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These lectures are intended to give a basic introduction to semiclassical methods in chaotic
systems. These methods are valid in the semiclassical limit 2 — 0 where quantum mechanics is
expected to reflect the underlying classical mechanics.
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The limit & — 0 is a singular limit, because the exact solution for small but finite / does not
approach the solution of the unperturbed problem (& = 0) as 1 — 0. It is a singular perturbation
problem to which one applies methods of asymptotic analysis.

For example, one of the common problems is that of highly oscillatory integrals
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They are approximated by stationary phase approximation.
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The semiclassical propagator



Classical mechanics

We start with a brief recap of classical mechanics. In the Lagrangian formulation of mechanics, the
Lagrangian is defined as

. m.
Le.q)=T-V="14-V(@.

where ¢ = (g4, ..., gr) in f dimensions. The Euler-Lagrange equations of motion have the form
doL oL _
dtog  oq

Inserting the Lagrangian we obtain Newton’s second law

d . 0V(q) .. oVv(q)
0=— = ——""
o mq + aq B mq aq
The momentum is obtained from sL
p= aiq =mq.

Alternatively, one can define the Hamiltonian

. . 1
H@.p)=q-p—L(q,9) = 5 P*+ V(q),



Classical mechanics

The Euler-Lagrange equations are equivalent to Hamilton’s equations of motion
oH  _oH
Conservation of energy E = H(q, p) follows from

9 = P T O OH_H H
Ha.p 8qq app oq op Op 0q

Action principle

A central property of the Lagrangian formalism is that the equations of motion can be obtained
from an action principle. Hamilton’s principle function is defined for functions q(t) that run from q,
attime tato qp att =tp

th
RIG(D)(Gp» tos G 2) = [ L(q, &) ot.

The classical trajectories are those that make the functional R[q(t)] stationary with respect to
infinitesimal variations q(t) — q(t) + dq(t) that leave the end points invariant.



Classical mechanics

The variation of R[q(t)] is given by

0 =0R[q] = Rlq + éq] — R[q]
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where we integrated by parts. The first term in the last line vanishes, because §q(ta) = 0 and
dq(ty) = 0. Hence the variation of R[q(t)] vanishes if q(t) satisfies the Euler-Lagrange equations.

Note that there can be several different solutions g(t) that connect q, at t = t, with g, at t = #,.
For a classical trajectory, Hamilton’s principal function satisfies the relations
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Classical mechanics

Exercise 1

Show that Hamilton’s principal function for a classical trajectory satisfies the relations

ﬂ_p ﬁ__p OR _
aq, ' oq, ST

Hint: There are different ways to prove this. For example, you can use the expression for § R[q(t)] to
obtain the first two relations. The third relation is more tricky. One way is to fix a classical trajectory and

follow it longer in time
tp+Stp ) .
[77 L@, a4, 0t = RGN, + Gy o o + Ot G ),
Jig

Then the required result can be extracted from a first order expansion of this expression.




Quantum mechanics

We consider conservative quantum systems with Hamiltonian

~2
y— P

-+ V(a).
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The time evolution operator has the form
~ i~
U(t) = exp (77Ht> .
h
It propagates an initial state |+¢o) at time t = 0 to a later state at time ¢
() = O(t) o),

which is a solution of the Schrédinger equation

i W) = Hp(0), 19(0)) = o).

More generally
[¥(te)) = Uty — ta) [¢(ta))-



Alternatively, we can write this in position representation

4l9) =4qlq), (qlq") =d(q—q), /oo d'qlq)(q| = 1.

in the form

v(@.0 = @lvo) = [ " g (a1 0(1)]d0) (oltb0) = / a0 K(a, 4o, 1) Yo (o),

where the propagator K(q,, g, t) is defined as
K(Qp: da 1) = (a5 U(1)|q,)-

In terms of eigenstates of the Hamiltonian H|vn) = En|tn) we have

K(@p: Gas t) = (@bl U(0)n) (nlqa) = D wn(@p) ¢ (qa) e # 5,
n n
We want to obtain a semiclassical approximation for the propagator. This approximation will be
given in by a sum over all classical trajectories from g, to g in time t. This can be most clearly
seen from the Feynman path integral. We consider first one-dimensional systems.



