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Extreme-mass ratio inspirals

EMRI: compact object orbiting a supermassive BH with mass ratio:

Expected to be highly eccentric with precessing spins:
• Complex phenomenology.

105 orbits within LISA band:
• A year of observation.

EMRI signals weaker than instrumentation noise:
• Large time within the LISA band leads to large cumulative signal-to-noise ratio.
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& Self-force
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Post-Newtonian &
Post-Minkowskian

expansions
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Self-force expansion

5

Expand in the mass ratio:

0SF:
• Orbits are fixed geodesics.
• No dissipation.
• Have full analytic solutions for bound and unbound in Kerr [BHPToolkit].

1SF:
• System is exactly described by point particle on fixed geodesic of background metric.
• All information in one SF calculation: conservative and dissipative.
• Formulated in time and frequency domains.
• Have generic numerical solutions for bound SF in Kerr [van de Meent ‘17].
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Schwarzschild/Kerr



Self-force expansion
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2SF:
• System is described by particle on fixed geodesic of 1SF metric.
• Back-reaction from 1SF included.

• All information in one SF calculation: conservative and dissipative.
• Finite-size and secondary spin effects can be included.
• Only formulated in the frequency domain.
• Have quasi-circular non-spinning waveforms using 2SF fluxes [Wardell et al. ‘22].
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<latexit sha1_base64="I0Lg7i93Z4rlvp9V65tEUrtr/9E="></latexit>

1PM 2PM 3PM 4PM . . .
0SF G G2 G3 G4 . . .
1SF qG qG2 qG3 qG4 . . .
2SF q2G q2G2 q2G3 q2G4 . . .
...

...
...

...
...

. . .

Self-force vs post-Minkowskian expansions

Two independent expansions of the same system:
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! numerical
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! impossible
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! analytical

<latexit sha1_base64="XGVCiuE4u+6AqtYSHBr94YiLG1k=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmIjHBhuwaX4UFiY0lJvJIgJDZYRYmzM5sZu6iZMNH2NvqL9gZWz/BP/Az3IUtBDzVyTn33nNzvFBwA47zbeVWVtfWN/Kbha3tnd09e/+gblSkKatRJZRuesQwwSWrAQfBmqFmJPAEa3jD29RvjJg2XMkHGIesE5C+5D6nBBKpa9ulNrAniH2lsVSPk9OuXXTKzhR4mbgZKaIM1a790+4pGgVMAhXEmJbrhNCJiQZOBZsU2pFhIaFD0methEoSMNOJp59P8Emi9HAa7isJeKr+3YhJYMw48JLJgMDALHqp+J/XisC/7sRchhEwSWdBfiQwKJzWgHtcMwpinBBCNU9+xXRANKGQlDWXkt7WxjeTQlKNu1jEMqmfld3L8sX9ebFyk5WUR0foGJWQi65QBd2hKqohikboBb2iN+vZerc+rM/ZaM7Kdg7RHKyvX256nNc=</latexit>

(for now)

<latexit sha1_base64="zKoNNJdIvKGgnQ2B2BeZTQpRUqc=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFQV1WtA9oS8mkmTY0kwzJHbUM8wF+jVv1T9y5E7d+gJg+FrZ6IHA459zc5PiR4AZc983JzM0vLC5ll3Mrq2vrG/nNrapRsaasQpVQuu4TwwSXrAIcBKtHmpHQF6zm98+Hfu2OacOVvIVBxFoh6UoecErASu18QTaBPUByc4GpkkC4NJgIgZXu2CnMJU4vbcotuiPgv8SbkAKaoNzOfzc7isYhk0AFMabhuRG0EqKBU8HSXDM2LCK0T7qsYakkITOtZPSZFO9ZpYMDpe2RgEfq74mEhMYMQt8mQwI9M+sNxf+8RgzBaSvhMoqBSTpeFMQCg8LDZnCHa0ZBDCwhVHP7Vkx7RBMKtompLcO7tQlMOq3GArhW92nOFubN1vOXVA+K3nHx6PqwUDqbVJdFO2gX7SMPnaASukJlVEEUPaIn9IxenFfn3flwPsfRjDOZ2UZTcL5+AHdhrfU=</latexit>

