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The many-body problem in quantum mechanics
➤ Generic specification of a quantum 

state requires resources exponentially 
large in the number of degrees of 
freedom N


➤ Today's best supercomputers can solve 
the wave equation exactly for systems 
with a maximum of ~45 spins. 


➤ Yet, technologically relevant problems 
in chemistry, condensed matter 
physics, and quantum computing are 
much larger than 45

| i vector with 2N



There is still hope for classical algorithms
➤ Nature is sometimes compassionate: 

amount of information smaller than the 
maximum capacity — problems have 
structure and we exploit it 


➤ Quantum Monte Carlo: stochastic 
exploration of most important regions 
of the gigantic state space. 


➤ Tensor Networks: Exploit the fact that 
quantum states realized in nature have 
little entanglement


➤ Both techniques have led to profound 
implications to our understanding of 
condensed matter systems
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FIGURE 57. Linked vertex storage of the configuration in Fig. 55. In the graphical representation to
the left, constant spin states between operators have been replaced by lines (links) connecting the spins
just before and after the operator acts. The links can be stored in a list X(v), where the four elements
v= 4p+ l, l = 0,1,2,3, correspond to the legs (with the numbering convention shown in Fig. 58) of the
vertex at position p in the sequence SL. For two linked legs v and v′, X(v) = v′ and X(v′) = v.

0 1

2 3

0 1

2 3

0 1

2 3

0 1

2 3

FIGURE 58. Allowed vertices for the isotropic S= 1/2 Heisenberg model. The numbering l = 0,1,2,3
of the vertex legs corresponds to the position v= 4p+ l, in linked-list storage illustrated in Fig. 57.

will continue to use also the open and solid bars in pictures, to indicate diagonal and
off-diagonal vertices, respectively, for added clarity.

For a given position p in the operator sequence SL, the corresponding list element
s(p) tells us the operator type (diagonal or off-diagonal) and the bond b on which it
acts (as explained in Fig. 55). As will become clear below, along with this information,
we only have to store the connectivity of the vertices, not their spin states. The links
allowing us to jump between connected vertex legs are stored as a list X(v), as explained
in Fig. 57. For clarity of the illustration, the one dimensional list has here been arranged
in four columns, with elements labeled v = 4p+ l, corresponding to each type of leg,
l = 0,1,2,3, with the labeling specified in Fig. 58. We will later describe an efficient
way to construct this linked list, given the operator sequence. For now, it is sufficient to
know that for a given operator at location p in the sequence, the position of its l:th leg
in the linked vertex list is v = 4p+ l. This leg is linked to another vertex leg with list
address v′ = X(v). This kind of structure constitutes a doubly-linked (bi-directional) list,
with X [X(v)] = v, in which we can move both “up” and “down”. From a position v in the
list we can extract the corresponding operator location in SL, p = v/4 (its integer part)
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There is still hope for classical algorithms
➤ Enter Machine learning (ML):  ML 

community deals with highly structured 
problems arising in natural datasets. 


➤ Insight: both quantum and ML 
problems have a lot of shared structure 
and symmetry.


➤ What are these commonalities and are 
they important beyond mere 
resemblance?   
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High dimensionality 
• Imagine you have a camera. How many different pictures can a camera take? 


• Consider a simple camera with L x L pixels. The camera is take only take 
binary images — Each pixel can be only 1 or 0 



High dimensionality: building a camera pixel by pixel
➤ The first pixel can be  1 or 0 —>  that is 2 values


➤ The second pixel can be 1 or 0 —> the combinations of the two first pixels is
 : 0 0, 1 0 , 0 1 , 11. 


➤ Now add a third pixel:  0 0 0,   0 0 1, 0 1 0,  1 0 0, 1 1 0, 0 1 1, 1 0 1, 1 1 1. 
That is  possible combinations


➤ 4 pixels —> 0 0 0 0, 0 0 0 1, 0 0 1 0, 0 1 0 0, 1 0 0 0 . .. . there are 
possible combinations


➤ For all of those  pixels we get 


➤ The space of all possible images is exponentially big—same as quantum 
states or the Boltzmann distribution in stat mech. 

4 = 22

8 = 23

16 = 24

L × L N = 2L×L



Take 28 x 28 binary images
➤ Size of state space:  


➤ Bigger than the number of atoms in the known universe. Most images are 
noise —> Probability distributions over the images our brain understands live 
in low-dimensional subspace of these big spaces.

228⇥28 = 1.017458⇥ 10236
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Commonality in some of the mathematical objects 
➤ In unsupervised learning researchers are interested, e.g. in understanding the 

underlying probability of a dataset. For instance images of handwritten digits


➤ What is the probability P(     ) or what is the P(     )
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In ML people study P(image) and in stat mech… 
➤ Boltzmann distribution ➤ Wavefunction

Ψ( )
P (E) =

e�E/kBT

Z
<latexit sha1_base64="f8AiwN1VNczZ/yLGG8oW77Za2QE=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUhTURQTdCqRRcVugL2xgm00k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMXDufcy733eBGjUlnWt7GwuLS8sppby69vbG5tmzu7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w+ux33ogQtKQ19UoIk6A+pz6FCOlJdc8qBWrx/AKdn2BcELukxNYPR26SSWtp2lyl7pmwSpZE8B5YmekADLUXPOr2wtxHBCuMENSdmwrUk6ChKKYkTTfjSWJEB6iPuloylFApJNMHknhkVZ60A+FLq7gRP09kaBAylHg6c4AqYGc9cbif14nVv6lk1AexYpwPF3kxwyqEI5TgT0qCFZspAnCgupbIR4gHYnS2eV1CPbsy/OkeVayrZJ9e14oV7I4cmAfHIIisMEFKIMbUAMNgMEjeAav4M14Ml6Md+Nj2rpgZDN74A+Mzx9sRZha</latexit><latexit sha1_base64="f8AiwN1VNczZ/yLGG8oW77Za2QE=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUhTURQTdCqRRcVugL2xgm00k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMXDufcy733eBGjUlnWt7GwuLS8sppby69vbG5tmzu7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w+ux33ogQtKQ19UoIk6A+pz6FCOlJdc8qBWrx/AKdn2BcELukxNYPR26SSWtp2lyl7pmwSpZE8B5YmekADLUXPOr2wtxHBCuMENSdmwrUk6ChKKYkTTfjSWJEB6iPuloylFApJNMHknhkVZ60A+FLq7gRP09kaBAylHg6c4AqYGc9cbif14nVv6lk1AexYpwPF3kxwyqEI5TgT0qCFZspAnCgupbIR4gHYnS2eV1CPbsy/OkeVayrZJ9e14oV7I4cmAfHIIisMEFKIMbUAMNgMEjeAav4M14Ml6Md+Nj2rpgZDN74A+Mzx9sRZha</latexit><latexit sha1_base64="f8AiwN1VNczZ/yLGG8oW77Za2QE=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUhTURQTdCqRRcVugL2xgm00k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMXDufcy733eBGjUlnWt7GwuLS8sppby69vbG5tmzu7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w+ux33ogQtKQ19UoIk6A+pz6FCOlJdc8qBWrx/AKdn2BcELukxNYPR26SSWtp2lyl7pmwSpZE8B5YmekADLUXPOr2wtxHBCuMENSdmwrUk6ChKKYkTTfjSWJEB6iPuloylFApJNMHknhkVZ60A+FLq7gRP09kaBAylHg6c4AqYGc9cbif14nVv6lk1AexYpwPF3kxwyqEI5TgT0qCFZspAnCgupbIR4gHYnS2eV1CPbsy/OkeVayrZJ9e14oV7I4cmAfHIIisMEFKIMbUAMNgMEjeAav4M14Ml6Md+Nj2rpgZDN74A+Mzx9sRZha</latexit><latexit sha1_base64="f8AiwN1VNczZ/yLGG8oW77Za2QE=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUhTURQTdCqRRcVugL2xgm00k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMXDufcy733eBGjUlnWt7GwuLS8sppby69vbG5tmzu7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w+ux33ogQtKQ19UoIk6A+pz6FCOlJdc8qBWrx/AKdn2BcELukxNYPR26SSWtp2lyl7pmwSpZE8B5YmekADLUXPOr2wtxHBCuMENSdmwrUk6ChKKYkTTfjSWJEB6iPuloylFApJNMHknhkVZ60A+FLq7gRP09kaBAylHg6c4AqYGc9cbif14nVv6lk1AexYpwPF3kxwyqEI5TgT0qCFZspAnCgupbIR4gHYnS2eV1CPbsy/OkeVayrZJ9e14oV7I4cmAfHIIisMEFKIMbUAMNgMEjeAav4M14Ml6Md+Nj2rpgZDN74A+Mzx9sRZha</latexit>

E = �J
X

hi,ji

�i�j

ML and statistical (and quantum) physics are interested in similar high 
dimensional distributions and wavefunctions 

P(    )
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P(    )

https://www.thispersondoesnotexist.com/


 Correlations and symmetries with strikingly similar structure 
➤ Critical correlations:


➤ Natural language and natural images 


➤ Music 


➤ Flocks of animals 


➤ All exhibit power-law decaying 
correlations identical to a (classical or 
quantum) at a critical point


➤ Translational, rotational, reflection, and 
other symmetries— rich  

Pirsa: 16060005 Page 18/49
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Statistical Thermodynamics of Natural Images 
PRL 110, 018701 (2013)

Scale-free correlations in starling flocks. 
PNAS 107 (26) 11865-11870

gives Sð4" 4Þ ¼ 11:154% 0:002 bits, much less than
the 16 bits from random pixels; similarly Sð3" 3Þ ¼
6:580% 0:003< 9 bits. Thus, substantial local structure
remains in the discretized patches.

We test for scaling by analyzing how the distribution of
states in L" L patches evolves when we coarse grain the
images. Following the approach for spin systems [11], we
take the quantized image !ð ~xÞ and create new quantized
images by applying majority rule to the pixels in 3" 3
blocks. This can be iterated and we denote the resulting
distributions of states Pn, where P0 is the distribution
without blocking. Scale invariance implies that the Pn

are the same, independent of n, because the distribution
of states is at a fixed point of this renormalization trans-
formation [8]. In Fig. 1(c) we test this prediction, showing
that scaling is accurately obeyed over four decades in
probability; small deviations are partly due to aliasing
and diminish as we iterate away from single-pixel resolu-
tion. Importantly, this test of scale invariance involves the
full patch distribution, and thus goes beyond the power law
behavior of the spectrum (a second order moment) or the
invariance of distributions of features (e.g., the outputs of
local filters) evaluated at a single point. Similar results hold
for 4" 4 patches.

Each patch of our discrete images is described by a
set of binary variables ~!. We imagine that the distribution
Pð ~!Þ is the Boltzmann distribution for a physical
system at temperature T ¼ 1, with an ‘‘energy’’ function

Eð ~!Þ describing each possible patch, Pð ~!Þ ¼ 1
Z e

&Eð ~!Þ.

Following similar methods from dynamical systems
[12,13], we define the distribution at any temperature T,

PTð ~!Þ '
1

ZðTÞ e
&Eð ~!Þ=T ¼ 1

ZðTÞ ½Pð ~!Þ)
1=T; (1)

where ZðTÞ ¼ P
~!½Pð ~!Þ)1=T . The entropy is SðTÞ ¼

&P
~!PTð ~!Þ logPTð ~!Þ and the heat capacity is given by

the usual thermodynamic relation, CðTÞ ¼ T@SðTÞ=@T.
We also note that the heat capacity is proportional to
the variance in energy or log probability, CðTÞ ¼
h½"Eð ~!Þ)2iT=T2, where h* * *iT denotes an average in the
distribution PTð ~!Þ.
In a system with a critical point, the specific heat

diverges at Tc in the thermodynamic limit, corresponding
here to patches with many pixels. Are there precursors
of this divergence in the small patches that we can accu-
rately sample? Figure 2(a) shows the specific heat for
2" 2, 3" 3, and 4" 4 patches in our image ensemble,
calculated directly from the distributions Pð ~!Þ. Even when
normalized by the number of pixels N ¼ L2 in each patch
(since the heat capacity is extensive), larger patches reveal
a larger specific heat with a clear peak as a function of
temperature, and this peak is shifting toward T ¼ 1.
To calibrate our intuition about the specific heat esti-

mated from small patches, we show analogous computa-
tions on the nearest neighbor ferromagnetic Ising model in
two dimensions, defined by Eð ~!Þ ¼ &J

P
ðijÞ!i!j, whereP

ðijÞ denotes a sum over neighboring pairs of pixels.

Monte Carlo simulations of this model generate binary
‘‘images,’’ and so many of the practical sampling questions
are very similar. In Fig. 2(b) the specific heat again shows
a peak which grows and moves toward the true critical
temperature Tc ¼ 1 for larger patches [14]. Quantitatively
the behavior is less dramatic than in the images, perhaps
because the divergence of the specific heat in the

(a) (b)
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FIG. 1 (color). Natural images and patch scaling. (a) An ex-
ample from the ensemble [9] and after quantizing into two
equally-populated levels (b). Though most intensity information
is lost, the image retains substantial structure. (c) The distribu-
tion of black and white pixels in 3" 3 patches is invariant
to block scaling. We quantify the difference in distributions
through the Jensen-Shannon divergence DJS and find
DJS½P1; P0) ¼ 8:5% 0:1" 10&3 bits while DJS½P2; P1) ¼
3:3% 0:2" 10&3 bits.
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FIG. 2 (color). Diverging specific heats of natural images.
(a) The specific heat C=N constructed from natural images for
L" L patches of linear dimension L ¼ 2, 3, 4 pixels. Away
from the natural operating temperature (T ¼ 1) the distribution
is defined by Eq. (1). The peak in the specific heat near T ¼ 1
suggests that natural images are drawn from a critical ensemble.
(b) As in (a) but constructed from Monte Carlo simulations of an
Ising model with Tc ¼ 1; also shown is the exact behavior in the
thermodynamic limit [28]. Even small patches display hints of
underlying critical behavior.
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What’s learning? 

•  What is learning?  ”The activity or process of gaining knowledge or skill 
by studying, practicing, being taught, or experiencing something.”  
Merriam Webster dictionary


• “A computer program is said to learn from experience E with respect to 
some class of tasks T and performance measure P, if its performance at 
tasks in T, as measured by P, improves with experience E.”  Tom Mitchell 


•



What is machine learning?

•  How can we solve a specific problem?


• We  can write a program that encodes a set of rules that are useful to solve the problem 


• However, In many cases it is very difficult to specify those rules 


‣ Some tasks (vision, speech, NLP) are too complicated to code.


‣ Some systems need to adapt.


‣ Handle noise. 


‣ Solve a differential equation, eg, Schrodinger equation. 


• Instead of explicitly writing a program to solve a specific problem, we typically use examples 
(training data) to train the computer to perform this task (to generalize).  Alternatively we can 
use the differential equation in the solution. 


•



What is machine learning?

•  Learning systems are not directly programmed to solve a problem, instead develop 
own program based on: 


• Examples of how they should behave


• From trial-and-error experience trying to solve the problem


• Different than standard CS:


• Want to implement unknown function, only have access e.g., to sample input-
output pairs (training examples) 


• Learning simply means incorporating information from the training examples into 
the system 


•



What is machine learning? 

• For many problems, it’s difficult to program the correct behaviour by hand:


•  recognizing people and objects


•  understanding human speech


• Machine learning approach: program an algorithm to automatically learn from data, or from 
experience 


• Why might you want to use a learning algorithm? 


• hard to code up a solution by hand (e.g. vision, speech)


• system needs to adapt to a changing environment (e.g. spam detection)


• Want the system to perform better than the human programmers 


• privacy/fairness (e.g. ranking search results) 


•



Examples
Computer vision

• Object detection, semantic 
segmentation, pose estimation


• Autonomous vehicles 


• Analysis of Medical images


• Precision agriculture 


• Face recognition


• Robotics 

arXiv:2001.05566

https://trid.trb.org/view/1678741

https://arxiv.org/abs/2001.05566


Natural language processing

• Branch of computer science, linguistics, and machine learning concerned 
with giving computers the ability to process text and spoken words in a 
similar way humans do it.


• Machine translation


• Speech recognition


• Sentiment analysis


• Automatic summarization of text


• Text to image/video generation



ChatGPT

• ChatGPT is a machine learning 
model which interacts in a 
conversational way


• Dialogue format makes it 
possible for ChatGPT to 
answer followup questions, 
admit its mistakes, challenge 
incorrect premises, and reject 
inappropriate requests.

https://openai.com/blog/chatgpt/



ChatGPT

• People now believe these 
models will likely have 
deep technological, 
educational, and societal 
implications.

https://openai.com/blog/chatgpt/



ChatGPT

https://openai.com/blog/chatgpt/



Examples
Game play

Administration Intro

Examples

Playing Games

DOTA2 - Link

UofT

CSC411-Lec1

Go is known as the most challenging classical game for artificial intelligence 
because of its complexity. https://deepmind.com/research/case-studies/
alphago-the-story-so-far

single system that taught itself from scratch how to master the 
games of chess, shogi (Japanese chess), and Go, beating a world-
champion program in each case.  
https://www.science.org/doi/10.1126/science.aar6404
https://deepmind.com/blog/article/alphazero-shedding-new-light-
grand-games-chess-shogi-and-go

https://deepmind.com/research/case-studies/alphago-the-story-so-far
https://deepmind.com/research/case-studies/alphago-the-story-so-far
https://en.wikipedia.org/wiki/Shogi
https://en.wikipedia.org/wiki/Go_(game)
https://www.science.org/doi/10.1126/science.aar6404
https://deepmind.com/blog/article/alphazero-shedding-new-light-grand-games-chess-shogi-and-go
https://deepmind.com/blog/article/alphazero-shedding-new-light-grand-games-chess-shogi-and-go


Examples
Machine learning in sciences

Highly accurate protein structure prediction with AlphaFold. Nature volume  596, pages 583–589 (2021)

https://www-nature-com.proxy.lib.uwaterloo.ca/


ML broad categories

• Data-based learning


• We are provided with useful 
data that allows us to solve the 
problem.


• Applies when it is possible to 
collect data about the system.

• Equation/law-based learning


• We are provided an equation we 
need to solve. 


• Example: Physics/chemistry-
informed neural networks are a 
neural networks that can embed the 
knowledge of any physical/chemical 
laws that govern a given data-set in 
the learning process, and can be 
described by differential equations.


• Eigenvalue problems



ML broad categories
Data-driven learning 

• Supervised learning (correct outputs known). Given (x, y) pairs learn a mapping from x to y. 
Example:  


•  Classification: categorical output (object recognition, classifying a phase from measurements)


•  Regression: real-valued output (predicting market prices, customer rating) 


• Unsupervised learning. Given data points find some structure in the data. Example: 
Dimensionality reduction, learning a probability distribution.  Quantum state tomography.


• Online learning. Supervised learning when the data is given sequentially, by an adversary, No 
separate train/test phases. Example: Spam filtering


• Reinforcement learning. Learn actions to maximize future rewards. Delayed playoffs, agent 
controls what he sees. Example: Flying drones. 


• Other categories: active learning, semi-supervised learning. 



ML broad categories
Equation/physical law learning

• Eigenvalue/ground state problems/Hamiltonian driven learning


• Approximate dynamics of a classical or quantum system


• Stochastic reaction dynamics in chemistry 


• Approximate equilibrium properties of a system in thermal equilibrium


• Approximate steady state of an open quantum system


• For all these systems, it is possible to reformulate the problem in a 
variational approach. 



Supervised learning



Supervised learning setup

In supervised learning:


• There is input , typically a vector of features


• There is target  (also called response, outcome, output, class) 


•  Objective is to learn a function such that 
based on some data 

x ∈ 𝒳

t ∈ 𝒯

f : 𝒳 → 𝒯 t ≈ y = f(x)
𝒟 = {(x(i), t(i)) for i = 1,2,…, N}

Supervised Learning Setup

In supervised learning:

There is input x 2 X , typically a vector of features (or covariates)

There is target t 2 T (also called response, outcome, output, class)

Objective is to learn a function f : X ! T such that t ⇡ y = f(x)
based on some data D = {(x(i), t(i)) for i = 1, 2, ..., N}.
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NOT  





Examples

NOT

x0 x1 t
1 0 1
1 1 0

Suppose this is our training set, with the dummy feature x0

included.