Exercise 2

Show that the propagator of the one-dimensional free particle is given by

i 52 ; 2
_ip _./_m [ m(9a—gp)
exp( h2mt> qa>_ 2int P <ﬁ 2t >

K(ab, Ga, t) = <qb

Hint: Use the completeness of the momentum eigenstates

plo) = plp),  (plp’) = 6(p — P), / dp |p) (pl = 1.
the amplitudes
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(qlp) = e

oo b?
d —ax® 4 bx) = /= —
/700 X exp(—ax® + bx) 2P\ 12

where Rea > 0, or Rea, Re b = 0, Im a # 0. Here and in the following /i = ei%, V—i= e 7.

and the Gaussian integral




Exercise 2 (continued)

Show that the propagator of the free particle can be written in the form

1 | 92R
K(gp, qa, t) = ‘

2nh | 9qp09a

i T
exp (E R(gp, Ga, t) — IZ) )

where R(qp, qa, t) is Hamilton’s principal function for the trajectory of the free particle from
Qa to gp in time t.

\. J

We return to general conservative systems. The time evolution can be split into parts
U(t) _ efil:lt/h _ e—i.‘:m/h efi/:/tz/ﬁ _ U(tz)U(t1),
where t = t; + . For the propagator, this correponds to the composition property

K(@s, 92, 1) = (@6l D(01) = (06l 0(2) Ut e) = | ~ 4qK (G, 9. 1) K(q. Gar ).

The idea of the Feynman path integral is to split the time evolution into a large number of N parts
and take the limit N — co.



Propagator
We consider

oo-[o(3)]

A crucial step in the derivation is the factorisation of the propagator for small times

itE o0 ; 0 2
o(5) o (-1 = b0 1)

where X = it/h. The error term can be obtained by a Taylor expansion. It can be neglected in the
following calculation (Trotter formula).

e
K(, o, t) = (qlle™ V"]V qo)
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where gy = q. In the final step we use the propagator of the free particle.



The result is

) oo m\" i " m (g — )
K(g,qo, t) = N'Lm / dqgy ...dgn-—1 ( int exp %5 E 5 =2 V(g))
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where ¢ = t/N. In the exponent we have

1

2
Z{ q/+1 qj) V(g)

0

e at [De(t) - Via(t)] = A(@. 0.0

This is the Feynman path integral. It is an integral over broken x
line paths as shown in the figure. It is interpreted as integral
over all paths from qp to g in time ¢, written symbolically as

K000, = [ 400 Pla] o { 3 Ala01}.

(fo)=q L bt boty ot

The connection to classical mechanics is obtained in the limit ~ Figure: Broken line paths
h — 0 by stationary phase approximation.



Stationary phase approximation

The stationary phase approximation provides a leading order approximation in the limit  — oo for
the highly oscillatory integral

b .
() = / dy A(y) e/ 0.
Ja

Assume that ¢ has one non-degenerate stationary point ¢’(yp) = 0, ¢"'(yo) # 0, for a < yo < b,
and that A()p) # 0. Then the leading order approximation as n — oo is obtained by expanding the
phase up to second order about the stationary point

HY) ~ (00 + 56" ()Y ~ Yo)°

and evaluating the Gaussian integral

I(n) ~ /oo dy A(yp) 9000+ 39" 00) 0 =30)* — A(y) 211 inoo)  as 7 — 00
—co n¢" (Yo)

/00 dye_""/2 =.,/Z.
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using



Stationary phase approximation

@ The main contribution to the integral comes from a region of order Ay « n~1/2,
@ If there are several stationary points in the interval (a, b) the contributions are added.
@ For a stationary point at one of the endpoints, a or b, one gets half the contribution.

@ If there is no stationary point in the interval [a, b] then the leading order approximation (of
order 1/n) comes from the end points. It can be obtained by integration by parts.

