory/holography ?

already (classical) non-relativistic gravity (NRG)
is more than just Newtonian gravity




Non-Lorentzian geometries
recent progress in understanding non-relativistic corners of:
gravity, quantum field theory and string theory:

= builds on improved understanding of non-Lorentzian geometties
= spacetimes with local symmetries other than Lorentz

NL geometries appear in:

- bdry geometries in non-AdS holography (e.g. Lifshitz flat space)

- covariant formulations of PN approximation in GR

- covariant formulations of non-Lorentzian fluids and CMT systems
(FQHE, fractons, .. )

- Horava—Lifshitz gravity, non-relativistic versions of CS§, JT

- cosmology, black hole horizons, ultra-local GR (Carroll)

- double field theory

- non-relativistic corners of String Theory

- near-BPS limits of string theory on AdS5 X S5



Why non-relativistic (INR) string theory ?

61 we learn more about ordinary string theories from\
NR

techniques

- what 1s landscape of UV complete non-Lorentzian theories
(certain NR strings contained in double field theory)

- D-branes/open strings in non-Lorentzian string theory?

- can we build explicit examples of holographic dualities ?

- 1s NRQG a well-defined corner and does it have a ST
Qescription P /




Main messages

~

- non-relativistic strings naturally appear in the AdS/CFT corr.
* NR strings from near-BPS limits in N=4 SYM

\° resulting sigma models are part of a larger landscape of NR strings:

/

NR string theory from near-critical B-field ( )

curved spacetime generalization (still 2D CFTs):
strings with Lorentzian worldsheet/probing non-Lorentzian target space time

4 N

Further world-sheet limit gives:
Galilean string (with non-relativistic worldsheet)
- novel class of sigma models that includes NR AdS/CFT corneﬁ

o

(Note: dual limit gives Carrollian string - relevant for AdS/CFT ?)



NR strings from N=4 SYM

- Spin Matrix theory (SMT) limits of AdS/CFT obtained by zooming
inon  unitarity bounds of N=4 SYM on RxS3:

[ A—=0 | E;/\Q = e } Q = linear sum of Cartan charges of PSU(2,2|4)

<> N=4 SYM simplifies and becomes QM theory

- reduces to nearest-neighbor spin chains in planar N limit

* low energy excitations of spin chains = magnons

A p becomes in H_0— 2P
E‘Q:\/”ﬁsm“rl SMT limt: @ = g n’ 5

non-relativistic

- semi-classical limits of spin chains become sigma models:
e.g. Landau-Lifshitz model 7 ’ ‘
for SU(2) sector L = T [sm 06— - ((9,) + cos” 9(05’)2)]

3T



Stringy side of SMT gives NR sigma models

- using AdS/CFT dictionary: SMT (near-BPS) limit can be formulated as limit
of type IIB string theory on AdS5xS5

* correspond to non-relativistic world-sheet strings !

(> LL model (and generalizations for other near-BPS sectors) k
is example of a novel class of non-relativistic worldsheet strings
. with a non-lL.orentzian target spacetime )

- one of target space dimensions = position along the spin chain
(zero momentum because of cyclicity of trace)

- strongly suggests: bulk description of SMT is a type of NR gravity

* new class of flat-fluxed backgrounds obtained recently:
analogue of flat Minkowski space using Penrose type limits
—> natural starting point to quantize the theory



NR strings

'NR strings on flat spacetime = Gomis-Ooguti string N
Gomis,0Ooguri(2000); Danielsson et al.(2000);

- Non-Lorentzian (stringy Newton-Cartan) geometries

when spacetime 1s curved
\_ p Y,

Andringa et al (2012), Harmark Hartong,NO(2017); Bergshoeff,Gomis,Yan(2018);
Harmark Hartong,Menculini, NO,Yan(2018); Gomis,Oh,Yan(2019);
Gallegos,Gursoy,Zinnato(2019), Harmark,Hartong,Menculini, NO,Oling(2019);
Bergshoeff,Gomis,Rosseel,Simsek,Yan(2019); Kluson (2018/19), .......