Which conditions on w0, w1 guarantee perfect classification?
I When x1 = 0, need: z = w0x0 + w1x1 � 0 () w0 � 0
I When x1 = 1, need: z = w0x0 + w1x1 < 0 () w0 + w1 < 0

Example solution: w0 = 1, w1 = �2

Is this the only solution?

Intro ML (UofT) CSC311-Lec3 17 / 50



Binary classification

• Classification: given a -dimensional input  predict a discrete-
valued target.


• Binary: predict a binary target 


• Training examples with  are called positive examples, and 
training examples with  are called negative examples.


•  	  or .


• We will build models   which predict the targets given some 
input , ie we want y to match t.


• The models will have a set of adjustable parameters.  

D x ∈ ℝD

t ∈ {0,1}

t = 1
t = 0

t ∈ {0,1} t ∈ {+1, − 1}

y = f(x)
x



Neural networksNeural Networks
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Basic unit


•  For neural nets, we use a neuron, or unit:


• Typically  is a non-linear function. It can be between 0 and 1 (active/
inactive neuron)


• By putting together lots of these incredibly simplistic neuron-like 
processing units, we can do some powerful computations!

ϕ

Inspiration: The Brain

For neural nets, we use a much simpler model neuron, or unit:

Compare with logistic regression: y = �(w>x+ b)

By throwing together lots of these incredibly simplistic neuron-like
processing units, we can do some powerful computations!
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 Multilayer Perceptrons 


• We can connect lots of units 
together into a directed 
acyclic graph.


• Typically, units are grouped 
into layers.


• This gives a feed-forward 
neural network.

Multilayer Perceptrons

We can connect lots of
units together into a
directed acyclic graph.

Typically, units are
grouped into layers.

This gives a feed-forward
neural network.
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Multilayer perceptrons

• Each hidden layer  connects    input units to  output units.


• In a fully connected layer, all input units are connected to all output units.


• Note: the inputs and outputs for a layer are distinct from the inputs and outputs to 
the network. 


• If we need to compute  outputs from  inputs, we can do so using matrix 
multiplication. This means we’ll be using an  matrix. 


•  The outputs are a function of the input units: 


•  is typically applied component-wise


•  A multilayer network consisting of fully connected layers is called a multilayer 
perceptron.

i Ni−1 Ni

M N
M × N

y = f(x) = ϕ(Wx + b)

ϕ

Neural Networks
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 Multilayer Perceptrons 


• Common activation functions: 

Multilayer Perceptrons

Some activation functions:

Identity

y = z

Rectified Linear
Unit

(ReLU)

y = max(0, z)

Soft ReLU

y = log 1 + ez
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Identity 
 
y = z

Rectified linear unit (ReLu) 
 
y = max(0,z)

Softplus 
 
y = log(1 + ez)



 Multilayer Perceptrons 


• Common activation functions: 

Hard-threshold



y = {1  if  z > 0
0  if  z ≤ 0

Logistic


 
y =
1

1 + e−z

Hyperbolic tangent 

 

 
y =
ez − e−z

ez + e−z

Multilayer Perceptrons

Some activation functions:

Hard Threshold

y =

⇢
1 if z > 0
0 if z  0

Logistic

y =
1

1 + e�z

Hyperbolic Tangent
(tanh)

y =
ez � e�z

ez + e�z

Intro ML (UofT) CSC311-Lec5 35 / 49

Attempt 3: Logistic Activation Function

There’s obviously no reason to predict values outside [0, 1]. Let’s
squash y into this interval.

The logistic function is a kind of sigmoid, or
S-shaped function:

�(z) =
1

1 + e�z

�
�1(y) = log(y/(1� y)) is called the logit.
A linear model with a logistic nonlinearity is known as log-linear:

z = w
>
x

y = �(z)

LSE(y, t) =
1

2
(y � t)2.

Used in this way, � is called an activation function.
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Multilayer perceptrons
• Each layer computes a function, so the network computes a 

composition of functions:








                   





•  Or more simply:


                         


•  Neural nets provide modularity: we can implement each layer’s 
computations as a black box.

h(1) = f (1)(x) = ϕ(W(1)x + b(1))

h(2) = f (2)(h(1)) = ϕ(W(2)h(1) + b(2))

⋮

y = f (L)(h(L−1))

y = f (L) ∘ ⋯ ∘ f (1)(x) .

Multilayer Perceptrons

Each layer computes a function, so the network
computes a composition of functions:

h(1) = f (1)(x) = �(W(1)x+ b(1))

h(2) = f (2)(h(1)) = �(W(2)h(1) + b(2))

...

y = f (L)(h(L�1))

Or more simply:

y = f (L)
� · · · � f (1)(x).

Neural nets provide modularity: we can implement
each layer’s computations as a black box.

Intro ML (UofT) CSC311-Lec5 36 / 49



Loss Function 


• A loss function  defines how bad it is if, for some example , the algorithm 
predicts , but the target is actually . 


•  Squared error loss function:  (but there are many more)


•   is the residual, and we want to make this small in magnitude


•  The  factor is just to make the calculations convenient.


• Cost function:  loss function averaged over all training examples


          


•  Terminology varies. Some call “cost” empirical or average loss.

ℒ(y, t) x
y t

ℒ(y, t) =
1
2 (y − t)2

y − t
1
2

𝒥(w) =
1

2N

N

∑
i=1

(y(i) − t(i))2



Optimization: solving the minimization problem 
• We defined a cost function , which we’d like to minimize.


• Recall from calculus: the minimum of a smooth function (if it exists) occurs at a critical point, i.e. point where the 
derivative is zero. 


• multivariate generalization: set the partial derivatives  j to zero


• Equivalently, we can set the gradient to zero. The gradient is the vector of partial derivatives:


                                                        


Solutions may be direct or iterative


• Sometimes we can directly find provably optimal parameters (e.g. set the gradient to zero and solve in 
closed form). We call this a direct solution.


• Iterative solution methods repeatedly apply an update rule that 
gradually takes us closer to the solution. This applies to neural networks.  

𝒥(w)

∂𝒥/∂wi

∇w𝒥 =
∂𝒥
∂w

=

∂𝒥
∂w1

⋮
∂𝒥
∂wD



Iterative solution: gradient descent
• All optimization problems we cover in these lectures don’t have a direct 

solution.


• To minimize the cost function, we use the broadly applicable gradient descent.


• Gradient descent is an iterative algorithm, which means we apply an update 
repeatedly until some criterion is met.


• We initialize the weights to something reasonable (e.g. all zeros) and 
repeatedly adjust them in the direction of steepest descent.

𝒥(w)

ww*w0

𝒥(w)

w1

w2



Gradient descent
• Observe:


• If , then increasing  increases .


• If , then increasing  decreases .


• The following update always decreases the cost function for small enough  (unless ):


                                                   


•  is a learning rate (or step size). The larger it is, the faster  changes.


• We’ll see later how to tune the learning rate, but values are typically small, e.g. 0.01 or 
0.0001.  

• If cost is the sum of N individual losses rather than their average, smaller learning rate will 
be needed ( ). 

∂𝒥/∂wj > 0 wj 𝒥

∂𝒥/∂wj < 0 wj 𝒥

α ∂𝒥/∂wj = 0

wj ← wj − α
∂𝒥
∂wj

α > 0 w

α′￼ = α/N



Gradient descent
•  This gets its name from the gradient. Recall the definition:


                                                                         


• This is the direction of fastest increase in .


• Update rule in vector form:


                                                                                       


• So gradient descent updates  in the direction of fastest decrease. 


• Observe that once it converges, we get a critical point, i.e., 

∇w𝒥 =
∂𝒥
∂w

=

∂𝒥
∂w1

⋮
∂𝒥
∂wD

𝒥

w ← w − α
∂𝒥
∂w

w
∂𝒥
∂w

= 0



PHASES, PHASE TRANSITIONS, AND THE ORDER PARAMETER

Temperature

Ferromagnet Paramagnet

Ising ferromagnet in two dimensions

Lars Onsager Phys. Rev. 65, 117 
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Phases, phase transitions, and the order parameter
 Ferromagnetic transition: order parameter3
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FIG. 1: Machine learning the Ising model. (A) The numerically trained fully connected neural

network learns representations of the low- and high-temperature phases of the Ising model. (B)

The magnetization M (dahsed blue line) as a function of temperature T for the ferromagnetic

Ising model on the square lattice. The training and test sets include 1000 states drawn from the

partition function of the Ising model at 40 di↵erent temperatures. (C) The average of the output

layer neurons over the test sets as a function of temperature. (D) The average accuracy of test

sets as a function of temperature. The vertical orange lines signal the critical temperature of the

Ising model Tc = 2/ ln
�
1 +

p
2
�
.

system size is increased, as inferred from Figure 5(D), so that this training/testing paradigm

is capable of narrowing in on the true thermodynamic value of Tc in a way analogous to the

direct measurement of the magnetization order parameter in a conventional Monte Carlo

simulation. In fact, due to the simplicity of the underlying order parameter (a bulk polar-

ization of Ising spins below Tc), one can understand the training of the network through a

Ising results

in preparation

M =
1

N

X

i

h�ii, �i = ±1

Ferromagnet


 M>0

Paramagnet 


M=0

Lars Onsager Phys. Rev. 65, 117 (1944) 

It is a measure of the 


degree of order 


in the system



 Inspiration: fluctuations handwritten digits (mnist)

Pirsa: 16060005 Page 18/49

=5+ fluctuations

5
ML community has developed powerful supervised 
learning algorithms

FM phase

High T phase

grey=spin up


white=spin down

FM (0)

PM (1)

Carrasquilla and Melko. Nature Physics 13, 431–434 (2017)



 SQUARE LATTICE ISING MODEL

3

FIG. 1: Machine learning the square-lattice ferromagnetic Ising model. (A) The trained neural

network learns representations of the low- and high-temperature Ising states. (B) The average

of the output layer neurons over the test sets vs. temperature. (C) The average accuracy over

a test set vs. temperature. (D) Toy model of a neural network for the Ising model. (E) The

average output layer and accuracy of the toy model are displayed in (E) and (F), respectively.

The orange lines signal the critical temperature of the Ising model in the thermodynamic limit,

Tc/J = 2/ ln
�
1 +

p
2
�
.
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2D Ising model in the ordered phase

disordered phase

Neural networks get trained to 
understand physical concepts such as 
the the order parameter and the energy

Analytical understanding: toy model with 3 
analytically trained neutrons. NN relies on 
the magnetization of the system



Toy model
 Investigating the argument of the hidden layer during the training
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values of the low-temperature output neuron in our convolutional neural net for the Ising

lattice gauge theory can be further trained to represent the ground state of the toric code

Hamiltonian [1, 9]. We thus anticipate adoption to the field of quantum technology [25],

such as quantum error correction protocols and quantum state tomography [26]. The ability

of machine learning algorithms to generalize to situations beyond their original design an-

ticipates future applications such as the detection of phases and phase transitions in models

vexed with the Monte Carlo sign problem [3], as well as in experiments with single-site res-

olution capabilities such as the modern quantum gas microscopes [27, 28]. As in all other

areas of “big data”, we expect the rapid adoption of machine learning techniques as a basic

research tool in condensed matter and statistical physics in the near future.
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Appendix A: Details of the toy model

The analytical model encodes the low- and high-temperature phases of the Ising model

through their magnetization. The hidden layer contains 3 perceptrons (a neuron with a

Heaviside step nonlinearity); the first two perceptrons activate when the input states are

mostly polarized, while the third one activate if the states are polarized up or unpolarized.

Notice that the third neuron can also be choosen to activate if the states are polarized down

or unpolarized. The resulting outcomes are recombined in the output layer and produce the

desired classification of the state. The hidden layer is parametrized through a weight matrix

and bias vector given by

W =
1

N (1 + ✏)

0

BBB@

1 1 · · · 1

�1 �1 · · · �1

1 1 · · · 1

1

CCCA
, and b =

✏

(1 + ✏)

0

BBB@

�1

�1

1

1

CCCA
, (A1)
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FIG. 5: Hidden layer arguments as a function of the magnetization of the Ising state m(x). (A)

displays the hidden layer arguments for our toy model, while (B) and (C) display the arguments

for a neural net with 3 sigmoid neurons before and after training, respectively.

where 0 < ✏ < 1 is the only free parameter of the model. The arguments of the three hidden

layer neurons, in terms of the weight matrix, bias vector, and a particular Ising configuration

x = [�1�2, ..., �N ]T, are given by

Wx+ b =
1

(1 + ✏)

0

BBB@

m(x)� ✏

�m(x)� ✏

m(x) + ✏

1

CCCA
, (A2)

where m(x) = 1

N

NP
i=1

�i is the magnetization of the Ising configuration. In Figure 5(A) we

display the components of the Wx + b vector as a function of the magnetization of the

Ising state m(x). The first and second neuron activate when the state is predominantly

polarized, i.e., when m(x) > ✏ or m(x) < �✏. The third neuron activates if the state has

a magnetization m(x) > �✏, which means that, in the limit where 0 < ✏ ⌧ 1, it activates

when the state is either polarized or unpolarized. The parameter ✏ is thus a threshold value

of the magnetization that helps deciding whether the state is considered polarized or not.

The output layer is parametrized through a weight matrix and bias vector given by

W2 =

0

@ 2 1 �1

�2 �2 1

1

A , and b2 =

0

@0

0

1

A , (A3)

where these arbitrary choices ensure that the ordered, low-T output neuron OLow-T = 1

is active when either the spins polarize mostly " or #. On the other hand, when the " k 0

neuron is active but the " is not, then the high-temperature output neuron OHigh-T = 1,

symbolizing a high-temperature state.
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Message

• NN analysis of the models enable us to make quantitative predictions about 
the critical points of the models and can even inform us about universal 
properties of such critical points without a priori knowledge about the 
pertinent order parameters or energy. 


• Only from raw configurations obtained numerically or experimentally.


• We have made use of the knowledge of the critical point to construct our 
datasets. This limitation was quickly lifted and there are approaches that do 
not require any knowledge about the transition. See e.g.  “Learning phase 
transitions by confusion” Evert P. L. van Nieuwenburg, Ye-Hua 
Liu & Sebastian D. Huber.  Nature Physics volume 13, pages 435–439 (2017)

https://www.nature.com/articles/nphys4037#auth-Evert_P__L_-van_Nieuwenburg
https://www.nature.com/articles/nphys4037#auth-Ye_Hua-Liu
https://www.nature.com/articles/nphys4037#auth-Ye_Hua-Liu
https://www.nature.com/articles/nphys4037#auth-Ye_Hua-Liu
https://www.nature.com/articles/nphys4037#auth-Ye_Hua-Liu
https://www.nature.com/articles/nphys4037#auth-Sebastian_D_-Huber
https://www.nature.com/nphys


Can we deal with disordered and 
topological phases not described 
by order parameters?



Phases of matter without an order parameter at T=0

• Topological phases of matter. Examples: Fractional quantum hall effect, 
quantum spin liquids, Ising gauge theory. Potential applications in topological 
quantum computing. These phases defy the Landau symmetry breaking 
classification. 


• Coulomb phases = Highly correlated “spin liquids” described by 
electrodynamics. Examples: Common water ice and spin ice materials 
(Ho2Ti2O7 and Dy2Ti2O7) 



Phases of matter without an order parameter at T=0,∞
 Wegner’s Ising gauge theory:
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FIG. 2: Detecting the critical temperature of the triangular Ising model through the crossing of

the values of the output layer vs T . The neural net has been trained on data from the square

lattice model. The orange line signals the critical temperature of the Ising model Tc/J = 4/ ln 3,

while the blue dashed line represents our estimate Tc/J = 3.63581.

with N = 2 ⇥ 16 ⇥ 16 spins, we find that a standard fully-connected neural network with

only 100 hidden units successfully distinguishes the states with a 99% accuracy. The net-

work does so solely based on spin configurations, with no information about the underlying

lattice – a feat di�cult for the human eye, even if supplemented with a clear layout of the

underlying Hamiltonian locality.

These results indicate that the learning capabilities of neural networks go beyond the

simple ability to encode order parameters, extending to the detection of subtle di↵erences

in higher-order correlations functions. As a final demonstration of this, we examine an Ising

lattice gauge theory, one of the most prototypical examples of a topological phase of matter

[9, 22]. The Hamiltonian is given by H = �J
P

p

Q
i2p �

z
i where the Ising spins live on

the bonds of a two-dimensional square lattice with plaquettes p, as shown in the inset of

Figure 3(C). The ground state is again a degenerate manifold [9, 23] (Figure 3(C)), with

exponentially-decaying spin-spin correlations that makes it much more di�cult to distinguish

(Kogut Rev. Mod. Phys. 51, 659 (1979))

T=0 high temperature phase

Castelnovo and Chamon Phys. Rev. B 76, 174416 (2007)

The grandmother of most lattice 
models for topological quantum 
computation

F.J. Wegner, J. Math. Phys. 12 (1971) 2259

The ground state is a highly degenerate 
manifold with exponentially decaying 
spin–spin correlations. Ground state is 
a disordered topologically ordered 
phase 

T = ∞



For two configurations

?



For two configurations

?

Ground state

Feedforward NN are difficult to apply to this problem and lead to 50% accuracy

high-temperature state
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every m = 2 (a) (m = 8 (b)) plaquettes.

ca b

Figure S5 Investigating the source of discriminative power of the convolutional neural

network. New test sets with sublattice rotations where the local constrains are such that

1/2 spins per plaquette (a) and 1/8 spins per plaquette (b) are flipped. Blue circles rep-

resent spins up, while white circles represent spins down. The red crossess symbolize

the flipped spins. (c) Cuts/stitches (yellow dashed lines) performed on the ground state

configurations in order to produce a new test set from mixing the 4 resulting pieces among

different ground states.

The positions of the flipped spins are marked with red crosses. After optimizing the CNN

using the original training set, the neural network classifies most of the transformed T = 0 states as

high-temperature ones, resulting in an overall test accuracy of 50% and 55% for m = 2 and m = 8,

respectively. This reveals that the neural network relies on the presence of satisfied local constraints

of the original Ising lattice gauge theory, and not on the topological order of the state, in deciding

whether a state is considered low or high temperature. Second, we consider a new test set where the

T = 0 states retain most local constraints but disrupt non-local features like the extended closed-

loop structure. We consider dividing the original states into 4 pieces as shown in Figure S5(c)

and then reshuffling the 4 pieces among different states, subsequently stitching them to form new

“low” temperature configurations. The new configurations will contain defects along the dashed

10
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Ising gauge theory

99% accuracy 

*easy to train*
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FIG. 2: Detecting the critical temperature of the triangular Ising model through the crossing of

the values of the output layer vs T . The neural net has been trained on data from the square

lattice model. The orange line signals the critical temperature of the Ising model Tc/J = 4/ ln 3,

while the blue dashed line represents our estimate Tc/J = 3.63581.

with N = 2 ⇥ 16 ⇥ 16 spins, we find that a standard fully-connected neural network with

only 100 hidden units successfully distinguishes the states with a 99% accuracy. The net-

work does so solely based on spin configurations, with no information about the underlying

lattice – a feat di�cult for the human eye, even if supplemented with a clear layout of the

underlying Hamiltonian locality.

These results indicate that the learning capabilities of neural networks go beyond the

simple ability to encode order parameters, extending to the detection of subtle di↵erences

in higher-order correlations functions. As a final demonstration of this, we examine an Ising

lattice gauge theory, one of the most prototypical examples of a topological phase of matter

[9, 22]. The Hamiltonian is given by H = �J
P

p

Q
i2p �

z
i where the Ising spins live on

the bonds of a two-dimensional square lattice with plaquettes p, as shown in the inset of

Figure 3(C). The ground state is again a degenerate manifold [9, 23] (Figure 3(C)), with

exponentially-decaying spin-spin correlations that makes it much more di�cult to distinguish

F.J. Wegner, J. Math. Phys. 12 (1971) 2259
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.