Generalisation to f dimensions: consider the integral
i) = [y Ay) exp (in0(y)

The contribution of a stationary point V¢(y,) = 0 to the integral is given by

Km~Aww(%jW2

where v is the number of positive eigenvalues minus the number of negative eigenvalues of the
matrix of second order derivatives, and it is assumed that this matrix does not have a vanishing

—1/2
eméyo)+imv /4.

¢

dyidy, (Yo)

det

determinant at y,,.

The asymptotic relation f(n) ~ g(n) as n — ng means limy, .y, f(n)/9(n) =1,



Semiclassical approximation for the path integral

We apply the stationary phase approximation to the path integral expression

N . N1 2
o0 / (91— )
/;OOdCﬁ ...dgn_1 ( 27:'7ﬁf> exp (}25 Z |:I: /+1€2 o V(q,)}) .

Jj=0

Denoting the exponent by i®/h we obtain the stationary points from

0= 9% _. |:—m(qj+1 —9) — (G —g-1) ‘W(qf)] =1, N-1.

8qj' €2 Bq,
This is a discretised form of Newton’s equations and in the limit ¢ — 0 we obtain

. oV

This shows is that in the semiclassical limit the propagator is given by a sum over all classical
paths from qa to qp in time t

K(Qb, Ga, t) = D Fpgeri foa,
vy



The semiclassical propagator

We obtained )
K(Gb, Ga, 1) & Y FpaeTi oo,
il
The quantities Fp, and Ry, depend on the trajectory +, and Ry, = R(Qp, ga, t). The prefactor Fp,
can be obtained from the stationary phase approximation in N — 1 dimensions. We won'’t do this
calculation. Instead we ask: What follows for Fp, from the composition property?

o0
K(Qc,Qqa, t) = / dap K(qc, gp, t2) K(Gb, Gas tr)-

where t = t, 4+ t;. We evaluate this integral in stationary phase approximation. The stationary

phase condition is
0— IRy ORpa

-~ 0qy 0
We find that the stationary point q, = g5 is determined by the condition that the final momentum
of the trajectory from ga to Gy is equal to the initial momentum of the trajectory from gy to ge. This
means that the two partial trajectories join smoothly and form a classical trajectory from g, to gc¢ in
time t. Atgy = Qp

= —Pp + Pha-

Rca = Rep + Rpa-



The semiclassical propagator

Performing the stationary phase approximation results in

i i i 2rih
Fea G%Hca = Fcbe%HCbeae%Hba
92Ry | 92Rpa
ag2 + aq? _
b b 1q,=ap
A classical calculation shows that
9°Ry,  0°Rp,
|:82Rcb 9 Rpa __ 09c0qp 99p09a
992 LA _ 92Rea '
% % lgp-a, 99c09a
This implies
92Req
Fon = Fup Fpy | 27 0909
ca cb Fba i 52 R 52 Rba .
949c0qp 04p9Qa
It suggests that
1 02Rca | =
Fea o< = ca-
2wh | 0Qc0Qa

The question is what is the factor Fea It depends on the signs of the mixed partial derivatives.



The semiclassical propagator

We have
82Rba o %

9qp0Qa oqp

99p99a Opa

—1
{M] __ 9%
Qa

Ja

The last term involves minus the change gy in the final position g of a trajectory that starts at g,
with momentum p5 + dpa. The mixed partial derivative changes sign when this quantity is zero.

We need to consider trajectories in the neighbourhood of a classical trajectory which satisfies

Newton’s second law
a? oVv(q)

a2’ g
We replace qg(t) by g(t) + dq(t) and obtain a differential equation for 6g(t)

mfa—7W(mw
2% = q(1)) 5.

This is the Jacobi equation. It is a homogeneous second order linear equation for 6q(t).
According to the Sturm Separation Theorem, the zeros of any two linearly independent solutions

are alternating (and simple).



The semiclassical propagator
Let np, denote the number of zeros of a solution of the Jacobi equation of length ¢; that starts with
8q(0) =0, §g(0) # 0. Then

82 Rpa B

9qp9Qa

There is an additional (—1) because for small times the mixed partial derivative approaches that
of a free particle and is negative. The ac and bc cases are defined correspondingly. We define

92 Rpa
99p9qa

(71)1+nba.

