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 Tests in the post-Newtonian regime
 Parametrized post-Newtonian (PPN) 

formalism

𝜙/𝑐2 = Τ𝐺𝑀 𝑅𝑐2 ≪ 1, 𝑣/𝑐 ≪ 1

−1 + 2𝑈 − 2𝛽𝑈2 − 2𝜉Φ𝑊 + 2𝛾 + 2 + 𝛼3 + 𝜁1 − 2𝜉 Φ1 + 2 3𝛾 − 2𝛽 + 1 + 𝜁2 + 𝜉 Φ2

+ 2 1 + 𝜁3 Φ3 + 2 3𝛾 + 3𝜁4 − 2𝜉 Φ4 − 𝜁1 − 2𝜉 𝐴 − 𝛼1 − 𝛼2 − 𝛼3 𝑤2𝑈 − 𝛼2𝑤
𝑖𝑤𝑗𝑈𝑖𝑗

+ 2𝛼3 − 𝛼1 𝑤𝑖𝑉𝑖 + 𝑂(𝜖3)

𝑔00 =

𝑔0𝑖 = −
1

2
4𝛾 + 3 + 𝛼1 − 𝛼2 + 𝜁1 − 2𝜉 𝑉𝑖 −

1

2
1 + 𝛼2 − 𝜁1 + 2𝜉 𝑊𝑖 −

1

2
𝛼1 − 2𝛼2 𝑤𝑖𝑈 − 𝛼2𝑤

𝑗𝑈𝑖𝑗 + 𝑂(𝜖2.5)

𝑔𝑖𝑗 = 1 + 2𝛾𝑈 𝛿𝑖𝑗 + 𝑂(𝜖2)
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 Tests of basic principles of a (metric) 

theory of gravity
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 Tests in the “strong gravity” regime
 Black holes          𝜙/𝑐2~0.5
 Neutron stars      𝜙/𝑐2~0.2 − 0.3

𝑣/𝑐 ≪ 1 𝑣/𝑐 ≲ 1

 Tests in the radiative regime
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Post-Newtonian expansion

Thorne (1994)

Numerical 

relativity 

simulations

Perturbation 

theory
Small parameters:

𝑣2

𝑐2
,
𝐺𝑀

𝑟𝑐2
≪ 1

𝑣𝑖𝑛𝑡
2

𝑐2
,
𝐺𝑀

𝑅𝑐2
≪ 1

slowly moving weakly 

gravitating

Post-Newtonian 

expansion
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Post-Newtonian expansion

Thorne (1994)

Numerical 

relativity 

simulations

Perturbation 

theory

slowly moving weakly 

gravitating

Post-Newtonian 

expansion

 Wider applicability in GR 

due to the Strong 

Equivalence Principle!

 Modified theories of gravity in 

general do not obey the SEP, 

even allowing for non-

perturbative strong field effects!

Small parameters:

𝑣2

𝑐2
,
𝐺𝑀

𝑟𝑐2
≪ 1

𝑣𝑖𝑛𝑡
2

𝑐2
,
𝐺𝑀

𝑅𝑐2
≪ 1
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Case study: Scalar-tensor theories

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅 − 2𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 + 𝑆𝑚 Ψ𝑚; 𝑎 𝜙 2𝑔𝜇𝜈

Universal coupling to 

“physical” metric

෤𝑔𝜇𝜈 = 𝑎 𝜙 2𝑔𝜇𝜈

See also: Doneva et al. (2022), “Scalarization”
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Case study: Scalar-tensor theories

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅 − 2𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 + 𝑆𝑚 Ψ𝑚; 𝑎 𝜙 2𝑔𝜇𝜈

• For a system of 𝑁 non-self-gravitating point particles:

Universal coupling to 

“physical” metric

෤𝑔𝜇𝜈 = 𝑎 𝜙 2𝑔𝜇𝜈

𝑆𝑚 = −෍

𝐴=1

𝑁

න෥𝑚𝐴𝑑 ǁ𝑠𝐴 = −෍

𝐴=1

𝑁

න ෥𝑚𝐴 − ෤𝑔𝜇𝜈 𝑥𝐴 𝑑𝑥𝐴
𝜇
𝑥𝐴
𝜈

𝑆𝑚 = −෍

𝐴=1

𝑁

න෥𝑚𝐴𝑎(𝜙 𝑥𝐴 )𝑑𝑠𝐴 = −෍

𝐴=1

𝑁

න𝑚𝐴(𝜙 𝑥𝐴 )𝑑𝑠𝐴

𝛼 𝜙 =
𝑑 ln 𝑎 𝜙

𝑑𝜙
=
𝑑 ln𝑚(𝜙)

