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My story with Eduardo  #TBT

“The highly pedagogical notes of Eduardo Miranda, which are self-contained and assume just some 
basic knowledge of second quantization, are of particular relevance as an introduction to the use of 
modern bosonization techniques.”  [BJP (2003)] 
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This is a pedagogical introduction to the general technique of bosonization of one-dimensional systems starting
from scratch and assuming very little besides basic quantum mechanics and second quantization. The formalism
is developed in a self-contained fashion and applied to the spinless and spin- Luttinger models, working out
both single and two particle correlation functions. The implications of these results for the specific cases of
the (anisotropic) Heisenberg and the Hubbard models are discussed. Although everything in these notes can be
found in the published literature, detailed and explicit calculations of most of the results are given, which may
prove useful to beginning graduate students or researchers in this area.

I Introduction

These notes formed the basis of a series of lectures given
at the Brazilian Statistical Mechanics School, which took
place from February 18 to 29, 2002, at the Universidade
de São Paulo in São Carlos. While writing them, I had in
mind a beginning graduate student in physics, already famil-
iar with basic Quantum Mechanics, including the formal-
ism of second quantization, but not with very much more.
I follow through the mathematical details necessary to es-
tablish the bosonization technique of one-dimensional sys-
tems, which is by now a rigorous and mature method that
underlies much of our understanding of these systems. It
has found many applications in real quasi-one-dimensional
systems such as quantum wires [1], carbon nanotubes [2]
and edge states of the quantum Hall effect [3]. For the sake
of motivation, I focus on two models: the Hubbard model
of spin- fermions and the anisotropic (XXZ) Heisenberg
spin- model. I should stress that all the material covered in
these lectures can be found in one way or another in the pub-
lished literature, so there is no claim of originality. However,
the detail and care with which some calculations are done
may be useful for the uninitiated, who are the main targets
of these notes.

The topic of bosonization is covered in many review ar-
ticles. Some of then are [4, 5, 6, 7, 8]. Some of the original
articles are [9, 10, 11, 12, 13, 14, 15, 16]. I have drawn ex-
tensively from Haldane [15], von Delft and Schoeller [8],
Voit[7] and Affleck [6].

These notes are organized as follows. Section II in-
troduces the two basic models. The fundamental tools of
bosonization are developed in Sections III to XIII. Sec-
tion XIV focuses on the basic interacting model solved by
bosonization, the Luttinger model. This is then applied to

the XXZ model in Section XV. Section XVI is devoted to
the important Luttinger liquid conjecture by Haldane. The
case of spin- fermions is studied in Section XVII. We end
with a brief discussion of gaps and the sine-Gordon theory
in Section XVIII.

II The Hubbard and the Heisenberg
models

Our aim will be to study strongly correlated systems in one
spatial dimension. These are typically systems of interacting
electrons but we will be interested in spin systems as well.

The prototypical interacting electron system is the Hub-
bard model. This is a lattice model whose Hamiltonian in
one dimension is

(1)
The first term describes the hopping process, in which an
electron can move from one site to the next with ampli-
tude while preserving its spin projection (taken arbitrar-
ily along the -axis). The second term describes the local
Coulomb repulsion ( ) between opposite spin electrons
residing on the same site. This is the so-called Hubbard
interaction term, named after one of the first people to work
on this model in a series of classic papers [17, 18, 19]. This
is one of the simplest interacting fermionic models one can
write and has been extensively studied.

The operators are the usual annihilation operators
with anti-commutation relations

Brazilian School on Statistical 
Mechanics, São Carlos, March 2002.  
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• First met in 1999 during my undergrad at Unicamp. 


• Masters 2002-2004. Worked on 1D Kondo lattice, magnetic domain walls and 
impurities in Luttinger liquids. 


• I keep going back to the lessons I learned from Eduardo. This talk is an 
example.



• Topological phases with boundaries


• Fractons


• Gapped boundaries of the Chamon model


• Effective field theory for boundary modes

Outline

In collaboration with Weslei Fontana (Natal)  
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Gapped edges of topological phases
Topological-ordered phases without symmetries, e.g. fractional quantum Hall 
states and quantum spin liquids. 

Gapped edges classified by condensation of 
anyons with self/mutual bosonic statistics: 
Lagrangian subgroups of the set of quasiparticles. 

[Kapustin & Saulina, NPB (2011); Levin, PRX (2013); Wang & Wen, PRB (2015)]

Long-range entanglement. Ground state degeneracy 
depends on topology of closed surface in real space. 
Fractionalization: elementary excitations are anyons.

open edge



Example: Z2 topological order
Present in Anderson’s resonating valence bond state. 
[Anderson (1973); Kivelson, Rokhsar & Sethna (1987)] [Kivelson & Sondhi, “50 years of quantum spin liquids”, arXiv:2305.18103]

Realized in quantum simulation platforms: superconducting qubits, Rydberg 
atoms, trapped ions. 
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FIG. 3. Extracting braiding statistics using Ramsey interferometry. (A) Visualizing braiding with a toric code
excited state |Ei = U1|Gi (excitations e (red) and m (yellow), experimentally-measured parities). We apply additional X gates
(U2, U3, U4) to visualize braiding an e around the m. (B) Quantum circuits with unitary U and an eigenstate |'i. Left: Direct
application. Right: Extracting the phase ✓ using an auxiliary qubit (green). (C) Illustration of Ramsey interferometry for
the case of braiding an e and m (state |'i) using an operator U . We visualize the superposition of two paths, with the braid
operation U controlled by an auxiliary qubit in |+i. (D) Extracting the mutual statistics for e and m. Left: initial excited
eigenstate (similar to A). We implement controlled-XXXX with an auxiliary control qubit (green) starting in |+i. Right:
parity measurements after controlled-XXXX. (E) Extracting the fermion exchange statistics, analogous to D. We create two
pairs of  (neighboring e and m) and implement controlled-XXYYZZ to measure the exchange phase. (F) Measured mutual
and exchange phases, with braiding diagrams. Phases are from tomography on the auxiliary qubit, 18000 total repetitions per
compiled instance. Standard error estimated with jackknife re-sampling over instances.

tual and exchange statistics more general than those of
bosons and fermions. Excitations in toric code eigen-
states are commonly denoted as “electric” e with hAsi =
�1, and “magnetic” m with hBpi = �1, in connection
to lattice gauge theory. The four distinct anyons of the
toric code are 1 (the absence of an e or m), e, m, and
 (an emergent fermion resulting from the combination
of e and m). In the toric code, the mutual statistics are
encoded in the phase accumulated when dragging one
anyon around another anyon of di↵erent type, while the
exchange statistics are phases arising from spatial inter-
change of two identical anyons. We simulate anyon braid-
ing on our quantum processor by creating toric code ex-
cited states corresponding to all the distinct excitations
and measuring their statistics with interferometry.

The toric code excited states can be created by ap-
plying a string of Pauli operators to the ground state:
an X-string will result in the state with e excitations
at each end, while a Z-string prepares the state with m

excitations at each end, as shown in the first panel of
Fig. 3A, where we visualize an example of e�m mutual
braiding with snapshots of experimentally-measured par-
ity values, hAsi and hBpi. We move an e around m with

an X-string, eventually returning to its initial position.
The initial and final states have the same parity values
but di↵er by an overall phase, in this case ⇡, which is not
directly detectable.

To experimentally extract the braiding statistics, we
employ a multi-qubit Ramsey interferometry scheme [31].
This protocol provides a scalable way to measure the
overlap between the initial and final states, allowing ex-
perimental access to the accumulated phase ✓. A key
step in this protocol is the use of an auxiliary qubit and
a controlled operation, e↵ectively creating a superposi-
tion of the braided and non-braided states, as shown in
Fig. 3B-C. This sequence imparts ✓ into a measurable ro-
tation of the auxiliary qubit. We e�ciently compile the
multi-qubit controlled operations into CZ gates. Since
the measured phases are sensitive to coherent and non-
Markovian errors, we use randomized compiling to miti-
gate these errors [32]. See Sec. D in [21] for details.

Fig. 3D-E illustrate two examples of braiding interfer-
ometry. In Fig. 3D, we extract the e�mmutual statistics,
where the braiding path is a Pauli string XXXX, mov-
ing e around the plaquette that contains an m. Fig. 3E
shows a similar example for the exchange statistics of two
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FIG. 1. Dimer model in Rydberg atoms arrays. (A) Fluorescence image of 219 atoms arranged on the links of a kagome
lattice. The atoms, initially in the ground state |gi, evolve according to the many-body dynamics U(t). The final state of the
atoms is determined via fluorescence imaging of ground state atoms. Rydberg atoms are marked with red dimers on the bonds
of the kagome lattice. (B) We adjust the blockade radius to Rb/a = 2.4, by choosing ⌦ = 2⇡ ⇥ 1.4 MHz and a = 3.9 µm,
such that all six nearest neighbors of an atom in |ri are within the blockade radius Rb. A state consistent with the Rydberg
blockade at maximal filling can then be viewed as a dimer covering of the kagome lattice, where each vertex is touched by
exactly one dimer. (C) The quantum spin liquid state corresponds to a coherent superposition of exponentially many dimer
coverings. (D) Detuning �(t) and Rabi frequency ⌦(t) used for quasi-adiabatic state preparation. (E) (Top) Average density
of Rydberg excitations hni in the bulk of the system, excluding the outer three layers [28]. (Bottom) Probabilities of empty
vertices in the bulk (monomers), vertices attached to a single dimer, or to double dimers (weakly violating blockade). After
�/⌦ ⇠ 3, the system reaches ⇠ 1/4 filling, where most vertices are attached to a single dimer, consistent with an approximate
dimer phase.

atoms are initialized in an electronic ground state |gi and
coupled to a Rydberg state |ri via a two-photon optical
transition with Rabi frequency ⌦. The atoms in the Ry-
dberg state |ri interact via a strong van der Waals po-
tential V = V0/d

6, with d the interatomic distance. This
strong interaction prevents the simultaneous excitation
of two atoms within a blockade radius Rb = (V0/⌦)1/6

[26]. We adjust the lattice spacing a and the Rabi fre-
quency ⌦ such that, for each atom in |ri, its six nearest
neighbors are all within the blockade radius (Fig. 1B),
resulting in a maximum filling fraction of 1/4. The re-
sulting dynamics corresponds to unitary evolution U(t)
governed by the Hamiltonian

H
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⌦(t)
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where ~ is the reduced Planck constant, ni = |riihri| is
the Rydberg state occupation at site i, �x

i
= |giihri| +

|riihgi| and �(t) is the time-dependent two-photon de-
tuning. After the evolution, the state is analyzed by
projective readout of ground state atoms (Fig. 1A, right
panel) [29].

To explore many-body phases in this system, we uti-
lize quasi-adiabatic evolution, in which we slowly turn
on the Rydberg coupling ⌦ and subsequently change the
detuning � from negative to positive values using a cu-
bic frequency sweep over about 2 µs (Fig. 1D). We stop

the cubic sweep at di↵erent endpoints and first measure
the density of Rydberg excitations hni. Away from the
array boundaries (which result in edge e↵ects permeat-
ing just two layers into the bulk), we observe that the
average density of Rydberg atoms is uniform across the
array (see Fig. S3 and [28]). Focusing on the bulk den-
sity, we find that for �/⌦ & 3, the system reaches the
desired filling fraction hni ⇠ 1/4 (Fig. 1E, top panel).
The resulting state does not have any obvious spatial or-
der (Fig. 1A) and appears as a di↵erent configuration
of Rydberg atoms in each experimental repetition (see
Fig. S4 and [28]). From the single-shot images, we evalu-
ate the probability for each vertex of the kagome lattice
to be attached to: one dimer (as in a perfect dimer cover-
ing), zero dimers (i.e. a monomer), or two dimers (repre-
senting weak blockade violations). Around �/⌦ ⇠ 4 we
observe an approximate plateau where ⇠ 80% of the ver-
tices are connected to a single dimer (Fig. 1E), indicating
an approximate dimer covering.

Measuring topological string operators. A defin-
ing property of a phase with topological order is that it
cannot be probed locally. Hence, to investigate the pos-
sible presence of a QSL state, it is essential to measure
topological string operators, analogous to those used in
the toric code model [3]. For the present model, there
are two such string operators, the first of which charac-
terizes the e↵ective dimer description, while the second
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Quantum systems evolve in time in one of two ways: through the Schrödinger equation or wave-
function collapse. So far, deterministic control of quantum many-body systems in the lab has focused
on the former, due to the probabilistic nature of measurements. This imposes serious limitations:
preparing long-range entangled states, for example, requires extensive circuit depth if restricted to
unitary dynamics. In this work, we use mid-circuit measurement and feed-forward to implement
deterministic non-unitary dynamics on Quantinuum’s H1 programmable ion-trap quantum com-
puter. Enabled by these capabilities, we demonstrate for the first time a constant-depth procedure
for creating a toric code ground state in real-time. In addition to reaching high stabilizer fidelities,
we create a non-Abelian defect whose presence is confirmed by transmuting anyons via braiding.
This work clears the way towards creating complex topological orders in the lab and exploring
deterministic non-unitary dynamics via measurement and feed-forward.