    

2x2 maps  
(64 per sublattice)

Fully connected 
layer (64)

Softmax

dropout 
regularization

FIG. 4. Illustrating the convolutional neural network. The first hidden layer convolves 64 2 ⇥ 2

filters with the spin configuration on each sublattice, followed by rectified linear units (ReLu). The

outcome is followed by fully-connected layer with 64 units and a softmax output layer. The green

line represents the sliding of the maps across the configuration.

late an extensive fraction of the local energetic constraints of the theory, we conclude that

the discriminative power of the CNN relies on the detection of these satisfied constraints.

Furthermore, test sets with defects that retain most local constraints but disrupt non-local

features, like the extended closed-loop gas picture or the associated topological degeneracy

[7], indicate that local constraints are the only features that the CNN relies on for classifica-

tion of the ground state. In view of these observations, we construct a simplified analytical

toy model of our original CNN designed to explicitly exploit local constraints in the clas-

sification task. Such a model discriminates high-temperature from ground states with an

accuracy of 100%. Details of the behavior of the CNN with various test sets, as well as the

details of the analytical model, are contained in the supplementary material.

We have shown that neural network technology, developed for engineering applications

such as computer vision and natural language processing, can be used to encode phases of

matter and discriminate phase transitions in correlated many-body systems. In particular,

we have argued that neural networks encode information about conventional ordered phases

by learning the order parameter of the phase, without knowledge of the energy or locality

conditions of Hamiltonian. Furthermore, we have shown that neural networks can encode

basic information about the ground states of unconventional disordered models, such as

square ice model and the Ising lattice gauge theory, where they learn local constraints satis-

The picture we draw for what the CNN is using to distinguish the phases is

that of the detection of satisfied local constraints. In few words, the neural network figures out  the energy and uses it to classify states



Analytical understanding: What does the CNN use to make predictions?

• Based on this observation we derived the weights of a streamlined 
convolutional network analytically designed to work well on our test sets.  
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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J. Carrasquilla and R. G. Melko. Nature Physics 13, 431–434 (2017)Sub-lattices act as color channel in computer vision applications



• Convolutional neural networks revolutionized computer vision — beat humans 
at classifying images since 2015

Connection with computer vision

Filters used by the 1st convolutional 1ayer. 


https://cs231n.github.io/understanding-cnn/

In our examples, they see magnetic 
monopoles or in spin ice, they see the ice 
rules 

Gabor filters, believed to exist 
in visual processing in the 
brain (Olshausen & Field, 
1997)

Input layer Hidden layer

Output layer
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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Convolutional layerInput layer

�z
1

<latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit>

�z
2

<latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit>

�z
3

<latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit>

�z
N

<latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit>

h1
<latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit>
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Figure 2. Three examples of neural network architectures to build quantum states. a. A fully connected
neural network with 3 layers (input, hidden, and output layer from left to right). In a fully connected neural
network every node in a layer forms fully-connected network with those of the adjacent layers but not with those
within the same layer. Usually, in a neural network quantum state the input layer corresponds a spin/electron
configuration and the output layer determines the amplitude of the wavefunction for the given spin/electron
configuration. b. A convolutional neural network with one convolutional layer fully connected to the output layer
and perceptron activations. The input corresponds to a spin configuration � (represented as a two-dimensional
array of binary values) and the output quantifies the amplitude of the ground state of the toric code  (�).
c. An RBM with M hidden neurons and a visible layer with N spins as the input. For each value of the spin
configuration �z

1 , ·,�
z
N the neural network returns the value of the wavefunction  (�).

were optimized using a micro-genetic algorithm so that the neural network satisfied
the Schrödinger equation for a one-dimensional harmonic oscillator.

The recent resurgence of interest in machine learning in the physical sciences has
motivated a new playground for variational calculations and exact representations of
quantum states based on neural networks [100,107]. One of these early examples was
developed in Ref.[42], where ground states of the toric code [43] were expressed in
terms of a convolutional neural network with a structure depicted in Fig. 2b. Here,
the idea is to impose the constraints induced by the toric code Hamiltonian Htoric =
�Jp

P
p

Q
i2p �

z
i �Jv

P
v

Q
i2v �

x
i , in particular those imposed by the Jp term, directly

in a convolutional neural network. This solution takes inspiration from the construction
of the ground state of the toric code in terms of projected entangled pair states in
that local tensors project out states containing plaquettes with odd parity [108]. The
convolutional layer contains 16 2 ⇥ 2 filters per sublattice with unit stride in both
directions and periodic boundary conditions. The outcome of the convolutional layer
is fully connected to a perceptron neuron in the output layer which represents the

9

6

FIG. 2: Detecting the critical temperature of the triangular Ising model through the crossing of

the values of the output layer vs T . The neural net has been trained on data from the square

lattice model. The orange line signals the critical temperature of the Ising model Tc/J = 4/ ln 3,

while the blue dashed line represents our estimate Tc/J = 3.63581.

with N = 2 ⇥ 16 ⇥ 16 spins, we find that a standard fully-connected neural network with

only 100 hidden units successfully distinguishes the states with a 99% accuracy. The net-

work does so solely based on spin configurations, with no information about the underlying

lattice – a feat di�cult for the human eye, even if supplemented with a clear layout of the

underlying Hamiltonian locality.

These results indicate that the learning capabilities of neural networks go beyond the

simple ability to encode order parameters, extending to the detection of subtle di↵erences

in higher-order correlations functions. As a final demonstration of this, we examine an Ising

lattice gauge theory, one of the most prototypical examples of a topological phase of matter

[9, 22]. The Hamiltonian is given by H = �J
P

p

Q
i2p �

z
i where the Ising spins live on

the bonds of a two-dimensional square lattice with plaquettes p, as shown in the inset of

Figure 3(C). The ground state is again a degenerate manifold [9, 23] (Figure 3(C)), with

exponentially-decaying spin-spin correlations that makes it much more di�cult to distinguish
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TABLE I. Specifying the tensor Wxysf filters in the CNN. x and y specify the spatial in indices of

the filter while s and f specify the sublattice and the filter, respectively.
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These choices ensure that whenever an unsatisfied plaquette is encountered by the convolutional

layer, the zero-temperature neuron is O0 = 0 and the high-temperature O1 = 1, while only if all

energetic constraints are satisfied O0 = 1 and O1 = 0, thus allowing the classification of the states.

When used on our test sets, the model performs the classification task with a 100% accuracy, which

means that all the high temperature states in the test set contain least one unsatisfied plaquette. Note

that the classification error for this task is expected to be exponentially small in the volume of the

system, since at infinte temperature the ground states appear with exponentially small probability.

Having distilled the model’s basic ingredients, we proceed to train an analogue model numerically

starting from random weights and biases Wyxsf , Wo, bc, and bo. Further, we replace the perceptron

nonlinearities by ReLu units and a softmax output layer to enable a reliable numerical training.

After the training, the model performs the classification task with a 100% accuracy on the test sets,

as expected.

As a consequence of the classification scheme provided by the analytical toy model, we ob-

serve that the values of the zero-temperature neuron O0 behave exactly like the amplitudes of one

of the ground states of the toric code written in the �z basis 33. The ground state described by O0

is a linear combination of all 4 ground states with well defined parity on the torus. More precisely,

such a state can be written as | torici =
P

�z1,...,�zN
O0(�z1...�zN)|�z1...�zNi, where the spin con-

figurations �zi = ±1, and O0(�z1...�zN) corresponds to the value of O0 after a feed-forward pass

of the neural network for a given a input configuration �z 1, ..., �z N . Our model bears resemblance

with the construction of the ground state of the toric code in terms of projected entangled pair

states in that local tensors project out states containing plaquettes with odd parity 34. These ob-

servations suggest that convolutional neural networks have the potential to represent ground states

9

The purpose of the filters is to individually process 
each plaquette in the spin configuration and 
determine whether its energetic constraints are 
satisfied or not. Basically the Conv. layer encodes 
the Hamiltonian
https://github.com/carrasqu/IsingGaugeTensorFlow
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Machine-learning techniques such as artificial neural net-
works are currently revolutionizing many technological areas 
and have also proven successful in quantum physics appli-
cations1–4. Here, we employ an artificial neural network and 
deep-learning techniques to identify quantum phase transi-
tions from single-shot experimental momentum-space den-
sity images of ultracold quantum gases and obtain results that 
were not feasible with conventional methods. We map out the 
complete two-dimensional topological phase diagram of the 
Haldane model5–7 and provide an improved characterization of 
the superfluid-to-Mott-insulator transition in an inhomoge-
neous Bose–Hubbard system8–10. Our work points the way to 
unravel complex phase diagrams of general experimental sys-
tems, where the Hamiltonian and the order parameters might 
not be known.

Ultracold quantum gases have been established as a formidable 
experimental platform to study quantum many-body systems in a 
well-controlled environment11,12. Important breakthroughs include 
the realization of paradigmatic condensed-matter models such 
as the Mott insulator transition or topological quantum matter. 
While these systems offer complementary observables compared to 
solid-state systems, finding proper observables for quantum phases 
remains a key challenge, in particular in exotic systems such as non-
local topological order or many-body localization. Here we explore 
a new approach building on modern machine-learning techniques13. 
Inspired by the success of convolutional neural networks in image 
recognition, we feed such a network with single images of momen-
tum-space density, which are a standard experimental output of 
quantum gas experiments (Fig. 1). We train it on large datasets of 
labelled images taken far away from the phase transition and apply 
the trained network to test data across the phase transition. The net-
work is able to identify the correct position of the phase transition in 
parameter space from single experimental images. This is a crucial 
advance for optimizing experimental parameters, because the phase 
can now be determined from single images for direct decisions in 
the laboratory, and points towards future fully automated quantum 
simulators. We expect these techniques to be valuable also for in situ 
snapshots as captured by quantum gas microscopes14,15. Similar 
approaches were previously applied to numerical simulations of 
various physical models1,2,16–22 and recently to scanning tunnelling 
microscopy data23. Neural networks are also opening new avenues in 
other areas of quantum physics, such as the representation of quan-
tum many-body states3,4 or the optimization of complex systems24–26.

We demonstrate the power of artificial neural networks on two 
physical examples, namely the topological phase transition in the 
Haldane model and the superfluid-to-Mott-insulator transition in 

the Bose–Hubbard model, both realized employing cold atoms in 
optical lattices. We show that we can perform tasks that were not 
possible with conventional techniques, such as the determination 
of non-local topological order from a single-shot image—a prob-
lem for which there is no physical model—and a localization of 
the superfluid-to-Mott-insulator transition, superior to the usual 
determination via interference contrast. Our examples show that 
machine learning can help in the identification of observables that 
were not previously obvious.

In a first set of experiments, we consider the Haldane model 
on the honeycomb lattice5, a paradigmatic model for topologi-
cal bands without a net magnetic flux possessing possible Chern 
numbers C = −1, 0, 1 (inset in Fig. 2b). The topological phase dia-
gram is spanned by the Peierls phase Φ and the sublattice energy 
offset ΔAB, which quantify the breaking of time-reversal symmetry 
and inversion symmetry, respectively. The phase boundaries are 
given by Δ Φ= ± ′J3 3 sin( )AB  (ref. 5). We realize a Haldane-like 
Hamiltonian as an effective Floquet Hamiltonian for ultracold fer-
mionic atoms in a driven honeycomb optical lattice6,7,27,28. In this 
Floquet realization, the inversion symmetry breaking is controlled 
via the shaking frequency ω and the time-reversal symmetry is con-
trolled by the shaking phase ϕ (see Methods). In the experiments, 
we adiabatically ramp up the shaking amplitude and then ramp the 
shaking frequency to populate the lowest band. After different wait-
ing times in the Floquet system, we suddenly switch off all trapping 
potentials, such that the cloud expands during a certain time-of-
flight and the momentum distribution is mapped onto the real-
space density distribution, which we capture in an absorption image 
(Fig. 2a). These momentum-space images are directly fed into the 
convolutional neural network (see Methods for a description of the 
network architecture). The suitability of the momentum-space den-
sity is motivated by state tomography methods, which rely on such 
images and allow the full measurement of the Berry curvature7,29. 
However, there is no physical model for how to extract the Chern 
number from single images and thus the Chern number is not obvi-
ous for the human eye7.

We take data for varying shaking frequencies and shaking phases, 
thus mapping out the topological phase diagram. For training the 
network, we use data far away from the phase boundaries, where we 
can unambiguously label them with a Chern number C = −1, 0 or +1. 
We then use the trained network to classify the images in the transi-
tion region. The network outputs the probabilities for each class PC 
(Fig. 2b). Along a cut through the phase diagram for circular shak-
ing (ϕ = −90°), the network predicts a single Chern number with 
near unit certainty away from the phase transitions, even outside 
the training regions. Moreover, it shows a smooth crossover between 
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two Chern numbers in a small transition region with a full width of 
100–200 Hz, which is due to the inhomogeneity of the system.

We use the same trained network to map out the entire two-
dimensional phase diagram using just a few images per parameter 
set. In Fig. 2c we plot the expectation value of the Chern number 

= ∑ ×=−C C PC 1
1

C as a function of the shaking frequency and shak-
ing phase. The network identifies the two lobes with Chern numbers 
−1 and +1, which are characteristic for the Haldane model, in quan-
titative agreement with a numerical calculation of the Floquet sys-
tem (see Methods). The identification from single snapshots allows 
mapping out the full two-dimensional Haldane phase diagram.  

Fully connected layer Classification
(Softmax)

Input image (151 × 151 pixel) Convolutional layer
8 filter (5 × 5 pixel)

C = −1
...

 

Neuron

C = +1

C = 0

Fig. 1 | Using a neural network to identify physical phases from experimental images. Single images of the density of atoms in momentum space after 
time-of-flight (false-colour representation of a single-channel image) serve as input for a deep convolutional neural network with a variety of layers 
including convolutional filters and fully connected layers. The white line represents the sliding of the filters across the input image. The final softmax 
layer outputs the probability that the image belongs to one of the classes (here, Chern numbers C!=!−1, 0 or 1). The weights of the network are trained on 
many labelled images and the network can then classify an unknown single image with high confidence. This approach—originally developed for image 
recognition—works well for identifying physical quantum phases from experimental images.
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Fig. 2 | Mapping out a topological phase diagram using a neural network. 
a, Examples of single experimental images of ultracold fermionic atoms 
released from the driven optical lattice. The shaking phase is ϕ!=!−90° and 
the shaking frequencies are ω/2π!=!5.0!kHz (C!=!0), ω/2π!=!6.4!kHz (C!=!1) 
and ω/2π!=!7.8!kHz (C!=!0), respectively. The images are 151!×!151 pixels 
in size centred around zero momentum and include the full first Brillouin 
zone (white hexagon). b, Probability for the different Chern number classes 
as identified by the trained neural network. The network was trained for 
Floquet frequencies far away from the phase transitions (grey, thin short 
lines in c). The probability is averaged over the results for 47 individual 
images and the error bars denote Clopper–Pearson 68% confidence 
intervals using the Wald method. We identify the positions of the phase 
transitions at 6.124(3)!kHz and 6.869(3)!kHz by fitting an error function 
to the data and extracting the point of 50% probability. The dashed lines 
show the transitions as expected from an ab initio numerical calculation. 
The inset illustrates the tight-binding scheme of the Haldane model with 
the staggered fluxes through the subplaquettes. c, The Haldane-like 
phase diagram of the Floquet system obtained from 10,436 evaluated test 
images (3–7 images per parameter) using a neural network trained at the 
parameters indicated by the grey lines (in total 15,963 images for training 
and 3,992 images for validation of the network). The training regions cover 
only 3% of the phase diagram. The solid lines indicate the predicted phase 
transitions from our ab initio numerical calculation. d, The circles show the 
positions of the phase transitions for circular shaking (ϕ!=!−90°) at varying 
lattice depths V identified by a network trained with the data at V!=!7.4!Er 
(see Methods). The error bars denote the width of the error function 
fitted to the network output as in b. The lines show the predicted phase 
transitions from our ab initio numerical calculation with the red regions 
indicating the systematic uncertainty calculated for an error of 0.2° on 
the polarization of the lattice beams. Source data for b–d are provided in 
Supplementary Data 1–3.
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Fig. 2 | Mapping out a topological phase diagram using a neural network. 
a, Examples of single experimental images of ultracold fermionic atoms 
released from the driven optical lattice. The shaking phase is ϕ!=!−90° and 
the shaking frequencies are ω/2π!=!5.0!kHz (C!=!0), ω/2π!=!6.4!kHz (C!=!1) 
and ω/2π!=!7.8!kHz (C!=!0), respectively. The images are 151!×!151 pixels 
in size centred around zero momentum and include the full first Brillouin 
zone (white hexagon). b, Probability for the different Chern number classes 
as identified by the trained neural network. The network was trained for 
Floquet frequencies far away from the phase transitions (grey, thin short 
lines in c). The probability is averaged over the results for 47 individual 
images and the error bars denote Clopper–Pearson 68% confidence 
intervals using the Wald method. We identify the positions of the phase 
transitions at 6.124(3)!kHz and 6.869(3)!kHz by fitting an error function 
to the data and extracting the point of 50% probability. The dashed lines 
show the transitions as expected from an ab initio numerical calculation. 
The inset illustrates the tight-binding scheme of the Haldane model with 
the staggered fluxes through the subplaquettes. c, The Haldane-like 
phase diagram of the Floquet system obtained from 10,436 evaluated test 
images (3–7 images per parameter) using a neural network trained at the 
parameters indicated by the grey lines (in total 15,963 images for training 
and 3,992 images for validation of the network). The training regions cover 
only 3% of the phase diagram. The solid lines indicate the predicted phase 
transitions from our ab initio numerical calculation. d, The circles show the 
positions of the phase transitions for circular shaking (ϕ!=!−90°) at varying 
lattice depths V identified by a network trained with the data at V!=!7.4!Er 
(see Methods). The error bars denote the width of the error function 
fitted to the network output as in b. The lines show the predicted phase 
transitions from our ab initio numerical calculation with the red regions 
indicating the systematic uncertainty calculated for an error of 0.2° on 
the polarization of the lattice beams. Source data for b–d are provided in 
Supplementary Data 1–3.
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For centuries, the scientific discovery process has been based on 
systematic human observation and analysis of natural phenomena1. 
Today, however, automated instrumentation and large-scale data 
acquisition are generating datasets of such large volume and 
complexity as to defy conventional scientific methodology. Radically 
different scientific approaches are needed, and machine learning 
(ML) shows great promise for research fields such as materials 
science2–5. Given the success of ML in the analysis of synthetic 
data representing electronic quantum matter (EQM)6–16, the next 
challenge is to apply this approach to experimental data—for 
example, to the arrays of complex electronic-structure images17 
obtained from atomic-scale visualization of EQM. Here we report 
the development and training of a suite of artificial neural networks 
(ANNs) designed to recognize different types of order hidden in 
such EQM image arrays. These ANNs are used to analyse an archive 
of experimentally derived EQM image arrays from carrier-doped 
copper oxide Mott insulators. In these noisy and complex data, the 
ANNs discover the existence of a lattice-commensurate, four-unit-
cell periodic, translational-symmetry-breaking EQM state. Further, 
the ANNs determine that this state is unidirectional, revealing 
a coincident nematic EQM state. Strong-coupling theories of 
electronic liquid crystals18,19 are consistent with these observations.

EQM research concentrates on exotic electronic phases that emerge 
when electrons interact so strongly that they lack a definite momentum. 
These electrons often self-organize into complex new states of EQM, 
such as electronic liquid crystals18,19, high-temperature superconduc-
tors20,21, fractionalized electronic fluids and quantum spin liquids. In 
this field, vast experimental datasets have emerged—for example, from 
real-space visualization of EQM using spectroscopic imaging scanning 
tunnelling microscopy (SISTM)17, from momentum-space visualiza-
tion of EQM using angle-resolved photoemission spectroscopy, or from 
modern X-ray22 and neutron scattering. The challenge is to develop 
ML strategies that enable scientific discovery using large and complex 
experimental data structures from EQM experiments.