𝑑𝜙

Effective coupling:

𝑚𝐴(𝜙 𝑥𝐴 )
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Case study: Scalar-tensor theories

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅 − 2𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 + 𝑆𝑚 Ψ𝑚; 𝑎 𝜙 2𝑔𝜇𝜈

• For a system of 𝑁 self-gravitating point particles, Eardley (1975) suggests 
skeletonizing the action as

Universal coupling to 

“physical” metric

෤𝑔𝜇𝜈 = 𝑎 𝜙 2𝑔𝜇𝜈

𝑆𝑚 = −෍

𝐴=1

𝑁

න෥𝑚𝐴 𝜙 𝑑 ǁ𝑠𝐴 = −෍

𝐴=1

𝑁

න𝑚𝐴 𝜙 𝑑𝑠𝐴

𝛼𝐴 𝜙 =
𝑑 ln𝑚𝐴(𝜙)

𝑑𝜙

Body-dependent effective coupling:

* See also Damour and 

Esposito-Farèse (1992)

field dependent binding energy
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• Let: Φ = 𝑔𝜇𝜈 − 𝑓𝜇𝜈 , 𝜙 − 𝜙0

𝜎 :   matter variables

• Total action: 𝑆𝑡𝑜𝑡
𝐺𝐹 𝜎,Φ = 𝑆Φ

𝐺𝐹 Φ + 𝑆𝑚[𝜎,Φ]

Case study: Scalar-tensor theories

𝑆Φ Φ + GF terms

𝛿𝑆𝑡𝑜𝑡
𝐺𝐹

𝛿Φ
=
𝛿𝑆Φ
𝛿Φ

+
𝛿𝑆𝑚
𝛿Φ

= 0

𝛿𝑆𝑡𝑜𝑡
𝐺𝐹

𝛿𝜎
=
𝛿𝑆𝑚
𝛿𝜎

= 0

Following Damour & Esposito-Farèse (1996)
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• Let: Φ = 𝑔𝜇𝜈 − 𝑓𝜇𝜈 , 𝜙 − 𝜙0

𝜎 :   matter variables

• Total action: 𝑆𝑡𝑜𝑡
𝐺𝐹 𝜎,Φ = 𝑆Φ

𝐺𝐹 Φ + 𝑆𝑚[𝜎,Φ]

• Strategy:
𝛿𝑆𝑡𝑜𝑡

𝐺𝐹

𝛿Φ
= 0 ⟹ ഥΦ 𝜎

• Fokker action:

𝑆F 𝜎 = 𝑆𝑡𝑜𝑡
𝐺𝐹 [𝜎, ഥΦ[𝜎]]

Case study: Scalar-tensor theories

𝑆Φ Φ + GF terms

solve perturbatively!

Following Damour & Esposito-Farèse (1996)
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Case study: Scalar-tensor theories

𝒫 =

𝜎 =

Φ =

𝒫−1Φ =

1.
𝛿𝑆𝑡𝑜𝑡

𝐺𝐹

𝛿Φ
= 0 ⟹ ഥΦ 𝜎

Following Damour & Esposito-Farèse (1996)
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Case study: Scalar-tensor theories

𝒫 =

𝜎 =

Φ =

𝒫−1Φ =

1.
𝛿𝑆𝑡𝑜𝑡

𝐺𝐹

𝛿Φ
= 0 ⟹ ഥΦ 𝜎

2. 𝑆F 𝜎 = 𝑆𝑡𝑜𝑡
𝐺𝐹[𝜎, ഥΦ[𝜎]]

Following Damour & Esposito-Farèse (1996)
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Case study: Scalar-tensor theories

3. Spin-0,2 propagators:

2. 𝑆F 𝜎 = 𝑆𝑡𝑜𝑡
𝐺𝐹[𝜎, ഥΦ[𝜎]]

Following Damour & Esposito-Farèse (1996)

4. Expansion in 𝑣/𝑐, 𝐺𝑀/𝑅𝑐2



Gravitational Waves Meet Amplitudes in the Southern Hemisphere 

• Newtonian limit:
𝐺𝐴𝐵 = 𝐺[1 + 𝛼𝐴𝛼𝐵 0]

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼𝐴 𝜙0 =
𝑑 ln𝑚𝐴(𝜙)

𝑑𝜙
ቚ
𝜙=𝜙0
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• Newtonian limit:
𝐺𝐴𝐵 = 𝐺[1 + 𝛼𝐴𝛼𝐵 0]