Long-range entangled quantum states are central to

di↵erent branches of modern physics. They appear as er-

ror correction codes in quantum information [1], emerge

as topologically ordered phases in condensed matter,

and play a role in lattice gauge theories of high energy

physics [2]. Quantum computers and simulators provide

new means of exploring such states and tackling their

open questions [3]. A number of quantum algorithms

have been designed for these devices, many of which can

be decomposed into two steps: a state preparation step

and a processing step, in which e.g., unitary dynamics

is applied [4, 5]. For short-range entangled states, the

adiabatic theorem guarantees an (approximate) encod-

ing circuit whose depth is independent of the system size.

In contrast, long-range entangled states require circuits

of extensive depth for their preparation [6] due to finite

Lieb-Robinson velocities, which bound the spread of cor-

relation in unitary dynamics [7]. This situation is prob-

lematic: coherence time is a precious resource for near-

term quantum computers and simulators and it should

not be exhausted during state preparation.

Fortunately, there is a loophole to these constraints

imposed by unitarity and locality. Introducing measure-

ment during state preparation violates the assumption

of unitarity, such that correlations can be generated in-

stantaneously across the whole system. However, since

measurements are random, deterministic state prepara-

tion requires conditional quantum gates to be applied

based on the outcome of the mid-circuit measurement—

a capability known as feed-forward. In e↵ect, measure-

ment allows one to push all the non-constant depth into

the classical channel, which is e↵ectively ‘free’ due to the

large speed of light and the comparably much larger cost

of quantum gates. The deterministic preparation of an

FIG. 1. Schematic representation of the the toric code
ground state from wavefunction collapse. We initialize
a system of trapped-ion qubits (encoded in hyperfine states of
171Yb+) in a product state where all stabilizers Bp = Z

⌦4 = 1
(blue) are satisfied. We measure Ap = X

⌦4 on every other
plaquette, randomly leading to Ap = 1 (gold) or Ap = �1
(black, denoting an e-anyon). We use feed-forward to pair
up and annihilate the e-anyons in real time, deterministically
producing a clean toric code wavefunction using a finite-depth
circuit and nonlocal classical processing.

excitation-free state is important for the quantum sim-

ulation of topologically ordered systems with non-error

corrected devices, but is also a common prerequisite for

quantum error correction protocols that realize univer-

sal gate sets [8]. Moreover, feedforward is indispensable

for the e�cient preparation of certain non-Abelian states
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[Satzinger et al. (Google Quantum AI), Science (2021)] [Semeghini et al., Science (2021)] [Iqbal et al. (Quantinuum), arXiv:2302.01917]



Anyons in the Z2 spin liquid
Toric code: e and m particles have bosonic self-statistics, mutual semionic 
statistics; bound state of e and m is a fermion.  
[Kitaev, arXiv:quant-ph/9707021]
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<latexit sha1_base64="LcELeZ8IqPaOP/CAz8kFo7r59iQ=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRJt03RXdOOygn1gG8tkOmnHTiZhZiLU0L9w40IRt/6NO//GSVtBRQ9cOJxzL/fe48eMSmVZH0ZuaXlldS2/XtjY3NreKe7utWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttj88zv31HhKQRv1KTmHghGnIaUIyUlq57kg5D1L+9ue8XS5ZZq1hurQwt87TmVl0nI47l2Da0TWuGElig0S++9wYRTkLCFWZIyq5txcpLkVAUMzIt9BJJYoTHaEi6mnIUEumls4un8EgrAxhEQhdXcKZ+n0hRKOUk9HVniNRI/vYy8S+vm6jA9VLK40QRjueLgoRBFcHsfTiggmDFJpogLKi+FeIREggrHVJBh/D1KfyftE5M2zErl+VS/WwRRx4cgENwDGxQBXVwARqgCTDg4AE8gWdDGo/Gi/E6b80Zi5l98APG2yc+55FT</latexit>

�z
j

<latexit sha1_base64="jaPU1QoTSbv79TJhCwjJZNHO/+I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0yZaeuu6MZlBfvAdiyZNNPGJpkhyYhl6F+4caGIW//GnX9j+hBU9MCFwzn3cu89YcKo0o7zYS0tr6yurec28ptb2zu7hb39popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh6Hzqt+6IVDQWV3qckICjgaARxUgb6bqr6ICj3u3Nfa9QdOxS1T/1fOjYnlsqlz1DfN+ruD50bWeGIlig3iu8d/sxTjkRGjOkVMd1Eh1kSGqKGZnku6kiCcIjNCAdQwXiRAXZ7OIJPDZKH0axNCU0nKnfJzLElRrz0HRypIfqtzcV//I6qY6qQUZFkmoi8HxRlDKoYzh9H/apJFizsSEIS2puhXiIJMLahJQ3IXx9Cv8nzZLtlm3/0ivWzhZx5MAhOAInwAUVUAMXoA4aAAMBHsATeLaU9Wi9WK/z1iVrMXMAfsB6+wQs65FH</latexit>

�x
j



Two types of gapped edges
Open boundaries (surface codes): e particles condense on rough edges and m 
particles on smooth edges. Different boundary phases separated by quantum 
phase transition (described by Ising CFT).  

smoothrough

Boundary 
stabilizers:

<latexit sha1_base64="b4/B55eBRRm+RfkP5t3IQTI/+f4=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141QdeOygr1AOx0yaaYNTTJDkpGWoQ/gxldx40IRtz6AO9/GtB1EW38IfPznHE7O70eMKm3bX9bc/MLi0nJmJbu6tr6xmdvarqowlphUcMhCWfeRIowKUtFUM1KPJEHcZ6Tm965H9do9kYqG4k4PIuJy1BE0oBhpY3m5/OWBpy6ainY48pxWP6XiDx21+qbLLthjwVlwUsiDVGUv99lshzjmRGjMkFINx460myCpKWZkmG3GikQI91CHNAwKxIlyk/ExQ7hvnDYMQmme0HDs/p5IEFdqwH3TyZHuqunayPyv1oh1cO4mVESxJgJPFgUxgzqEo2Rgm0qCNRsYQFhS81eIu0girE1+WROCM33yLFSLBee0cHJ7nC9dpXFkwC7YA4fAAWegBG5AGVQABg/gCbyAV+vRerberPdJ65yVzuyAP7I+vgEQeZsG</latexit>

A0
s = �x
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x
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x
3

<latexit sha1_base64="pUkSk/haBEjqQCAWLM2ftiQJK0U=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141Q6sZlBXuBdjpk0kwbmmSGJCO0Qx/Aja/ixoUibn0Ad76NaTuItv4Q+PjPOZyc348YVdq2v6yFxaXlldXMWnZ9Y3NrO7ezW1NhLDGp4pCFsuEjRRgVpKqpZqQRSYK4z0jd71+P6/V7IhUNxZ0eRMTlqCtoQDHSxvJy+fKRF121FO1y5DntYUrFHzppD02XXbAngvPgpJAHqSpe7rPVCXHMidCYIaWajh1pN0FSU8zIKNuKFYkQ7qMuaRoUiBPlJpNjRvDQOB0YhNI8oeHE/T2RIK7UgPumkyPdU7O1sflfrRnr4NJNqIhiTQSeLgpiBnUIx8nADpUEazYwgLCk5q8Q95BEWJv8siYEZ/bkeagVC8554ez2NF8qp3FkwD44AMfAARegBG5ABVQBBg/gCbyAV+vRerberPdp64KVzuyBP7I+vgEWipsK</latexit>

B0
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

[Bravyi & Kitaev, arXiv:quant-ph/9811052]



Two types of gapped edges
Open boundaries (surface codes): e particles condense on rough edges and m 
particles on smooth edges. Different boundary phases separated by quantum 
phase transition (described by Ising CFT).  [Bravyi & Kitaev, arXiv:quant-ph/9811052]

Boundary 
stabilizers:

<latexit sha1_base64="b4/B55eBRRm+RfkP5t3IQTI/+f4=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141QdeOygr1AOx0yaaYNTTJDkpGWoQ/gxldx40IRtz6AO9/GtB1EW38IfPznHE7O70eMKm3bX9bc/MLi0nJmJbu6tr6xmdvarqowlphUcMhCWfeRIowKUtFUM1KPJEHcZ6Tm965H9do9kYqG4k4PIuJy1BE0oBhpY3m5/OWBpy6ainY48pxWP6XiDx21+qbLLthjwVlwUsiDVGUv99lshzjmRGjMkFINx460myCpKWZkmG3GikQI91CHNAwKxIlyk/ExQ7hvnDYMQmme0HDs/p5IEFdqwH3TyZHuqunayPyv1oh1cO4mVESxJgJPFgUxgzqEo2Rgm0qCNRsYQFhS81eIu0girE1+WROCM33yLFSLBee0cHJ7nC9dpXFkwC7YA4fAAWegBG5AGVQABg/gCbyAV+vRerberPdJ65yVzuyAP7I+vgEQeZsG</latexit>

A0
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x
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3

<latexit sha1_base64="pUkSk/haBEjqQCAWLM2ftiQJK0U=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141Q6sZlBXuBdjpk0kwbmmSGJCO0Qx/Aja/ixoUibn0Ad76NaTuItv4Q+PjPOZyc348YVdq2v6yFxaXlldXMWnZ9Y3NrO7ezW1NhLDGp4pCFsuEjRRgVpKqpZqQRSYK4z0jd71+P6/V7IhUNxZ0eRMTlqCtoQDHSxvJy+fKRF121FO1y5DntYUrFHzppD02XXbAngvPgpJAHqSpe7rPVCXHMidCYIaWajh1pN0FSU8zIKNuKFYkQ7qMuaRoUiBPlJpNjRvDQOB0YhNI8oeHE/T2RIK7UgPumkyPdU7O1sflfrRnr4NJNqIhiTQSeLgpiBnUIx8nADpUEazYwgLCk5q8Q95BEWJv8siYEZ/bkeagVC8554ez2NF8qp3FkwD44AMfAARegBG5ABVQBBg/gCbyAV+vRerberPdp64KVzuyBP7I+vgEWipsK</latexit>

B0
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z
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

smoothrough



Two types of gapped edges
Open boundaries (surface codes): e particles condense on rough edges and m 
particles on smooth edges. Different boundary phases separated by quantum 
phase transition (described by Ising CFT).  [Bravyi & Kitaev, arXiv:quant-ph/9811052]

Boundary 
stabilizers:

<latexit sha1_base64="b4/B55eBRRm+RfkP5t3IQTI/+f4=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141QdeOygr1AOx0yaaYNTTJDkpGWoQ/gxldx40IRtz6AO9/GtB1EW38IfPznHE7O70eMKm3bX9bc/MLi0nJmJbu6tr6xmdvarqowlphUcMhCWfeRIowKUtFUM1KPJEHcZ6Tm965H9do9kYqG4k4PIuJy1BE0oBhpY3m5/OWBpy6ainY48pxWP6XiDx21+qbLLthjwVlwUsiDVGUv99lshzjmRGjMkFINx460myCpKWZkmG3GikQI91CHNAwKxIlyk/ExQ7hvnDYMQmme0HDs/p5IEFdqwH3TyZHuqunayPyv1oh1cO4mVESxJgJPFgUxgzqEo2Rgm0qCNRsYQFhS81eIu0girE1+WROCM33yLFSLBee0cHJ7nC9dpXFkwC7YA4fAAWegBG5AGVQABg/gCbyAV+vRerberPdJ65yVzuyAP7I+vgEQeZsG</latexit>

A0
s = �x

1�
x
2�

x
3

<latexit sha1_base64="pUkSk/haBEjqQCAWLM2ftiQJK0U=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141Q6sZlBXuBdjpk0kwbmmSGJCO0Qx/Aja/ixoUibn0Ad76NaTuItv4Q+PjPOZyc348YVdq2v6yFxaXlldXMWnZ9Y3NrO7ezW1NhLDGp4pCFsuEjRRgVpKqpZqQRSYK4z0jd71+P6/V7IhUNxZ0eRMTlqCtoQDHSxvJy+fKRF121FO1y5DntYUrFHzppD02XXbAngvPgpJAHqSpe7rPVCXHMidCYIaWajh1pN0FSU8zIKNuKFYkQ7qMuaRoUiBPlJpNjRvDQOB0YhNI8oeHE/T2RIK7UgPumkyPdU7O1sflfrRnr4NJNqIhiTQSeLgpiBnUIx8nADpUEazYwgLCk5q8Q95BEWJv8siYEZ/bkeagVC8554ez2NF8qp3FkwD44AMfAARegBG5ABVQBBg/gCbyAV+vRerberPdp64KVzuyBP7I+vgEWipsK</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>
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<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>
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<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>
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smoothrough



