
Problem 1

The Majorana-conjugate spinor is defined by

Ψ̄ = ΨTC,

where C is the charge-conjugation matrix

CΓMC−1 = −ΓM
T.

Show that

1. The Dirac action

S = i∫ dDx Ψ̄ΓM∂MΨ

is well-defined provided C is anti-symmetric:

CT = −C.

2. The Dirac Lagrangian is Lorentz-invariant.

3. The chirality constraint
ΓΨ = Ψ

is consistent with Majorana conjugation only if

CΓC−1 = −ΓT. (1)

Hard part:

4. Show that

(a) The charge conjugation matrix exists in D = 2,3,4,6,7,8 mod 8

(b) C is anti-symmetric in D = 2,3,4 mod 8.

(c) Eqn. (1) holds in D = 2,6 mod 8.
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