• 1PN parameters:

ҧ𝛾𝐴𝐵 = −
2 𝛼𝐴𝛼𝐵 0

1 + 𝛼𝐴𝛼𝐵 0
, ҧ𝛽𝐵𝐶

𝐴 =
1

2

𝛼𝐵𝛽𝐴𝛼𝐶 0

[1 + 𝛼𝐴𝛼𝐵 0][1 + 𝛼𝐴𝛼𝐶 0]

Case study: Scalar-tensor theories

𝛽𝐴0 =
𝑑𝛼𝐴
𝑑𝜙

ቚ
𝜙0
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Case study: Scalar-tensor theories
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• Newtonian limit:
𝐺𝐴𝐵 = 𝐺[1 + 𝛼𝐴𝛼𝐵 0]

• 1PN parameters:

ҧ𝛾𝐴𝐵 = −
2 𝛼𝐴𝛼𝐵 0

1 + 𝛼𝐴𝛼𝐵 0
, ҧ𝛽𝐵𝐶

𝐴 =
1

2

𝛼𝐵𝛽𝐴𝛼𝐶 0

[1 + 𝛼𝐴𝛼𝐵 0][1 + 𝛼𝐴𝛼𝐶 0]

• 2PN parameters: 𝜖𝐵𝐶𝐷
𝐴 , 𝜁𝐴𝐵𝐶𝐷

• For any PN order: corrections proportional to 𝛼𝐴0
2 .

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼𝐴 𝜙0 =
𝑑 ln𝑚𝐴(𝜙)

𝑑𝜙
ቚ
𝜙=𝜙0

=
𝑑 ln[෦𝑚𝐴 𝜙 𝑎 𝜙 ]

𝑑𝜙
ቚ
𝜙=𝜙0

constant if non-self-gravitating
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• Newtonian limit:
𝐺𝐴𝐵 = 𝐺[1 + 𝛼𝐴𝛼𝐵 0]

• 1PN parameters:

ҧ𝛾𝐴𝐵 = −
2 𝛼𝐴𝛼𝐵 0

1 + 𝛼𝐴𝛼𝐵 0
, ҧ𝛽𝐵𝐶

𝐴 =
1

2

𝛼𝐵𝛽𝐴𝛼𝐶 0

[1 + 𝛼𝐴𝛼𝐵 0][1 + 𝛼𝐴𝛼𝐶 0]

• 2PN parameters: 𝜖𝐵𝐶𝐷
𝐴 , 𝜁𝐴𝐵𝐶𝐷

• For any PN order: corrections proportional to 𝛼𝐴0
2 .

Expand in 𝐶𝐴 =
𝐺𝑚𝐴

𝑅𝐴𝑐
2:

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼𝐴 𝜙0 =
𝑑 ln𝑚𝐴(𝜙)

𝑑𝜙
ቚ
𝜙=𝜙0

=
𝑑 ln[෦𝑚𝐴 𝜙 𝑎 𝜙 ]

𝑑𝜙
ቚ
𝜙=𝜙0

constant if non-self-gravitating

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

(Damour & Esposito-Farèse, 1992) 𝛼0 = 𝑑 ln 𝑎 𝜙 /𝑑𝜙 ቚ
𝜙0
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• Newtonian limit:
𝐺𝐴𝐵 = 𝐺[1 + 𝛼𝐴𝛼𝐵 0]

• 1PN parameters:

ҧ𝛾𝐴𝐵 = −
2 𝛼𝐴𝛼𝐵 0

1 + 𝛼𝐴𝛼𝐵 0
, ҧ𝛽𝐵𝐶

𝐴 =
1

2

𝛼𝐵𝛽𝐴𝛼𝐶 0

[1 + 𝛼𝐴𝛼𝐵 0][1 + 𝛼𝐴𝛼𝐶 0]

• 2PN parameters: 𝜖𝐵𝐶𝐷
𝐴 , 𝜁𝐴𝐵𝐶𝐷

• For any PN order: corrections proportional to 𝛼𝐴0
2 .