An excellent example is the electronic structure of the CuO2 plane 
in copper oxide compounds supporting high-temperature supercon-
ductivity20 (Fig. 1a). With one electron per Cu site, strong Coulomb 
interactions produce charge localization in an antiferromagnetic Mott 
insulator state. Removing p electrons (adding p holes) per CuO2 
plaquette generates the ‘pseudogap’ phase20, which exhibits a strongly 
depleted density of electronic states N(E) for energies ∣ ∣ ∆<E 1, where 
∆1 is the characteristic pseudogap energy scale that emerges for 
T < T∗(p) (Fig. 1a). Although the pseudogap phase has defied micro-
scopic identification for decades20, recently it has been reported that 
rotational and translational symmetry are spontaneously broken in this 
phase. Rotational symmetry breaking is referred to as a nematic 
state18,19,23,24 and occurs at a wavevector of Q = 0 as the breaking of 
90°-rotational (C4) symmetry at T < T∗(p) (Fig. 1a). This presents a 

conundrum because, in theory, ordering at Q = 0 cannot open an 
energy gap in the electronic spectrum. The translational symmetry 
breaking or density wave (DW) state, which should open such an 
energy gap, is detected using SISTM visualization17 and X-ray scatter-
ing22. It consists of periodic spatial modulations of electronic structure 
with finite wavevector Q, and thus with periodicity λ = 2π/|Q|, that 
occur within the pseudogap phase (Fig. 1a). A key challenge is to iden-
tify the correct microscopic theory for the DW state (see Methods sec-
tion ‘Strong-coupling DW states’) and to find its relationship (if any) 
with both the nematic state and the pseudogap.

A DW state with wavevector Q is described by the spatially mod-
ulating function A(r) = D(r)cos[Q∙r + ϕ0(r)], where A(r) is the den-
sity amplitude, ϕ0(r) represents the effects of disorder and topological 
defects, and D(r) is the DW form factor symmetry. For a tetragonal 
crystal, an s-symmetry form factor remains unchanged under 90° rota-
tions, whereas a d-symmetry form factor changes sign, as observed in 
copper oxides25. One theoretical approach to understanding a DW state 
is based on conventional electrons with well-defined wave momen-
tum p(E) = ħk(E) (ħ is the reduced Planck constant). DW states can 
then appear at a wavevector of Q = ki(E = 0) − kf(E = 0) if many 
(ki(0), kf(0)) pairs are connected by the same wavevector Q—that is, 
nested (red arrow in Fig. 1b). Under these circumstances, Q should 
usually be incommensurate (Fig. 1b). Alternatively, strongly interacting 
particle-like electrons may have well-defined positions in real space, 
being fully localized in the Mott insulator phase or self-organized into 
electronic liquid-crystal states18,19,24. For copper oxides, such states 
are often predicted18,19,24 to exhibit periodic charge density modula-
tions that are unidirectional and crystal-lattice-commensurate, with 
wavelength λ = 4a0, where a0 is the Cu–Cu distance, or wavevector 
= .πQ (0 25, 0)a

2
0

oriented along the Cu–O–Cu axis (Fig. 1c, Methods 

section ‘Strong-coupling DW states’). Such lattice-commensurate 
charge modulations in position-based theories (Fig. 1c) are expected 
to be robust against changes with electron density p and electron 
energy, whereas those associated with the geometry of the Fermi  
surface in momentum-based theories (Fig. 1b) are expected to evolve 
continuously with p.

A central challenge has therefore been to determine whether the 
electronic-structure modulations in hole-doped CuO2 (for example, 
Fig. 1d, e) are lattice-commensurate, unidirectional and with spe-
cific periodicity, or if they evolve continuously with electron density 
and energy. However, because of their inherent limitations, it has 
not been possible to discriminate these position- and momentum- 
based theoretic perspectives by using traditional analysis  
techniques. First, owing to the extreme disorder observed in cop-
per oxide EQM images17 (Fig. 1d) or the broad line-widths detected 
simultaneously in reciprocal space22, theory demonstrates that conven-
tional Fourier analysis is fundamentally limited26,27 in determining the 

1Department of Physics, Cornell University, Ithaca, NY, USA. 2Laboratoire de Physique des Solides, Université Paris-Sud, CNRS, Orsay, France. 3Condensed Matter Physics and Materials Science 
Department, Brookhaven National Laboratory, Upton, NY, USA. 4Department of Applied Physics, Stanford University, Stanford, CA, USA. 5Department of Physics, Harvard University, Cambridge, 
MA, USA. 6Department of Physics and Astronomy, San Jose State University, San Jose, CA, USA. 7National Institute of Advanced Industrial Science and Technology, Tsukuba, Japan. 8Department 
of Physics, University of Tokyo, Tokyo, Japan. 9Department of Physics, University College Cork, Cork, Ireland. 10Clarendon Laboratory, University of Oxford, Oxford, UK. 11These authors contributed 
equally: Yi Zhang, A. Mesaros. *e-mail: eun-ah.kim@cornell.edu

4 8 4  |  N A T U R E  |  V O L  5 7 0  |  2 7  J U N E  2 0 1 9

LETTERRESEARCH

EQM state from an array of such Z(r, E = eV) images (for example, 
Fig. 1e), where e is the electron charge, is a paradigmatic challenge for 
ML techniques.

Here we introduce a specific ML approach that uses ANNs to achieve 
hypothesis testing with EQM image arrays. The technique is based 
on a supervised ML with ANN–human collaboration. Its goals are to 
automatically search experimental EQM image arrays (for example, 
Fig. 1e), recognize spatial modulations in a variety of distinct categories, 
identify their fundamental periodicity and lattice register throughout 
an image, and distinguish whether the modulations are unidirectional 
or bidirectional. The first stage is the generation of sets of ANN training 

images, each labelled by a hypothesis (the different DW modulations to 
be discerned). Here, we test four hypotheses associated with four dis-
tinct types of ideal periodic modulations, all with a d-symmetry form 
factor, and with fundamental wavelengths λ = 4.348a0, 4.000a0, 3.704a0 
and 3.448a0. We note that only category 2 represents a commensurate 
pattern with λ = 4a0. Four training sets are then generated for catego-
ries C = 1–4 using identical procedures, in which we introduce specific 
forms of heterogeneity designed to mimic the noise, intrinsic disorder 
and topological defects of the experimental data (Fig. 2a, Methods 
section ‘Generation of training image sets’). In all of these simulated 
training image sets, heterogeneity disrupts the long-range-ordered 
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Fig. 2 | Training an ANN to identify broken-symmetry states in  
SISTM data. a, The ANN array is trained to recognize a DW in electronic-
structure images (for example, Z(r, E)) representing different EQM states. 
A training image set is synthesized by appropriately diversifying pristine 
images of four distinct electronic ordered states. Each translational-
symmetry-breaking ordered state is labelled by a category C = 1, 2, 3, 4 
associated with a wavelengths of λ = 4.348a0, 4.000a0, 3.704a0, 3.448a0, 
respectively. The training image in each category are diversified by 
appropriate addition of noise, short-correlation length fluctuations in 
amplitude and phase, and topological defects. b, Example of a training 
image in category C = 2 (DW along the x axis with a d-symmetry form 
factor and λ = 4a0), where smooth amplitude and phase fluctuations, as 
well as topological defects (dislocations) at random positions, have been 
added to simulate typical phenomena encountered in experimental EQM 

visualization (for example, Fig. 1d). The full 516 × 516 pixel image 
contains 2 × 86 × 86 entire CuO2 unit cells with a Cu–Cu distance of 6 
pixels diagonally. c, The d-symmetry Fourier transform of b. The absence 
of a well-defined modulation wavevector Q within the modulations in b 
has been successfully simulated in the training image, as seen by the region 
of momentum space (grey dashed circle) within which the amplitudes at 
different wavevectors vary greatly. The grey dots are at = ± .πq ( 0 5, 0)a

2
0

 
and = ± .πq (0, 0 5)a

2
0

. d, Each ANN is trained by minimizing the cross-
entropy cost function progressively through stochastic gradient descent 
and backpropagation. The process of going through the entire set of 
shuffled training data, also known as an epoch, is repeated until the cross-
entropy and accuracy saturate. The overall accuracy of the finalized ANNs 
on the synthesized data is generally over 99%.
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patterns in real space, as shown for a typical training image in Fig. 2b. 
It also scrambles the peaks in the d-symmetry Fourier transforms17 of 
the training images, rendering them broad and chaotic (Fig. 2c). In the 
second stage, we establish an ANN architecture that trains well with 
these training image sets. During training, the parameters of the ANN 
are adjusted iteratively to minimize a cross-entropy cost function29. 
Stochastic gradient descent, along with backpropagation30, is used for 
lowering the cost function. The training is complete and all parameters 
of each ANN are set when the cross-entropy31 saturates. Each finalized 
ANN generally has an accuracy of >99% when tested on validation 
images (see Fig. 2d and Methods section ‘Configuration of ANN’). The 
ANN design is a fully connected feed-forward network with a single 
hidden layer (Fig. 3). Statistical reliability of this ML system for different 
network architectures and different initial conditions is achieved by 
training 81 distinct ANNs in parallel with the same training image set.

Our ANN ensemble is first used to perform hypothesis tests for 
the experimental EQM image arrays as a function of electron density.  
The measured Z(r, E) electronic-structure images are from sam-
ples of the hole-doped copper oxide Bi2Sr2CaCu2O8 in the range 
0.06 ≤ p ≤ 0.20. Obviously, disorder and complexity of EQM abound in 
Z(r, ∆1) throughout this electron-density range (black double-headed 
arrow in Fig. 1a) and are equally apparent in the broad fluctuating 
peaks around ±δ δπ Q Q Q( , )a x x y

2
0

 and δ ±δπ Q Q Q( , )a x y y
2

0
 in Z(q, ∆1) 

(see Fig. 3a, b). Definite fundamental periodicities seem undetectable 
in these Z(r, ∆1) data. The set of experimental Z(r, E) image arrays have 
a field of view of 16 nm × 16 nm and are measured in a sequence of 
independent experiments on distinct crystals with p ≈ 0.06, 0.08, 0.085, 
0.14, 0.20 (critical temperature of Tc = 20, 45, 50, 74, 82 K, respectively). 
The ANNs analyse these Z(r, ∆1) images as a function of p, focusing on 
the pseudogap energy E = ∆1(p) because copper oxide EQM symme-
try breaking emerges at this energy17,25. Figure 4a–e shows the actual 
Z(r, ∆1) images provided to the trained ANN system and Fig. 4f–j 
shows their d-symmetry Fourier transforms. The ANNs succeed with 
high reliability in discriminating and identifying the periodic motifs 
for all of these images (Methods section ‘Validation and benchmark-
ing’). In Fig. 4k–o we show the response of the ANNs as the probability 
P(C) of the input EQM image being identified in category C. Here, 
the ANNs reveal that, on average, the phenomenology of the training 
images with C = 2 and λ = 4a0 has the highest probability of being rec-
ognized within the Z(r, ∆1) image array, but only for electron densities 
0.06 ≤ p ≤ 0.14. Thus, the ANNs identify a predominant translational 
symmetry breaking, which occurs commensurately with the specific 
wavelength λ = 4a0 (Fig. 4a–d). Overall, the ANNs determine that the 
identical, commensurate, 4a0-period electronic-structure modulations 
are hidden in all of the E ≈ ∆1 EQM images from the 0.06 ≤ p ≤ 0.14 
area of the CuO2 phase diagram.

A second key physics issue is the energy dependence within a Z(r, E) 
image array. Quasiparticle scattering interference17 (QPI) occurs when 
an impurity atom scatters wave-like states ki(E) into kf(E), resulting 
in quantum inference at wavevectors Qif = ki(E) − kf(E) and gener-
ating modulations of N(r, E) or its Fourier transform N(Qif, E). QPI 
is a physical phenomenon distinct from a DW state because, whereas 
the modulation wavevectors of QPI evolve rapidly with E, they do not 
for a DW state. Therefore, the ANNs explore a Bi2Sr2CaCu2O8 Z(r, E) 
array of 16 nm × 16 nm EQM images that are measured in a sequence 
of independent experiments at distinct electron energy of E = 66, 96, 
126, 150 meV on the same crystal with P = 0.08. Figure 5a–d shows 
this Z(r, E) image set that is input to the same ANN system. EQM com-
plexity in the identical field of view now evolves rapidly with electron 
energy because the images are dominated by QPI. Similarly, Fig. 5e–h 
shows the d-symmetry Fourier transforms Z(q, E) from Fig. 5a–d, 
which exhibit broad fluctuating peaks that evolve rapidly with electron 
energy, as expected in QPI. Well-defined fundamental periodicities are 
indiscernible in these Z(r, E) (Fig. 5a–d) and Z(q, E) (Fig. 5e–h) data. 
However, Fig. 5j–l demonstrates that the ANN suite finds the hypothe-
sis category with the highest recognition probability to be again C = 2, 
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Fig. 3 | ANN analysis of experimental EQM visualization data. a, Typical 
measured 16 nm × 16 nm (440 pixels × 440 pixels) Z(r, E = 84 meV) image 
of Bi2Sr2CaCu2O8 with p = 0.08 (Tc = 45 K). The disorder and complexity of 
copper oxide EQM are manifest. b, Typical measured Z(q, E = 84 meV) 
image of Bi2Sr2CaCu2O8 with p = 0.08 (Tc = 45 K), which is the d-symmetry 
Fourier transform of a. The disorder and complexity of EQM are also evident 
here in the broad and fluctuating peaks around ±δ δπ Q Q Q( , )a x x y

2
0

 and 
δ ±δπ Q Q Q( , )a x y y

2
0

 with |δQx| = |δQy| ≈ 0.2. Grey dots are at = ± .πq ( 0 4, 0)a
2

0
 

and = ± .πq (0, 0 4)a
2

0
. c, Schematic of the ANN analysis procedure for 

experimental Z(r, E) images. The successfully trained neural network with 
fixed parameters (weights W(1) and W(2) of the hidden layer and the output 
layer, respectively; biases) is a classifier; that is, it classifies each experimental 
image as belonging into one of the four categories. Neuron activation 
functions in our ANNs are taken to be the sigmoid function.
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Neural networks as quantum 
states



Neural networks as quantum states

Ψθ

Hamiltonian driven learning —  
Finding ground states. This is just 
one example, but there are many 
more tasks that are driven by a 
“physical” principle. 

Data driven learning — 

quantum state tomography,  approximate 
reconstruction of quantum devices, quantum 
simulations and Quantum channels

Closest in spirit to ML tasks



Neural networks as quantum states

Ψθ

Solving for the low-energy, time-
independent solutions of the 
Schrodinger equation.

Hamiltonian driven learning —  
Finding ground states. This is just 
one example, but there are many 
more tasks that are driven by a 
“physical” principle. 



Ground states
• Given a problem Hamiltonian H, approximate its ground 

state.  


• H is a very large Hermitian matrix that describes the 
behaviour of a physical system at the microscopic scale.


• Finding the ground state — the Hamiltonian’s lowest 
energy eigenvector and eigenvalues. 


• Typically hard because of exponential complexity. 


• Solve the problem analytically or propose an Ansatz 
inspired by machine learning techniques (neural network) 


• In modern variational quantum algorithms — variational 
quantum eigensolver (VQE) algorithm.

Schematic representation of the Hamiltonian 

matrix of the Hubbard model with L = 4, 

N↑ = 3, N↓ = 2 (5 particles) 

Exact Diagonalization Techniques.

Alexander WeißeHolger Fehske. 

Part of the Lecture Notes in Physics book 
series (LNP, volume 739)


https://link-springer-com.proxy.lib.uwaterloo.ca/bookseries/5304


Ground states
• Hamiltonians are very large— problem is 

computationally difficult.


• Structured and sparse.


• Symmetries (some of which are common to 
important symmetries and inductive biases in 
ML).


• The rows and columns indices are usually 
related to real space configurations of the 
particles in the system and are usually ordered 
using bit-strings representations (001010110).  

Schematic representation of the Hamiltonian 

matrix of the Hubbard model with L = 4, 

N↑ = 3, N↓ = 2 (5 particles) 



Approximating ground states with neural networks

• Recall that we represent a quantum state as a -dimensional vector of complex 
entries 


•                      What does it mean that we represent a quantum state as a neural            
e e e e e e. E network?                            

2N

|ψ⟩ =

ψ0,0,0,…0,0
ψ1,0,0,…0,0
ψ1,1,0,…0,0

⋮
ψ1,1,1,…1,1

|ψθ⟩ =

ψθ(0,0,0,…0,0)
ψθ(1,0,0,…0,0)
ψθ(1,1,0,…0,0)

⋮
ψθ(1,1,1,…1,1)

Where the complex-valued 
boolean function 
ψθ(x1, x2, …, xN) = Neural network(x1, x2, …, xN)

As a consequence, we go from an exponential amount of parameters to a neural network with a 
few parameters at the cost of constraining the type of functions we can represent. 



Cold neuron in our model: Ground 
state of Kitaev’s toric code with 
convolutional neural networks8
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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Neural network quantum states

Input layer Hidden layer

Output layer
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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Convolutional layerInput layer

�z
1

<latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit>

�z
2

<latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit>

�z
3

<latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit>

�z
N

<latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit>

h1
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Figure 2. Three examples of neural network architectures to build quantum states. a. A fully connected
neural network with 3 layers (input, hidden, and output layer from left to right). In a fully connected neural
network every node in a layer forms fully-connected network with those of the adjacent layers but not with those
within the same layer. Usually, in a neural network quantum state the input layer corresponds a spin/electron
configuration and the output layer determines the amplitude of the wavefunction for the given spin/electron
configuration. b. A convolutional neural network with one convolutional layer fully connected to the output layer
and perceptron activations. The input corresponds to a spin configuration � (represented as a two-dimensional
array of binary values) and the output quantifies the amplitude of the ground state of the toric code  (�).
c. An RBM with M hidden neurons and a visible layer with N spins as the input. For each value of the spin
configuration �z

1 , ·,�
z
N the neural network returns the value of the wavefunction  (�).

were optimized using a micro-genetic algorithm so that the neural network satisfied
the Schrödinger equation for a one-dimensional harmonic oscillator.

The recent resurgence of interest in machine learning in the physical sciences has
motivated a new playground for variational calculations and exact representations of
quantum states based on neural networks [100,107]. One of these early examples was
developed in Ref.[42], where ground states of the toric code [43] were expressed in
terms of a convolutional neural network with a structure depicted in Fig. 2b. Here,
the idea is to impose the constraints induced by the toric code Hamiltonian Htoric =
�Jp

P
p

Q
i2p �

z
i �Jv

P
v

Q
i2v �

x
i , in particular those imposed by the Jp term, directly

in a convolutional neural network. This solution takes inspiration from the construction
of the ground state of the toric code in terms of projected entangled pair states in
that local tensors project out states containing plaquettes with odd parity [108]. The
convolutional layer contains 16 2 ⇥ 2 filters per sublattice with unit stride in both
directions and periodic boundary conditions. The outcome of the convolutional layer
is fully connected to a perceptron neuron in the output layer which represents the
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Abstract 

In a previous article we have shown how one can employ Artificial Neural Networks (ANNs) in order to solve 
non-homogeneous ordinary and partial differential equations. In the present work we consider the solution of eigenvalue 
problems for differential and integrodifferential operators, using ANNs. We start by considering the Schrodinger equation 
for the Morse potential that has an analytically known solution, to test the accuracy of the method. We then proceed with 
the Schr6dinger and the Dirac equations for a muonic atom, as well as with a nonlocal Schrijdinger integrodifferential 
equation that models the n + a system in the framework of the resonating group method. In two dimensions we consider the 
well-studied Henon-Heiles Hamiltonian and in three dimensions the model problem of three coupled anharmonic oscillators. 
The method in all of the treated cases proved to be highly accurate, robust and efficient. Hence it is a promising tool for 
tackling problems of higher complexity and dimensionality. @ 1997 Elsevier Science B.V. 