Yan (2021), Bergshoetf, Lahnsteiner,,Romano,Rosseel,Simsek(2021);

Bidusst, Harmark, Hartong, NO,Oling(2021); .... (& many more refs since then)

also:

- tensionless strings e.g.Lindstrom,Sundborg, Theodoridis(1991)

Bagchi,Gopakumar(2009) Bagchi,Banerjee,Parekh(2019)

- Gahlean Strlngs Battle,Gomis,Not(ZOl 6))

- relation to double field theolig%z
Ko,Melby-Thompson,Meyer,Park(2015)

Morand,Park(2017);Berman,Blair,Otsuki(2019);Blair(2019)



NR strings (on flat spacetime)

zero Regge slope limit of relativistic string theory in near-critical B-field

g— 1 / d?ovh (haﬁ O XA 05X 4 + ADX + XDX) :
4o/ >>
1 / < s
in conformal gauge: S = Ao / d’c (8aXA 0“°Xa + 20X + A@X) ;
2

* Galilean invariant dispersion relation

* no massless physical states

* low-energy effective theory described by Newton-like gravity

* all asymptotic states carry non-zero winding along (compact) X1
* space-time S-matrix with NR symmetry



Gomis/Ooguri NR string lives in flat space

XA
T —
i X0 ] tigures from
k' ........ review on NRST
" Getben Oling & Ziqi Yan

(2202.12698)

LA ]
P - o

QQ: what is the general target space probed by NR strings ?




Space-Time symmetries and Geometry

local symmetries of space and time €2 geometry of space and time

Einstein:  Poincare €2 (pseudo-)Riemannian geometry

Cartan:  Galilean/Bargmann €2 Newton-Cartan geometry

- geometrize Poisson equation of Newtonian gravity
falling observers see Galilean laws of physics



torsional Newton-Cartan geometry (NR particles)

my, gauge field (of mass generator)

time Ty

Vur, =0
gives connection with
intrinsic torsion ~ dr
space Ry,
NC = no torsion — dr =0 absolute time

TTNC = twistless torsion —* TAdT =0 preferred foliation

TNC no condition on Ty

A /

equal time slices




Coupling of non-relativistic particle to TNC geometry

two routes:
- null-reduction of relativistic particle
- ¢ =2 infinity of extremal charged particle q = mc”.

1 s v R
g = m/h’“’X. X d)\—m/my,X“d)\
2 Tp XP
\ Y
— —
kinetic term potential term: coupling to 777,
mo ~ Newtonian potential

TH = m/dT 0. X*d(x — X(7)) mass current

action has TNC local target space symmetries



Non-relativistic string on curved spacetime

two routes:
- null reduction of relativistic string action

(‘light-like T-duality’ along null 1sometry)

- ¢ =2 infinity limit in near-critical B-field of relativistic string action

(F-strings extremally charged under B-field: tension = charge)

-~

—> NR strings move in torsional string Newton-Cartan geometry:

* Riemannian geometry (transverse) fibered over 2-dimensional
L Lorentzian base (longitudinal)

~

/

* pullback of longitudinal base on the worldvolume
= Lorentzian metric on worldsheet



NRST action on TSNC target space

- Nambu-Goto form: kinetic potential

SNR = =5 /dza [\/—_'r T)ABT‘(‘:Tgha.B + e“"gmag] :

A =0,1: longitudinal directions
a= 2,...D-1: transverse directions a B
alpha = sigma,tau: world-sheet

[ torsional string Newton—Cartan geometry : Tf, huv, my. J
s couples to

" worldsheet tension current J& =T / d*0 €P 9o X" 05 X" 6(x — X (0%)),
TSNC Polyakov action:

8 = —g / d*o [\/——7 VPO XM XN hprn + €P0, XM X Nmp N

- )\eaﬁe+a'r+M3gXM + Xéaﬂe_aT_MGBXM] ;



Symmetries of the TSNC action

- 2-form gauge syms: SmW = 28[1/\,,]-

- transverse string Galilean boosts:

St

< B
—A\Ap (7'/1462 + 7‘,‘;462) , OMy, = —2€ABA

- longitudinal Lorentz boosts

- string analogue of the symmetries of

NR particle coupling to Newton-Cartan



Remarks

- beta functions/effective spacetime actions for the NR string
obtained in various different formulations/using different methods

—> describe the dynamics of (versions of)
non-relativistic (super-) gravity

- limits vs. expansions

* limit geometry: type I (cancellation of divergent term)

* geometry from expansion: type II (each term in the action
generates more gauge fields)



Galilean limit of TSNC string

start with NR string action

wortldsheet scaling limit: ¢ — 0o (also rescale tension and m-field)

-

e

gives Nambu-Goto action of Galilean string

T
S = —5 /dza [\/—’r T1a7'16ha3 + eaﬁmaf;] ,

~

7

* symmetries:

- longitudinal Galiler & transverse string Galilei boosts

- 2-form gauge trafos

L= 1% [’r (T(‘)’TOB — 627'{"Tlﬁ> hap— eaﬁmag]

TR = T(;E_2

- will see: reduces for subclass of spacetimes to actions found in near-BPS

SMT decoupling limits of AdS/CFT



Galilean string (cont'd)

partial gauge fixing 70 =75 X"M =D.

residual gauge symmetries 7 — #(7) and o — (7, o)

static gauge Xt=ar; X" =wRyo + f(7)

X"~ X"+ 2mR, and w > 0 is the winding number.

- EOM of f: level matching constraint

take: 79, dzM = dt and 7},dz™ = dv. XM = (Xt Xv X%

Lagrangian of Galilei string takes form:

_ Xv 17 1 v Iv Xt 1y 15
£ = Tlmal X—XX)—2X—wh,-jXX
1

—E(htt + 2mtv)XtX'” — (hm -+ mti)XtXli — ’I’I’LILJ)(Z,X',‘7



Galilean string (cont'd)

4 N

* theories of form: L=T {miv (XvX/z' . Xz'le) _ 2))(;1; hinlz'X/j]

- can be obtained by starting with relativistic strings on AdS5xS5
and taking SMT limit

o /

- AdS5xS5 admits null Killing vector ]
can null reduce and then take limit & — oo ¢ = (4mg,N)~1/2
—> gives particular SMT (most general one) and others as special subcases

Remarks
- AdS5xS5 null reduction vs large c limit
(need "dual’ background when taking large c limit)
- Q: what 1s dual field theory description after null reduction but before
taking SMT limit ?



SU(2) case and LL model as non-rel 2D CFT

start with AdS5xS5 in appropriate coordinates

- -0 E=Q _ fixed
consider BPSbound £ = Q =J =J;+ Jo. 9s g
o 1 : :
after limit ~ ¢= 7—5 to infinity
0 | ; ;
. — _Coj dp , hydatds’ = Z(d(r’ + sin? 0d¢?)

NR background R x S2 and non-zero “magnetic” flux
gives L model _ Q[ L g
S o /d o¢cosb 4(9 + sin“ 6¢' )]

free magnon limit: S2 -> R2

z 1
0 o = d~ s — _d , h i d 2 e d 2
(corresponds to pp-wave limit) e T g% +dy]

1
action S ~ /dQU[xy i 1(37/2 i3 3/,2)]



Polyakov action for Galilean strings
5= —g /dza[ (e e1%e1Pharn + eaBmMN) aaXMagXN—i—weaﬁeoaTOg—i—weaﬁ(eoa’rlg—i—elaTOﬂ)]

- exhibits Galilean world-sheet structure
- Weyl and local (2D) Galilean boost act on the zweibeine:

A

2 1 1
eoaﬁfeoa, ela_)fela'i'feoaa w_)_w_iw, '¢—>?

T v

- analysis of kinetic terms suggests setting €%, =0
(otherwise wrong sign)
- natural from pov of Galilean ws. structure:

—> spatial foliation in terms of ws. coordinate time: e, = fdr,
- expected full reparametrization freedom 1s:

T — g(7), o — h(r,0).