Expand in 𝐶𝐴 =
𝐺𝑚𝐴

𝑅𝐴𝑐
2:

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼𝐴 𝜙0 =
𝑑 ln𝑚𝐴(𝜙)

𝑑𝜙
ቚ
𝜙=𝜙0

=
𝑑 ln[෦𝑚𝐴 𝜙 𝑎 𝜙 ]

𝑑𝜙
ቚ
𝜙=𝜙0

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

(Damour & Esposito-Farèse, 1992) 𝛼0 = 𝑑 ln 𝑎 𝜙 /𝑑𝜙 ቚ
𝜙0

This seems to imply that a 

theory with 𝛼0 = 0 would 

be indistinguishable from GR 

to any PN order.
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• Limitation of the post-Newtonian expansion: 

Non-perturbative effects make it inappropriate to expand

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]
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• Limitation of the post-Newtonian expansion: 

Non-perturbative effects make it inappropriate to expand

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

𝑅𝐷

𝑟match

𝜖 =
𝑅

𝑟match
=
𝑟match

𝐷
≪ 1

𝜖 → 0: ቊ
𝑟match → ∞when measured in units of 𝑅
𝑟match → 0 when measured in units of 𝐷

outer problem

inner problem

[Damour & Esposito-Farèse (1992)]
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• Limitation of the post-Newtonian expansion: 

Non-perturbative effects make it inappropriate to expand

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

𝑅𝐷

𝑟match

Inner problem:

Solve the TOV-like equations of 

hydrostatic equilibrium with BC

𝑔𝜇𝜈
𝑟→𝑟match

ො𝑔𝜇𝜈 = 𝑓𝜇𝜈

𝜙
𝑟→𝑟match ෠𝜙

[Damour & Esposito-Farèse (1992)]
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• Limitation of the post-Newtonian expansion: 

Non-perturbative effects make it inappropriate to expand

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

𝑅𝐷

𝑟match

Inner problem:

Solve the TOV-like equations of 

hydrostatic equilibrium with BC

𝑔𝜇𝜈
𝑟→𝑟match

ො𝑔𝜇𝜈 = 𝑓𝜇𝜈

𝜙
𝑟→𝑟match ෠𝜙

For 𝑟/𝑅 ≫ 1:

𝑔𝜇𝜈 = 𝑓𝜇𝜈 +
2𝐺𝑚𝐴

෠𝜙

𝑟𝑐2
𝛿𝜇𝜈 +⋯

𝜙 = ෠𝜙 −
𝐺𝑚𝐴

෠𝜙 𝛼𝐴( ෠𝜙)

𝑟𝑐2
+⋯

[Damour & Esposito-Farèse (1992)]
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• Limitation of the post-Newtonian expansion: 

Non-perturbative effects make it inappropriate to expand

Case study: Scalar-tensor theories

𝛼𝐴0 = 𝛼0[1 + 𝐴1𝐶𝐴 + 𝐴2𝐶𝐴
2 +⋯]

[R. Mendes & T. Ottoni (2019)] For a nonminimally coupled scalar field, with coupling 𝜉𝑅Φ2

𝛼0 = 2𝜉𝜙0 + 𝑂 𝜙0
2

spontaneous scalarization



Gravitational Waves Meet Amplitudes in the Southern Hemisphere 

 Testing General Relativity

 Limitations of the pN expansion: the rise of 

nonperturbative effects

 Accommodating nonperturbative effects: pK, pD & all that

 Effective action approach to dynamical scalarization

 Going beyond the adiabatic approximation
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Post-Keplerian expansion

Thorne (1994)

Numerical 

relativity 

simulations

Perturbation 

theory
PN: Small parameters:

𝑣

𝑐
,
𝐺𝑀

𝑟𝑐2
≪ 1

𝑣𝑖𝑛𝑡
𝑐

,
𝐺𝑀

𝑅𝑐2
≪ 1

slowly moving weakly 

gravitating

Post-Newtonian 

expansion

 Modified theories of gravity in 

general do not obey the SEP, 

even allowing for non-

perturbative strong field effects!
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Post-Keplerian expansion

Thorne (1994)

Numerical 

relativity 

simulations

Perturbation 

theory
PN: Small parameters:

𝑣

𝑐
,
𝐺𝑀

𝑟𝑐2
≪ 1

𝑣𝑖𝑛𝑡
𝑐

,
𝐺𝑀

𝑅𝑐2
≪ 1

PK (Post-Keplerian): Small 

parameters:
𝑣

𝑐
,
𝐺𝑀

𝑟𝑐2
≪ 1

slowly moving weakly 

gravitating

Post-Newtonian 

expansion

slowly moving
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Post-Keplerian expansion