nSF contains all orders in G
<latexit sha1_base64="A1DwkuRYV/z2Zir0dgupcKHSWBY=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN26ECvYBbSmZNNOGZpIxuaOWYT7Ar3Gr/ok7d+LWDxDTx8K2Hggczjk3Nzl+JLgB1313MguLS8sr2dXc2vrG5lZ+e6dqVKwpq1AllK77xDDBJasAB8HqkWYk9AWr+f3LoV+7Z9pwJW9hELFWSLqSB5wSsFI7X5BNYI+QlK8xVRIIlwYTIbDSHTuFucTpnU25RXcEPE+8CSmgCcrt/E+zo2gcMglUEGManhtBKyEaOBUszTVjwyJC+6TLGpZKEjLTSkafSfGBVTo4UNoeCXik/p1ISGjMIPRtMiTQM7PeUPzPa8QQnLcSLqMYmKTjRUEsMCg8bAZ3uGYUxMASQjW3b8W0RzShYJuY2jK8W5vApNNqLIBr9ZDmbGHebD3zpHpU9E6LJzfHhdLFpLos2kP76BB56AyV0BUqowqi6Ak9oxf06rw5H86n8zWOZpzJzC6agvP9C8VmriM=</latexit>

nPM contains all orders in q



Post-Minkowskian expansion of momentum transfer of a scatter orbit:

Mass-ratio dependence of terms determined by exchange symmetry 
Self-force information determines the complete 2-body Hamiltonian [Damour ‘20]:

Information from extreme-mass ratio scattering can determine bound motion across all mass 
ratios.

SF scattering motivation: Informing PM
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Geodesic 1SF

<latexit sha1_base64="1FeWvSN8S7r+nO3ClOFvAxWaehM=">AAACWXicdVFdS8MwFE2r01m/qnv0JTgEn0Y7xvTBh4EgvggT3QesZaRpuoWlH0tSYZT9SR8E8a/4YNb1wW56IeTcc85Ncm+8hFEhLetT03d2K3v71QPj8Oj45NQ8O++LOOWY9HDMYj70kCCMRqQnqWRkmHCCQo+RgTe7X+mDN8IFjaNXuUiIG6JJRAOKkVTU2Ewyh4fQenlYQkfGMM+a3SeVzecp8stbrtolb+s/b3FUydxW5rFZtxpWHnAb2AWogyK6Y/Pd8WOchiSSmCEhRraVSDdDXFLMyNJwUkEShGdoQkYKRigkws3yySzhlWJ8GMRcrUjCnP1dkaFQiEXoKWeI5FRsaivyL22UyuDWzWiUpJJEeH1RkDKoWl2NGfqUEyzZQgGEOVVvhXiKOMJSfYahhmBvtrwN+s2G3W60nlv1zl0xjiq4AJfgGtjgBnTAI+iCHsDgA3xrFW1P+9I1vaoba6uuFTU1UAq99gOki7IE</latexit>

0SF ! 2PM 1SF ! 4PM 2SF ! 6PM
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<latexit sha1_base64="f82llhPvhYD8LKxxf5QtQ9vy9mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWk+Oiy4MZlBfuANoTJdNIOnUnCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59zLvfcEieAaHOfbKqysrq1vFDdLW9s7u3v2/kFLx6mirEljEatOQDQTPGJN4CBYJ1GMyECwdjC6nvrte6Y0j6M7GCfMk2QQ8ZBTAkby7SPpu7gnWAiKD4ZAlIofsPSrFd8uOxVnBrxM3JyUUY6Gb3/1+jFNJYuACqJ113US8DKigFPBJqVeqllC6IgMWNfQiEimvWz2wQSfGqWPw1iZigDP1N8TGZFaj2VgOiWBoV70puJ/XjeFsOZlPEpSYBGdLwpTgSHG0zhwnytGQYwNIVRxcyumQ6IIBRNayYTgLr68TFrVintZubg9L9dreRxFdIxO0Bly0RWqoxvUQE1E0SN6Rq/ozXqyXqx362PeWrDymUP0B9bnD5sjllQ=</latexit>m1 $ m2.