Two types of gapped edges
Open boundaries (surface codes): e particles condense on rough edges and m 
particles on smooth edges. Different boundary phases separated by quantum 
phase transition (described by Ising CFT).  [Bravyi & Kitaev, arXiv:quant-ph/9811052]

Boundary 
stabilizers:

<latexit sha1_base64="b4/B55eBRRm+RfkP5t3IQTI/+f4=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141QdeOygr1AOx0yaaYNTTJDkpGWoQ/gxldx40IRtz6AO9/GtB1EW38IfPznHE7O70eMKm3bX9bc/MLi0nJmJbu6tr6xmdvarqowlphUcMhCWfeRIowKUtFUM1KPJEHcZ6Tm965H9do9kYqG4k4PIuJy1BE0oBhpY3m5/OWBpy6ainY48pxWP6XiDx21+qbLLthjwVlwUsiDVGUv99lshzjmRGjMkFINx460myCpKWZkmG3GikQI91CHNAwKxIlyk/ExQ7hvnDYMQmme0HDs/p5IEFdqwH3TyZHuqunayPyv1oh1cO4mVESxJgJPFgUxgzqEo2Rgm0qCNRsYQFhS81eIu0girE1+WROCM33yLFSLBee0cHJ7nC9dpXFkwC7YA4fAAWegBG5AGVQABg/gCbyAV+vRerberPdJ65yVzuyAP7I+vgEQeZsG</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>
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<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>
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Two types of gapped edges
Open boundaries (surface codes): e particles condense on rough edges and m 
particles on smooth edges. Different boundary phases separated by quantum 
phase transition (described by Ising CFT).  [Bravyi & Kitaev, arXiv:quant-ph/9811052]

Boundary 
stabilizers:

<latexit sha1_base64="b4/B55eBRRm+RfkP5t3IQTI/+f4=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141QdeOygr1AOx0yaaYNTTJDkpGWoQ/gxldx40IRtz6AO9/GtB1EW38IfPznHE7O70eMKm3bX9bc/MLi0nJmJbu6tr6xmdvarqowlphUcMhCWfeRIowKUtFUM1KPJEHcZ6Tm965H9do9kYqG4k4PIuJy1BE0oBhpY3m5/OWBpy6ainY48pxWP6XiDx21+qbLLthjwVlwUsiDVGUv99lshzjmRGjMkFINx460myCpKWZkmG3GikQI91CHNAwKxIlyk/ExQ7hvnDYMQmme0HDs/p5IEFdqwH3TyZHuqunayPyv1oh1cO4mVESxJgJPFgUxgzqEo2Rgm0qCNRsYQFhS81eIu0girE1+WROCM33yLFSLBee0cHJ7nC9dpXFkwC7YA4fAAWegBG5AGVQABg/gCbyAV+vRerberPdJ65yVzuyAP7I+vgEQeZsG</latexit>
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<latexit sha1_base64="pUkSk/haBEjqQCAWLM2ftiQJK0U=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbRVZmp141Q6sZlBXuBdjpk0kwbmmSGJCO0Qx/Aja/ixoUibn0Ad76NaTuItv4Q+PjPOZyc348YVdq2v6yFxaXlldXMWnZ9Y3NrO7ezW1NhLDGp4pCFsuEjRRgVpKqpZqQRSYK4z0jd71+P6/V7IhUNxZ0eRMTlqCtoQDHSxvJy+fKRF121FO1y5DntYUrFHzppD02XXbAngvPgpJAHqSpe7rPVCXHMidCYIaWajh1pN0FSU8zIKNuKFYkQ7qMuaRoUiBPlJpNjRvDQOB0YhNI8oeHE/T2RIK7UgPumkyPdU7O1sflfrRnr4NJNqIhiTQSeLgpiBnUIx8nADpUEazYwgLCk5q8Q95BEWJv8siYEZ/bkeagVC8554ez2NF8qp3FkwD44AMfAARegBG5ABVQBBg/gCbyAV+vRerberPdp64KVzuyBP7I+vgEWipsK</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>
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<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>
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2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

smoothrough



Ground state degeneracy depends on geometric data; typically increases with 
system size. 


Not described by topological quantum field theories; effective field theories 
depend on microscopic details (UV-IR mixing). 


Lattice models involve multi-spin interactions. Proposals with Majorana zero 
modes and quantum circuits with time evolution and measurements.  


 

Fracton “topological” order
Restricted mobility: particles unable to move in isolation, move along certain 
directions by forming bound states (type-I, e.g. Chamon model, X-cube); or are 
completely immobile (type-II, e.g. Haah code).

[You & von Oppen, PRR (2019); Verresen et al., arXiv(2021); Lu et al., PRX Quantum (2022)]

[Chamon, PRL (2005); Bravyi, Leemhuis & Terhal, Ann. Phys. (2011); Haah, PRA (2011); Vijay, Haah & Fu, PRB (2015)]



Chamon model
Stabilizers defined on octahedra in the fcc lattice.  

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z
<latexit sha1_base64="rmLCpL/BWimKGAaU1v0ILfQpaiI=">AAACMHicbZDLSgMxFIYz9VbrbdSlm2ARXJWZ2lY3QtGF7qxgL9DLkEkzbWjmQpIR26GP5MZH0Y2CIm59CjPtULT1h8DHf87h5Px2wKiQhvGmpZaWV1bX0uuZjc2t7R19d68m/JBjUsU+83nDRoIw6pGqpJKRRsAJcm1G6vbgMq7X7wkX1Pfu5DAgbRf1POpQjKSyLP2q5SLZx4jBm/OWoD0XWWbnIaH8jE46w4QKMyp2RgmVOiNLzxo5YyK4CGYCWZCoYunPra6PQ5d4EjMkRNM0AtmOEJcUMzLOtEJBAoQHqEeaCj3kEtGOJgeP4ZFyutDxuXqehBP390SEXCGGrq064/PEfC02/6s1Q+mctSPqBaEkHp4uckIGpQ/j9GCXcoIlGypAmFP1V4j7iCMsVcYZFYI5f/Ii1PI5s5Qr3hay5YskjjQ4AIfgGJjgFJTBNaiAKsDgEbyAd/ChPWmv2qf2NW1NacnMPvgj7fsHToCqZA==</latexit>

O = �x
1�

x
2�

y
3�

y
4�

z
5�

z
6

sum over 

octahedra

<latexit sha1_base64="HYSPNKSK1MsybUp1lDC2vSUXH24=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIr41QdNO6sYJ9QBPCZDpph04mYWYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733+DGjUlnWtzE3v7C4tFxYKa6urW9smlvbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g+vMbz0QIWnE79UwJm6IepwGFCOlJc/crV4e3TgyCb20NoJOiFQfIwZvvZpnlqyyNQacJXZOSiBH3TO/nG6Ek5BwhRmSsmNbsXJTJBTFjIyKTiJJjPAA9UhHU45CIt10/MIIHmilC4NI6OIKjtXfEykKpRyGvu7MbpTTXib+53USFVy4KeVxogjHk0VBwqCKYJYH7FJBsGJDTRAWVN8KcR8JhJVOrahDsKdfniXN47J9Vj69OylVrvI4CmAP7INDYINzUAFVUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mzx/GpZZp</latexit>

H = �J

X

I

OI
1

2
34

5

6

[Chamon, PRL (2005)]



Chamon model
Stabilizers defined on octahedra in the fcc lattice.  [Chamon, PRL (2005)]

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z
<latexit sha1_base64="rmLCpL/BWimKGAaU1v0ILfQpaiI=">AAACMHicbZDLSgMxFIYz9VbrbdSlm2ARXJWZ2lY3QtGF7qxgL9DLkEkzbWjmQpIR26GP5MZH0Y2CIm59CjPtULT1h8DHf87h5Px2wKiQhvGmpZaWV1bX0uuZjc2t7R19d68m/JBjUsU+83nDRoIw6pGqpJKRRsAJcm1G6vbgMq7X7wkX1Pfu5DAgbRf1POpQjKSyLP2q5SLZx4jBm/OWoD0XWWbnIaH8jE46w4QKMyp2RgmVOiNLzxo5YyK4CGYCWZCoYunPra6PQ5d4EjMkRNM0AtmOEJcUMzLOtEJBAoQHqEeaCj3kEtGOJgeP4ZFyutDxuXqehBP390SEXCGGrq064/PEfC02/6s1Q+mctSPqBaEkHp4uckIGpQ/j9GCXcoIlGypAmFP1V4j7iCMsVcYZFYI5f/Ii1PI5s5Qr3hay5YskjjQ4AIfgGJjgFJTBNaiAKsDgEbyAd/ChPWmv2qf2NW1NacnMPvgj7fsHToCqZA==</latexit>

O = �x
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x
2�

y
3�

y
4�

z
5�

z
6

sum over 

octahedra

<latexit sha1_base64="HYSPNKSK1MsybUp1lDC2vSUXH24=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIr41QdNO6sYJ9QBPCZDpph04mYWYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733+DGjUlnWtzE3v7C4tFxYKa6urW9smlvbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g+vMbz0QIWnE79UwJm6IepwGFCOlJc/crV4e3TgyCb20NoJOiFQfIwZvvZpnlqyyNQacJXZOSiBH3TO/nG6Ek5BwhRmSsmNbsXJTJBTFjIyKTiJJjPAA9UhHU45CIt10/MIIHmilC4NI6OIKjtXfEykKpRyGvu7MbpTTXib+53USFVy4KeVxogjHk0VBwqCKYJYH7FJBsGJDTRAWVN8KcR8JhJVOrahDsKdfniXN47J9Vj69OylVrvI4CmAP7INDYINzUAFVUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mzx/GpZZp</latexit>

H = �J

X

I

OI

Z2 constraints on four sublattices: 

<latexit sha1_base64="olmmRI3jNk+AtzuJDf7pIeAi5w0=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPw0yiWW5RLx4jmAWSIfR0epImPYvdNWIY8hNePCji1d/x5t/Yk4ygog8KHu9VUVXPjQRXYFkfxtLyyuraem4jv7m1vbNb2NtvqzCWlLVoKELZdYliggesBRwE60aSEd8VrONOLlO/c8ek4mFwA9OIOT4ZBdzjlICWun1g95CczwaFomXWa1W7XMeWac2RkkqpVq5iO1OKKENzUHjvD0Ma+ywAKohSPduKwEmIBE4Fm+X7sWIRoRMyYj1NA+Iz5STze2f4WCtD7IVSVwB4rn6fSIiv1NR3dadPYKx+e6n4l9eLwas5CQ+iGFhAF4u8WGAIcfo8HnLJKIipJoRKrm/FdEwkoaAjyusQvj7F/5N2ybQr5tn1abFxkcWRQ4foCJ0gG1VRA12hJmohigR6QE/o2bg1Ho0X43XRumRkMwfoB4y3T7H0kG0=</latexit>

A
<latexit sha1_base64="e8fkDqFgPbc9g0q0C8PK/5tGHTM=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPQ0+Wid5CvHiMYBZIhtDT6SRNeha7a8Qw5Ce8eFDEq7/jzb+xswgq+qDg8V4VVfX8WAoNhHxYK6tr6xubma3s9s7u3n7u4LCpo0Qx3mCRjFTbp5pLEfIGCJC8HStOA1/ylj++nPmtO660iMIbmMTcC+gwFAPBKBip3QV+D2lt2svliU0unGKpjIntum6hUjKEFAuk4GLHJnPk0RL1Xu69249YEvAQmKRadxwSg5dSBYJJPs12E81jysZ0yDuGhjTg2kvn907xqVH6eBApUyHgufp9IqWB1pPAN50BhZH+7c3Ev7xOAoNzLxVhnAAP2WLRIJEYIjx7HveF4gzkxBDKlDC3YjaiijIwEWVNCF+f4v9Js2A7rl2+LuWrtWUcGXSMTtAZclAFVdEVqqMGYkiiB/SEnq1b69F6sV4XrSvWcuYI/YD19gm3t5Bx</latexit>

B

<latexit sha1_base64="tgsfxS2uNjLRUNfM9X3GVxDVOTs=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQDx4jmAckS5iddJIhs7PrTK8YlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxheT/zGI2gjInWPoxj8kPWV6AnO0ErNNsITpjfjTrHklt0p6CLxMlIiGaqd4le7G/EkBIVcMmNanhujnzKNgksYF9qJgZjxIetDy1LFQjB+Or13TI+s0qW9SNtSSKfq74mUhcaMwsB2hgwHZt6biP95rQR7l34qVJwgKD5b1EskxYhOnqddoYGjHFnCuBb2VsoHTDOONqKCDcGbf3mR1E/K3nn57O60VLnK4siTA3JIjolHLkiF3JIqqRFOJHkmr+TNeXBenHfnY9aac7KZffIHzucPWviQMQ==</latexit>