PSR J0348+0432

 General Relativity
 Scalar-tensor theory of Damour

and Esposito-Farèse

Wex, 2014 Wex, 2014
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Dynamical scalarization

color coding: scalar field amplitude
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Dynamical scalarization

color coding: scalar field amplitude

Palenzuela, Barausse, Ponce, Lehner (2014)
In these models, spontaneous scalarization of 

isolated stars only possible if ෨𝛽 ≲ −4.5

𝑚1 = 𝑚2 = 1.51𝑀⊙
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• The PK formalism avoids expanding

but still expands

Dynamical scalarization

𝑚𝐴 𝜙0 = ෥𝑚𝐴𝑎 𝜙0 1 + 𝐴1
𝐺𝑚𝐴

𝑅𝐴𝑐
2 + 𝐴2

𝐺𝑚𝐴

𝑅𝐴𝑐
2

2

+⋯

𝑚𝐴 𝜙 = 𝑚𝐴 𝜙0 1 + 𝐶1
𝜙 − 𝜙0
𝜙0

+ 𝐶2
𝜙 − 𝜙0
𝜙0

2

+⋯

capturing spontaneous scalarization

missing dynamical scalarization
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• The PK formalism avoids expanding

but still expands

Dynamical scalarization

𝑚𝐴 𝜙0 = ෥𝑚𝐴𝑎 𝜙0 1 + 𝐴1
𝐺𝑚𝐴

𝑅𝐴𝑐
2 + 𝐴2

𝐺𝑚𝐴

𝑅𝐴𝑐
2

2

+⋯

𝑚𝐴 𝜙 = 𝑚𝐴 𝜙0 1 + 𝐶1
𝜙 − 𝜙0
𝜙0

+ 𝐶2
𝜙 − 𝜙0
𝜙0

2

+⋯

capturing spontaneous scalarization

missing dynamical scalarization

Sennet & Buonnano (2016)
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• The PK formalism avoids expanding

but still expands

Dynamical scalarization

𝑚𝐴 𝜙0 = ෥𝑚𝐴𝑎 𝜙0 1 + 𝐴1
𝐺𝑚𝐴

𝑅𝐴𝑐
2 + 𝐴2

𝐺𝑚𝐴

𝑅𝐴𝑐
2

2

+⋯

𝑚𝐴 𝜙 = 𝑚𝐴 𝜙0 1 + 𝐶1
𝜙 − 𝜙0
𝜙0

+ 𝐶2
𝜙 − 𝜙0
𝜙0

2

+⋯

∝
𝐺𝑚

𝑟𝑐2

capturing spontaneous scalarization

missing dynamical scalarization

Sennet & Buonnano (2016)

partial resummation: 

“post-Dickean formalism”
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 Testing General Relativity

 Limitations of the pN expansion: the rise of 

nonperturbative effects

 Accommodating nonperturbative effects: pK, pD & all that

 Effective action approach to dynamical scalarization

 Going beyond the adiabatic approximation



Gravitational Waves Meet Amplitudes in the Southern Hemisphere 

Effective action model for DS

• Same starting point

• 1st step: Reparametrizing in terms of the scalar charge/monopole:

𝑆𝑚 = −෍

𝐴=1

2

න𝑚𝐴 𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

𝜙 = 𝜙0 +
𝑄

𝑟
+ 𝑂

1

𝑟2

𝑄𝐴 = −
𝑑𝑚𝐴

𝑑𝜙
= −𝑚𝐴𝛼𝐴

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)
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Effective action model for DS

• Same starting point

• 1st step: Reparametrizing in terms of the scalar charge/monopole…

… using a Legendre transformation

𝑆𝑚 = −෍

𝐴=1

2

න𝑚𝐴 𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

𝑄𝐴 = −
𝑑𝑚𝐴

𝑑𝜙
= −𝑚𝐴𝛼𝐴

ഥ𝑚𝐴 𝑄 = 𝑚𝐴 𝜙 + 𝑄𝜙

𝑆𝑚 = −෍

𝐴=1

2

න ഥ𝑚𝐴 𝑄 − 𝑄𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)
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Effective action model for DS

• Same starting point

• 1st step: Reparametrizing in terms of the scalar charge/monopole using a 
Legendre transformation:

• 2nd step: Promote 𝑄 to an independent degree of freedom.

• 3rd step: Power-series expansion

𝑆𝑚 = −෍

𝐴=1

2

න𝑚𝐴 𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

ഥ𝑚𝐴 𝑄 = 𝑚𝐴 𝜙 + 𝑄𝜙

ഥ𝑚𝐴 𝑄 = 𝑐(0) + 𝑐(1)𝑄 +
𝑐 2

2!
𝑄2 +

𝑐 3

3!
𝑄3 +

𝑐 4

4!
𝑄4 + 𝑂(𝑄5)

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)
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Effective action model for DS

• Same starting point

• 1st step: Reparametrizing in terms of the scalar charge/monopole using a 
Legendre transformation:

• 2nd step: Promote 𝑄 to an independent degree of freedom.