Expand a Schwarzschild (or Kerr) Hamiltonian: 

A and Q potentials expanded in PN (or PM).

Some calibration terms:
• Comparable mass: calibrate to NR.
• Extreme mass-ratio: calibrate to SF fluxes.

Possible to calibrate to strong-field SF scattering.

SF scattering motivation: Informing EOB
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<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2
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Q



Bound

Periodic.
Distinct set of frequencies:

More naturally tackled as PDEs in the 
frequency domain.

PDEs are faster and more accurate.

Bound vs unbound self-force
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Unbound

No natural period. 
Continuous spectrum of frequencies:

More naturally tackled as ODEs in the 
time domain.

ODEs are more tractable.
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<latexit sha1_base64="1ISWxpthO9j1EoRE8zSU060324c=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWBLxUVwV3LisYB/QxDKZ3LRDJ5kwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwycOede7r0nSDlT2nG+rYXFpeWV1cJacX1jc2vb3tltKJFJCnUquJCtgCjgLIG6ZppDK5VA4oBDM+hfj/zmA0jFRHKnByn4MekmLGKUaCN17AOPJRrDfX7CPBFDl2A9xN5VOPl07JJTdsbA88SdkhKaotaxv7xQ0CyGRFNOlGq7Tqr9nEjNKIdh0csUpIT2SRfahiYkBuXn4zOG+MgoIY6ENM8sNVZ/d+QkVmoQB6YyJrqnZr2R+J/XznRU8XOWpJmGhE4GRRnHWuBRJjhkEqjmA0MIlczsimmPSEK1Sa5oQnBnT54njdOye1E+vz0rVSvTOApoHx2iY+SiS1RFN6iG6oiiR/SMXtGb9WS9WO/Wx6R0wZr27KE/sD5/AEz6mF0=</latexit>Z

e�i!t d!



Scalar field toy model
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Endow particle with a spin-0 scalar charge q.
Keep inertial mass but ignore gravitational mass. 
New small expansion parameter:

Scalar field    obeys the Klein-Gordon equation:

Decompose into (time-domain) modes:

<latexit sha1_base64="PNxlrnvKCyeZq0coXDZTgLlJhl8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mk1B4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyadSJ2Lhac+vuEmiTeAWpQYHOuPo1msQkFVQawrHWQ89NjJ9hZRjhdFEZpZommMzwlA4tlVhQ7WfLWxfoyioTFMbKljRoqf6eyLDQei4C2ymwifS6l4v/ecPUhC0/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/3lTdK7qXvNeuOhUWu3ijjKcAGXcA0e3EIb7qEDXSAQwTO8wpsjnBfn3flYtZacYuYc/sD5/AHipY4e</latexit>
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µ
p ) � (r �R)
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Lagrangian:

Three-point interaction vertices:

Only keep terms which are linear in mass-ratio and proportional to 

Scalar self-force in terms of amplitudes
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2 Scalar Model

2.1 General relativity description

Our basic setup is we take a test particle in orbit around a heavy Schwarzschild black hole,
keeping the 1SF terms that are proportional to the charge square Q

2.
What is exactly meant to go here, should we write the EOM for the scalar model?–EH

�2

h

�2 �1

h

�1  

h

 �1

 

�1 h

h

h

Figure 1: The three-point interaction vertices of the model.

2.2 EFT description

In the post-Minkowskian framework we describe the two black holes via an effective field theory
where black holes are treated as point particles. Tidal and spin effects are incorporated by
adding additional operators.