D

<latexit sha1_base64="iWclBtH9LIC4qcTiy3mLt8Aj3ck=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmZikkluwVw8RjALJEPo6fQkTXoWu2vEMOQnvHhQxKu/482/sbMIKvqg4PFeFVX1vFhwBZb1YWTW1jc2t7LbuZ3dvf2D/OFRW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1v0pj7nTsmFY/CG5jGzA3IKOQ+pwS01O0Du4e0MRvkC5Zp2xdlp4Qts1K1nGpNk1rFKRYdbJvWAgW0QnOQf+8PI5oELAQqiFI924rBTYkETgWb5fqJYjGhEzJiPU1DEjDlpot7Z/hMK0PsR1JXCHihfp9ISaDUNPB0Z0BgrH57c/Evr5eAX3VTHsYJsJAuF/mJwBDh+fN4yCWjIKaaECq5vhXTMZGEgo4op0P4+hT/T9pF066Y5etSoX65iiOLTtApOkc2clAdXaEmaiGKBHpAT+jZuDUejRfjddmaMVYzx+gHjLdP3h6QjA==</latexit>

C

<latexit sha1_base64="jFihfntr4fASDPKkv7mzEfQJ5kE=">AAACc3ichVHLSgMxFM2Mr1pfVcFNF4ZWwY1lRnxthNq6sCsrWC10ypBJUw3NZIbkjliG/oCf586/cOPe9LHQVuiBwOGcc7k39wax4Boc59OyFxaXllcyq9m19Y3Nrdz2zqOOEkVZg0YiUs2AaCa4ZA3gIFgzVoyEgWBPQa869J9emdI8kg/Qj1k7JM+SdzklYCQ/9+7FKur4ac3jEnvA3iC9Hgy8kMALJQLf+bWr2URlbqI6N3EzlcCunys6JWcEPEvcCSmiCep+7sPrRDQJmQQqiNYt14mhnRIFnAo2yHqJZjGhPfLMWoZKEjLdTkc7G+BDo3RwN1LmScAj9XdFSkKt+2FgksMx9bQ3FP/zWgl0L9spl3ECTNJxo24iMER4eADc4YpREH1DCFXczIrpC1GEgjlT1izBnf7yLHk8KbnnpbP702K5MllHBuVRAR0hF12gMrpFddRAFH1Ze9a+ha1vO28X7INx1LYmNbvoD+zjH8RTvxc=</latexit>Y

I2A

OI =
Y

I2B

OI =
Y

I2C

OI =
Y

I2D

OI = 1



Bulk properties
Ground state degeneracy on 3-torus with dimensions Lx × Ly × Lz:

<latexit sha1_base64="XxAuOe9FcaAvTORjU02OqcEMYMM=">AAACK3icbVBLS8NAEN74rPVV9eglWIQKUhLxdRGKXjx4ULBVaErZbCft0s0m7E7EGvJ/vPhXPOjBB179H24fgloHFr7HDLPz+bHgGh3nzZqYnJqemc3N5ecXFpeWCyurNR0likGVRSJS1z7VILiEKnIUcB0roKEv4MrvnvT9qxtQmkfyEnsxNELaljzgjKKRmoVjeeQh3GLaZq3MExBgyQsUZelZ8zZLd7Ltb9b7xe76zFO83cGtZqHolJ1B2ePAHYEiGdV5s/DktSKWhCCRCap13XVibKRUIWcCsryXaIgp69I21A2UNATdSAe3ZvamUVp2ECnzJNoD9edESkOte6FvOkOKHf3X64v/efUEg8NGymWcIEg2XBQkwsbI7gdnt7gChqJnAGWKm7/arENNHGjizZsQ3L8nj4PaTtndL+9d7BYrx6M4cmSdbJAScckBqZBTck6qhJF78kheyKv1YD1b79bHsHXCGs2skV9lfX4BmE+pHw==</latexit>

n = gcd

✓
Lx

2
,
Ly

2
,
Lz

2

◆
<latexit sha1_base64="uxBXgtcINcOIVHfV0dxqoBKthJc=">AAACKHicdVDLSgMxFM3UV62vqks3wSLUTZkRXxux6EZXVrAP6NThTpq2oZnMkGSEMvZz3PgrbkQU6dYvMX0stNUDgcM593Jzjh9xprRtD6zU3PzC4lJ6ObOyura+kd3cqqgwloSWSchDWfNBUc4ELWumOa1FkkLgc1r1u5dDv/pApWKhuNO9iDYCaAvWYgS0kbzsuRuA7hDg+Ma7fnRLinn2fZJ3gUcd2O+7EkSb07N/HS+bswv2CHiWOBOSQxOUvOyb2wxJHFChCQel6o4d6UYCUjPCaT/jxopGQLrQpnVDBQRUNZJR0D7eM0oTt0JpntB4pP7cSCBQqhf4ZnIYS017Q/Evrx7r1mkjYSKKNRVkfKgVc6xDPGwNN5mkRPOeIUAkM3/FpAMSiDbdZkwJznTkWVI5KDjHhaPbw1zxYlJHGu2gXZRHDjpBRXSFSqiMCHpCL+gdfVjP1qv1aQ3GoylrsrONfsH6+gYAx6aX</latexit>

OI | 
(↵)
0 i = | (↵)

0 i

<latexit sha1_base64="MDHBy2cWXZYjtoPMSANOVp7ycXw=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcFHKTKmPjVB047KCfUA7lkyaaUMzmSHJCGXswl9x40IRt/6GO//G9LHQ1gOBwzn3cG+OH3OmtON8W5ml5ZXVtex6bmNza3vH3t2rqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXI/9xgOVikXiTg9j6oW4J1jACNZG6tgHbczjPr50C+1upFUBle7Tshh17LxTdCZAi8SdkTzMUO3YXyZPkpAKTThWquU6sfZSLDUjnI5y7UTRGJMB7tGWoQKHVHnp5P4ROjZKFwWRNE9oNFF/J1IcKjUMfTMZYt1X895Y/M9rJTq48FIm4kRTQaaLgoQjHaFxGajLJCWaDw3BRDJzKyJ9LDHRprKcKcGd//IiqZeK7lnx9Lacr1zN6sjCIRzBCbhwDhW4gSrUgMAjPMMrvFlP1ov1bn1MRzPWLLMPf2B9/gBvRJUZ</latexit>

↵ = 1, . . . , 24n

Spin operator creates four defects 
on a plane. Pair of defects (dipole) 
moves along rigid lines.

Defect:

<latexit sha1_base64="78ZkNMSFsSCmRNDQAu2bcDSLip4=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx60VsEs0gyhJ5OT9Kkl6G7RwhDvsKLB0W8+jne/Bs7yRw0+qDg8V4VVfWihDNjff/LKywtr6yuFddLG5tb2zvl3b2mUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxpdT/3WI9WGKXlvxwkNBR5IFjOCrZMeurHSmHN02ytX/Ko/A/pLgpxUIEe9V/7s9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB1HJRbUhNns4Ak6ckofud2upEUz9edEhoUxYxG5ToHt0Cx6U/E/r5Pa+DLMmExSSyWZL4pTjqxC0+9Rn2lKLB87golm7lZEhlhjYl1GJRdCsPjyX9I8qQbn1bO700rtKo+jCAdwCMcQwAXU4Abq0AACAp7gBV497T17b977vLXg5TP78AvexzdeHZAj</latexit>

8I

<latexit sha1_base64="lte6L8z0QorV0gIDWMNMpyAP9pc=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpKIr41QdKMrK9gHtCFMptN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPnCDmTGnH+bYWFpeWV1YLa8X1jc2tkr2901BRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLzO/OYjlYpF4kGPYuqFuC9YjxGsjeTbpU6I9YBgju7828sj17fLTsWZAM0TNydlyFHz7a9ONyJJSIUmHCvVdp1YeymWmhFOx8VOomiMyRD3adtQgUOqvHQSfIwOjNJFvUiaJzSaqL83UhwqNQoDM5nFVLNeJv7ntRPdu/BSJuJEU0Gmh3oJRzpCWQuoyyQlmo8MwUQykxWRAZaYaNNV0ZTgzn55njSOK+5Z5fT+pFy9yusowB7swyG4cA5VuIEa1IFAAs/wCm/Wk/VivVsf09EFK9/ZhT+wPn8AR5uSMw==</latexit>

OI = �1

[Bravyi, Leemhuis & Terhal, Ann. Phys. (2011)]



Single defects
Local operators cannot move single defect (fracton) without creating additional 
excitations. 



Single defects
Local operators cannot move single defect (fracton) without creating additional 
excitations. 



Chamon model with a boundary
Gapped boundaries of fracton models not classified by bulk braiding statistics. 

Boundaries on AB and CD planes violate different constraints. 
Spin operator on the boundary creates three defects. 

Five-site stabilizers on (001) boundary:  
34
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<latexit sha1_base64="KrIQRvqmx+11XIcNYSNxPiNe3kQ=">AAACKXicbZDLSgMxFIYzXmu9VV26CRbRVZmprboRim50ZQV7gXY6ZNJMG5rMDElGrENfx42v4kZBUbe+iGk7FG39IfDxn3M4Ob8bMiqVaX4ac/MLi0vLqZX06tr6xmZma7sqg0hgUsEBC0TdRZIw6pOKooqReigI4i4jNbd3MazX7oiQNPBvVT8kNkcdn3oUI6UtJ1NqcqS6GDF47VwdnDUl7XDkWK37hPITOmr1EypMqNh6cDJZM2eOBGfBSiALEpWdzGuzHeCIE19hhqRsWGao7BgJRTEjg3QzkiREuIc6pKHRR5xIOx5dOoD72mlDLxD6+QqO3N8TMeJS9rmrO4d3yena0Pyv1oiUd2rH1A8jRXw8XuRFDKoADmODbSoIVqyvAWFB9V8h7iKBsNLhpnUI1vTJs1DN56zjXPGmkC2dJ3GkwC7YA4fAAiegBC5BGVQABo/gGbyBd+PJeDE+jK9x65yRzOyAPzK+fwDnrqcT</latexit>
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<latexit sha1_base64="rgq8qcJ78h5YzzIDP6LRERPKIQo=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUY9ELx4xkY8IK+mWLlTa7qbtGsmGf+HFg8Z49d94899YYA8KvmSSl/dmMjMviDnTxnW/ndzS8srqWn69sLG5tb1T3N1r6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMryZ+85EqzSJ5a0Yx9QXuSxYygo2V7jqa9QXuPtw/dYslt+xOgRaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjq9eIyOrNJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4YWfMhknhkoyWxQmHJkITd5HPaYoMXxkCSaK2VsRGWCFibEhFWwI3vzLi6RxUvbOypWb01L1MosjDwdwCMfgwTlU4RpqUAcCEp7hFd4c7bw4787HrDXnZDP78AfO5w+0j5D0</latexit>

�x
j

<latexit sha1_base64="by7FbfK25o01HShVinrYLmLpGaw=">AAAB8XicbVDLTsMwENyUVymvAkcuFhUSpypBvI4VXDgWiT5EGyrHdVpT24lsBymK+hdcOIAQV/6GG3+D2+YALSOtNJrZ1e5OEHOmjet+O4Wl5ZXVteJ6aWNza3unvLvX1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsYXU/81hNVmkXyzqQx9QUeSBYygo2V7ruaDQTuPT6kvXLFrbpToEXi5aQCOeq98le3H5FEUGkIx1p3PDc2foaVYYTTcambaBpjMsID2rFUYkG1n00vHqMjq/RRGClb0qCp+nsiw0LrVAS2U2Az1PPeRPzP6yQmvPQzJuPEUElmi8KEIxOhyfuozxQlhqeWYKKYvRWRIVaYGBtSyYbgzb+8SJonVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGkBAwjO8wpujnRfn3fmYtRacfGYf/sD5/AG2E5D1</latexit>

�y
j

In both cases boundary defects cost energy. 
Boundary modes are gapped. 