• 3rd step: Power-series expansion

𝑆𝑚 = −෍

𝐴=1

2

න𝑚𝐴 𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

ഥ𝑚𝐴 𝑄 = 𝑚𝐴 𝜙 + 𝑄𝜙

ഥ𝑚𝐴 𝑄 = 𝑐(0) + 𝑐(1)𝑄 +
𝑐 2

2!
𝑄2 +

𝑐 3

3!
𝑄3 +

𝑐 4

4!
𝑄4 + 𝑂(𝑄5)

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

Often, 𝑆𝑡𝑜𝑡 is invariant under 𝜙 → −𝜙 (or 𝑄 → −𝑄): keep only even terms
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Effective action model for DS

• Same starting point

• 1st step: Reparametrizing in terms of the scalar charge/monopole using a 
Legendre transformation:

• 2nd step: Promote 𝑄 to an independent degree of freedom.

• 3rd step: Power-series expansion

𝑆𝑚 = −෍

𝐴=1

2

න𝑚𝐴 𝜙 −𝑢𝜇𝑢𝜇𝑑𝜎

ഥ𝑚𝐴 𝑄 = 𝑚𝐴 𝜙 + 𝑄 ෠𝜙

ഥ𝑚𝐴 𝑄 = 𝑚(0) − 𝜙0𝑄 +
𝑐 2

2!
𝑄2 +

𝑐 4

4!
𝑄4 + 𝑂(𝑄5)

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

Often, 𝑆𝑡𝑜𝑡 is invariant under 𝜙 → −𝜙 (or 𝑄 → −𝑄): keep only even terms

If 𝜙0 ≠ 0: 𝑐(1) = −𝜙0.

෠𝜙 = 𝜙 − 𝜙0
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Effective action model for DS

• Newtonian-order solution:

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 + 𝑂 𝑐−3

෠𝜙 = 𝜓 + 𝑂 𝑐−4

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

ℎ00 Ԧ𝑥, 𝑡 =
ഥ𝑚𝐴 𝑄𝐴

| Ԧ𝑥 − Ԧ𝑦𝐴 𝑡 |
+

ഥ𝑚𝐵 𝑄𝐵
| Ԧ𝑥 − Ԧ𝑦𝐵 𝑡 |

+ 𝑂 𝑐−4

ℎ0𝑖 Ԧ𝑥, 𝑡 = 𝑂 𝑐−3

ℎ𝑖𝑗 Ԧ𝑥, 𝑡 = 𝑂(𝑐−4)

𝜓 Ԧ𝑥, 𝑡 =
𝑄𝐴

| Ԧ𝑥 − Ԧ𝑦𝐴 𝑡 |
+

𝑄𝐵
| Ԧ𝑥 − Ԧ𝑦𝐵 𝑡 |

+ 𝑂 𝑐−4
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Effective action model for DS

• Newtonian-order solution:

• Inserting in the matter action one gets:

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 + 𝑂 𝑐−3

෠𝜙 = 𝜓 + 𝑂 𝑐−4

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

ℎ00 Ԧ𝑥, 𝑡 =
ഥ𝑚𝐴 𝑄𝐴

| Ԧ𝑥 − Ԧ𝑦𝐴 𝑡 |
+

ഥ𝑚𝐵 𝑄𝐵
| Ԧ𝑥 − Ԧ𝑦𝐵 𝑡 |

+ 𝑂 𝑐−4

ℎ0𝑖 Ԧ𝑥, 𝑡 = 𝑂 𝑐−3

ℎ𝑖𝑗 Ԧ𝑥, 𝑡 = 𝑂(𝑐−4)

𝜓 Ԧ𝑥, 𝑡 =
𝑄𝐴

| Ԧ𝑥 − Ԧ𝑦𝐴 𝑡 |
+

𝑄𝐵
| Ԧ𝑥 − Ԧ𝑦𝐵 𝑡 |

+ 𝑂 𝑐−4

𝑆 ∼ න𝑑𝑡 − ഥ𝑚𝐴 − ഥ𝑚𝐵 +
ഥ𝑚𝐴

2
Ԧ𝑣𝐴
2 +

ഥ𝑚𝐵

2
Ԧ𝑣𝐵
2 +

ഥ𝑚𝐴 ഥ𝑚𝐵

𝑟
+
𝑄𝐴𝑄𝐵
𝑟

𝑣𝑖 =
𝑑𝑦𝑖

𝑑𝑡
𝑟 = | Ԧ𝑦𝐴 − Ԧ𝑦𝐵|
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Effective action model for DS