PACS: 02.6O.Lj; 02.60.Nm; 02.70.Jn; 03.65.Ge 
Keywords: Neural networks; Eigenvatue problems; Schrodinger; Dirac; Collocation; Optimization 

1. Introduction 

In a previous work [l] a general method has been presented for solving both ordinary differential equations 
(ODES) and partial differential equations (PDEs) . This method relies on the function approximation capabilities 
of feedforward neural networks and leads to the construction of a solution written in a differentiable, closed 
analytic form. The trial solution is suitably written so as to satisfy the appropriate initial/boundary conditions 
and employs a feedforward neural network as the main approximation element. The parameters of the network 
(weights and biases) are then adjusted so as to minimize a suitable error function, which in turn is equivalent 
to satisfying the differential equation at selected points in the definition domain. 

There are many results both theoretical and experimental that testify for the approximation capabilities of 
neural networks [ 3-51. The most important one is that a feedforward neural network with one hidden layer can 
approximate any function to arbitrary accuracy by appropriately increasing the number of units in the hidden 
layer [4]. This fact has led us to consider this type of network architecture as a candidate model for treating 
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and minimized the following error quantity: 

-yi{ [ Ly + Ly - d-yrl) g(ri)]2 + [ 4y - ky _ Pc2+yl) fcr,)]2} 

.l,“[g*tr) + f2(r>l dr 

The binding energy is given by E = E - ,uc 2. We find E = -10.536 MeV. The small and the large parts of 
the radial wavefunction f( T)/Y and g(r)/r are shown in Fig. 2a and 2b, along with the Schriidinger radial 
wavefunction (Fig. 2~). The integrals and the training were performed using the same points as in the previous 
example. 

3.4. Non-local Schriidinger equation for the n + a system 

We consider here the nonlocal Schrijdinger equation 

co 

t; s(r) + V(r)+,(r) + /Ko(r,r’)4(r’) dr’ = e+(r) , -- 

0 

with V(r) = -VOe-Pr2, where Vo = 41.28386, j? = 0.2751965 and i&( r, r’) = -Ae-y(r2+r”)(e2krr’ - e-2krr’) 
with A = -62.03772 , y = -0.8025, k = 0.46. This describes the n + LY system and is derived in the framework 
of the Resonating Group Method [ 121, /A is the system’s reduced mass given by 1 /,u = 1 /m, + l/ ( 2m, + 2m,). 

We parametrized the trial wavefunction as 

q&(r) = re-@N(r,u,w,v), p > 0, 

where the neural architecture is the same as in the previous cases and minimized the following error quantity: 

Ci {-J$ $&(ri) + V(ri)+,(ri) + sp Ko(ri,r’)$,(r’) dr’ - E&(ri)}* 

~,“&tr) dr 

where the energy is estimated by 

E= ~S,“t~)2dr+SoOOV(r)~:(r)dr+S,“S,”OKotr,r’)~,tr)~,(r’)drdr’ 
s,“&(r) dr 

We have considered 100 equidistant points in [ 0, 121 and the computed ground state is depicted in Fig. 3, while 
the corresponding eigenvalue was found equal to -24.07644, in agreement with previous calculations [ 21. 

3.5. Two-dimensional Schriidinger equation 

We consider here the well-studied [2] example of the Henon-Heiles potential. 
The Hamiltonian is written as 

H=-; ($+$) +V(x,y), 

with V(n,y) = i(x* +y*) + &(xy2 - i..$). 
We parametrize the trial solution as 
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Fig. 4. Fig. 5. 

Fig. 4. Ground state of the Henon-Heiles problem (E = 0.99866) 

Fig. 5. First excited state of the Henon-Heiles problem (6 = 1.990107) 

Fig. 6. Fig. 7 

Fig. 6. Second excited state (degenerate) of the Henon-Heiles problem (E = 1.990107). 

Fig. 7. Third excited state of the Henon-Heiles problem (E = 2.957225) 

We also calculated the variational ground state wave-function for this problem by minimizing the expectation 
value of the Hamiltonian, using an identical neural form. In Figs. 8, 9, we plot the pointwise error, i.e. the 
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As a three-dimensional example we consider the potential for the three coupled sextic anharmonic oscilla- 
tors [18], 
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where 

V(x) = $2 + 2x4 + &x6. 

The trial solution r$r ( X, y. z ) is parametrized as 

r$r(x,y,z) = e-h(X*+v2+z2)N(x,y,z,u,W(*),W(y),~(Z),~), A > 0, 
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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<latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit>

�z
3

<latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit>

�z
N

<latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit>

h1
<latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit><latexit sha1_base64="zJfiSPr1uVafZ1TdZsrp9Hgyaf0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbSbN0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSAQ31nW/ncra+sbmVnW7trO7t39QPzzqmjjVDDssFrHuBdSg4Ao7lluBvUQjlYHAx2ByW/iPT6gNj9WDnSboSzpWPOSM2kKKhl5tWG+4TXcOskq8kjSgRHtY/xqMYpZKVJYJakzfcxPrZ1RbzgTOaoPUYELZhI6xn1NFJRo/m986I2e5MiJhrPNSlszV3xMZlcZMZZB3Smojs+wV4n9eP7XhtZ9xlaQWFVssClNBbEyKx8mIa2RWTHNCmeb5rYRFVFNm83iKELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAQQTP8ApvjnRenHfnY9FaccqZY/gD5/MHKFiNpA==</latexit>

h2
<latexit sha1_base64="8S9/1DdX8W6uQ3UF18MeLlL+pk8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy202bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6l/vdJ9SGR+rRzmL0JZ0oPuaM2lwKh43KsFpz6+4CZJ14BalBgdaw+jUYRSyRqCwT1Ji+58bWT6m2nAmcVwaJwZiyKZ1gP6OKSjR+urh1Ti4yZUTGkc5KWbJQf0+kVBozk0HWKakNzaqXi/95/cSOb/yUqzixqNhy0TgRxEYkf5yMuEZmxSwjlGme3UpYSDVlNosnD8FbfXmddBp1z617D1e15m0RRxnO4BwuwYNraMI9tKANDEJ4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Kd2NpQ==</latexit><latexit sha1_base64="8S9/1DdX8W6uQ3UF18MeLlL+pk8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy202bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6l/vdJ9SGR+rRzmL0JZ0oPuaM2lwKh43KsFpz6+4CZJ14BalBgdaw+jUYRSyRqCwT1Ji+58bWT6m2nAmcVwaJwZiyKZ1gP6OKSjR+urh1Ti4yZUTGkc5KWbJQf0+kVBozk0HWKakNzaqXi/95/cSOb/yUqzixqNhy0TgRxEYkf5yMuEZmxSwjlGme3UpYSDVlNosnD8FbfXmddBp1z617D1e15m0RRxnO4BwuwYNraMI9tKANDEJ4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Kd2NpQ==</latexit><latexit sha1_base64="8S9/1DdX8W6uQ3UF18MeLlL+pk8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy202bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6l/vdJ9SGR+rRzmL0JZ0oPuaM2lwKh43KsFpz6+4CZJ14BalBgdaw+jUYRSyRqCwT1Ji+58bWT6m2nAmcVwaJwZiyKZ1gP6OKSjR+urh1Ti4yZUTGkc5KWbJQf0+kVBozk0HWKakNzaqXi/95/cSOb/yUqzixqNhy0TgRxEYkf5yMuEZmxSwjlGme3UpYSDVlNosnD8FbfXmddBp1z617D1e15m0RRxnO4BwuwYNraMI9tKANDEJ4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Kd2NpQ==</latexit><latexit sha1_base64="8S9/1DdX8W6uQ3UF18MeLlL+pk8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy202bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6l/vdJ9SGR+rRzmL0JZ0oPuaM2lwKh43KsFpz6+4CZJ14BalBgdaw+jUYRSyRqCwT1Ji+58bWT6m2nAmcVwaJwZiyKZ1gP6OKSjR+urh1Ti4yZUTGkc5KWbJQf0+kVBozk0HWKakNzaqXi/95/cSOb/yUqzixqNhy0TgRxEYkf5yMuEZmxSwjlGme3UpYSDVlNosnD8FbfXmddBp1z617D1e15m0RRxnO4BwuwYNraMI9tKANDEJ4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Kd2NpQ==</latexit>

h3
<latexit sha1_base64="uKzr6V/g0LIbUWiODp+us1KMYIc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbN0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmltfWNzq7xd2dnd2z+oHh61bZwaxlsslrHpBtRyKTRvoUDJu4nhVAWSd4LxXe53nrixItaPOEm4r+hIi1AwirkUDS4rg2rNrbtzkFXiFaQGBZqD6ld/GLNUcY1MUmt7npugP6UGBZN8VumnlieUjemI9zKqqeLWn85vnZGzTBmSMDZZaSRz9ffElCprJyrIOhXFyC57ufif10sxvPGnQicpcs0Wi8JUEoxJ/jgZCsMZyklGKDMiu5WwiBrKMIsnD8FbfnmVtC/qnlv3Hq5qjdsijjKcwCmcgwfX0IB7aEILGETwDK/w5ijnxXl3PhatJaeYOYY/cD5/ACtijaY=</latexit><latexit sha1_base64="uKzr6V/g0LIbUWiODp+us1KMYIc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbN0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmltfWNzq7xd2dnd2z+oHh61bZwaxlsslrHpBtRyKTRvoUDJu4nhVAWSd4LxXe53nrixItaPOEm4r+hIi1AwirkUDS4rg2rNrbtzkFXiFaQGBZqD6ld/GLNUcY1MUmt7npugP6UGBZN8VumnlieUjemI9zKqqeLWn85vnZGzTBmSMDZZaSRz9ffElCprJyrIOhXFyC57ufif10sxvPGnQicpcs0Wi8JUEoxJ/jgZCsMZyklGKDMiu5WwiBrKMIsnD8FbfnmVtC/qnlv3Hq5qjdsijjKcwCmcgwfX0IB7aEILGETwDK/w5ijnxXl3PhatJaeYOYY/cD5/ACtijaY=</latexit><latexit sha1_base64="uKzr6V/g0LIbUWiODp+us1KMYIc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbN0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmltfWNzq7xd2dnd2z+oHh61bZwaxlsslrHpBtRyKTRvoUDJu4nhVAWSd4LxXe53nrixItaPOEm4r+hIi1AwirkUDS4rg2rNrbtzkFXiFaQGBZqD6ld/GLNUcY1MUmt7npugP6UGBZN8VumnlieUjemI9zKqqeLWn85vnZGzTBmSMDZZaSRz9ffElCprJyrIOhXFyC57ufif10sxvPGnQicpcs0Wi8JUEoxJ/jgZCsMZyklGKDMiu5WwiBrKMIsnD8FbfnmVtC/qnlv3Hq5qjdsijjKcwCmcgwfX0IB7aEILGETwDK/w5ijnxXl3PhatJaeYOYY/cD5/ACtijaY=</latexit><latexit sha1_base64="uKzr6V/g0LIbUWiODp+us1KMYIc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbN0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmltfWNzq7xd2dnd2z+oHh61bZwaxlsslrHpBtRyKTRvoUDJu4nhVAWSd4LxXe53nrixItaPOEm4r+hIi1AwirkUDS4rg2rNrbtzkFXiFaQGBZqD6ld/GLNUcY1MUmt7npugP6UGBZN8VumnlieUjemI9zKqqeLWn85vnZGzTBmSMDZZaSRz9ffElCprJyrIOhXFyC57ufif10sxvPGnQicpcs0Wi8JUEoxJ/jgZCsMZyklGKDMiu5WwiBrKMIsnD8FbfnmVtC/qnlv3Hq5qjdsijjKcwCmcgwfX0IB7aEILGETwDK/w5ijnxXl3PhatJaeYOYY/cD5/ACtijaY=</latexit>
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Figure 2. Three examples of neural network architectures to build quantum states. a. A fully connected
neural network with 3 layers (input, hidden, and output layer from left to right). In a fully connected neural
network every node in a layer forms fully-connected network with those of the adjacent layers but not with those
within the same layer. Usually, in a neural network quantum state the input layer corresponds a spin/electron
configuration and the output layer determines the amplitude of the wavefunction for the given spin/electron
configuration. b. A convolutional neural network with one convolutional layer fully connected to the output layer
and perceptron activations. The input corresponds to a spin configuration � (represented as a two-dimensional
array of binary values) and the output quantifies the amplitude of the ground state of the toric code  (�).
c. An RBM with M hidden neurons and a visible layer with N spins as the input. For each value of the spin
configuration �z

1 , ·,�
z
N the neural network returns the value of the wavefunction  (�).

were optimized using a micro-genetic algorithm so that the neural network satisfied
the Schrödinger equation for a one-dimensional harmonic oscillator.

The recent resurgence of interest in machine learning in the physical sciences has
motivated a new playground for variational calculations and exact representations of
quantum states based on neural networks [100,107]. One of these early examples was
developed in Ref.[42], where ground states of the toric code [43] were expressed in
terms of a convolutional neural network with a structure depicted in Fig. 2b. Here,
the idea is to impose the constraints induced by the toric code Hamiltonian Htoric =
�Jp

P
p

Q
i2p �

z
i �Jv

P
v

Q
i2v �

x
i , in particular those imposed by the Jp term, directly

in a convolutional neural network. This solution takes inspiration from the construction
of the ground state of the toric code in terms of projected entangled pair states in
that local tensors project out states containing plaquettes with odd parity [108]. The
convolutional layer contains 16 2 ⇥ 2 filters per sublattice with unit stride in both
directions and periodic boundary conditions. The outcome of the convolutional layer
is fully connected to a perceptron neuron in the output layer which represents the
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Machine learning phases of matter
Juan Carrasquilla1* and Roger G. Melko1,2

Condensed-matter physics is the study of the collective
behaviour of infinitely complex assemblies of electrons, nuclei,
magnetic moments, atoms or qubits1. This complexity is
reflected in the size of the state space, which grows expo-
nentially with the number of particles, reminiscent of the
‘curse of dimensionality’ commonly encountered in machine
learning2. Despite this curse, the machine learning community
has developed techniques with remarkable abilities to recog-
nize, classify, and characterize complex sets of data. Here, we
show thatmodernmachine learning architectures, such as fully
connected and convolutional neural networks3, can identify
phases and phase transitions in a variety of condensed-matter
Hamiltonians. Readily programmable through modern soft-
ware libraries4,5, neural networkscanbe trained todetectmulti-
ple typesof order parameter, aswell as highly non-trivial states
with no conventional order, directly from raw state configura-
tions sampled with Monte Carlo6,7.

Conventionally, the study of phases in condensed-matter systems
is performed with the help of tools that have been carefully designed
to elucidate the underlying physical structures of various states.
Among the most powerful are Monte Carlo simulations, which
consist of two steps: a stochastic importance sampling over state
space, and the evaluation of estimators for physical quantities
calculated from these samples7. These estimators are constructed
on the basis of a variety of physical motivations; for example, the
availability of an experimental measure such as a specific heat; or,
the encoding of a theoretical device such as an order parameter1.
However, some technologically important states of matter, such
as topologically ordered states1,8, can not be straightforwardly
identified with standard estimators9,10.

Machine learning, already explored as a tool in condensed-
matter research11–16, provides a complementary paradigm to the
above approach. The ability ofmodernmachine learning techniques
to classify, identify, or interpret massive data sets such as images
foreshadows their suitability to provide physicists with similar
analyses on the exponentially large data sets embodied in the state
space of condensed-matter systems. We first demonstrate this on
the prototypical example of the square-lattice ferromagnetic Ising
model, H = −J

∑
〈ij〉 σ z

i σ
z
j . We set J = 1 and the Ising variables

σ z
i = ±1 so that for N lattice sites, the state space is of size 2N .

StandardMonteCarlo techniques provide samples of configurations
for any temperature T , weighted by the Boltzmann distribution.
The existence of a well-understood phase transition at temperature
Tc (ref. 17), between a high-temperature paramagnetic phase and
a low-temperature ferromagnetic phase, allows us the opportunity
to attempt to classify the two different types of configurations
without the use of Monte Carlo estimators. Instead, we construct
a fully connected feed-forward neural network, implemented
with TensorFlow4, to perform supervised learning directly on the
thermalized and uncorrelated raw configurations sampled by a
Monte Carlo simulation. As illustrated in Fig. 1a, the neural network

is composed of an input layer with values determined by the spin
configurations, a 100-unit hidden layer of sigmoid neurons, and
an analogous output layer. When trained on a broad range of data
at temperatures above and below Tc, the neural network is able
to correctly classify data in a test set. Finite-size scaling is capable
of systematically narrowing in on the thermodynamic value of Tc
in a way analogous to measurements of the magnetization: a data
collapse of the output layer (Fig. 1b) leads to an estimate of the
critical exponent ν $ 1.0± 0.2, while a size scaling of the crossing
temperature T ∗/J estimates Tc/J $ 2.266 ± 0.002 (Fig. 1c). One
can understand the training of the network through a simple toy
model involving a hidden layer of only three analytically ‘trained’
perceptrons, representing the possible combinations of high- and
low-temperature magnetic states exclusively on the basis of their
magnetization. Similarly, our 100-unit neural network relies on the
magnetization of the configurations in the classification task.Details
about the toy model, the 100-unit neural network, as well as a low-
dimensional visualization of the training data, which may be used
as a preprocessing step to generate the labels if they are not available
a priori, are discussed in the Supplementary Figs 1, 2, and 4. We
note that in a recent development, a closely related neural-network-
based approach allows for the determination of critical points using
a confusion scheme18, which works even in the absence of labels.
Finally, we mention that similar success rates occur if the model
is modified to have antiferromagnetic couplings, H = J

∑
〈ij〉 σ

z
i σ

z
j ,

illustrating that the neural network is not only useful in identifying a
global spin polarization, but an order parameter with other ordering
wavevectors (here q=(π,π)).

The power of neural networks lies in their ability to generalize
to tasks beyond their original design. For example, what if one
was presented with a data set of configurations from an Ising
Hamiltonian where the lattice structure (and therefore its Tc)
is not known? We illustrate this scenario by taking our above
feed-forward neural network, already trained on configurations
for the square-lattice ferromagnetic Ising model, and provide it
a test set produced by Monte Carlo simulations of the triangular
lattice ferromagnetic Ising Hamiltonian. In Fig. 1d–f we present the
averaged output layer versus T , the corresponding data collapse,
and a size scaling of T ∗/J , allowing us to successfully estimate the
critical parameters Tc/J =3.65±0.01 and ν $ 1.0± 0.3 consistent
with the exact values19.