Fea =

1 ‘ 02 Rea
27h | 09c0Qa

Then

Fea = Fop Fpa \/ 1 (=1)"ea=ba="eb .

It follows from the Sturm Separation Theorem that there are only two posibilities

0
Neca — Npg — Nep = {1 . d ay 9




The semiclassical propagator

For both cases we obtain

Fea= I:_cb f:ba \/ i (—1)Nea="ba=Nep

P T T
= Fop Fpa exp (IZ - ’E(nca — Npa — ncb)) .

This leads to our final result

Fca:

| PR
2rh 8qcaqa

exp <_I§ — ignca> .

Strictly speaking, there could be an additional factor fca with fea = fop, fpa, but this factor is one.
In summary, we obtained the following result for the semiclassical propagator

t
2nh

92R
0qp0Qa

Ksc(qb, Ga, 1) = Z

~y

i T T
‘ exp (%R(%,Qa,t) - IZ - ’E”ba) .

This is the Van Vleck propagator or the Van Vleck-Gutzwiller propagator.



The semiclassical propagator

Exercise 3

For the harmonic oscillator with potential

V() = Fu*e,

the semiclassical approximation is identical to the exact result.

Determine the propagator of the harmonic oscillator, valid for all times t > 0. This formula
is known as Feynman-Souriau formula.




The semiclassical propagator in f dimensions

In f dimensions the semiclassical propagator is given by

1 02R i LT T
Ksc(gp, Gar 1) = Z @) ‘det (3(7[, aqa) exp {ﬁR(qm g, t) — IfZ — IZ/E}

~

where the sum runs over all classical trajectories ~ that go from g, to q,, in time ¢.

For the determination of v consider the matrix

—1
Ao 0°R _9q,
99509, p,
The Morse index v increases by one for every reduction of the rank of A by one if one follows the
trajectory for time t.

This happens at conjugate points. At these points neigh-
bouring trajectories that start at the same position with in-
finitesimally different momentum intersect the original trajec-
tory. This typically occurs at caustics. At these points the
semiclassical propagator diverges. Figure: Caustic



Unitary transformations



Unitary transformations

The form of the semiclassical transformation of the propagator is familiar from a different context.
For simplicity, let us consider one-dimensional systems.

Short review of canonical transformations
Consider a Hamiltonian H(qg, p) with equations of motion

. 9H . OH

q= o’ p= _87q’ .
A transformation (q, p) — (Q, P) is canonical if it preserves the Hamilton’s equations

SO0 p B here  H(g.p) = H(a(Q, P).p(Q, P)).

Q= oP’ aQ’

Canonical transformations are produced by generating functions that depend on one of the old
and one of the new coordinates (see e.g. Goldstein). For example, after choosing a function
F1(q, Q) the transformation

8":1 (q7 Q) 8F1 (q7 O)
BRSARAS Lt p— 24, %)
P oq 20

is canonical.



Unitary transformations

Alternatively, one may define a function F»(q, P). It is related to F1(q, Q) by
Fa(q,P) = Fi(q,Q) + PQ,
where Q = Q(q, P) and satisfies
OF, _0F  0FR8Q  0Q, oF, 0F0Q  0Q

_ ok OR0Q 00, OF2 _ORHOQ 0Q, o _q
g  oq 8Qaq aq P P~ aqoP Tap T

Altogether there are four different cases

9F1(q.Q 9Fi(q,Q
Fi(q.Q) p:% P 2la.0)
oF(q,P dF>(q, P
Fo(q, P) = Fi(q,Q) + PQ :$ 02%7
OFs(p, Q OF3(p, Q
F(p, Q) = Fi(q,Q) — pq q:7$ p:,%,
_OF(p.P) _ 9F(p.P)

Q

Fi(p,P) = F PQ - =
4(p, P) = F1(q,Q) + PQ — pq q op 5P



Unitary transformations

In quantum mechanics, canonical transformations correspond to unitary transformations (change
of bases). They are defined by the transition amplitudes

@@, (P,  (PlQ),  (pIP).

Unitarity implies, for example,

[ acwaiaq) =sa-q) ad [ dq(Qa)eld) =5@Q- Q).