• Newtonian-order Hamiltonian:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

𝐻 = ഥ𝑚𝐴 + ഥ𝑚𝐵 +
Ԧ𝑝𝐴
2

2 ഥ𝑚𝐴
+

Ԧ𝑝𝐵
2

2 ഥ𝑚𝐵
−
ഥ𝑚𝐴 ഥ𝑚𝐵

𝑟
−
𝑄𝐴𝑄𝐵
𝑟
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Effective action model for DS

• Newtonian-order Hamiltonian:

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

𝐻 = ഥ𝑚𝐴 + ഥ𝑚𝐵 +
Ԧ𝑝𝐴
2

2 ഥ𝑚𝐴
+

Ԧ𝑝𝐵
2

2 ഥ𝑚𝐵
−
ഥ𝑚𝐴 ഥ𝑚𝐵

𝑟
−
𝑄𝐴𝑄𝐵
𝑟

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

𝑧𝐴 =
𝜕𝐻

𝜕 ഥ𝑚𝐴
= 1 −

Ԧ𝑝𝐴
2

2 ഥ𝑚𝐴
2 −

ഥ𝑚𝐵

𝑟
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Effective action model for DS

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

To get an approximate solution:

• 𝑧𝐴 ≈ 1
• 𝜙0 = 0

• ഥ𝑚𝐴 = ഥ𝑚𝐵

0 =
𝜕𝐻

𝜕𝑄
= −2𝑄

1

𝑟
− 𝑐 2 −

𝑐 4

6
𝑄2
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Effective action model for DS

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

To get an approximate solution:

• 𝑧𝐴 ≈ 1
• 𝜙0 = 0

• ഥ𝑚𝐴 = ഥ𝑚𝐵

0 =
𝜕𝐻

𝜕𝑄
= −2𝑄

1

𝑟
− 𝑐 2 −

𝑐 4

6
𝑄2

Stability criterion 

0 ≤
𝜕2𝐻

𝜕𝑄2
= 2𝑐 2 −

2

𝑟
+ 𝑐 4 𝑄2

violated by 𝑄 = 0 if 𝑐(2) < 1/𝑟
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Effective action model for DS

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

To get an approximate solution:

• 𝑧𝐴 ≈ 1
• 𝜙0 = 0

• ഥ𝑚𝐴 = ഥ𝑚𝐵

0 =
𝜕𝐻

𝜕𝑄
= −2𝑄

1

𝑟
− 𝑐 2 −

𝑐 4

6
𝑄2

Stability criterion 

0 ≤
𝜕2𝐻

𝜕𝑄2
= 2𝑐 2 −

2

𝑟
+ 𝑐 4 𝑄2

violated by 𝑄 = 0 if 𝑐(2) < 1/𝑟

• If 𝑐(2) < 0, 𝑄 = 0 is always unstable: 

spontaneous scalarization!

• Even if 𝑐(2) > 0, scalarization can occur at 

small orbital separations: 𝑐(2) < 1/𝑟: 
dynamical scalarization!
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Effective action model for DS

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

To get an approximate solution:

• 𝑧𝐴 ≈ 1
• 𝜙0 = 0

• ഥ𝑚𝐴 = ഥ𝑚𝐵

0 =
𝜕𝐻

𝜕𝑄
= −2𝑄

1

𝑟
− 𝑐 2 −

𝑐 4

6
𝑄2

Stability criterion 

0 ≤
𝜕2𝐻

𝜕𝑄2
= 2𝑐 2 −

2

𝑟
+ 𝑐 4 𝑄2

violated by 𝑄 = 0 if 𝑐(2) < 1/𝑟

• If 𝑐(2) < 0, 𝑄 = 0 is always unstable: 

spontaneous scalarization!

• Even if 𝑐(2) > 0, scalarization can occur at 

small orbital separations: 𝑐(2) < 1/𝑟: 
dynamical scalarization!