We now turn to the application of such techniques to problems
of greater interest in modern condensed matter, such as disordered
or topological phases, where no conventional order parameter
exists. Coulomb phases, for example, are states of frustrated
lattice models where local energetic constraints imposed by the
Hamiltonian lead to extensively degenerate classical ground states.
We consider a two-dimensional square-ice Hamiltonian given by
H = J

∑
v Q2

v , where the charge Qv =∑
i∈v σ z

i is the sum over the
Ising variables located in the lattice bonds incident on vertex v,
as shown in Fig. 2. In a conventional approach, the ground states
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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Convolutional layerInput layer

�z
1

<latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit><latexit sha1_base64="Xg2BXIu9x+XX2n1878GZaYdtKFQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21okt0m2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJv5rQlVmkXywUxj6gs8kCxkBBsr+V3NBgI/pk+znlfqlStu1Z0DrRIvJxXIUe+Vv7r9iCSCSkM41rrjubHxU6wMI5zOSt1E0xiTER7QjqUSC6r9dH70DJ1ZpY/CSNmSBs3V3xMpFlpPRWA7BTZDvexl4n9eJzHhtZ8yGSeGSrJYFCYcmQhlCaA+U5QYPrUEE8XsrYgMscLE2JyyELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjSAwBie4RXenInz4rw7H4vWgpPPHMMfOJ8/YeKR0w==</latexit>

�z
2

<latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit><latexit sha1_base64="poW133DSZdyhtuSuEzUHAGFdDMg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh6LXjxWsB/QriWbZtvQJLsm2UJd+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJP57QlVmkXy3kxj6gs8lCxkBBsr+T3NhgI/pE+zfq3UL1fcqjsHWiVeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlXqJpjEmYzykXUslFlT76fzoGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetnLxP+8bmLCKz9lMk4MlWSxKEw4MhHKEkADpigxfGoJJorZWxEZYYWJsTllIXjLL6+SVq3quVXv7qJSv87jKMIJnMI5eHAJdbiFBjSBwCM8wyu8ORPnxXl3PhatBSefOYY/cD5/AGNnkdQ=</latexit>

�z
3

<latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit><latexit sha1_base64="jxTOhwrKnyNeufH1kYZTC/wZA04=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FLx4r2A9o15JNs21okl2TbKEu/R1ePCji1R/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81pgqzSJ5byYx9QUeSBYygo2V/K5mA4Ef0qdp77zUK1fcqjsDWiZeTiqQo94rf3X7EUkElYZwrHXHc2Pjp1gZRjidlrqJpjEmIzygHUslFlT76ezoKTqxSh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKEkB9pigxfGIJJorZWxEZYoWJsTllIXiLLy+T5lnVc6ve3UWldp3HUYQjOIZT8OASanALdWgAgUd4hld4c8bOi/PufMxbC04+cwh/4Hz+AGTskdU=</latexit>

�z
N

<latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit><latexit sha1_base64="kY/3vWf7gAktt4lJJ6vGZUoZhWo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FL56kgv2Adi3ZNNuGJtk1yRbq0t/hxYMiXv0x3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+vMb42p0iyS92YSU1/ggWQhI9hYye9qNhD4IX2a9m5LvXLFrbozoGXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTaambaBpjMsID2rFUYkG1n86OnqITq/RRGClb0qCZ+nsixULriQhsp8BmqBe9TPzP6yQmvPRTJuPEUEnmi8KEIxOhLAHUZ4oSwyeWYKKYvRWRIVaYGJtTFoK3+PIyaZ5VPbfq3Z1Xald5HEU4gmM4BQ8uoAY3UIcGEHiEZ3iFN2fsvDjvzse8teDkM4fwB87nD43zkfA=</latexit>

h1
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Figure 2. Three examples of neural network architectures to build quantum states. a. A fully connected
neural network with 3 layers (input, hidden, and output layer from left to right). In a fully connected neural
network every node in a layer forms fully-connected network with those of the adjacent layers but not with those
within the same layer. Usually, in a neural network quantum state the input layer corresponds a spin/electron
configuration and the output layer determines the amplitude of the wavefunction for the given spin/electron
configuration. b. A convolutional neural network with one convolutional layer fully connected to the output layer
and perceptron activations. The input corresponds to a spin configuration � (represented as a two-dimensional
array of binary values) and the output quantifies the amplitude of the ground state of the toric code  (�).
c. An RBM with M hidden neurons and a visible layer with N spins as the input. For each value of the spin
configuration �z

1 , ·,�
z
N the neural network returns the value of the wavefunction  (�).

were optimized using a micro-genetic algorithm so that the neural network satisfied
the Schrödinger equation for a one-dimensional harmonic oscillator.

The recent resurgence of interest in machine learning in the physical sciences has
motivated a new playground for variational calculations and exact representations of
quantum states based on neural networks [100,107]. One of these early examples was
developed in Ref.[42], where ground states of the toric code [43] were expressed in
terms of a convolutional neural network with a structure depicted in Fig. 2b. Here,
the idea is to impose the constraints induced by the toric code Hamiltonian Htoric =
�Jp

P
p

Q
i2p �

z
i �Jv

P
v

Q
i2v �

x
i , in particular those imposed by the Jp term, directly

in a convolutional neural network. This solution takes inspiration from the construction
of the ground state of the toric code in terms of projected entangled pair states in
that local tensors project out states containing plaquettes with odd parity [108]. The
convolutional layer contains 16 2 ⇥ 2 filters per sublattice with unit stride in both
directions and periodic boundary conditions. The outcome of the convolutional layer
is fully connected to a perceptron neuron in the output layer which represents the
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Solving the quantum many-body
problem with artificial
neural networks
Giuseppe Carleo1* and Matthias Troyer1,2

The challenge posed by the many-body problem in quantum physics originates from the
difficulty of describing the nontrivial correlations encoded in the exponential complexity
of the many-body wave function. Here we demonstrate that systematic machine learning of
the wave function can reduce this complexity to a tractable computational form for some
notable cases of physical interest. We introduce a variational representation of quantum
states based on artificial neural networks with a variable number of hidden neurons.
A reinforcement-learning scheme we demonstrate is capable of both finding the ground
state and describing the unitary time evolution of complex interacting quantum systems.
Our approach achieves high accuracy in describing prototypical interacting spins models in
one and two dimensions.

T
he wave function Y is a fundamental ob-
ject in quantum physics and possibly the
hardest to grasp in the classical world. Y
is a monolithic mathematical quantity that
contains all of the information on a quan-

tum state, be it a single particle or a complex
molecule. In principle, an exponential amount
of information is needed to fully encode a ge-
neric many-body quantum state. However, wave
functions representing many physical many-body
systems can be characterized by an amount of
information much smaller than the maximum
capacity of the corresponding Hilbert space. A
limited amount of quantum entanglement and
a small number of physical states in such sys-
tems enable modern approaches to solve the
many-body Schrödinger’s equation with a limited
amount of classical resources.
Numerical approaches directly relying on the

wave function can either sample a finite num-
ber of physically relevant configurations or per-
form an efficient compression of the quantum
state. Stochastic approaches, like quantumMonte
Carlo (QMC) methods, belong to the first cat-
egory and rely on probabilistic frameworks typ-
ically demanding a positive semidefinite wave
function (1–3). Compression approaches instead
rely on efficient representations of the wave func-
tion, such as in terms of matrix product states
(MPS) (4–6) or more general tensor networks
(7–9). However, examples of systems in which
existing approaches fail are numerous, mostly
owing to the sign problem in QMC (10) and
to the inefficiency of current compression ap-
proaches in high-dimensional systems. As a result,
despite the notable success of these methods,

a large number of unexplored regimes exist, in-
cluding many open problems. These encompass
fundamental questions ranging from the dyna-
mical properties of high-dimensional systems
(11, 12) to the exact ground-state properties of
strongly interacting fermions (13, 14). At the heart
of this lack of understanding lies the difficulty
in finding a general strategy to reduce the ex-
ponential complexity of the full many-body wave
function down to its most essential features (15).
In a much broader context, the problem re-

sides in the realm of dimensional reduction and
feature extraction. Among the most successful

techniques to attack these problems, artificial
neural networks play a prominent role (16). They
can perform exceedingly well in a variety of con-
texts ranging from image and speech recognition
(17) to game playing (18). Very recently, appli-
cations of neural networks to the study of phy-
sical phenomena have been introduced (19–23).
These have so far focused on the classification
of complex phases of matter, when exact sampling
of configurations from these phases is possible.
The challenging goal of solving a many-body
problem without prior knowledge of exact sam-
ples is nonetheless still unexplored, and the po-
tential benefits of artificial intelligences in this
task are, at present, substantially unknown.
Therefore, it is of fundamental and practical in-
terest to understand whether an artificial neural
network can modify and adapt itself to describe
and analyze such a quantum system. This abil-
ity could then be used to solve the quantum
many-body problem in regimes that have tra-
ditionally been inaccessible to existing exact nu-
merical approaches.
Here we introduce a representation of the wave

function in terms of artificial neural networks
specified by a set of internal parametersW. We
present a stochastic framework for reinforce-
ment learning of the parametersW, allowing for
the best possible representation of both ground-
state and time-dependent physical states of a
given quantum Hamiltonian H. The parame-
ters of the neural network are then optimized
(trained, in the language of neural networks),
either by static variational Monte Carlo (VMC)
sampling (24) or time-dependent VMC (25, 26),
when dynamical properties are of interest. We
validate the accuracy of this approach by study-
ing the Ising and Heisenberg models in both one
and two dimensions. The power of the neural-
network quantum states (NQS) is demonstrated,
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Fig. 1. Artificial neural network encoding a many-body quantum state of N spins. A restricted
Boltzmann machine architecture that features a set of N visible artificial neurons (yellow dots) and a
set of M hidden neurons (gray dots) is shown. For each value of the many-body spin configuration
S ¼ ðsz

1; s
z
2;… ; sz

N Þ, the artificial neural network computes the value of the wave function YðSÞ.
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best neural-network representation of the un-
known ground state of a given Hamiltonian H.
In this context, reinforcement learning is realized
through minimization of the expectation value
of the energy EðWÞ ¼ hYM jHjYM i=hYM jYM i
with respect to the network weights W. In the
stochastic setting, this is achieved with an iterative
scheme. At each iteration k, a Monte Carlo sampl-
ing of jYM ðS;WkÞj2 is realized for a given set of
parametersWk. At the same time, stochastic esti-
mates of the energy gradient are obtained. These
are then used to propose a next set of weights
Wkþ1 with an improved gradient-descent optimi-
zation (32). The overall computational cost of
this approach is comparable to that of standard
ground-state QMC simulations (see supplemen-
tary materials).
To validate our scheme, we consider the prob-

lem of finding the ground state of two prototyp-
ical spin models, the transverse-field Ising (TFI)
model and the antiferromagnetic Heisenberg
(AFH) model. Their Hamiltonians are

HTFI ¼ −h
X

i

sxi −
X

ij

szi s
z
j

and

HAFH ¼
X

ij

sxi s
x
j þ syi s

y
j þ szi s

z
j

respectively, where sx; sy; and sz are Pauli matrices.
In the following, we consider the case of both

one- and two-dimensional (1D and 2D) lattices
with periodic boundary conditions (PBCs). In
Fig. 2, we show the optimal network structure
of the ground states of the two spin models for
hidden-variable density a = 4 and with imposed
translational symmetries. We find that each fil-
ter f ¼ ½1;… ; a& learns specific correlation features
emerging in the ground-state wave function. For
example, in the 2D case (Fig. 2, rightmost panels)
the neural network learns patterns correspond-
ing to antiferromagnetic correlations. The gen-
eral behavior of the NQS is completely analogous
to that observed in convolutional neural networks,
where different layers learn specific structures of
the input data.
In Fig. 3, we show the accuracy of the NQS,

quantified by the relative error on the ground-
state energy Drel ¼ ðENQSðaÞ−EexactÞ=jEexactj, for
several values of a and model parameters. In Fig.
3A, we compare the variational NQS energies with
the exact result obtained by the fermionization of
the TFI model, on a 1D chain with PBCs. The
most notable result is that NQS achieve a con-
trollable and arbitrary accuracy that is compatible
with a power-law behavior in a. The hardest-to-
learn ground state is at the quantum critical point
h = 1, where nonetheless a notable accuracy of
one part per million can be easily achieved with
a relatively modest density of hidden units. The
same accuracy is obtained for the more complex
1D AFH model (Fig. 3B). In this case, we also ob-
serve a systematic drop in the ground-state energy

error, which, for a small a = 4, attains the same
high precision obtained for the TFI model at the
critical point. The accuracy of our model is sev-
eral orders of magnitude higher than the spin-
Jastrow ansatz (dashed line in Fig. 3B). It is also
interesting to compare the value of a with the
MPS bond dimension M needed to reach the
same level of accuracy. For example, on the AFH
model with PBCs, we find that with a standard
density matrix renormalization group (DMRG)
implementation (33), we need M ~ 160 to reach
the accuracy NQS have at a = 4. This points
toward a more compact representation of the
many-body state in the NQS case, which fea-
tures about three orders of magnitude fewer var-
iational parameters than the corresponding MPS
ansatz.
We next studied the AFH model on a 2D

square lattice (for a comparison with QMC re-
sults, see Fig. 3C) (34). As expected from en-
tanglement considerations, the 2D case proves
harder for the NQS. Nonetheless, we always
find a systematic improvement of the variational

energy upon increasing a, qualitatively similar
to the 1D case. The increased difficulty of the
problem is reflected in a slower convergence. We
still obtain results at the level of existing state-
of-the-art methods or better. In particular, with
a relatively small hidden-unit density (a ~ 4), we
already obtain results at the same level as the
best-known variational ansatz for finite clusters
[the entangled plaquette states (EPS) of (35)
and the projected entangled pair states (PEPS)
of (36)]. Further increasing a then leads to a siz-
able improvement and, consequently, yields the
best variational results reported to date for this
2D model on finite lattices.

Unitary dynamics

NQS are not limited to ground-state problems
but can be extended to the time-dependent
Schrödinger equation. For this purpose, we de-
fine complex-valued and time-dependent network
weights WðtÞ that, at each time t, are trained to
best reproduce the quantum dynamics, in the sense
of the Dirac-Frenkel time-dependent variational
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best neural-network representation of the un-
known ground state of a given Hamiltonian H.
In this context, reinforcement learning is realized
through minimization of the expectation value
of the energy EðWÞ ¼ hYM jHjYM i=hYM jYM i
with respect to the network weights W. In the
stochastic setting, this is achieved with an iterative
scheme. At each iteration k, a Monte Carlo sampl-
ing of jYM ðS;WkÞj2 is realized for a given set of
parametersWk. At the same time, stochastic esti-
mates of the energy gradient are obtained. These
are then used to propose a next set of weights
Wkþ1 with an improved gradient-descent optimi-
zation (32). The overall computational cost of
this approach is comparable to that of standard
ground-state QMC simulations (see supplemen-
tary materials).
To validate our scheme, we consider the prob-

lem of finding the ground state of two prototyp-
ical spin models, the transverse-field Ising (TFI)
model and the antiferromagnetic Heisenberg
(AFH) model. Their Hamiltonians are

HTFI ¼ −h
X
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X
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szi s
z
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and

HAFH ¼
X

ij

sxi s
x
j þ syi s
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respectively, where sx; sy; and sz are Pauli matrices.
In the following, we consider the case of both

one- and two-dimensional (1D and 2D) lattices
with periodic boundary conditions (PBCs). In
Fig. 2, we show the optimal network structure
of the ground states of the two spin models for
hidden-variable density a = 4 and with imposed
translational symmetries. We find that each fil-
ter f ¼ ½1;… ; a& learns specific correlation features
emerging in the ground-state wave function. For
example, in the 2D case (Fig. 2, rightmost panels)
the neural network learns patterns correspond-
ing to antiferromagnetic correlations. The gen-
eral behavior of the NQS is completely analogous
to that observed in convolutional neural networks,
where different layers learn specific structures of
the input data.
In Fig. 3, we show the accuracy of the NQS,

quantified by the relative error on the ground-
state energy Drel ¼ ðENQSðaÞ−EexactÞ=jEexactj, for
several values of a and model parameters. In Fig.
3A, we compare the variational NQS energies with
the exact result obtained by the fermionization of
the TFI model, on a 1D chain with PBCs. The
most notable result is that NQS achieve a con-
trollable and arbitrary accuracy that is compatible
with a power-law behavior in a. The hardest-to-
learn ground state is at the quantum critical point
h = 1, where nonetheless a notable accuracy of
one part per million can be easily achieved with
a relatively modest density of hidden units. The
same accuracy is obtained for the more complex
1D AFH model (Fig. 3B). In this case, we also ob-
serve a systematic drop in the ground-state energy

error, which, for a small a = 4, attains the same
high precision obtained for the TFI model at the
critical point. The accuracy of our model is sev-
eral orders of magnitude higher than the spin-
Jastrow ansatz (dashed line in Fig. 3B). It is also
interesting to compare the value of a with the
MPS bond dimension M needed to reach the
same level of accuracy. For example, on the AFH
model with PBCs, we find that with a standard
density matrix renormalization group (DMRG)
implementation (33), we need M ~ 160 to reach
the accuracy NQS have at a = 4. This points
toward a more compact representation of the
many-body state in the NQS case, which fea-
tures about three orders of magnitude fewer var-
iational parameters than the corresponding MPS
ansatz.
We next studied the AFH model on a 2D

square lattice (for a comparison with QMC re-
sults, see Fig. 3C) (34). As expected from en-
tanglement considerations, the 2D case proves
harder for the NQS. Nonetheless, we always
find a systematic improvement of the variational

energy upon increasing a, qualitatively similar
to the 1D case. The increased difficulty of the
problem is reflected in a slower convergence. We
still obtain results at the level of existing state-
of-the-art methods or better. In particular, with
a relatively small hidden-unit density (a ~ 4), we
already obtain results at the same level as the
best-known variational ansatz for finite clusters
[the entangled plaquette states (EPS) of (35)
and the projected entangled pair states (PEPS)
of (36)]. Further increasing a then leads to a siz-
able improvement and, consequently, yields the
best variational results reported to date for this
2D model on finite lattices.

Unitary dynamics

NQS are not limited to ground-state problems
but can be extended to the time-dependent
Schrödinger equation. For this purpose, we de-
fine complex-valued and time-dependent network
weights WðtÞ that, at each time t, are trained to
best reproduce the quantum dynamics, in the sense
of the Dirac-Frenkel time-dependent variational
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best neural-network representation of the un-
known ground state of a given Hamiltonian H.
In this context, reinforcement learning is realized
through minimization of the expectation value
of the energy EðWÞ ¼ hYM jHjYM i=hYM jYM i
with respect to the network weights W. In the
stochastic setting, this is achieved with an iterative
scheme. At each iteration k, a Monte Carlo sampl-
ing of jYM ðS;WkÞj2 is realized for a given set of
parametersWk. At the same time, stochastic esti-
mates of the energy gradient are obtained. These
are then used to propose a next set of weights
Wkþ1 with an improved gradient-descent optimi-
zation (32). The overall computational cost of
this approach is comparable to that of standard
ground-state QMC simulations (see supplemen-
tary materials).
To validate our scheme, we consider the prob-

lem of finding the ground state of two prototyp-
ical spin models, the transverse-field Ising (TFI)
model and the antiferromagnetic Heisenberg
(AFH) model. Their Hamiltonians are

HTFI ¼ −h
X
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sxi −
X
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szi s
z
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and

HAFH ¼
X
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sxi s
x
j þ syi s
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respectively, where sx; sy; and sz are Pauli matrices.
In the following, we consider the case of both

one- and two-dimensional (1D and 2D) lattices
with periodic boundary conditions (PBCs). In
Fig. 2, we show the optimal network structure
of the ground states of the two spin models for
hidden-variable density a = 4 and with imposed
translational symmetries. We find that each fil-
ter f ¼ ½1;… ; a& learns specific correlation features
emerging in the ground-state wave function. For
example, in the 2D case (Fig. 2, rightmost panels)
the neural network learns patterns correspond-
ing to antiferromagnetic correlations. The gen-
eral behavior of the NQS is completely analogous
to that observed in convolutional neural networks,
where different layers learn specific structures of
the input data.
In Fig. 3, we show the accuracy of the NQS,

quantified by the relative error on the ground-
state energy Drel ¼ ðENQSðaÞ−EexactÞ=jEexactj, for
several values of a and model parameters. In Fig.
3A, we compare the variational NQS energies with
the exact result obtained by the fermionization of
the TFI model, on a 1D chain with PBCs. The
most notable result is that NQS achieve a con-
trollable and arbitrary accuracy that is compatible
with a power-law behavior in a. The hardest-to-
learn ground state is at the quantum critical point
h = 1, where nonetheless a notable accuracy of
one part per million can be easily achieved with
a relatively modest density of hidden units. The
same accuracy is obtained for the more complex
1D AFH model (Fig. 3B). In this case, we also ob-
serve a systematic drop in the ground-state energy

error, which, for a small a = 4, attains the same
high precision obtained for the TFI model at the
critical point. The accuracy of our model is sev-
eral orders of magnitude higher than the spin-
Jastrow ansatz (dashed line in Fig. 3B). It is also
interesting to compare the value of a with the
MPS bond dimension M needed to reach the
same level of accuracy. For example, on the AFH
model with PBCs, we find that with a standard
density matrix renormalization group (DMRG)
implementation (33), we need M ~ 160 to reach
the accuracy NQS have at a = 4. This points
toward a more compact representation of the
many-body state in the NQS case, which fea-
tures about three orders of magnitude fewer var-
iational parameters than the corresponding MPS
ansatz.
We next studied the AFH model on a 2D

square lattice (for a comparison with QMC re-
sults, see Fig. 3C) (34). As expected from en-
tanglement considerations, the 2D case proves
harder for the NQS. Nonetheless, we always
find a systematic improvement of the variational

energy upon increasing a, qualitatively similar
to the 1D case. The increased difficulty of the
problem is reflected in a slower convergence. We
still obtain results at the level of existing state-
of-the-art methods or better. In particular, with
a relatively small hidden-unit density (a ~ 4), we
already obtain results at the same level as the
best-known variational ansatz for finite clusters
[the entangled plaquette states (EPS) of (35)
and the projected entangled pair states (PEPS)
of (36)]. Further increasing a then leads to a siz-
able improvement and, consequently, yields the
best variational results reported to date for this
2D model on finite lattices.