—> Hamiltonian analysis: R x Vir symmetties



Carrollian limit of TSNC string

* scaling limitand ¢ — 0

Nambu-Goto action / d2 — /=T 19 T()Bhaﬁ + € 5mag]

- related to Galilean case by 0 interchanged with 1

- Polyakov formulation:
worldsheet structure with Carrollian metric structure that is Weyl invariant

- gauge-fixed action has residual symmetry: BMS_3
(contraction of Vir x Vir)

- corresponds to a limit in AdS/CFT?



Visualisation of world-sheet

(drawing: courtesy of Gerben Oling)



Further developments (NRST)

* open strings and branes:

- non-relativistic open string sector and DBI actions
- connection to NR D/M-branes
- strings/branes as background solutions

- generalize procedure to non-relativistic limit of extremal p-branes

TSNC analogue for p-branes (incl. D/M)

* SUSY generalization of (include RR fields)
NR limit & relations to DFT/exceptional FT
- non-perturbative dualities in NR string theory

* connection to integrable models



Further developments (NR worldsheets0

Hamiltonian analysis
obtain beta functions for Galilean string
connection with explicit construction of SMT using classical

reduction of N=4 SYM & suitable quantization method

connections to Carrollian (small speed of light) gravity



Outlook

* NR (ala GO) describes closed subsector of relativistic ST
has covariant string Newton-Cartan formulation (still Lor. CFT2 on ws)

what can we add to 90s ST?

- covariant formulation of DLCQ of strings

- further connection with Matrix string theory/M-theory
- other expansions ?

(.

Spin Matrix limits give
- tractable subsector of N=4 SYM
- strings with Galilean structure on worldsheet

_ —> quantize

e similar Carrollian worldsheet models exist
- from usual tensionless limit
- BMS3 residual symmetries



The end



extra stuff (varia)



Duality web of non-Lorentzian’ string theories!?

web of decoupled non-gravitational
theories
("open string sectot’ )

‘ <>
%
. D

web of non-Lorentzian gravitational
string theories
("closed string sector’_)

\©
D
. /

- self-contained corners of ST w. own geometry
- new window on non-perturbative effects ?



Non-AdS holography & NR holography

bulk: Lorentzian gravity (GR) non-Lotrentzian

1 gravity

boundary: CFT NonLor-FT NonLor-FT
with scaling

non-Lorentzian holography



Routes towards non-Lorentzian holography

I. branes

* Dp-branes as probes of TSNC geometry
* Dp-branes as backgrounds solutions of NR (super) gravity actions

Can one find decoupling limits giving rise to avatars of AdS/CFT ?

I1. limits of AdS/CFT

 limits of the NR world-sheet theories
* study quantization

* Hamiltonian analysis

* beta-functions

—2 tractable limit of AdS/CFT, finite N,

simpler moduli space/genus expansion . ?



Galilean string (cont’d):

Consider part that is quadratic in X*. For constant m,; that
term is a total derivative and ém;; = 0 implies ém;,, = J;0.

We want a kinetic term for every X* so m;, must be such
that its field strength is invertible: symplectic structure.

Needi=1,...,2n. Hence m;, = —w;; X’ where w;; is a
2n x 2n invertible antisymmetric matrix.

WLOG the most general quadratic action that preserves the
rotations leaving w invariant is

- vilvi_ £ 1% _Z 1% /z‘_a_2 iyl
L=Tw;X’ (X' f()X g X=X

where we used the strongest possible gauge fixing.

n decoupled Schrodinger fields ®/ = X2/-1 + i X! with
I =1,...,n and masses determined by eigenvalues of w;;.