Stable solutions:

𝑄 =

0 for 1/𝑟 ≤ 𝑐(2)

±
6

𝑐 4

1

𝑟
− 𝑐(2) for 1/𝑟 ≥ 𝑐(2)
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Effective action model for DS

• Equation of motion for 𝑄𝐴:

• Sennet, Shao, Steinhoff (2017)

• Khalil, Sennett, Steinhoff, Buonanno (2019)

0 =
𝜕𝐻

𝜕𝑄𝐴
= 𝑧𝐴 −𝜙0 + 𝑐𝐴

2
𝑄𝐴 +

𝑐𝐴
4

6
𝑄𝐴
3 −

𝑄𝐵
𝑟
+ 𝑂(𝑄𝐴

4)

To get an approximate solution:

• 𝑧𝐴 ≈ 1
• 𝜙0 = 0

• ഥ𝑚𝐴 = ഥ𝑚𝐵

0 =
𝜕𝐻

𝜕𝑄
= −2𝑄

1

𝑟
− 𝑐 2 −

𝑐 4

6
𝑄2

Stability criterion 

0 ≤
𝜕2𝐻

𝜕𝑄2
= 2𝑐 2 −

2

𝑟
+ 𝑐 4 𝑄2

violated by 𝑄 = 0 if 𝑐(2) < 1/𝑟

• If 𝑐(2) < 0, 𝑄 = 0 is always unstable: 

spontaneous scalarization!

• Even if 𝑐(2) > 0, scalarization can occur at 

small orbital separations: 𝑐(2) < 1/𝑟: 
dynamical scalarization!

Stable solutions:

𝑄 =

0 for 1/𝑟 ≤ 𝑐(2)

±
6

𝑐 4

1

𝑟
− 𝑐(2) for 1/𝑟 ≥ 𝑐(2)

𝑐eff
2
= 𝑐(2) − 1/𝑟
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 Testing General Relativity
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Effective action beyond adiabatic approx.

• Alternative interpretation as a coarse-grained description:
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Effective action beyond adiabatic approx.

• Alternative interpretation as a coarse-grained description:

𝜙 = 𝜙𝐼𝑅 + 𝜙𝑈𝑉

𝜆𝐼𝑅 ≳ 𝑅

𝜆𝑈𝑉 ≲ 𝑅

spatially average

Dynamical short-length processes represented 

by dynamical variables on the worldline

Mendes & Ortiz (2016)

Spontaneous scalarization is triggered 

by the instability of the fundamental 

(monopolar) scalar mode (𝜙-mode)

(+) At the onset of spontaneous 

scalarization, the 𝜙-mode has zero frequency

Introduce the 𝜙 mode as a new 

dynamical variable on the worldline: 𝑞(𝜏)
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Effective action beyond adiabatic approx.

• Alternative interpretation as a coarse-grained description:

𝜙 = 𝜙𝐼𝑅 + 𝜙𝑈𝑉

• Expected dynamics of the scalar mode:

𝜆𝐼𝑅 ≳ 𝑅

𝜆𝑈𝑉 ≲ 𝑅

spatially average

Dynamical short-length processes represented 

by dynamical variables on the worldline

𝑐 ሶ𝑞2 ሷ𝑞 + 𝑉′ 𝑞 = 𝜙𝐼𝑅(𝑦)

𝑉 𝑞 =
𝑐 2

2
𝑞2 +

𝑐 4

4!
𝑞4 +⋯
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Effective action beyond adiabatic approx.

• Computing the UV coefficients

𝑐(2) and 𝑐(4)
(i) Solve numerically the structure 

equations in the full theory, for a 

fixed baryon mass 𝑀𝑏 and different 

values of 𝜙∞
(ii) Compute 𝑚 𝑞 = 𝑚 𝜙∞ −

𝜙∞𝑞(𝜙∞)
(iii) Fit a polynomial to 𝑚 𝑞 − 𝑐(0) and 

extract the quadratic (𝑐(2)) and 

quartic (𝑐(4)) coefficients.
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Effective action beyond adiabatic approx.

• Computing the UV coefficients

𝑐 ሶ𝑞2 :

(i) Compute the quasinormal mode 

frequency of the 𝜙-mode using NS 

perturbation theory.

(ii) Contrast with the solution for a 

damped harmonic oscillator, 

𝑐 ሶ𝑞2 ሷ𝑞 + ሶ𝑞 + 𝑐(2)𝑞 = 0

𝑞 𝑡 = 𝑒−𝜔𝐼𝑡 𝑎 cos 𝜔𝑅𝑡 + 𝑏 sin 𝜔𝑅𝑡

𝜔𝑅
2 + 𝜔𝐼

2 =
𝑐 2

𝑐 ሶ𝑞2
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Effective action beyond adiabatic approx.

Separation and scalar charge for an equal-mass binary 

with initial eccentricity 𝑒 = 0.3 and 𝜙0 = 0.

𝑟𝐷𝑆 = 1/c(2)
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 Testing General Relativity

 Limitations of the pN expansion: the rise of 

nonperturbative effects

 Accommodating nonperturbative effects: pK, pD & all that

 Effective action approach to dynamical scalarization

 Going beyond the adiabatic approximation

A final recap!
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Thank you!