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

[Bulmash & Iadecola, PRB (2019); Manoj et al., SciPost (2021); Luo, Spieler, Sun & Karch, PRB (2022)]

[Fontana & RP, arXiv (2022)]



Boundary processes
Dipoles can be converted into boundary fracton:

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="e8fkDqFgPbc9g0q0C8PK/5tGHTM=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPQ0+Wid5CvHiMYBZIhtDT6SRNeha7a8Qw5Ce8eFDEq7/jzb+xswgq+qDg8V4VVfX8WAoNhHxYK6tr6xubma3s9s7u3n7u4LCpo0Qx3mCRjFTbp5pLEfIGCJC8HStOA1/ylj++nPmtO660iMIbmMTcC+gwFAPBKBip3QV+D2lt2svliU0unGKpjIntum6hUjKEFAuk4GLHJnPk0RL1Xu69249YEvAQmKRadxwSg5dSBYJJPs12E81jysZ0yDuGhjTg2kvn907xqVH6eBApUyHgufp9IqWB1pPAN50BhZH+7c3Ev7xOAoNzLxVhnAAP2WLRIJEYIjx7HveF4gzkxBDKlDC3YjaiijIwEWVNCF+f4v9Js2A7rl2+LuWrtWUcGXSMTtAZclAFVdEVqqMGYkiiB/SEnq1b69F6sV4XrSvWcuYI/YD19gm3t5Bx</latexit>

B
<latexit sha1_base64="iWclBtH9LIC4qcTiy3mLt8Aj3ck=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmZikkluwVw8RjALJEPo6fQkTXoWu2vEMOQnvHhQxKu/482/sbMIKvqg4PFeFVX1vFhwBZb1YWTW1jc2t7LbuZ3dvf2D/OFRW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1v0pj7nTsmFY/CG5jGzA3IKOQ+pwS01O0Du4e0MRvkC5Zp2xdlp4Qts1K1nGpNk1rFKRYdbJvWAgW0QnOQf+8PI5oELAQqiFI924rBTYkETgWb5fqJYjGhEzJiPU1DEjDlpot7Z/hMK0PsR1JXCHihfp9ISaDUNPB0Z0BgrH57c/Evr5eAX3VTHsYJsJAuF/mJwBDh+fN4yCWjIKaaECq5vhXTMZGEgo4op0P4+hT/T9pF066Y5etSoX65iiOLTtApOkc2clAdXaEmaiGKBHpAT+jZuDUejRfjddmaMVYzx+gHjLdP3h6QjA==</latexit>

C <latexit sha1_base64="5Vq8xub59zIT1lAGbfhS+9zd/zI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZySQZMju7zPQKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328ktLa+sruXXCxubW9s7xd29uokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1geDPxG49cGxGpBxzF3A9pX4meYBStdP905XaKJbfsTkEWiZeREmSodopf7W7EkpArZJIa0/LcGP2UahRM8nGhnRgeUzakfd6yVNGQGz+dnjomR1bpkl6kbSkkU/X3REpDY0ZhYDtDigMz703E/7xWgr1LPxUqTpArNlvUSyTBiEz+Jl2hOUM5soQyLeythA2opgxtOgUbgjf/8iKpn5S98/LZ3Wmpcp3FkYcDOIRj8OACKnALVagBgz48wyu8OdJ5cd6dj1lrzslm9uEPnM8f3L+NiQ==</latexit>
z = 0

<latexit sha1_base64="eRZE0uCYBfjtvTukKrinFtAawhA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tem7Sy09UDgcM695J4TxIJr47rfztLyyuraem4jv7m1vbNb2Nuv6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4O/EbT6g0j+SDGcXoh7QveY8zaqz0WApO2UnbRCToFIpu2Z2CLBIvI0XIUO0UvtrdiCUhSsME1brlubHxU6oMZwLH+XaiMaZsSPvYslTSELWfTi8ek2OrdEkvUvZJQ6bq742UhlqPwsBOhtQM9Lw3Ef/zWonpXfspl3FiULLZR71EEBtxEp90uUJmxMgSyhS3txI2oIoyY0vK2xK8+ciLpH5W9i7LF/fnxcpNVkcODuEISuDBFVTgDqpQAwYSnuEV3hztvDjvzsdsdMnJdg7gD5zPHx1gj+s=</latexit>

(b, c) ! b
<latexit sha1_base64="XuvL1AJ6gN6HHZLbkV9WF5ypbHk=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWTStA3NZIbkjlCG/oUbF4q49W/c+Tem7Sy09UDgcM695J4TxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD24nfeOLaiEg94Cjmfkj7SvQEo2ilx1Jwyk7aGBHWKRTdsjsFWSReRoqQodopfLW7EUtCrpBJakzLc2P0U6pRMMnH+XZieEzZkPZ5y1JFQ278dHrxmBxbpUt6kbZPIZmqvzdSGhozCgM7GVIcmHlvIv7ntRLsXfupUHGCXLHZR71EEhtxEp90heYM5cgSyrSwtxI2oJoytCXlbQnefORFUj8re5fli/vzYuUmqyMHh3AEJfDgCipwB1WoAQMFz/AKb45xXpx352M2uuRkOwfwB87nDx7kj+w=</latexit>

(b, c) ! c

Allowed processes depend on the parity of boundary plane coordinate z.

<latexit sha1_base64="wle1mS8bk2lZ5891fY0Ksqs+h7s=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAgVpCTia1l047KCfWAbys1k0g6dTMLMRCihf+HGhSJu/Rt3/o3TNgttPTBwOOde5p7jJ5wp7Tjf1tLyyuraemGjuLm1vbNb2ttvqjiVhDZIzGPZ9lFRzgRtaKY5bSeSYuRz2vKHtxO/9USlYrF40KOEehH2BQsZQW2kxwqeBiddHdvYK5WdqjOFvUjcnJQhR71X+uoGMUkjKjThqFTHdRLtZSg1I5yOi91U0QTJEPu0Y6jAiCovm148to+NEthhLM0T2p6qvzcyjJQaRb6ZjFAP1Lw3Ef/zOqkOr72MiSTVVJDZR2HKbRNxEt8OmKRE85EhSCQzt9pkgBKJNiUVTQnufORF0jyrupfVi/vzcu0mr6MAh3AEFXDhCmpwB3VoAAEBz/AKb5ayXqx362M2umTlOwfwB9bnDxvaj+o=</latexit>

(a, d) ! a
<latexit sha1_base64="9pkVoVFWD+y54ksG1FnnK/7t8ZA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWQymTY0kwxJRihD/8KNC0Xc+jfu/BvTdhbaeiBwOOdecs8JEs60cd1vZ2l5ZXVtvbBR3Nza3tkt7e03tUwVoQ0iuVTtAGvKmaANwwyn7URRHAectoLh7cRvPVGlmRQPZpRQP8Z9wSJGsLHSYwWfhiddI1HYK5XdqjsFWiReTsqQo94rfXVDSdKYCkM41rrjuYnxM6wMI5yOi91U0wSTIe7TjqUCx1T72fTiMTq2SogiqewTBk3V3xsZjrUexYGdjLEZ6HlvIv7ndVITXfsZE0lqqCCzj6KUIxtxEh+FTFFi+MgSTBSztyIywAoTY0sq2hK8+ciLpHlW9S6rF/fn5dpNXkcBDuEIKuDBFdTgDurQAAICnuEV3hztvDjvzsdsdMnJdw7gD5zPHyBmj+0=</latexit>

(a, d) ! d



Boundary processes
Dipoles can be converted into boundary fracton:

<latexit sha1_base64="e8fkDqFgPbc9g0q0C8PK/5tGHTM=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPQ0+Wid5CvHiMYBZIhtDT6SRNeha7a8Qw5Ce8eFDEq7/jzb+xswgq+qDg8V4VVfX8WAoNhHxYK6tr6xubma3s9s7u3n7u4LCpo0Qx3mCRjFTbp5pLEfIGCJC8HStOA1/ylj++nPmtO660iMIbmMTcC+gwFAPBKBip3QV+D2lt2svliU0unGKpjIntum6hUjKEFAuk4GLHJnPk0RL1Xu69249YEvAQmKRadxwSg5dSBYJJPs12E81jysZ0yDuGhjTg2kvn907xqVH6eBApUyHgufp9IqWB1pPAN50BhZH+7c3Ev7xOAoNzLxVhnAAP2WLRIJEYIjx7HveF4gzkxBDKlDC3YjaiijIwEWVNCF+f4v9Js2A7rl2+LuWrtWUcGXSMTtAZclAFVdEVqqMGYkiiB/SEnq1b69F6sV4XrSvWcuYI/YD19gm3t5Bx</latexit>

B
<latexit sha1_base64="iWclBtH9LIC4qcTiy3mLt8Aj3ck=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmZikkluwVw8RjALJEPo6fQkTXoWu2vEMOQnvHhQxKu/482/sbMIKvqg4PFeFVX1vFhwBZb1YWTW1jc2t7LbuZ3dvf2D/OFRW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1v0pj7nTsmFY/CG5jGzA3IKOQ+pwS01O0Du4e0MRvkC5Zp2xdlp4Qts1K1nGpNk1rFKRYdbJvWAgW0QnOQf+8PI5oELAQqiFI924rBTYkETgWb5fqJYjGhEzJiPU1DEjDlpot7Z/hMK0PsR1JXCHihfp9ISaDUNPB0Z0BgrH57c/Evr5eAX3VTHsYJsJAuF/mJwBDh+fN4yCWjIKaaECq5vhXTMZGEgo4op0P4+hT/T9pF066Y5etSoX65iiOLTtApOkc2clAdXaEmaiGKBHpAT+jZuDUejRfjddmaMVYzx+gHjLdP3h6QjA==</latexit>

C

<latexit sha1_base64="eRZE0uCYBfjtvTukKrinFtAawhA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tem7Sy09UDgcM695J4TxIJr47rfztLyyuraem4jv7m1vbNb2Nuv6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4O/EbT6g0j+SDGcXoh7QveY8zaqz0WApO2UnbRCToFIpu2Z2CLBIvI0XIUO0UvtrdiCUhSsME1brlubHxU6oMZwLH+XaiMaZsSPvYslTSELWfTi8ek2OrdEkvUvZJQ6bq742UhlqPwsBOhtQM9Lw3Ef/zWonpXfspl3FiULLZR71EEBtxEp90uUJmxMgSyhS3txI2oIoyY0vK2xK8+ciLpH5W9i7LF/fnxcpNVkcODuEISuDBFVTgDqpQAwYSnuEV3hztvDjvzsdsdMnJdg7gD5zPHx1gj+s=</latexit>

(b, c) ! b
<latexit sha1_base64="XuvL1AJ6gN6HHZLbkV9WF5ypbHk=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWTStA3NZIbkjlCG/oUbF4q49W/c+Tem7Sy09UDgcM695J4TxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD24nfeOLaiEg94Cjmfkj7SvQEo2ilx1Jwyk7aGBHWKRTdsjsFWSReRoqQodopfLW7EUtCrpBJakzLc2P0U6pRMMnH+XZieEzZkPZ5y1JFQ278dHrxmBxbpUt6kbZPIZmqvzdSGhozCgM7GVIcmHlvIv7ntRLsXfupUHGCXLHZR71EEhtxEp90heYM5cgSyrSwtxI2oJoytCXlbQnefORFUj8re5fli/vzYuUmqyMHh3AEJfDgCipwB1WoAQMFz/AKb45xXpx352M2uuRkOwfwB87nDx7kj+w=</latexit>

(b, c) ! c

Allowed processes depend on the parity of boundary plane coordinate z.

<latexit sha1_base64="wle1mS8bk2lZ5891fY0Ksqs+h7s=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAgVpCTia1l047KCfWAbys1k0g6dTMLMRCihf+HGhSJu/Rt3/o3TNgttPTBwOOde5p7jJ5wp7Tjf1tLyyuraemGjuLm1vbNb2ttvqjiVhDZIzGPZ9lFRzgRtaKY5bSeSYuRz2vKHtxO/9USlYrF40KOEehH2BQsZQW2kxwqeBiddHdvYK5WdqjOFvUjcnJQhR71X+uoGMUkjKjThqFTHdRLtZSg1I5yOi91U0QTJEPu0Y6jAiCovm148to+NEthhLM0T2p6qvzcyjJQaRb6ZjFAP1Lw3Ef/zOqkOr72MiSTVVJDZR2HKbRNxEt8OmKRE85EhSCQzt9pkgBKJNiUVTQnufORF0jyrupfVi/vzcu0mr6MAh3AEFXDhCmpwB3VoAAEBz/AKb5ayXqx362M2umTlOwfwB9bnDxvaj+o=</latexit>

(a, d) ! a
<latexit sha1_base64="9pkVoVFWD+y54ksG1FnnK/7t8ZA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRX8uiG5cV7APboWQymTY0kwxJRihD/8KNC0Xc+jfu/BvTdhbaeiBwOOdecs8JEs60cd1vZ2l5ZXVtvbBR3Nza3tkt7e03tUwVoQ0iuVTtAGvKmaANwwyn7URRHAectoLh7cRvPVGlmRQPZpRQP8Z9wSJGsLHSYwWfhiddI1HYK5XdqjsFWiReTsqQo94rfXVDSdKYCkM41rrjuYnxM6wMI5yOi91U0wSTIe7TjqUCx1T72fTiMTq2SogiqewTBk3V3xsZjrUexYGdjLEZ6HlvIv7ndVITXfsZE0lqqCCzj6KUIxtxEh+FTFFi+MgSTBSztyIywAoTY0sq2hK8+ciLpHlW9S6rF/fn5dpNXkcBDuEIKuDBFdTgDurQAAICnuEV3hztvDjvzsdsdMnJdw7gD5zPHyBmj+0=</latexit>

(a, d) ! d

<latexit sha1_base64="+h7kAEqYBLzhbMoLxWTkiPVWRm0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbArvi5C0IvHCOYByRJmJ7PJkJnZZWZWiEt+wYsHRbz6Q978G2eTPWhiQUNR1U13VxBzpo3rfjuFpeWV1bXiemljc2t7p7y719RRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1mfuuRKs0i+WDGMfUFHkgWMoJNJj1dn3i9csWtulOgReLlpAI56r3yV7cfkURQaQjHWnc8NzZ+ipVhhNNJqZtoGmMywgPasVRiQbWfTm+doCOr9FEYKVvSoKn6eyLFQuuxCGynwGao571M/M/rJCa88lMm48RQSWaLwoQjE6HscdRnihLDx5Zgopi9FZEhVpgYG0/JhuDNv7xImqdV76J6fn9Wqd3kcRThAA7hGDy4hBrcQR0aQGAIz/AKb45wXpx352PWWnDymX34A+fzB0hSjcE=</latexit>

z = �1

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z



Effective field theory in the bulk
Write spin operators in terms of two bosonic fields. Ground state subspace 
described by effective Chern-Simons-like action with higher derivatives: 

Add layer index l = 1,2 for (001) planes with odd/even z.