Polyakov action for Carrollian strings

T
S = = /d2a[ (—e eo®eo” harn + eaﬁmMN> BaXMaﬂXN+weaﬁelarlg+¢eaf’(e0a71ﬁ+e1a705)]

- exhibits Carrollian world-sheet structure
- Weyl and local (2D) Carrollian boost act on the zweibeine:

A

" 1 L
Po = [+ fela, o fela, wor Tw— Ly, ¥ 1o
o f J
- no problem with (wrong-sign) kinetic terms
- Hamiltonian analysis for (subclass) of target spacetimes - z" = @),

X vV = compact isometry

gauge-fixed action has residual symmetry: BMS_3
(contraction of Vir x Vir)



Penrose limit and SMT limit commute

rel. string on

AdSs X S°
Per.7r0'5e O — 6o
limit
v

rel. string on
pp-wave

flat WS gauge
& “light-cone” gauge:

g.—0

SMT limit

SMT string on
> | "curved’ U(1)-Gal

Q0 — o

“flat’ limit

g — 0

4

SMT limit

SMT string on
‘flat’ U(1)-Gal

FT (flat-fluxed) backgrounds

—> natural starting point to quantize
the theory

TR S
S=——Jd20 [m#X/‘+—h X#XY
g

27



TNC geometry from null reduction

Lorentzian metric with null isometry

ds® = gyndXMdX"N = 27, dz" (du — m,dz") + h,,dz"dz" ,

T, =0

torsional Newton-Cartan (TNC) geometry: 7, , hu , my,

local syms:

-

.

(ST“ — LET , Jhpv — th'uv "l" A“Ty + /\qu b}
om, =Lsm, + A, +0,0,

/

AL Galilean (Milne) boosts

o U(1) (mass) parameter



Non-perturbative string theory

complete understanding of non-perturbative regime is still lacking
despite much progress made in last many decades:

- non-perturbative dualities

- Matrix theory:
infinite boost limit of ST on spacelike circle = DLCQ of ST

can be viewed as ST on light-like circle - non-relativistic behavior

* NRST as a novel way to study corners of relativistic string theory



TNC geometry from null reduction

Lorentzian metric with null isometry

ds® = gyndXMdX"N = 27, dz" (du — m,dz") + h,,dz"dz" ,

T, =0

torsional Newton-Cartan (TNC) geometry: 7, , hu , my,

local syms:

-

.

(ST“ — LET , Jhpv — th'uv "l" A“Ty + /\qu b}
om, =Lsm, + A, +0,0,

/

AL Galilean (Milne) boosts

o U(1) (mass) parameter



TNC geometry as background geometry for NRFTs

putting relativistic field theory on a curved spacetime

5Srel.matter S /d4T Tp.lf 69,“/

* non-relativistic FT naturally couples to torsional Newton-Cartan:

4 N

8S. ot vel maattar / d>x[E* 61, + S* 5hy,, + TH6m,]
T \

energy current spatial stress mass current
\_ & momentum current W




Other properties

* geodesic equation on flat NC space with:

m; = PNewt > Newton’s law

* TNC geometry can also be obtained by gauging Bargmann algebra

[Ga, Pb] = —0, N , [Ga, H] = =P, & rotations

'

mass generator

(just as pseudo-Riemannian geometry follows from gauging Poincare)



Warmup: Non-Relativistic particle from null reduction

null-reduction of relativistic particle g = / 21 aMn XM XN =
(&

- reduce on target space with null Killing vector :

probe mass is conserved momentum in null direction: Py, = M

y . ™)
g = T/h‘wx. X d)\—m/m#X“d)\
2 Tp XP
- J
— —
kinetic term potential term: couplingto 1My,

mo ~ Newtonian potential

TH = m/dT 0. XHd(x — X(7)) mass current

* action has TNC local target space symmetries



NR particle from limit of extremal particle

action of charged relativistic particle:

S = —mc/ \/—gﬂ,,a':“:i:”d)\—l— q/AMd:“d)\

* tme-space splitin metric: = gy = —CQTHT,, + hw,

expand for large c:

S = —mc? /[ ——QAM] i)+ / = " dX+ 0(c?)
. 1
extremal P article divergent term. cancels TM =TT @m
g = mcz, with: 1
Ap =Ty = 2c2 T

algebra level:

1
IW contraction H=cPhh+Q , N= 202 (cPy — Q)

energy mass



Kalb-Ramond B-field from string Poincare

metric ar.ld B-field 59“1/ = LeGu SBMV = L¢ By + 20,
symmetries

—> can be obtained from string extension of Poincare:
(with extra set of translational generators (cf. double field theory)