Miller (1974) derived semiclassical approximations for the transition amplitudes. The transition
amplitudes are written in the form

(610) = 41(a.0) 9 (14(2.0)) . (61P) = 42(a. P) exp (106 P))
(PIO) = 4a(p. Q) exp (16(p. @) . (PIP) = Aulp. P) o (5(P.P)).

It is assumed that transformations between canonically conjugate variables take the form

1 i — 1 i PO
= #P9 = {plaq), QlP) = #PQ = (P|Q).
(alp) = ——r "™ = (plq) (QIP) = o= (PIQ)



Unitary transformations
Unitary transformations are performed in stationary phase approximation

@la) = [~ ap(alo) (plO).

Inserting the previous expressions

i < [T BLD oy (Lo o)
(0.0 e (16(@0) ~ [~ 022D o (1oq+ 14(6.0)).

The stationary phase condition is
8f3 (p7 Q) -0

9+ =50

and at the stationary point
fi(q,Q) = pq + K(p, Q).

These relations agree with those of the generating functions for the canonical transformations. All
the other relations for the generating functions are obtained by consider the seven other possible
unitary transformations. This leads to the identification of the functions f; with the generating

functions F;.

The amplitudes are determined by further using the unitarity relations.



Unitary transformations

Altogether the result is

1/2 . 1/2 .
-1 9%F i 1 0°F i
—F, —Fx(q,P
] exp(h 1(q,0)>, (q|P) = [27r/h 9q0P exp(h 2(q, )>,

aley = [27”;1 990Q
ap 112
{ ! ”“] exp(ia(p,P)),

e (RE). ©P -

1 0°F3

(plQ) = {zwm 9poQ 2rih OpoP A

If there are several stationary points then one adds the contributions.

Comparison to the semiclassical propagator

02R K
R - - .
F (Lt~ )

1
K )= —
Sc(qb7q37 ) ; onh

The propagator can be considered as a unitary transformation because

K(Qb, Ga, to — ta) = (Qu|U(th — ta)|qa) = (b, t|qa, ta).-

In classical mechanics the coordinates (qa, pa) at time {5 are related to (qp, pp) at time t, by a
canonical transformation, whose generating function is the principal function R(qp, ga, tp — ta).



Unitary transformations, example

Let us consider a transformation from (q, p) to new variables (Q, P) where P is equal to the
energy E = p?/2m + V(q). We are interested in the amplitude (g|P) which corresponds to the
wave function of an energy eigenstate. The generating function F»(q, P) of the transition satisfies

9F2(q. P) _ p 9F(9.P) _
aqg 7 oPp

Since P = E we have from the first equation

%{’JE) =p==+v2m(E — V(q))

from which follows

F2(q, E) = :I:/dq V2m(E — V(q)) + C(E).

C(E) leads to an irrelevant phase that can be neglected. For the amplitude we need

82F, 2 -z
saoe == (HE- V) =x

The final result agrees with the WKB approximation

(qlE) = \/#V(q) [exp (%/pdqf i%) + exp G%/pdqﬂ%)} :



Uniform approximations



We found that the semiclassical propagator diverges at conjugate points. Does the exact
propagator diverge as well? Generally not (an exception is the harmonic oscillator). The reason for
the divergence is a coalescence of two stationary points at a caustic. Near the caustic the
stationary phase approximation becomes inaccurate and has to be replaced by a uniform
approximation.

Uniform approximations occur in various contexts in semiclassics (caustics, bifurcations,
diffraction, break-up of tori). We discuss a basic example. Consider

In) = [ ax g e

Assume that f(x) has two (non-degenerate) stationary points, f'(x;) = f’'(x2) = 0. We evaluate
the integral in stationary phase approximation and obtain in leading order for n — co

2
i)~ > 00) | s ”'“”*ZA )&,
i=1

If for a fixed value of n the stationary points are too close together, they cannot be considered
separately but give a joint contribution to the integral. We then apply a coordinate transformation
x — y that maps f(x) onto a simpler form with two stationary points

]
F(y,€) = §y375y+c.