<latexit sha1_base64="dNfw4s/1urzQlQ4aUYFzYXPZ3Pc=">AAACIHicbVDLSsNAFJ34Nr6qLt0MFkUXlkR8bYSiG8FNBatCU8pketMOnUzCzI1QQj/Fjb/ixoUiutOvcVqz8HXgwuGce2fuPWEqhUHPe3fGxicmp6ZnZt25+YXFpdLyypVJMs2hzhOZ6JuQGZBCQR0FSrhJNbA4lHAd9k6H/vUtaCMSdYn9FJox6ygRCc7QSq3S4flxICHCrSCEjlA505r1BznnA2/TDwJ3x9/0AlDtwqBuoEWni9utUtmreCPQv8QvSJkUqLVKb0E74VkMCrlkxjR8L8WmfRYFlzBwg8xAyniPdaBhqWIxmGY+OnBAN6zSplGibSmkI/X7RM5iY/pxaDtjhl3z2xuK/3mNDKOjZi5UmiEo/vVRlEmKCR2mRdtCA0fZt4RxLeyulHeZZhxtpq4Nwf998l9ytVvxDyr7F3vl6kkRxwxZI+tki/jkkFTJGamROuHkjjyQJ/Ls3DuPzovz+tU65hQzq+QHnI9P+V2iPA==</latexit>

K =

✓
0 1
�1 0

◆
<latexit sha1_base64="FjTYgRTt4zmaE+GcS50XowoiXdU=">AAACBnicbVDLSgMxFM34rPU16lKEYBHcWGaKr41Q1IXLCvYB7XTIpJk2NJMZkoxYh67c+CtuXCji1m9w59+YaQfR1gOBk3Puvck9XsSoVJb1ZczMzs0vLOaW8ssrq2vr5sZmTYaxwKSKQxaKhockYZSTqqKKkUYkCAo8Rupe/yL167dESBryGzWIiBOgLqc+xUhpyTV3Ll37rBUhoShi7l27dPBzuW+XXLNgFa0R4DSxM1IAGSqu+dnqhDgOCFeYISmbthUpJ0knYkaG+VYsSYRwH3VJU1OOAiKdZLTGEO5ppQP9UOjDFRypvzsSFEg5CDxdGSDVk5NeKv7nNWPlnzoJ5VGsCMfjh/yYQRXCNBPYoYJgxQaaICyo/ivEPSQQVjq5vA7Bnlx5mtRKRfu4eHR9WCifZ3HkwDbYBfvABiegDK5ABVQBBg/gCbyAV+PReDbejPdx6YyR9WyBPzA+vgFl8Zh3</latexit>

D1 = @2
x � @2

z

<latexit sha1_base64="R8eDh8N2WBmNhEspv50RpTLlIyM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgxjIz+NoIRV24rGAf0E6HTJppQzMPkowwDl258VfcuFDErd/gzr8x0w6irQcCJ+fce5N73IhRIQ3jSyvMzS8sLhWXSyura+sb+uZWQ4Qxx6SOQxbylosEYTQgdUklI62IE+S7jDTd4WXmN+8IFzQMbmUSEdtH/YB6FCOpJEffvXKs806EuKSIOUnXOvy53HctRy8bFWMMOEvMnJRBjpqjf3Z6IY59EkjMkBBt04iknWYTMSOjUicWJEJ4iPqkrWiAfCLsdLzGCO4rpQe9kKsTSDhWf3ekyBci8V1V6SM5ENNeJv7ntWPpndkpDaJYkgBPHvJiBmUIs0xgj3KCJUsUQZhT9VeIB4gjLFVyJRWCOb3yLGlYFfOkcnxzVK5e5HEUwQ7YAwfABKegCq5BDdQBBg/gCbyAV+1Re9betPdJaUHLe7bBH2gf32kimHk=</latexit>

D2 = @2
y � @2

z

[Fontana, Gomes & Chamon, SciPost (2021)]

Gauge invariance:
<latexit sha1_base64="DOo3Z06S4/VjHZv1j4WGozg6RD0=">AAACInicbVDLSgMxFM34tr6qLt0Ei6AoZUZ87nwtXCpYFTq13EnTNjSTGZM7Sh36LW78FTcuFHUl+DGmdRBfBwKHc87l5p4glsKg6745ff0Dg0PDI6O5sfGJyan89MypiRLNeIlFMtLnARguheIlFCj5eaw5hIHkZ0Frv+ufXXFtRKROsB3zSggNJeqCAVqpmt/evUgX5VKnqnwtGk0EraNr+iXSZd9cakyh46/QAxu64QiZmS+4RbcH+pd4GSmQDEfV/Itfi1gScoVMgjFlz42xkoJGwSTv5PzE8BhYCxq8bKmCkJtK2juxQxesUqP1SNunkPbU7xMphMa0w8AmQ8Cm+e11xf+8coL1rUoqVJwgV+xzUT2RFCPa7YvWhOYMZdsSYFrYv1LWBA0Mbas5W4L3++S/5HS16G0U14/XCjt7WR0jZI7Mk0XikU2yQw7JESkRRm7JPXkkT86d8+A8O6+f0T4nm5klP+C8fwBrU6Oc</latexit>

A(l)
n ! A(l)

n +
p
aDn⇣

(l)
<latexit sha1_base64="blBsG6pYuUr29L6wY1gHrOgO0Vw=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AoZUZ8LatuXFawD+jUcidN22DmYXJHqUN/x42/4kZBUbf+iGk7iFYPBA7nnJvkHi+SQqNtv1tj4xOTU9Mzs5m5+YXFpezySlmHsWK8xEIZqqoHmksR8BIKlLwaKQ6+J3nFuzrt+5UbrrQIgwvsRrzuQzsQLcEAjdTIFo4vk0251WvYrhLtDoJS4S39Fum2q68VJtBzd6gbgUIBsoHuHUdIM9mcnbcHoH+Jk5IcSVFsZJ/dZshinwfIJGhdc+wI60n/aiZ5L+PGmkfArqDNa4YG4HNdTwab9uiGUZq0FSpzAqQD9edEAr7WXd8zSR+wo0e9vvifV4uxdVRPRBDFyAM2fKgVS4oh7ddGm0JxhrJrCDAlzF8p64AChqbcjCnBGV35Lynv5p2D/P75Xq5wktYxQ9bIOtkkDjkkBXJGiqREGLknj+SFvFoP1pP1Zn0Mo2NWOrNKfsH6/ALcTaZx</latexit>

A(l)
0 ! A(l)

0 +
p
a @t⇣

(l)

<latexit sha1_base64="bieYTMiPTNrzo5A8XWILe+nbnIY="></latexit>

S =
X

l=1,2

X

m,n=1,2

Z
d3r dt

✓
1

2⇡
Kmn A

(l)
m @t A

(l)
n +

1

⇡
A(l)

0 Kmn Dm A(l)
n

◆



Boundary theory
Analogy with QHE: gauge invariance requires physical 
degrees of freedom at the boundary. Write gauge fields 
as derivatives of two-component bosonic field.

<latexit sha1_base64="NYYqEUygC8HUJwpf5pUJsoYMMfw=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQNyWR+lhW3airCvYBbSyT6aQdOpmEmYlQQn7DjQtF3Poz7vwbp20W2nrgwuGce7n3Hi/iTGnb/rZyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3Q98VtPVCoWigc9jqgb4IFgPiNYG6l72Utu79LHpMyP016xZFfsKdAicTJSggz1XvGr2w9JHFChCcdKdRw70m6CpWaE07TQjRWNMBnhAe0YKnBAlZtMb07RkVH6yA+lKaHRVP09keBAqXHgmc4A66Ga9ybif14n1v6FmzARxZoKMlvkxxzpEE0CQH0mKdF8bAgmkplbERliiYk2MRVMCM78y4ukeVJxziqn99VS7SqLIw8HcAhlcOAcanADdWgAgQie4RXerNh6sd6tj1lrzspm9uEPrM8fT46ROg==</latexit>

A(l)
IJ

<latexit sha1_base64="dAzGGPEs69EBkwc2UtzcS1HODT8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDJppg1NMiHJFMrQr3DjQhG3fo47/8a0nYVWD1w4nHMv994TKc6M9f0vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7cxvjak2LJEPdqJoKPBAspgRbJ302B1jrYasx3vlil/150B/SZCTCuSo98qf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjND56iE6f0UZxoV9KiufpzIsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboNn3qM80JZZPHMFEM3crIkOsMbEuo5ILIVh++S9pnlWDy+rF/XmldpPHUYQjOIZTCOAKanAHdWgAAQFP8AKvnvaevTfvfdFa8PKZQ/gF7+MbAmGQjw==</latexit>'l

<latexit sha1_base64="Te5lnddVpjcgsWu1oq1Kq2GBSoA=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgVpCTiayPUx0JdVbAPaGKYTCft0MnDmUmhhHyCG3/FjQtF3Lp05984bbPQ1gMXDufcy733uBGjQhrGtzY1PTM7N59byC8uLa+s6mvrNRHGHJMqDlnIGy4ShNGAVCWVjDQiTpDvMlJ3uxcDv94jXNAwuJP9iNg+agfUoxhJJTn6zpmTXN+k90mR7aanlnjgMkGptQcvh7rVQzzqUIc5esEoGUPASWJmpAAyVBz9y2qFOPZJIDFDQjRNI5J2grikmJE0b8WCRAh3UZs0FQ2QT4SdDB9K4bZSWtALuapAwqH6eyJBvhB931WdPpIdMe4NxP+8Ziy9EzuhQRRLEuDRIi9mUIZwkA5sUU6wZH1FEOZU3QpxB3GEpcowr0Iwx1+eJLX9knlUOrw9KJTPszhyYBNsgSIwwTEogytQAVWAwSN4Bq/gTXvSXrR37WPUOqVlMxvgD7TPHzfYnLw=</latexit>

A(l)
IJ =

p
aDIJ'l

<latexit sha1_base64="NTQmYvLZrimMfBHEsNxdwtULML4="></latexit>

['l(r), Dxy'l0(r
0)] = i⇡(K�1)ll0�(r� r0)

<latexit sha1_base64="x8HvHvM38hUBnBDgVd4DNGM9c+M="></latexit>

Sbd =
1

2⇡

Z
d2r dt (Kll0 'l@tDxy'l0 �Mll0Dxy'lDxy'l0)

<latexit sha1_base64="uDSUNNpGmenw2YSciEDnjgJmp1I=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAR3FiS4msjFN24rGAf0KRhMp20Q2eSMDMRQ1o3/oobF4q49S/c+TdO2yy09cCFwzn3cu89XsSoVKb5beQWFpeWV/KrhbX1jc2t4vZOQ4axwKSOQxaKlockYTQgdUUVI61IEMQ9Rpre4HrsN++JkDQM7lQSEYejXkB9ipHSklvcs0NOeujS5jEcDtyHTuV44CadytAtlsyyOQGcJ1ZGSiBDzS1+2d0Qx5wECjMkZdsyI+WkSCiKGRkV7FiSCOEB6pG2pgHiRDrp5IMRPNRKF/qh0BUoOFF/T6SIS5lwT3dypPpy1huL/3ntWPkXTkqDKFYkwNNFfsygCuE4DtilgmDFEk0QFlTfCnEfCYSVDq2gQ7BmX54njUrZOiuf3p6UqldZHHmwDw7AEbDAOaiCG1ADdYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPuPGWbw==</latexit>

! = µ|k2x � k2y|
<latexit sha1_base64="EZDVFIYOEhLODMrngTOEty0WaFo=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCvIQZcbsIQS9ehAhmgUwIPZ1K0qRnsbtGDEPw4q948aCIV7/Cm39jZzlo4oOCx3tVVNXzIik02va3lZqbX1hcSi9nVlbX1jeym1sVHcaKQ5mHMlQ1j2mQIoAyCpRQixQw35NQ9XqXQ796D0qLMLjFfgQNn3UC0RacoZGa2R3Xj+m5q+8UJi7CAyYtwEH++mDQzObsgj0CnSXOhOTIBKVm9stthTz2IUAumdZ1x46wkTCFgksYZNxYQ8R4j3WgbmjAfNCNZPTCgO4bpUXboTIVIB2pvycS5mvd9z3T6TPs6mlvKP7n1WNsnzUSEUQxQsDHi9qxpBjSYR60JRRwlH1DGFfC3Ep5lynG0aSWMSE40y/PksphwTkpHN8c5YoXkzjSZJfskTxxyCkpkitSImXCySN5Jq/kzXqyXqx362PcmrImM9vkD6zPH0Pnl1w=</latexit>

µ =
p
det(M)

Boundary modes are gapless.  Dispersion has signature 
of UV-IR mixing. 