[Map, Mcgq] = NacMpg — MbeMad + MeaMac — NadMpe,
[Mab, Pe] = NacPs — MbcFas
[Mgbv Qg = Nac®@b — né_c_Qa_>

Lie algebra valued

1
_ o -, ab a
connection: "4# - epPQ + 2"‘)# Ma_b + ﬂ-MQQ:

a

b
[ Guv = Nab 6%6%. Bp,u = Tab 6[#71';]- }




NR string action from ¢ =2 infinity limit

S = Sng + Swz,

T
SN = —ch/dza\/— det go 3, Swz = —C7F /dZGBageaB.

- use vielbein decomposition a b

a b
= NapCre= , By = Naper. T,
of the NSNS target space: = w = NabCu"y)
- split tangent space into
_ ST _ A _ A
A=0,1: longitudinal e, = (cE;,e;) , m;=(cl,,m,),
a=2,..d-1: transverse
* reparametrize Ed =744 L71'}363/1
. . H H 262 H :
longitudinal 1
; - A_ _A _B A
vielbeins: Hu =€ pT, + 52 Moy

divergent term in action cancels since I-string is extremal



NRST action on TSNC target space

after limit: kinetic potential
SNR = -3 /dza [\/—T n‘ABTﬁT‘ghaﬂ -+ e“";mag] ,
b
h;w = egeﬁdab Myy = nABT[ﬁWﬁ + Jabeﬁﬂfi}.
[ torsional string Newton—Cartan geometry : Tf, huv, my,. J
couples to
My .

worldsheet tension current J¢ =T / d*0 € 9, X" 9 X" 5(z — X (%)),

conserved MH: — f Aoy JOIJ_

charges:

gravitational mass: MY = 27T R. (for compact longitudinal direction v)

Moy = gravitational potential

* weak equivalence principle for NR string



F-string Galilean (FSG) algebra

* decompose string a = (4,a)
Poincare algebm; longitudinal, transverse

Py, Qa, Psy, Qay, JaB=¢€apd = Map, Jap= Mg, cGap= Mpyp.

1 . .
Hyi=c(Ps+Qpe®s) , Nai= 2—C(EABPB 4o o) (basis transformation)

G HAl = P .
after IW contraction [ Ab; C: nactv Z €ac@b,
(c ° infinity): [G ab, Pc] = —0bc€a” N,

(G 4, Qc] = —dbcNa,

& further commutators involving SO(1,1) x SO(d-2) rotations

* symmetry trafos follow from FSG-valued connection:

, 1 . , .
A, = T}‘?HA + e, Po +wud + -z—wu“b.]ab + w, G ap + ﬂfZA + 7, Qa,



Non-relativistic strings from null reduction

- start from Polyakov action (including NSNS) and
reduce along null 1sometry

- 1mplement conservation of string momentum along
null 1sometry using Lagrange multipliers

- g0 to dual formulation that exchanges the (fixed)
momentum along null direction for fixed winding of
string along compact dual direction

—> action of non-relativistic strings moving in
torsional string Newton-Cartan target space
& FSG symmetries can also be derived




Limit vs. |/c expansion

* limit geometry: type I (cancellation of divergent term)

* geometry from expansion: type 11
(each term in the action generates more gauge fields)

type 11 studied for:

- NR particle (and coupling to non-relativistic gravity
from expanding GR)
- NR string

spectrum:
(compact long, direction) oLy WRg 2wR.
center of mass velocity << ¢




NRCS <

transverse

Y
DLCQ

of rel. string

T-duality

longitudinal spatial
T-duality

lightlike

NRCS

compactification

rel. strings

FIGURE 2| T-duality transformations of NR closed string theory (NRCS).




NROS

longitudinal
lightlike
T-duality transverse
T-duality
Y
DLCQ of NROS
NCOS

longitudinal spacelike
T-duality

DLCQ of

rel. open strings

FIGURE 3 | T-duality relations for NR open string theory (NROS). The
transverse T-duality swaps Dirichlet and Neumann boundary conditions in the

usual way.