Uniform approximation
The mapping x — y results in

]
f(x) = F(y,€) = gys —¢y+o.

The function F(y, &) has two stationary points

_ 0 2 _
0—8yF(y,§)—y ¢ = y=%/

For the mapping x — y to be one-to-one the two stationary points have to map onto each other
2 3/2 2 32
fa) = F(-vVE8) = 362 40, 1) = F(VE§ = -3¢+ e,

(w.l.o.g. x1 is the maximum and xo the minimum.) This determines the values of £ and ¢

1 3 2/3
c=5(fa) +10e)), &= |2 (f(x1) = f(x)

We arrive at the integral

I(n) = /dy G(y) eFU8), where G(y) = g(x) %



Uniform approximation

So far everything has been exact. Now we write G(y) in the form
G(Y) = Go+ G F(y.€) + hly) - F(y.€)
Y) = Go 185}’, yayy"

The last term vanishes at the stationary points. It is neglected because it leads to a higher order
contribution. This can be seen by an integration by parts. The constants Gy and G are
determined by the value of G(y) at the stationary points.

For the last step we need the value of the Jacobian at the stationary points. It is obtained by
differentiating

]
f) =3y ¢y +e

twice with the result 5 )
ox 0 x
" — f'(x) — =2y.
() ( 8y) 100 5,5 =2

Hence

Gy = gx) &t gle)€'/* Gy = gx) et glxe) €4
V=2f () - V/2f7(x) V=2f(a) /27 (x)



It remains to evaluate the integrals

I(n) ~ / dy Go ein(y®/3—eyte) _ i9 dy Gy oin(y®/3—ey+c)

n 0§
227Gy . 27iGy .
_ 771/30 echl(—r]z/Sf) + 772/3 echl/(—nz/Sf)
where we used the integral representation of the Airy function
: 1 o iz3/3+xz
Ai(x) = — dze .
27 ) oo

With the asymptotic relations

1/4
Ai(—2) ~ 223/2 - I) , Al'(=2) ~ 27 sin (gzg’/2 - I)
™

1
Nt (3 4 3 4
We obtain

inf(xz)

2ri inf(x)) 2mi
ey TR s

The uniform approximation interpolates between two asymptotic regimes. In the opposite limit

I(n) = g(x1)

_ 2mg(xp)2!/3

0~ i )73

Ai(0) &/100)



Uniform approximation

Co-dim. Type Unfoldings Singularity index
1 Fold 2 4 ex !
2 Cusp % + & % + &ox 3
3 Swallow-tail L 168 1 6% +éax 2
4 Butterfly B ra% 168 1 6% +ax !
3 Elliptic umbilic X3 —3xy2 4 &1(X2 4 y?) + X + &3y :
3 Hyperbolic umbilic X3+ Y3+ &xy + Eax + &y 3
4 Parabolic umbilic | X2y + y* + &1x2% 4 o2 + €ax + &4y 3

Table: Elementary catastrophes




Green functions, Gutzwiller trace formula

and spectral determinants



Green function

For an investigation of the energy domain we consider the Green function

q’>

the kernel of the resolvent operator (E — H)~'. It satisfies the differential equation

G(q.9',E) = <q'

E-H

(E+ %Vz - V(q)> G(q.9,E)=45(q—q'),
In terms of the eigenstates of the Hamiltonian
Hlgn) = Enln),  (@mltn) =0mn, > [tbn)(ehn| = 1.
n
it is repesented by

G(q.9,E) = Zw”(g w;n ).

The Green function is related to the propagator by the transform

G(q,q,E) = l lim / dtK(q,q',t) exp (%(E—i— ig) t) .
0 )

ih e—0



Exercise 4

Consider the one-dimensional particle in a box, q € [0, a].

2

(@) = Eila), w(0)=0, w(@)=0.

The Green function for a particle in a box satisfies

h2 d2
Etoma? LE)=da-q ' E) = ' E) =
( +2mdq2>G(qqu )=4d(g—qd), G(0,q,E)=G(aq E)=0,
Show that it can be obtained from the general formula

Here g< and g~ are the smaller and larger of g and @', respectively. +; is a solution of
the Schrédinger equation that satisfies the boundary condition on the left-hand side, and
4y correspondingly on the right-hand side. The Wronskian W is defined as

W(q) = %1(9)¥r(q) — 7 (q)¢r(q).