Unitary dynamics

NQS are not limited to ground-state problems
but can be extended to the time-dependent
Schrödinger equation. For this purpose, we de-
fine complex-valued and time-dependent network
weights WðtÞ that, at each time t, are trained to
best reproduce the quantum dynamics, in the sense
of the Dirac-Frenkel time-dependent variational
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Exploration areas
• Condensed matter physics


• Quantum chemistry


• Materials science


• Atomic physics


• High energy physics and field theory


• Quantum information


• Nuclear physics 


• Combinatorial optimization 
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Questions? 



Numerical approach based on Variational Monte Carlo

• Ground state search reframed as an optimization problem with an appropriate 
cost function.


• The variational theorem in quantum physics  where  
is the lowest energy eigenvalue of Hamiltonian matrix H. 


•  is a neural network parameterizing the quantum state. 


• It is possible to evaluate  and its gradients  via Monte Carlo — use 
gradient descent techniques


• No data from the exact solution is needed— gradient signal comes from H

Eθ = ⟨Ψθ |H |Ψθ⟩ ≥ E0 E0

|Ψθ⟩

Eθ ∇θEθ

F Becca, S Sorella. Quantum Monte Carlo Approaches for Correlated Systems. Cambridge 
University Press (2017)



Numerical approach based on Variational Monte Carlo

• Ground state search reframed s an optimization problem with an appropriate cost 
function.


• The variational theorem in quantum physics  where  is 
the lowest energy eigenvalue corresponding to the ground state of Hamiltonian 
matrix H. 


•  is a neural network parameterizing the quantum state. 


• It is possible to evaluate  and its gradients  via Monte Carlo — use gradient 
descent techniques


• No data from the exact solution is needed— gradient signal comes from H

Eθ = ⟨Ψθ |H |Ψθ⟩ ≥ E0 E0

|Ψθ⟩

Eθ ∇θEθ

F Becca, S Sorella. Quantum Monte Carlo Approaches for Correlated Systems. Cambridge 
University Press (2017)



Training the models
•Both   and its gradients available through sampling. 


•        We interpret  as a probability distribution


•               Evaluate via Monte Carlo average


•Gradients


•                  


•
                     Evaluate via Monte Carlo average

Eθ

E = ⟨Ψθ | Ĥ |Ψθ⟩ = ∑
σ

|ψθ(σ) |2
∑

σ′￼

Hσσ′￼
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1
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2
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ℜ𝔢
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Recurrent neural network wavefunctions

Mohamed Hibat-Allah, Martin Ganahl, Lauren E. Hayward, Roger G. Melko, and Juan Carrasquilla Phys. Rev. Research 2, 
023358 (2020)


4

representations in terms of probability distributions,

| i =
X

�

 (�) |�i =
X

�

p
P (�) |�i . (6)

This property has been exploited extensively in wave
function representations using generative models such as
restricted Boltzmann machines [19]. For such wave func-
tions, it is also natural to try to approximate P (�) with
a conventional RNN, as illustrated in Fig. 2(a). For later
reference we call this architecture a positive recurrent
neural network wave function (pRNN wave function).
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RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�0
<latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�0
<latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�1
<latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit> S

<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�2
<latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit>

�3
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Figure 2. (a) pRNN wave function: A graphical representa-
tion of the computation of positive amplitudes using one RNN
cell along with a Softmax layer (magenta circles) to compute
the modulus | (�)|2 = P (�). (b) cRNN wave function: A
graphical representation of the computation of complex am-
plitudes using one RNN cell along with a Softmax layer (ma-
genta circles) and a Softsign (SS) layer (orange circles). The
first computes the modulus | (�)|2 = P (�), the second to
computes the phase �(�) of  (�).

The generalization to the complex case starts by split-
ting the wave function into an amplitude and phase �(�)
[42] as

| i =
X

�

exp(i�(�))
p

P (�) |�i . (7)

As illustrated in Fig. 2(b), we use one RNN cell and a
Softmax layer to model the probability, together with
a Softsign layer (as defined below) to model the phase.
In this parametrization, the first layer uses the Softmax
activation function to get conditional probabilities Pn as

Pn = y(1)
n · �n, (8)

where

y(1)
n = S

⇣
U

(1)hn + c(1)
⌘
, (9)

in a similar fashion to Eq. (3). The Softsign layer is used
to compute the phases as

�n = y(2)
n · �n, (10)

where

y(2)
n = ⇡ Softsign

⇣
U

(2)hn + c(2)
⌘
. (11)

The Softsign function is defined as

Softsign(x) =
x

1 + |x| 2 (�1, 1).

Finally, the probability P (�) is obtained from the N in-
dividual contributions Pn as

P (�) ⌘ ⇧N
n=1Pn, (12)

and, similarly, the phase �(�) is computed as

�(�) ⌘
NX

n=1

�n. (13)

Note that sampling from the square of the amplitudes
P (�) is una↵ected by the Softsign layer and is carried
out, as described above, using only the Softmax layer as
in Fig. 1(c). For later reference, we call this architecture
a complex recurrent neural network wave function (cRNN
wave function), and hereafter, the term RNN wave func-
tion will refer to both pRNN wave functions and cRNN
wave functions. Details about the dimensions of the vari-
ational parameters of RNN wave functions can be found
in App. A.

III. GROUND STATES WITH RNN WAVE
FUNCTIONS

We focus our attention on the ground state proper-
ties of prototypical Hamiltonians in condensed matter
physics including the one- and two-dimensional (1D and
2D) transverse field Ising model (TFIM), as well as the
1D J1-J2 model, both with open boundary conditions.
Their Hamiltonians are given by

ĤTFIM = �
X

hi,ji

�̂
z
i �̂

z
j � h

X

i

�̂
x
i , (14)

where �̂(x,y,z)
i are Pauli matrices acting on site i, and

ĤJ1�J2 = J1

X

hi,ji

Ŝi · Ŝj + J2

X

hhi,jii

Ŝi · Ŝj . (15)

where Ŝi is a spin-1/2 operator. Here, hi, ji and hhi, jii
denote nearest- and next-nearest-neighbor pairs, respec-
tively. Energies for the J1-J2 model are measured in units
of J1 = 1 in the results that follow.
To train our models we use the variational principle,

where for a given problem Hamiltonian Ĥ, the optimiza-
tion strategy involves minimizing the expectation value
E� = h �|Ĥ| �i � E0 with respect to the variational
parameters �. Here, E0 is the exact ground state en-
ergy of Ĥ. The variational parameters � are updated
using variants of the gradient descent algorithm with the
objective of minimizing E� = h �|Ĥ| �i. We provide
a detailed description of the VMC scheme and the opti-
mization strategy with which we optimize our RNN wave
functions in App. C.
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representations in terms of probability distributions,

| i =
X

�

 (�) |�i =
X

�

p
P (�) |�i . (6)

This property has been exploited extensively in wave
function representations using generative models such as
restricted Boltzmann machines [19]. For such wave func-
tions, it is also natural to try to approximate P (�) with
a conventional RNN, as illustrated in Fig. 2(a). For later
reference we call this architecture a positive recurrent
neural network wave function (pRNN wave function).
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<latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�0
<latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�0
<latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�1
<latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit> S

<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�2
<latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit>

�3
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Figure 2. (a) pRNN wave function: A graphical representa-
tion of the computation of positive amplitudes using one RNN
cell along with a Softmax layer (magenta circles) to compute
the modulus | (�)|2 = P (�). (b) cRNN wave function: A
graphical representation of the computation of complex am-
plitudes using one RNN cell along with a Softmax layer (ma-
genta circles) and a Softsign (SS) layer (orange circles). The
first computes the modulus | (�)|2 = P (�), the second to
computes the phase �(�) of  (�).

The generalization to the complex case starts by split-
ting the wave function into an amplitude and phase �(�)
[42] as

| i =
X

�

exp(i�(�))
p

P (�) |�i . (7)

As illustrated in Fig. 2(b), we use one RNN cell and a
Softmax layer to model the probability, together with
a Softsign layer (as defined below) to model the phase.
In this parametrization, the first layer uses the Softmax
activation function to get conditional probabilities Pn as

Pn = y(1)
n · �n, (8)

where

y(1)
n = S

⇣
U

(1)hn + c(1)
⌘
, (9)

in a similar fashion to Eq. (3). The Softsign layer is used
to compute the phases as

�n = y(2)
n · �n, (10)

where

y(2)
n = ⇡ Softsign

⇣
U

(2)hn + c(2)
⌘
. (11)

The Softsign function is defined as

Softsign(x) =
x

1 + |x| 2 (�1, 1).

Finally, the probability P (�) is obtained from the N in-
dividual contributions Pn as

P (�) ⌘ ⇧N
n=1Pn, (12)

and, similarly, the phase �(�) is computed as

�(�) ⌘
NX

n=1

�n. (13)

Note that sampling from the square of the amplitudes
P (�) is una↵ected by the Softsign layer and is carried
out, as described above, using only the Softmax layer as
in Fig. 1(c). For later reference, we call this architecture
a complex recurrent neural network wave function (cRNN
wave function), and hereafter, the term RNN wave func-
tion will refer to both pRNN wave functions and cRNN
wave functions. Details about the dimensions of the vari-
ational parameters of RNN wave functions can be found
in App. A.

III. GROUND STATES WITH RNN WAVE
FUNCTIONS

We focus our attention on the ground state proper-
ties of prototypical Hamiltonians in condensed matter
physics including the one- and two-dimensional (1D and
2D) transverse field Ising model (TFIM), as well as the
1D J1-J2 model, both with open boundary conditions.
Their Hamiltonians are given by

ĤTFIM = �
X

hi,ji

�̂
z
i �̂

z
j � h

X

i

�̂
x
i , (14)

where �̂(x,y,z)
i are Pauli matrices acting on site i, and

ĤJ1�J2 = J1

X

hi,ji

Ŝi · Ŝj + J2

X

hhi,jii

Ŝi · Ŝj . (15)

where Ŝi is a spin-1/2 operator. Here, hi, ji and hhi, jii
denote nearest- and next-nearest-neighbor pairs, respec-
tively. Energies for the J1-J2 model are measured in units
of J1 = 1 in the results that follow.
To train our models we use the variational principle,

where for a given problem Hamiltonian Ĥ, the optimiza-
tion strategy involves minimizing the expectation value
E� = h �|Ĥ| �i � E0 with respect to the variational
parameters �. Here, E0 is the exact ground state en-
ergy of Ĥ. The variational parameters � are updated
using variants of the gradient descent algorithm with the
objective of minimizing E� = h �|Ĥ| �i. We provide
a detailed description of the VMC scheme and the opti-
mization strategy with which we optimize our RNN wave
functions in App. C.
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representations in terms of probability distributions,

| i =
X

�

 (�) |�i =
X

�

p
P (�) |�i . (6)

This property has been exploited extensively in wave
function representations using generative models such as
restricted Boltzmann machines [19]. For such wave func-
tions, it is also natural to try to approximate P (�) with
a conventional RNN, as illustrated in Fig. 2(a). For later
reference we call this architecture a positive recurrent
neural network wave function (pRNN wave function).

(b)
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S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

�0
<latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit><latexit sha1_base64="Jenv/hyCjrsyvMxKVve+rWvvKUE=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARPJVdEfRY9OKxgn1Ad1my2bQNzWNJskJZe/CvePGgiFf/hjf/jdl2D9o6EDLMfB+ZTJwyqo3nfTuVldW19Y3qZm1re2d3z90/6GiZKUzaWDKpejHShFFB2oYaRnqpIojHjHTj8U3hdx+I0lSKezNJScjRUNABxchYKXKPgliyRE+4vfJA0yFH08irRW7da3gzwGXil6QOSrQi9ytIJM44EQYzpHXf91IT5kgZihmZ1oJMkxThMRqSvqUCcaLDfJZ/Ck+tksCBVPYIA2fq740ccV1EtJMcmZFe9ArxP6+fmcFVmFORZoYIPH9okDFoJCzKgAlVBBs2sQRhRW1WiEdIIWxsZUUJ/uKXl0nnvOF7Df/uot68LuuogmNwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox/z0YpT7hyCP3A+fwANs5YY</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�1
<latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit><latexit sha1_base64="kSoFpoto/NxS8vNWd/QjS9Rr8XE=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgET6MVQY9DLx4nuDlYS0nTdAvLR0lSYZSB/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlxRmj2njet1NbWV1b36hvNra2d3b33P2Dnpa5wqSLJZOqHyNNGBWka6hhpJ8pgnjMyEM8vin9h0eiNJXi3kwyEnI0FDSlGBkrRe5REEuW6Am3VxFoOuRoGvmR2/Ra3gxwmfgVaYIKncj9ChKJc06EwQxpPfC9zIQFUoZiRqaNINckQ3iMhmRgqUCc6LCYxZ/CU6skMJXKHmHgTP29USCuy4R2kiMz0oteKf7nDXKTXoUFFVluiMDzh9KcQSNh2QVMqCLYsIklCCtqs0I8QgphYxtr2BL8xS8vk955y/da/t1Fs31d1VEHx+AEnAEfXII2uAUd0AUYFOAZvII358l5cd6dj/lozal2DsEfOJ8/0k6WBQ==</latexit>

RNN
<latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit><latexit sha1_base64="Z3qkTg0hx4U2t/snaENeYB+2j1o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VSq2A9IQ9lsN+3SzW7YnYgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHN7nfeWTacCUfYJKwICZDySNOCVjJ7wF7guy+0ZiW+5WqW3NnwMvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsWu6lhiWEjsmQ+ZZKEjMTZLOTp/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUUvF//z/BSiqyDjMkmBSTpfFKUCg8L5/3jANaMgJpYQqrm9FdMR0YSCTSkPwVt8eZm0z2ueW/PuLqr16yKOEjpGJ+gMeegS1dEtaqIWokihZ/SK3hxwXpx352PeuuIUM0foD5zPH+JOkPk=</latexit>

�2
<latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit><latexit sha1_base64="JH5HzsTDWf/bzqCEuB8Q1phBmhk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSCgnGChbGItGH1ESR4zitVduJbAepirLwKywMIMTKZ7DxNzhtBmg5kuWjc+7VvfeEKaNKO863VVtb39jcqm83dnb39g/sw6O+SjKJSQ8nLJHDECnCqCA9TTUjw1QSxENGBuH0tvQHj0QqmogHPUuJz9FY0JhipI0U2CdemLBIzbj5ck/RMUdFkLeLwG46LWcOuErcijRBhW5gf3lRgjNOhMYMKTVynVT7OZKaYkaKhpcpkiI8RWMyMlQgTpSfzw8o4LlRIhgn0jyh4Vz93ZEjrsodTSVHeqKWvVL8zxtlOr72cyrSTBOBF4PijEGdwDINGFFJsGYzQxCW1OwK8QRJhLXJrGFCcJdPXiX9dst1Wu79ZbNzU8VRB6fgDFwAF1yBDrgDXdADGBTgGbyCN+vJerHerY9Fac2qeo7BH1ifP6f+lxI=</latexit>

P2
<latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit><latexit sha1_base64="lSzqROD0s+VosWM1kBImgIJk6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD81BbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwDQNY15</latexit>

P3
<latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit><latexit sha1_base64="l74AQsz3bi+O3h7+xb0forB7Jrk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Ohf9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDRuY16</latexit>

 (�)
<latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit><latexit sha1_base64="r8on/rknK+UF/u76yie5LhVv0y8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIoMuiG5cV7AOaUCaTSTp08mDmRiihf+DGX3HjQhG3bt35N07aLLT1wDCHc+7l3nu8VHAFlvVtVFZW19Y3qpu1re2d3T1z/6CrkkxS1qGJSGTfI4oJHrMOcBCsn0pGIk+wnje+KfzeA5OKJ/E9TFLmRiSMecApAS0NzVMnVdwRLIAGdrxE+GoS6S93FA8jMsWO5OEIzoZm3WpaM+BlYpekjkq0h+aX4yc0i1gMVBClBraVgpsTCZwKNq05mWIpoWMSsoGmMYmYcvPZPVN8ohUfB4nULwY8U3935CRSxZ66MiIwUoteIf7nDTIIrtycx2kGLKbzQUEmMCS4CAf7XDIKYqIJoZLrXTEdEUko6AhrOgR78eRl0j1v2lbTvruot67LOKroCB2jBrLRJWqhW9RGHUTRI3pGr+jNeDJejHfjY15aMcqeQ/QHxucPXZqc2Q==</latexit>

P1
<latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit><latexit sha1_base64="H7gUl/4E21BHHUR2PFWjbIzT39s=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodH3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB86xjXg=</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�1
<latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit><latexit sha1_base64="28NH/mpTLoJn1ZeidGBZCd7O26U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGit1eumI93Nv2q/W3Lo7B1klXkFqUKDZr371BgnLYpSGCap113NTE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ/fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRNdBzmWaGZRssSjKBDEJmT1PBlwhM2JiCWWK21sJG1FFmbERVWwI3vLLq6R1Uffcund/WWvcFHGU4QRO4Rw8uIIG3EETfGAg4Ble4c15dF6cd+dj0Vpyiplj+APn8wcCQY/v</latexit>

S
<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit> S

<latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit><latexit sha1_base64="QFNaeUnKhL9nd6LB5oQADAVSHuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8f6UVtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj69xvP6HSPJYPZpKgH9Gh5CFn1Fjp7r7Sr9bcujsDWSZeQWpQoNmvfvUGMUsjlIYJqnXXcxPjZ1QZzgROK71UY0LZmA6xa6mkEWo/m106JSdWGZAwVrakITP190RGI60nUWA7I2pGetHLxf+8bmrCSz/jMkkNSjZfFKaCmJjkb5MBV8iMmFhCmeL2VsJGVFFmbDh5CN7iy8vk8azuuXXv9rzWuCriKMMRHMMpeHABDbiBJrSAQQjP8Apvzth5cd6dj3lrySlmDuEPnM8f4oSM6w==</latexit>

SS
<latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit><latexit sha1_base64="ZWkeEkN/jSPmgixsH9bQPTDSpzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dq7Qe0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Gj0yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UPbfq3V9Wajd5HEU4gVM4Bw+uoAZ3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A1E3jTQ=</latexit>