<latexit sha1_base64="4D3A8xvzrqHqCKwSW35BkheToQ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJioUoqXgtSBQyMRaIPqU0jx3Vbq44T2Q5qFHVl4VdYGECIlT9g429w2ghBy5EsHZ9z77Xv8UJGpbKsLyO3sLi0vJJfLaytb2xumds7dRlEApMaDlggmh6ShFFOaooqRpqhIMj3GGl4w6vUb9wTIWnA71QcEsdHfU57FCOlJdeE124yiscX7RAJRRFzR53y0c8l7pRds2iVrAngPLEzUgQZqq752e4GOPIJV5ghKVu2FSonSSdiRsaFdiRJiPAQ9UlLU458Ip1ksskYHmilC3uB0IcrOFF/dyTIlzL2PV3pIzWQs14q/ue1ItU7dxLKw0gRjqcP9SIGVQDTWGCXCoIVizVBWFD9V4gHSCCsdHgFHYI9u/I8qZdL9mnp5Pa4WLnM4siDPbAPDoENzkAF3IAqqAEMHsATeAGvxqPxbLwZ79PSnJH17II/MD6+AaCimkw=</latexit>

Dxy = @2
x � @2

y

[Fontana & RP, arXiv (2022)]



Charged operators: 

Generalized neutrality condition:

Symmetries and charged operators
Conserved charges:

<latexit sha1_base64="+1icwTxoSS1aY1PC3ozIW6/28CM="></latexit>

Ql =
1

⇡

Z
dxdyKll0Dxy'l0

<latexit sha1_base64="68Qf6tkLgTBOYvdCmuoM8ZSyO08="></latexit>*
Y

↵

eiq
↵
l 'l(r↵)

+
6= 0

<latexit sha1_base64="r4OOPpKxsfCXBgVDfQeP4ZhaPow="></latexit>

 †
q(r+ �) q(r) ⇠ e�iql�·r'l(r)Dipoles created by exponentials of derivatives:

<latexit sha1_base64="mr5JduvgBgOxXVyAPdNVgQ447Co=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAILdWSFG/LohuXFewFmlAm00k7dDIJM5NiCH0PN76KGxeKuBJc+DZO2ixs6w8DH/85hzPnd0NKhDTNHy23srq2vpHfLGxt7+zu6fsHLRFEHOEmCmjAOy4UmBKGm5JIijshx9B3KW67o9u03h5jLkjAHmQcYseHA0Y8gqBUVk+v2WPIwyHp0dLjaVy2ZWDMOxUvhYqCQQpncbmnF82qOZWxDFYGRZCp0dO/7H6AIh8ziSgUomuZoXQSyCVBFE8KdiRwCNEIDnBXIYM+Fk4yvW1inCinb3gBV49JY+r+nUigL0Tsu6rTh3IoFmup+V+tG0nv2kkICyOJGZot8iJqqATSoIw+4RhJGiuAiBP1VwMNIYdIqjgLKgRr8eRlaNWq1mX14v68WL/J4siDI3AMSsACV6AO7kADNAECT+AFvIF37Vl71T60z1lrTstmDsGctO9flOWf2w==</latexit>

'l(x, y) ! 'l(x, y) + fl(x+ y) + gl(x� y)

Boundary action has U(1) subsystem symmetries:

<latexit sha1_base64="gIyAFWOP+iI4nhi91e6SbJttjmo=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU0lMl00g6dTMLMjVBKP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht7nffuLaiEQ94DjlQUwHSkSCUbSS340pDsOI6J7Xq9bcujsDWSZeQWpQoNmrfnX7CctirpBJaozvuSkGE6pRMMmnlW5meErZiA64b6miMTfBZBZ5Sk6s0idRou1TSGbq740JjY0Zx6GdzCOaRS8X//P8DKPrYCJUmiFXbP5RlEmCCcnvJ32hOUM5toQyLWxWwoZUU4a2pYotwVs8eZk8ntW9y/rF/XmtcVPUUYYjOIZT8OAKGnAHTWgBgwSe4RXeHHRenHfnYz5acoqdQ/gD5/MHsjqQ4g==</latexit>r1

<latexit sha1_base64="TJNAfRgUvFgk/ahgpvOYc48OCJY=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AOmQ8mkmTY0kwxJRihDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJXe53n6jSTIpHM01oEOORYBEj2FjJ78fYjMMIqUFjUK25dXcOtEq8gtSgQGtQ/eoPJUljKgzhWGvfcxMTZFgZRjidVfqppgkmEzyivqUCx1QH2TzyDJ1ZZYgiqewTBs3V3xsZjrWexqGdzCPqZS8X//P81EQ3QcZEkhoqyOKjKOXISJTfj4ZMUWL41BJMFLNZERljhYmxLVVsCd7yyauk06h7V/XLh4ta87aoowwncArn4ME1NOEeWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPs76Q4w==</latexit>r2

<latexit sha1_base64="u8FaqpTIHPEDCWa5Qdxog4oiUpo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgHzAdSibNtKGZZEgyQhn6GW5cKOLWr3Hn35hpZ6GtBwKHc+4l554w4Uwb1/12Siura+sb5c3K1vbO7l51/6CtZaoIbRHJpeqGWFPOBG0ZZjjtJoriOOS0E47vcr/zRJVmUjyaSUKDGA8FixjBxkp+L8ZmFEZI9c/71Zpbd2dAy8QrSA0KNPvVr95AkjSmwhCOtfY9NzFBhpVhhNNppZdqmmAyxkPqWypwTHWQzSJP0YlVBiiSyj5h0Ez9vZHhWOtJHNrJPKJe9HLxP89PTXQTZEwkqaGCzD+KUo6MRPn9aMAUJYZPLMFEMZsVkRFWmBjbUsWW4C2evEzaZ3Xvqn75cFFr3BZ1lOEIjuEUPLiGBtxDE1pAQMIzvMKbY5wX5935mI+WnGLnEP7A+fwBtUKQ5A==</latexit>r3

<latexit sha1_base64="6rVoINSf5lZSESaes95uMNUC/4U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIfSyLblxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nd7nffaJKMykezTShQYxHgkWMYGMlvx9jMw4jpAaNQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxPdBBkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6pfPjRqzduijjKcwCmcgwfX0IR7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/tsaQ5Q==</latexit>r4

<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="FGPAYP3Nk2d8pL8boyx4hj3K0Xg=">AAACIHicbVDLSsNAFJ34rPUVdelmsAh1UxJR67LoxmUF+4Cmhsl00g6dSdKZSaGEfIobf8WNC0V0p1/jpA2irQcGDuecy9x7vIhRqSzr01haXlldWy9sFDe3tnd2zb39pgxjgUkDhywUbQ9JwmhAGooqRtqRIIh7jLS84XXmt8ZESBoGd2oSkS5H/YD6FCOlJdesOnVJ3WSUlh2O1MDzoThxJOWQ3Cd05DLojJGIBtRlPwGdSIuuWbIq1hRwkdg5KYEcddf8cHohjjkJFGZIyo5tRaqbIKEoZiQtOrEkEcJD1CcdTQPEiewm0wNTeKyVHvRDoV+g4FT9PZEgLuWEezqZLSnnvUz8z+vEyr/sJjSIYkUCPPvIjxlUIczagj0qCFZsognCgupdIR4ggbDSnWYl2PMnL5LmacW+qJzfnpVqV3kdBXAIjkAZ2KAKauAG1EEDYPAAnsALeDUejWfjzXifRZeMfOYA/IHx9Q27BqKt</latexit>

 q(r) ⇠ eiql'l(r)
<latexit sha1_base64="zFkK9KongSI3cTzPe8TArZs7OeY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkWoICUpvjZC0Y3LCvYBaQiT6bQdOplJZyZCCf0MNy4UcevXuPNvnLZZaOuBC4dz7uXee8KYUaUd59vKrayurW/kNwtb2zu7e8X9g6YSicSkgQUTsh0iRRjlpKGpZqQdS4KikJFWOLyb+q0nIhUV/FGPY+JHqM9pj2KkjeSNbsqjwD0bBdXToFhyKs4M9jJxM1KCDPWg+NXpCpxEhGvMkFKe68TaT5HUFDMyKXQSRWKEh6hPPEM5iojy09nJE/vEKF27J6Qpru2Z+nsiRZFS4yg0nRHSA7XoTcX/PC/RvWs/pTxONOF4vqiXMFsLe/q/3aWSYM3GhiAsqbnVxgMkEdYmpYIJwV18eZk0qxX3snLxcF6q3WZx5OEIjqEMLlxBDe6hDg3AIOAZXuHN0taL9W59zFtzVjZzCH9gff4Ah/WQIA==</latexit>

q = (q1, q2)
<latexit sha1_base64="+/VZWTJH1r8hFJLYcJ99usP3u4c=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoYEsivjZC0Y3LFuwDkhAm00k7dPLozEQooV/hxl9x40IRt+LOv3HSZqGtBy4czrmXe+/xYkaFNIxvrbC0vLK6VlwvbWxube/ou3ttESUckxaOWMS7HhKE0ZC0JJWMdGNOUOAx0vGGt5nfeSBc0Ci8l+OYOAHqh9SnGEkluXrVarrsxG4I6o4qdoDkwPMhP3auqyOXLciuXjZqxhRwkZg5KYMcDVf/snsRTgISSsyQEJZpxNJJEZcUMzIp2YkgMcJD1CeWoiEKiHDS6VsTeKSUHvQjriqUcKr+nkhRIMQ48FRndqGY9zLxP89KpH/lpDSME0lCPFvkJwzKCGYZwR7lBEs2VgRhTtWtEA8QR1iqJEsqBHP+5UXSPq2ZF7Xz5lm5fpPHUQQH4BBUgAkuQR3cgQZoAQwewTN4BW/ak/aivWsfs9aCls/sgz/QPn8APZ6eLw==</latexit>

[Ql, q(r)] = �ql q(r)

only if       vertices of rectangular membrane.<latexit sha1_base64="SGtRLKEygOiAYfV9N32kE1kmDoA=">AAAB+3icbVDLSsNAFJ34rPVV69LNYBFclUR8LYtuXFawD2hCuJlO2qGTSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXOChDOlbfvbWlldW9/YrGxVt3d29/ZrB/WuilNJaIfEPJb9ABTlTNCOZprTfiIpRAGnvWByW/i9RyoVi8WDnibUi2AkWMgIaCP5tbobgR4HIZZ+5gJPxpD7tYbdtGfAy8QpSQOVaPu1L3cYkzSiQhMOSg0cO9FeBlIzwmledVNFEyATGNGBoQIiqrxslj3HJ0YZ4jCW5gmNZ+rvjQwipaZRYCaLpGrRK8T/vEGqw2svYyJJNRVkfihMOdYxLorAQyYp0XxqCBDJTFZMxiCBaFNX1ZTgLH55mXTPms5l8+L+vNG6KeuooCN0jE6Rg65QC92hNuoggp7QM3pFb1ZuvVjv1sd8dMUqdw7RH1ifPx2flII=</latexit>r↵

<latexit sha1_base64="4D3A8xvzrqHqCKwSW35BkheToQ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJioUoqXgtSBQyMRaIPqU0jx3Vbq44T2Q5qFHVl4VdYGECIlT9g429w2ghBy5EsHZ9z77Xv8UJGpbKsLyO3sLi0vJJfLaytb2xumds7dRlEApMaDlggmh6ShFFOaooqRpqhIMj3GGl4w6vUb9wTIWnA71QcEsdHfU57FCOlJdeE124yiscX7RAJRRFzR53y0c8l7pRds2iVrAngPLEzUgQZqq752e4GOPIJV5ghKVu2FSonSSdiRsaFdiRJiPAQ9UlLU458Ip1ksskYHmilC3uB0IcrOFF/dyTIlzL2PV3pIzWQs14q/ue1ItU7dxLKw0gRjqcP9SIGVQDTWGCXCoIVizVBWFD9V4gHSCCsdHgFHYI9u/I8qZdL9mnp5Pa4WLnM4siDPbAPDoENzkAF3IAqqAEMHsATeAGvxqPxbLwZ79PSnJH17II/MD6+AaCimkw=</latexit>

Dxy = @2
x � @2

y



Boundary condition
To match number of d.o.f. in the boundary theory, we impose that normal 
derivative must be linear combination of bosonic fields:


<latexit sha1_base64="39Ot1swAKsim6TPIR8fhj0iSAvY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0V0ISURX8uiG5cV7AOaEm6mk3bo5MHMpFBDf8KNv+LGhSJuBXf+jZM2grYeGDiccy93zvFizqSyrC+jsLC4tLxSXC2trW9sbpnbOw0ZJYLQOol4JFoeSMpZSOuKKU5bsaAQeJw2vcF15jeHVEgWhXdqFNNOAL2Q+YyA0pJrHoMTg1AMuHuPnSGIuM9c7qgIEzfl/HD8o6Wau2bZqlgT4Hli56SMctRc89PpRiQJaKgIBynbthWrTpodJJyOS04iaQxkAD3a1jSEgMpOOkk1xgda6WI/EvqFCk/U3xspBFKOAk9PBqD6ctbLxP+8dqL8y07KwjhRNCTTQ37CsQ6dVYS7TFCi+EgTIILpv2LSBwFE6SJLugR7NvI8aZxU7PPK2e1puXqV11FEe2gfHSEbXaAqukE1VEcEPaAn9IJejUfj2Xgz3qejBSPf2UV/YHx8A3xDn6k=</latexit>

a@z'l ! cll0'l0

Ribbon operators that extend to the boundary create boundary 
fracton at the end point. 