Exercise 4 (continued)

This requires you to show that the Green function satisfies both boundary conditions, and
that it satisfies the differential equation in the regions g < ¢’ and g > ¢q’. The delta-
function can be verified by integrating the differential equation fromg=q'—ctoq =g’ +¢
and letting  go to zero.

What is the result for the Green function?




Green function

With the propagator of the free particle we obtain the free Green function in f dimensions

Gfree(qv qlz E)

f/2a—1
_om (1 vemE\" B[ V2ME g
2in2 \ 27h |q — q'| f/2—1 h ’

Here H,m(z) = Ji(z) + iN)(z) denotes the Hankel function of the first kind.

We want to obtain a semiclassical approximation for the Green function. For this purpose we
insert the semiclassical propagator
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into the transform
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and evaluate the integral in stationary phase approximation. The stationary phase condition is
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Green function

The stationary phase condition selects the time #, for which the energy E, of the trajectory ~ that
runs from @’ to q in time f; is equal to E. We introduce a new action function
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where fj is determined by the condition
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The action satisfies the relations
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For the stationary phase approximation we expand in the exponent
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and we evaluate the Gaussian integral over time t.



Green function

The stationary phase approximation results in
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¢ is the number of conjugate points for constant energy. It can differ from the number of conjugate
points for constant time by one. In the next step we replace the principal function R., by the action
S,. The calculations are quite technical and we only state the result. It is conveniently expressed
in a local coordinate system in which the first coordinate is along the trajectory and the remaining

(f — 1) coordinates are perpendicular to the trajectory.
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The prime at the determinant indicates that it is taken w.r.t. the (f — 1) perpendicular coordinates.



Green function

Show that the Green function for a particle in a box, that you obtained in Exercise 4, can

be written as a sum over all trajectories from q’ to g. The formula for a geometric series
is helpful. Convergence problems can be avoided by assuming that E has a small positive
imaginary part.




Green function

Our next step is to derive the Gutzwiller trace formula. For simplicity we will consider
two-dimensional systems, although it is not difficult to generalise the result to f dimensions. The
previous result then has the form
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The coordinate gy is along the trajectory and g» is perpendicular to it. We also use g, for go.

The result can be expressed in terms of the stability matrix. This matrix describes the linearised
motion in the neighbourhood of the trajectory. It provides deviations 6g; and ép at the end point
of a trajectory in terms of the deviations 6q’, and ép’, at the starting point.

5L _ g (09
opL o'

M is a symplectic matrix. It satisfies M7 JM = J where J denotes the matrix J = ( OI é) In two

dimensions this is equivalent to det M = 1.



The stability matrix

The stability matrix can be expressed in terms of the action function S(q, q’, E). We have
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Solving for 6@, and 6p. leads to
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The elements of the stability matrix can be read off. One can check that det M = 1.
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Trace formula

The density of states is defined by
d(E) = §(E — En).
n
It is related to the Green function by

d(E) = 1 I|m Im Tr G(E + ie)
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The stationary phase condition
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requires trajectories to be periodic. The further evaluation depends on whether the periodic orbits
are unstable, stable or neutral.



Periodic orbits in two dimensions

Let Ay and X, be the eigenvalues of the stability matrix. Then
detM=XXo=1, TIM=X+XMER, A= 15 (TrMi (Tr M)2 —4> .

We consider the cases
"] TrM:2,/\1 =X =1
Periodic orbits are not isolated. This is typical for integrable systems where periodic orbits
form families. Tr M = 2 happens also at bifurcations of periodic orbits.

O |TrM <2, M =€V, \p=e"",:
Periodic orbits are stable. This typically occurs in mixed systems. if v is a rational multiple of
2w, v = 2mn/mthen the m-th repetition of the orbit bifurcates A" = ¢2™"/ = 1. This requires
uniform approximations.

@ TrM=-2, )1 =X =—1;:
Limiting case of (2).