�2
<latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit>

�3
<latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="wtZeAiRKl02NscXUZLNJ1uCclIA=">AAAB5HicbZBLSwMxFIXv+Ky1anXrJlgEV2VGF7oU3LisYB/QDiWT3mlDM5kxuSOUoX/CjQtF/E3u/Demj4W2Hgh8nJOQe0+UKWnJ97+9jc2t7Z3d0l55v3JweFQ9rrRsmhuBTZGq1HQiblFJjU2SpLCTGeRJpLAdje9mefsZjZWpfqRJhmHCh1rGUnByVqeXjWS/uJr2qzW/7s/F1iFYQg2WavSrX71BKvIENQnFre0GfkZhwQ1JoXBa7uUWMy7GfIhdh5onaMNiPu+UnTtnwOLUuKOJzd3fLwqeWDtJIncz4TSyq9nM/C/r5hTfhIXUWU6oxeKjOFeMUjZbng2kQUFq4oALI92sTIy44YJcRWVXQrC68jq0LuuBXw8efCjBKZzBBQRwDbdwDw1oggAFL/AG796T9+p9LOra8Ja9ncAfeZ8/0VGOlw==</latexit><latexit sha1_base64="wtZeAiRKl02NscXUZLNJ1uCclIA=">AAAB5HicbZBLSwMxFIXv+Ky1anXrJlgEV2VGF7oU3LisYB/QDiWT3mlDM5kxuSOUoX/CjQtF/E3u/Demj4W2Hgh8nJOQe0+UKWnJ97+9jc2t7Z3d0l55v3JweFQ9rrRsmhuBTZGq1HQiblFJjU2SpLCTGeRJpLAdje9mefsZjZWpfqRJhmHCh1rGUnByVqeXjWS/uJr2qzW/7s/F1iFYQg2WavSrX71BKvIENQnFre0GfkZhwQ1JoXBa7uUWMy7GfIhdh5onaMNiPu+UnTtnwOLUuKOJzd3fLwqeWDtJIncz4TSyq9nM/C/r5hTfhIXUWU6oxeKjOFeMUjZbng2kQUFq4oALI92sTIy44YJcRWVXQrC68jq0LuuBXw8efCjBKZzBBQRwDbdwDw1oggAFL/AG796T9+p9LOra8Ja9ncAfeZ8/0VGOlw==</latexit><latexit sha1_base64="wP8AmisC7cB930zgR6zczdrVjdQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0n0oMeiF48VTFtoQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCopZNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbq9NIR7+eX03615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n83ik5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOx5MuAKmRETSyhT3N5K2IgqyoyNqGJD8JZfXiWti7rn1r17t9a4KeIowwmcwjl4cAUNuIMm+MBAwDO8wpvz6Lw4787HorXkFDPH8AfO5w8EC4/t</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

h0 h1 h2 h3 hN�1 hN hn�1 hn
<latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit><latexit sha1_base64="clDwaWGdaobaYRA3Hntmi2Eh1Eg="></latexit>

(a)
<latexit sha1_base64="n0kiYe3Vk54ukV3OShxrr+ilFZI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZhV2NumVym7VnYEuEy8nZZKj3it9dfsxTyNQyCUzpuO5CfoZ0yi4hEmxmxpIGB+xAXQsVSwC42eziyf01Cp9GsbalkI6U39PZCwyZhwFtjNiODSL3lT8z+ukGF75mVBJiqD4fFGYSooxnb5P+0IDRzm2hHEt7K2UD5lmHG1IRRuCt/jyMmmeVz236t1dlGvXeRwFckxOSIV45JLUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/TryQqQ==</latexit><latexit sha1_base64="n0kiYe3Vk54ukV3OShxrr+ilFZI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZhV2NumVym7VnYEuEy8nZZKj3it9dfsxTyNQyCUzpuO5CfoZ0yi4hEmxmxpIGB+xAXQsVSwC42eziyf01Cp9GsbalkI6U39PZCwyZhwFtjNiODSL3lT8z+ukGF75mVBJiqD4fFGYSooxnb5P+0IDRzm2hHEt7K2UD5lmHG1IRRuCt/jyMmmeVz236t1dlGvXeRwFckxOSIV45JLUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/TryQqQ==</latexit><latexit sha1_base64="n0kiYe3Vk54ukV3OShxrr+ilFZI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZhV2NumVym7VnYEuEy8nZZKj3it9dfsxTyNQyCUzpuO5CfoZ0yi4hEmxmxpIGB+xAXQsVSwC42eziyf01Cp9GsbalkI6U39PZCwyZhwFtjNiODSL3lT8z+ukGF75mVBJiqD4fFGYSooxnb5P+0IDRzm2hHEt7K2UD5lmHG1IRRuCt/jyMmmeVz236t1dlGvXeRwFckxOSIV45JLUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/TryQqQ==</latexit><latexit sha1_base64="n0kiYe3Vk54ukV3OShxrr+ilFZI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZhV2NumVym7VnYEuEy8nZZKj3it9dfsxTyNQyCUzpuO5CfoZ0yi4hEmxmxpIGB+xAXQsVSwC42eziyf01Cp9GsbalkI6U39PZCwyZhwFtjNiODSL3lT8z+ukGF75mVBJiqD4fFGYSooxnb5P+0IDRzm2hHEt7K2UD5lmHG1IRRuCt/jyMmmeVz236t1dlGvXeRwFckxOSIV45JLUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/TryQqQ==</latexit>
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Figure 2. (a) pRNN wave function: A graphical representa-
tion of the computation of positive amplitudes using one RNN
cell along with a Softmax layer (magenta circles) to compute
the modulus | (�)|2 = P (�). (b) cRNN wave function: A
graphical representation of the computation of complex am-
plitudes using one RNN cell along with a Softmax layer (ma-
genta circles) and a Softsign (SS) layer (orange circles). The
first computes the modulus | (�)|2 = P (�), the second to
computes the phase �(�) of  (�).

The generalization to the complex case starts by split-
ting the wave function into an amplitude and phase �(�)
[42] as

| i =
X

�

exp(i�(�))
p

P (�) |�i . (7)

As illustrated in Fig. 2(b), we use one RNN cell and a
Softmax layer to model the probability, together with
a Softsign layer (as defined below) to model the phase.
In this parametrization, the first layer uses the Softmax
activation function to get conditional probabilities Pn as

Pn = y(1)
n · �n, (8)

where

y(1)
n = S

⇣
U

(1)hn + c(1)
⌘
, (9)

in a similar fashion to Eq. (3). The Softsign layer is used
to compute the phases as

�n = y(2)
n · �n, (10)

where

y(2)
n = ⇡ Softsign

⇣
U

(2)hn + c(2)
⌘
. (11)

The Softsign function is defined as

Softsign(x) =
x

1 + |x| 2 (�1, 1).

Finally, the probability P (�) is obtained from the N in-
dividual contributions Pn as

P (�) ⌘ ⇧N
n=1Pn, (12)

and, similarly, the phase �(�) is computed as

�(�) ⌘
NX

n=1

�n. (13)

Note that sampling from the square of the amplitudes
P (�) is una↵ected by the Softsign layer and is carried
out, as described above, using only the Softmax layer as
in Fig. 1(c). For later reference, we call this architecture
a complex recurrent neural network wave function (cRNN
wave function), and hereafter, the term RNN wave func-
tion will refer to both pRNN wave functions and cRNN
wave functions. Details about the dimensions of the vari-
ational parameters of RNN wave functions can be found
in App. A.

III. GROUND STATES WITH RNN WAVE
FUNCTIONS

We focus our attention on the ground state proper-
ties of prototypical Hamiltonians in condensed matter
physics including the one- and two-dimensional (1D and
2D) transverse field Ising model (TFIM), as well as the
1D J1-J2 model, both with open boundary conditions.
Their Hamiltonians are given by

ĤTFIM = �
X

hi,ji

�̂
z
i �̂

z
j � h

X

i

�̂
x
i , (14)

where �̂(x,y,z)
i are Pauli matrices acting on site i, and

ĤJ1�J2 = J1

X

hi,ji

Ŝi · Ŝj + J2

X

hhi,jii

Ŝi · Ŝj . (15)

where Ŝi is a spin-1/2 operator. Here, hi, ji and hhi, jii
denote nearest- and next-nearest-neighbor pairs, respec-
tively. Energies for the J1-J2 model are measured in units
of J1 = 1 in the results that follow.
To train our models we use the variational principle,

where for a given problem Hamiltonian Ĥ, the optimiza-
tion strategy involves minimizing the expectation value
E� = h �|Ĥ| �i � E0 with respect to the variational
parameters �. Here, E0 is the exact ground state en-
ergy of Ĥ. The variational parameters � are updated
using variants of the gradient descent algorithm with the
objective of minimizing E� = h �|Ĥ| �i. We provide
a detailed description of the VMC scheme and the opti-
mization strategy with which we optimize our RNN wave
functions in App. C.
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Since the TFIM in Eq. (14) is stoquastic, the ground
state is positive [41] and hence we use the pRNN wave
function ansatz. The J1-J2 model with positive cou-
plings, on the other hand, has a ground state endowed
with a sign structure in the computational z-basis, and
thus we use a cRNN wave function ansatz.

In the following sections, we use 1D RNN wave func-
tions to approximate the ground state problem of the
1D TFIM and the 1D J1-J2 model, whereas we use both
1D and 2D pRNN wave functions in the case of the 2D
TFIM.

A. 1D transverse field Ising model

To demonstrate the power of our proposed method,
we use it to target the ground state of a TFIM in one
dimension with N = 1000 spins at the critical point h =
1 using a pRNN wave function that has a single-layer
RNN with 50 memory units. In Fig. 3(a), we show the
evolution of the relative error

✏ ⌘ |ERNN � EDMRG|
|EDMRG|

, (16)

and the energy variance per spin

�
2 ⌘

D
Ĥ

2
E
�

D
Ĥ

E2

N
, (17)

as a function of the training step. EDMRG is the ground
state energy as obtained from a density matrix renor-
malization group (DMRG) calculation [43, 44], and can
be considered exact in one dimension. We obtain very
accurate results with a modest number of parameters
(⇠ 8000, see App. A). For comparison, the number of
parameters of a restricted Boltzmann machine (RBM)
[9] with one layer scales as MN with M the number of
hidden units and N the number of physical spins. This
scaling implies that the pRNN wave function here has
the same number of variational parameters as an RBM
with only eight hidden units.

While energies and variances give a quantitative indi-
cation of the quality of a variational wave function, corre-
lation functions provide a more comprehensive character-
ization. Indeed, correlation functions are at the heart of
condensed matter theory since many experimental probes
in condensed matter physics directly relate to measure-
ments of correlation functions. Examples include inelas-
tic scattering, which probes density-density correlation
functions, and the Green’s function, out of which impor-
tant thermodynamic properties of a quantum system can
be computed [45]. In Fig. 3(b) we compare the RNN re-
sults for the two-point correlation functions hŜx

nŜ
x
mi and

hŜz
nŜ

z
mi with DMRG. Here, we see consistency between

the RNN and the DMRG results.
Extracting entanglement entropy from many-body

quantum systems is a central theme in condensed matter
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hŜ
z 4
0
Ŝ
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hŜz
Ŝ
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Ŝ
xi:

DMRG

RNN

Figure 3. Results for the pRNN wave function compared
with DMRG when targeting the ground state of a 1D TFIM
at the critical point. Our pRNN wave function has one layer
with 50 units. (a) The relative error ✏ and the energy variance
per spin �2 against the number of training steps (i.e. gradient
descent steps) for N = 1000 spins. We use only 200 samples
per gradient step, which are enough to achieve convergence.
(b) The two-point correlation function hŜ40Ŝni along the x-
axis and z-axis of the optimized pRNN wave function for sites
n > 40 using 106 samples. DMRG results are also shown for
comparison. (c) The Rényi entropy S2 against the relative size
of subregion A for system sizes N = 20 and 80. In both (b)
and (c), the error bars are smaller than the data points.
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malization group (DMRG) calculation [43, 44], and can
be considered exact in one dimension. We obtain very
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(⇠ 8000, see App. A). For comparison, the number of
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[9] with one layer scales as MN with M the number of
hidden units and N the number of physical spins. This
scaling implies that the pRNN wave function here has
the same number of variational parameters as an RBM
with only eight hidden units.

While energies and variances give a quantitative indi-
cation of the quality of a variational wave function, corre-
lation functions provide a more comprehensive character-
ization. Indeed, correlation functions are at the heart of
condensed matter theory since many experimental probes
in condensed matter physics directly relate to measure-
ments of correlation functions. Examples include inelas-
tic scattering, which probes density-density correlation
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Figure 3. Results for the pRNN wave function compared
with DMRG when targeting the ground state of a 1D TFIM
at the critical point. Our pRNN wave function has one layer
with 50 units. (a) The relative error ✏ and the energy variance
per spin �2 against the number of training steps (i.e. gradient
descent steps) for N = 1000 spins. We use only 200 samples
per gradient step, which are enough to achieve convergence.
(b) The two-point correlation function hŜ40Ŝni along the x-
axis and z-axis of the optimized pRNN wave function for sites
n > 40 using 106 samples. DMRG results are also shown for
comparison. (c) The Rényi entropy S2 against the relative size
of subregion A for system sizes N = 20 and 80. In both (b)
and (c), the error bars are smaller than the data points.
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physics, with entanglement entropy providing an addi-
tional window into the structure of complex quantum
states of matter beyond what is seen from correlation
functions. Of particular interest is the family of Rényi
entropies of order ↵ of a reduced density matrix ⇢,

S↵(⇢) =
1

1� ↵
log (Tr⇢↵) . (18)

S↵(⇢) encodes important non-local properties of quan-
tum many-body systems such as topological entangle-
ment, and contains information about universal prop-
erties of quantum phases such as the central charge
c [46, 47]. Due to their non-local character, extracting
Rényi entropies from many-body quantum systems is no-
toriously di�cult. Here, we use the so-called replica trick
[48] to calculate the ↵ = 2 Rényi entropy S2(⇢) for RNN
wave functions. The details of the implementation can
be found in App. E. In Fig. 3(c), we show results for
the Rényi entropy S2(⇢`) for two di↵erent system sizes
N = 20, 80 of 1D TFIM. ⇢` here is the reduced density
matrix on the first ` sites of the spin chain, obtained by
tracing out all sites n 2 [`+ 1, L] such that

⇢` = Trn2[`+1,L] (| i h |) . (19)

Indeed for both system sizes, Fig. 3(c) shows excellent
agreement between the pRNN wave function estimation
and the DMRG result. To improve the overall quality of
the quantum state, we have enforced the parity symmetry
on our pRNN wave function (see App. D 1), denoted by
“Symmetric RNN” in Fig. 3(c). We observe that the
symmetric pRNN wave function leads to a more accurate
estimate of S2(⇢`) for N = 80 sites.

B. 1D J1 � J2 model

Moving beyond stoquastic Hamiltonians, we now in-
vestigate the performance of RNN wave functions for a
Hamiltonian the ground state of which has a sign struc-
ture in the computational basis, specifically the J1-J2
model in one dimension.

We use a variationally optimized deep cRNN wave
function with three GRU layers, each with 100 mem-
ory units, to approximate the ground state of the J1-
J2 model. The phase diagram of this model has been
studied with DMRG [49], where it was found that the
model exhibits a quantum phase transition at J

c
2 =

0.241167 ± 0.000005 [50, 51] from a critical Luttinger
liquid phase for J2  J

c
2 to a spontaneously dimerized

gapped valence bond state phase for J2 � J
c
2 .

We impose U(1) spin symmetry in the cRNN wave
function (see App. D 2), and target the ground state at
four di↵erent points J2 = 0.0, 0.2, 0.5, 0.8. Note that at
J2 = 0, the Hamiltonian in Eq. (15) can be made stoquas-
tic by a local unitary transformation that rotates every
other spin by ⇡ around the z-axis. The ground state can
in this case be decomposed as [52]

 (�) = (�1)MA(�)
 ̃(�), (20)

No Sign Marshall Sign

10�3

10�4

10�5

10�6

�

J2 = 0.8

J2 = 0.2

J2 = 0.0

Figure 4. The relative error (compared to DMRG) of the
cRNN wave function trained on the 1D J1 � J2 model with
N = 100 spins for di↵erent values J2, both without a prior
sign (represented by “No Sign”) and with a prior Marshall
sign as in Eq. (20) (represented by “Marshall Sign”). We
observe that applying a Marshall sign improves the accuracy.

where MA(�) is given by MA(�) =
P

i2A �i with �i 2
{0, 1} [52] and  ̃(�) is the positive amplitude of the wave
function. The set A comprises the sites belonging to the
sublattice of all even (or all odd) sites in the lattice. The
prefactor (�1)MA(�) is known as the Marshall sign of
the wave function [52]. For J2 6= 0, this decomposition
is no longer exact, and  ̃(�) acquires a non-trivial sign
structure. For finite J2 the decomposition in Eq. (20)
can still be applied with the hope that the sign structure
of  (�) remains close to the Marshall sign [53].

In Fig. 4, we compare ground state energies of the
cRNN wave function trained on the 1D J1-J2 model with
N = 100 spins with and without applying a Marshall
sign. For small values of J2, we find a considerable im-
provement of the energies when applying the Marshall
sign on top of the cRNN wave function. This observation
highlights the importance of considering a prior “sign
ansatz” to achieve better results. In the absence of a prior
sign, the cRNN wave function can still achieve accurate
estimations of the ground state energies, showing that
cRNN wave functions can recover some of the unknown
sign structure of the ground state. For J2 = 0.8, however,
the improvement is less pronounced, which is expected
due to the emergence of a second sign structure in the
limit J2 ! 1 (when the system decouples into two inde-
pendent unfrustrated Heisenberg chains) [54, 55], that is
widely di↵erent from the Marshall sign in Eq. (20). We
omit from Fig. 4 our results at the point J2 = 0.5. In
this case, the 1D J1-J2 model reduces to the Majumdar-
Ghosh model, where the ground state is a product-state
of spin singlets, and we find agreement with the exact
ground state energy within error bars when we apply an
initial Marshall sign structure. We provide a summary
of the cRNN wave function’s obtained values in App. F.
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[9] with one layer scales as MN with M the number of
hidden units and N the number of physical spins. This
scaling implies that the pRNN wave function here has
the same number of variational parameters as an RBM
with only eight hidden units.

While energies and variances give a quantitative indi-
cation of the quality of a variational wave function, corre-
lation functions provide a more comprehensive character-
ization. Indeed, correlation functions are at the heart of
condensed matter theory since many experimental probes
in condensed matter physics directly relate to measure-
ments of correlation functions. Examples include inelas-
tic scattering, which probes density-density correlation
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Figure 3. Results for the pRNN wave function compared
with DMRG when targeting the ground state of a 1D TFIM
at the critical point. Our pRNN wave function has one layer
with 50 units. (a) The relative error ✏ and the energy variance
per spin �2 against the number of training steps (i.e. gradient
descent steps) for N = 1000 spins. We use only 200 samples
per gradient step, which are enough to achieve convergence.
(b) The two-point correlation function hŜ40Ŝni along the x-
axis and z-axis of the optimized pRNN wave function for sites
n > 40 using 106 samples. DMRG results are also shown for
comparison. (c) The Rényi entropy S2 against the relative size
of subregion A for system sizes N = 20 and 80. In both (b)
and (c), the error bars are smaller than the data points.

Symmetries: Spin inversion, mirror reflection, Sz. Sign: different Marshall signs for the J1-J2 model  
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Classical topological order

• The peculiar structure of phase space divided into sectors that are connected 
exclusively by extensive rearrangements of the microscopic degrees of 
freedom.



Take 28 x 28 binary images
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ML broad categories
Equation/physical law learning




Closed quantum systems Open quantum systems

Time-dependent Schrödinger equation Master equation 

Exact Exact

Time-Independent Schrödinger equation Steady state

Exact Exact

Gibbs state

Exact
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Inspiration: The brain
• Our brain has  neurons, each of which communicates to other  

neurons 


• Neurons receive input signals and accumulate voltage. After some threshold they 
will fire spiking responses.


• Pic credit: www.moleculardevices.com, http://cs231n.github.io/neural-networks-1/

∼ 1011 ∼ 104

Inspiration: The Brain

Neurons receive input signals and accumulate voltage. After some
threshold they will fire spiking responses.

[Pic credit: www.moleculardevices.com]
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Inspiration: The Brain

Our brain has ⇠ 1011 neurons, each of which communicates (is
connected) to ⇠ 104 other neurons

Figure: The basic computational unit of the brain: Neuron

[Pic credit: http://cs231n.github.io/neural-networks-1/]

UofT CSC 411: 10-Neural Networks 2 / 35