<latexit sha1_base64="3maPJY59MmjujTGaUufbyJXfsI0="></latexit>

⇠ ei
p
2w[cll0'l0 (r0)+... ]

<latexit sha1_base64="FdieWjuJGnRnCR4bdCVQvyJdBVI="></latexit>

Wl = ei
p
2w[@z'l(r0)+@y'l(r0)]

(coefficients depend on the type of boundary) 


<latexit sha1_base64="FndFtmAOfw9n1Pw6pgDZ9SKowvk="></latexit>

Wl = e
ip
a

H
d⇠1

R ⇠̄1+w

⇠̄1
d⇠̄1 A(l)

2

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="Di9WAwnJzQ6zfXKccjAN6PYQwok=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIbhJIljA76U2GzM4uM7NiWPINXjwo4tUP8ubfOHkcNLGgoajqprsrTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTvzmIyrNE/lgRikGMe1LHnFGjZX8zhPvet1yxa26U5Bl4s1JBeaod8tfnV7CshilYYJq3fbc1AQ5VYYzgeNSJ9OYUjakfWxbKmmMOsinx47JiVV6JEqULWnIVP09kdNY61Ec2s6YmoFe9Cbif147M9F1kHOZZgYlmy2KMkFMQiafkx5XyIwYWUKZ4vZWwgZUUWZsPiUbgrf48jJpnFW9y+rF/XmldjOPowhHcAyn4MEV1OAO6uADAw7P8ApvjnRenHfnY9ZacOYzh/AHzucPhh+Ogw==</latexit>

⇠1

<latexit sha1_base64="VrEFduaiwLvm/U7lw2/ArDOYiaY=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU0lMl00g6dTMLMjVBKP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht7nffuLaiEQ94DjlQUwHSkSCUbSS340pDsOI6J7bq9bcujsDWSZeQWpQoNmrfnX7CctirpBJaozvuSkGE6pRMMmnlW5meErZiA64b6miMTfBZBZ5Sk6s0idRou1TSGbq740JjY0Zx6GdzCOaRS8X//P8DKPrYCJUmiFXbP5RlEmCCcnvJ32hOUM5toQyLWxWwoZUU4a2pYotwVs8eZk8ntW9y/rF/XmtcVPUUYYjOIZT8OAKGnAHTWgBgwSe4RXeHHRenHfnYz5acoqdQ/gD5/MHsLaQ4Q==</latexit>r0

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="v/otaj9mZwzoffGHdYeo3Uy2960=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDC7hNlJbzJkdnaZmRVDyF948aCIV//Gm3/jJNmDJhY0FFXddHeFqeDauO63s7S8srq2Xtgobm5t7+yW9vYbOskUwzpLRKJaIdUouMS64UZgK1VI41BgMxzcTPzmIyrNE3lvhikGMe1JHnFGjZUe/JAq4j/xjtcpld2KOwVZJF5OypCj1il9+d2EZTFKwwTVuu25qQlGVBnOBI6LfqYxpWxAe9i2VNIYdTCaXjwmx1bpkihRtqQhU/X3xIjGWg/j0HbG1PT1vDcR//PamYmughGXaWZQstmiKBPEJGTyPulyhcyIoSWUKW5vJaxPFWXGhlS0IXjzLy+SxmnFu6ic352Vq9d5HAU4hCM4AQ8uoQq3UIM6MJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+ANt/kGY=</latexit>

⇠̄1



How to gap out the boundary modes?

[Eduardo’s “Introduction to bosonization”]

Brazilian Journal of Physics, vol. 33, no. 1, March, 2003 31

(349)

(Here, we finally see where the other indices 1 and 3 have
gone!) Eq. (348) corresponds to a scattering event across
the Fermi surface with an accompanying spin flip and is
called a spin backscattering or simply backscattering term.
Eq. (349), an Umklapp term involving different spins, has an
oscillating factor, but at half-filling in the Hubbard model,
for example, this factor disappears (the factor of two comes
from the spin)

(350)

When bosonized Eqs. (348) and (349) become

(351)

(352)

which are quite similar to (347).
Let us look at the effect of such cosine terms. We fo-

cus on Eq. (347). We saw in Section XIV that the theory
in the absence of this term is described by the Hamiltonians
(211) or (212), where and are canonically conjugate
variables

(353)

We can make the following canonical transformation

(354)

(355)

which leaves (353) unchanged. In this case, the Umklapp
term becomes

(356)

It is known from renormalization group arguments that for
the Umklapp term is irrelevant: its ef-

fect on the low-energy sector is simply to renormalize the
effective parameters and but, other than this, it can be
ignored. However, if , then the Umklapp term is rel-
evant: it is responsible for the opening of a gap in the spec-
trum. In this case, a Luttinger liquid description is no longer
valid. The case (which coincides with the
isotropic Heisenberg model as we saw) is a marginal case.
The most important effect of (356) is the generation of loga-
rithmic corrections to the power laws of the spin correlation
functions [29, 30]. Thus, for the Heisenberg model

(357)

From the exact expression of in terms of of the XXZ
model given in Eq. (287) of Section XV, we can see that

if , and the system is a Luttinger
liquid. For , and (356) opens a gap in the
spectrum. All this is corroborated by the exact solution.

This discussion can be easily generalized to the spinful
case. Indeed, the terms in Eqs. (351) and (352) are relevant
and generate a gap in the spin or charge spectra if or

, respectively. Let us discuss the physics of each of
these cases separately. In a model with on-site interactions
only, the Umklapp term occurs only at half-filling because
of the commensurability condition (350). Then, for repul-
sive interactions ( ), there is a gap in the charge sector.
Indeed, this is observed in the Hubbard model, in which any
finite opens a gap at half-filling [20]. The spin sector re-
mains gapless and is a Luttinger liquid.

On the other hand, spin backscattering (Eq. (351)) is rel-
evant in the negative Hubbard model, which describes
attractive on-site interactions. This is a spin-rotationally in-
variant model, so . Thus, there is a term in
addition to (351). It is fairly easy to show that this kind
of term can be incorporated into a -type interaction by

such that both , and
effectively generating a This is

what is needed for (351) to be relevant and open a spin gap.
Indeed, the negative-U Hubbard model is known to possess
a spin gap at any filling. The charge sector remains gapless
with with dominant superconducting (singlet) corre-
lations. This is the closest to a superconductor we can get in
a one-dimensional system, since true long-range supercon-
ducting order is rigorously forbidden in 1D. There is a par-
ticular case of the sine-Gordon model, the value ,
where one can refermionize the system (i.e., map it back
to a different fermionic system) and solve it exactly [31]!
Because this solution was found by Luther and Emery, this
spin-gapped quasi-superconducting phase is commonly re-
ferred to as the Luther-Emery phase.

A Useful formulas

A.1 Sums in the first Brillouin zone

Perturbations are similar to cosine terms in Luttinger liquid theory. 
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Correlations at weak coupling fixed point
Gapless boundary theory is scale invariant with dynamical exponent z = 2. But 
two-point correlation is (ultra) short-range: 
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E
= 0 (r 6= 0)

Gapless phase is stable. BKT-type transition to non-fractonic phase.  


Same theory appears in 2D model: XY plaquette model for Bose metal.

Dipole correlations can be long range:
<latexit sha1_base64="TEOHxOT8NFgiKG8o8YmmbfAltFU="></latexit>D
eiwql @⇠'l(⇠̄)e�iwql0@⇠'l0 (0)

E
=

✓
1

↵2 + ⇠̄2

◆⌘q

<latexit sha1_base64="zk1uf6DPC8/psdiTP48rgIB1r4g="></latexit>

⌘q =
(w/↵)2

8⇡µ
qlMll0ql0

<latexit sha1_base64="mNvwGv5M2HfwHWBbF6X6aWTB77g=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUnE17LoxmUF+4AmhMl00g6dTOLMpFhKf8WNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeMOVMacf5tlZW19Y3Ngtbxe2d3b19+6DUVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uJ36rSGViiXiQY9S6se4J1jECNZGCuySRxJVeQy4N8Qy7bOAnwZ22ak6M6Bl4uakDDnqgf3ldROSxVRowrFSHddJtT/GUjPC6aToZYqmmAxwj3YMFTimyh/Pbp+gE6N0UZRIU0Kjmfp7YoxjpUZxaDpjrPtq0ZuK/3mdTEfX/piJNNNUkPmiKONIJ2gaBOoySYnmI0MwkczcikgfS0y0iatoQnAXX14mzbOqe1m9uD8v127yOApwBMdQAReuoAZ3UIcGEHiCZ3iFN2tivVjv1se8dcXKZw7hD6zPH8XKlEg=</latexit>

cos(ql'l) irrelevant at weak coupling

[Paramekanti, Balents & Fisher, PRB (2002); Seiberg & Shao, SciPost (2021); You & Moessner, PRB (2022); Grosvenor et al., PRB (2023)]

can be small
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cos(wql@⇠'l) can be relevant



Strong coupling regime
Solvable lattice model is at strong coupling: vanishing dispersion   


Transition between gapped boundaries governed by competition between two 
cosine terms: 


First-order boundary phase transition; mapping to 2D compass model/Xu-
Moore model. 


Weak coupling regime requires perturbations that enhance quantum fluctuations 
and layer mixing at the boundary. 


Outlook: microscopic model for gapless phase? Boundary phase transitions?

<latexit sha1_base64="wLHu2HFji0EoCwe2MQd2GehYIG0=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cIxgSyS5idzCZD5rHM9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHfFqeAWfP/bK62srq1vlDcrW9s7u3vV/YNHqzNDWYtqoU0nJpYJrlgLOAjWSQ0jMhasHY9up377iRnLtXqAccoiSQaKJ5wScFI7lFkI2u9Va37dnwEvk6AgNVSg2at+hX1NM8kUUEGs7QZ+ClFODHAq2KQSZpalhI7IgHUdVUQyG+Wzcyf4xCl9nGjjSgGeqb8nciKtHcvYdUoCQ7voTcX/vG4GyXWUc5VmwBSdL0oygUHj6e+4zw2jIMaOEGq4uxXTITGEgkuo4kIIFl9eJo9n9eCyfnF/XmvcFHGU0RE6RqcoQFeoge5QE7UQRSP0jF7Rm5d6L9679zFvLXnFzCH6A+/zBygWj3c=</latexit>

µ ! 0

<latexit sha1_base64="sYqK4qscn8R0s5sYtpi1Vcg0JE4="></latexit>

�H = �
Z
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[in collaboration with C. Chamon]



Summary
• Fracton phases represent a new type of “topological” order in which 

quasiparticles have restricted mobility.


• The Chamon model has two types of gapped (001) boundaries distinguished 
by broken parity constraints and processes that turn bulk dipoles into 
boundary fractons. 


• Effective field theory predicts more boundary phases. Need better 
understanding of boundary phase transitions.





Conservation laws

Subsystem symmetries: conservation of line/ribbon operators. 

Electric and magnetic fields vanish in the ground state manifold. 
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