@ |TrM| > 2, \y = £eY, X\o = +e~Y,: Periodic orbits are unstable. This is typical for chaotic
systems.



Trace formula

We continue with the evaluation of the integral

d(E) = — 1 Iimolm/dzq G(q,q, E + ic).
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for chaotic systems. The semiclassical approximation for the Green function is
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The action S, does not change if one moves the starting point of a trajectory along a periodic
orbit. The stationary phase approximation is applied only in the direction perpendicular to the
periodic orbit. We assume that the periodic orbit is isolated.



Trace formula

We expand
1
5:(9.9,E) ~ S4(E) + 506,
where S, (E) is the action of the periodic orbit and
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The evaluation of the integral

d—Y(E) = Re/dq1 dgo
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The index £ can change along a periodic orbit between two values that differ by one. The Maslov
index p is the larger of these two values.



Trace formula, zero length contribution

The direct trajectory ~ from @’ to g in the limit ¢’ — q approaches that of a free particle with
energy E replaced by E — V((q + q’)/2). lts contribution to the Green function is approximated
by the free Green function
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Here H (z) Jo(2) + iNg(z) and V = V((q + q’)/2). Its contribution to the density of states is
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Here A(E) is the area in which E > V/(q) and we used Jy(0) = 1.This can be recognised as the
Thomas-Fermi approximation for the density of states
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Trace formula

The final result is the Gutzwiller trace formula
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The sum is over all periodic orbits. T, is the period and r,, is the repetition number if v is a
repetition of a shorter orbit. In higher dimensions | Tr M, — 2| has to be replaced by | det(M — 1)|.

@ Formula can be made convergent by considering other functions 3~ , f(En) instead of d(E).
@ Requires orbits up to the Heisenberg time Ty = 27hd(E) to resolve neighbouring levels.

@ This leads to an exponentially increasing effort for higher energy levels.

Exact version in Selberg trace formula. Analogies to Riemann zeta function.

For integrable systems one has to integrate over tori of periodic orbits (Berry-Tabor formula).

@ For mixed systems one has to deal with bifurcations of periodic orbits and break-up of tori.



Fourier transform

The Fourier transform of the density of states has peaks at the periods of the periodic orbits

Figure: Arnd Bécker






Example: billiard systems

Billiard systems are common model systems. It is convenient to use dimensionless units
h=2m=1. Then E = k2 and the semiclassical limit corresponds to k — co. The trace formula
for d(k) = 2kd(E) has the form
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The stability matrices are composed of two types of matrices, M = ... M3 M3<2 M2 M2, one
for every reflection, M,, and one for every path between two reflections, M;,

11 —1 0
M; = ko, M, =
t (0 1) ' <ch20i‘oz _1>

| is the length of the path and « is the angle of reflection (angle between normal to boundary and
trajectory). R is the radius of curvatures. It is negative for concave boundaries (e.g. Sinai billiard).

The Maslov index has an additional contribution of twice the number of reflections at walls with
Dirichlet boundary conditions. For concave billiards there are no conjugate points.



Spectral determinant

It can be more efficient to consider spectral determinants. They are entire functions of the energy
E whose zeros are given by the quantum energy levels, and they are real valued for real E

A(E) = ]O‘o[ A(E, En) (E — En).
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The amplitudes depend on the regularisation. For example, for a two-dimensional billiard system
the mean density of states d(E) ~ mA/(2nh?) is constant. This implies that the trace of the

Green function |
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is divergent. It can be regularised by considering instead
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which is finite. The regularised determinant is then obtained from
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Spectral determinant

We obtain
= E 1
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This is an example of a Weierstrass regularisation.

After inserting the semiclassical approximation for the trace of the Green function, one can derive
the following expression

A(E) = B(E)e™NE) ¢(E),

where B(E) is real-valued for real E. The function ((E) is obtained from the periodic orbit
C(E) = Z Cn e/Sn/h
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The sum is over composite orbits (or pseudo-orbits) which are combinations of periodic orbits
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n labels all possible finite linear combinations of actions of periodic orbits with positive
coefficients. There is a zero-length term with Sy = 0 and Cy = 1.