Starting from the minimal couplings, we can define the effective field theory describing
the model by its three-point interactions, shown in Fig. 1. Our model is defined through the
minimally coupled Lagrangian,

S =

Z
d
D
x
p
�g


�

2

2
R +

1

2
�1(⇤+m

2
1)�1 +

1

2
�2(⇤+m

2
2)�2 +

1

2
 ⇤ +

1

2
Q̃ �

2
1

�
, (2.1)

where the �1 and �2 fields represent the two black holes and. The massless “self-force” scalar  should
go
mostly
plus
to
match
Leor
and
Olly?

couples minimally to gravity and also couples to the light black hole �1 only. The gravitational
coupling  is related to Newton’s constant G via


2 = 32⇡G , (2.2)

and naturally appears in the perturbative expansion of the metric around flat space

gµ⌫ = ⌘µ⌫ + hµ⌫ . (2.3)

The scalar charge Q̃ is made dimensionless by scaling it with the mass m1 of the charged particle
to match the normalization in Refs. [20,59]

Q̃ ⌘ 4
p
⇡m1Q . (2.4)

This minimally coupled effective field theory captures all non-tidal operators. However, as we
shall see at the fourth post-Minkowskian order, the minimal contributions mix with scalar tidal

3

�1

�2 �2

�1

(a)

�1

�2 �2

�1

(b)

�1

�2 �2

�1

(c)

Figure 2: Representative diagrams at O(Q2) and at (a) 2PM, (b) 3PM, and (c) 4PM orders.

3PM

4PM

Sing glory to vast improvement from using EOB improved fits [61,62]

 

�2 �2

 

Figure 3: The tidal operators that mix with the scalar model. In the language of quantum field theory
these are counterterms.

�1

�2 �2

�1

Figure 4: The counterterm tidal operator that mixes with the scalar model.

4.2 Finite-size Effect

A novel feature of the scalar model is that the finite-size effect appears at lower order than GR.
As the explicit calculation shows, the conservative scattering at 4PM of the minimally coupled
model does have 1/✏ divergence even after including the tail contribution. We can identify this
divergence in the scattering of  off the massive �2 at 3PM, where the result in minimal model
can have short-distanced divergence that can be absorbed by the Wilson coefficients c1, c2. The
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�1,2 : black holes  : scalar field
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4PM :

[Cheung, Rothstein, Solon] [Bern, Cheung, Roiban, Shen, Solon, Zeng]
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[Bern, Cheung, Para-Martinez, Roiban, Ruf, Shen, Solon, Zeng]
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Q2 :



<latexit sha1_base64="J+T4mPZ779gelrN6ZdAiE4pU58I=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIjy5ECm5cVrAPaEKYTCbt0JkknZkUSuhvuPFX3LhQxKWu/BunbRbaeuAyh3Pu5c49fsKoVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUYNLEMYtFx0eSMBqRpqKKkU4iCOI+I21/cDv12yMiJI2jBzVOiMtRL6IhxUhpyTMtC17DkS4bOsNhioKFx4c30PcyR3CIJ7AyOvXMslW1ZoDLxM5JGeRoeOanE8Q45SRSmCEpu7aVKDdDQlHMyKTkpJIkCA9Qj3Q1jRAn0s1ml03giVYCGMZCV6TgTP09kSEu5Zj7upMj1ZeL3lT8z+umKqy5GY2SVJEIzxeFKYMqhtOYYEAFwYqNNUFYUP1XiPtIIKx0mCUdgr148jJpnVXty+rF/Xm5XsvjKIIjcAwqwAZXoA7uQAM0AQaP4Bm8gjfjyXgx3o2PeWvByGcOwR8YXz95AJ2A</latexit>

0 < v < 1 b > bc(v)

<latexit sha1_base64="X/i9Cm2jNFkhRN729yLJQuIKXt0=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpC0tSfHQjFNy4rGAf0IQwmU7aoZNkmJmIJeQP3Pgrblwo4tatO//GaZuFth64cDjnXu69x+eMSmVZ30ZhaXllda24XtrY3NreMXf32jJOBCYtHLNYdH0kCaMRaSmqGOlyQVDoM9LxR9cTv3NPhKRxdKfGnLghGkQ0oBgpLXnmsfB4xXmgJ/AKOoFAOOUw9GpZap9CAh0cS6jdzDPLVtWaAi4SOydlkKPpmV9OP8ZJSCKFGZKyZ1tcuSkSimJGspKTSMIRHqEB6WkaoZBIN53+k8EjrfRhEAtdkYJT9fdEikIpx6GvO0OkhnLem4j/eb1EBXU3pRFPFInwbFGQMKhiOAkH9qkgWLGxJggLqm+FeIh0KkpHWNIh2PMvL5J2rWpfVM9vz8qNeh5HERyAQ1ABNrgEDXADmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AFGzJrq</latexit>

rp(⇠) =
pm2

1� e cos ⇠

Several parameterisations:
• Energy and angular momentum:
• Eccentricity and semi-latus rectum:
• Velocity at infinity and impact parameter:
Geodesic equations:

Analytic solutions:

<latexit sha1_base64="fY+wx6U0VIP9XX6j3ovfEtlA0t4=">AAACGHicbVDJSgNBEO1xjXGLevTSGITkYJwJQQMiBETw4CGCWSCThJ6enqRJz0J3jRCGfIYXf8WLB0W85ubf2FkOmvig4PFeFVX1nEhwBab5baysrq1vbKa20ts7u3v7mYPDugpjSVmNhiKUTYcoJnjAasBBsGYkGfEdwRrO4GbiN56YVDwMHmEYsbZPegH3OCWgpW7m3BbMgxy2PUlo4spR4tpA4hG2Je/1Id8pXuPbThGf4Xru/krmu5msWTCnwMvEmpMsmqPazYxtN6SxzwKggijVsswI2gmRwKlgo7QdKxYROiA91tI0ID5T7WT62AifasXFXih1BYCn6u+JhPhKDX1Hd/oE+mrRm4j/ea0YvHI74UEUAwvobJEXCwwhnqSEXS4ZBTHUhFDJ9a2Y9omOCHSWaR2CtfjyMqkXC9ZFofRQylbK8zhS6BidoByy0CWqoDtURTVE0TN6Re/ow3gx3oxP42vWumLMZ47QHxjjH52znik=</latexit>✓
dr

d⌧

◆2

= E2 � V (L; r)

Scattering geodesics

13

<latexit sha1_base64="XnOUFCtIKJ6zhrDSFGVwZJBJg94="></latexit>

dt

d⌧
=

E r

r � 2M

d'

d⌧
=

L

r2

E > 1

<latexit sha1_base64="6FnDoY6BsNfOkXDzwc80mdnU75Q=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVNpupCCCy4r2Am0ok+mkHTqZhJmJUEIfwY0LRdz6RO58GydpEG8/DHz85xzOmd+LOFPatj+swsrq2vpGcbO0tb2zu1feP+iqMJaEdkjIQ9n3sKKcCdrRTHPajyTFgcdpz5tdpvXePZWKheJOzyPqBngimM8I1sa6vbpwRuWKXbUzob/g5FCBXO1R+X04DkkcUKEJx0oNHDvSboKlZoTTRWkYKxphMsMTOjAocECVm2SnLtCJccbID6V5QqPM/T6R4ECpeeCZzgDrqfpdS83/aoNY+w03YSKKNRVkuciPOdIhSv+NxkxSovncACaSmVsRmWKJiTbplLIQmpnQEuq1HJrOVwjds6pTq57f1CqtRh5HEY7gGE7BgTq04Bra0AECE3iAJ3i2uPVovVivy9aClc8cwg9Zb5/JVo3a</latexit>

<latexit sha1_base64="NWq6diVtZwlA+bnFHmAedez6dWk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3aMxJAl48RjAPTJYwO+kkQ2Znl5lZIYT8hRcPinj1b7z5N06SPWhiQUNR1U13VxALro3rfjuZtfWNza3sdm5nd2//IH941NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbmN59QaR7JBzOO0Q/pQPI+Z9RY6TEmN6RMLkgJu/mCW3TnIKvES0kBUtS6+a9OL2JJiNIwQbVue25s/AlVhjOB01wn0RhTNqIDbFsqaYjan8wvnpIzq/RIP1K2pCFz9ffEhIZaj8PAdobUDPWyNxP/89qJ6Vf8CZdxYlCyxaJ+IoiJyOx90uMKmRFjSyhT3N5K2JAqyowNKWdD8JZfXiWNUtErF6/uLwvVShpHFk7gFM7Bg2uowh3UoA4MJDzDK7w52nlx3p2PRWvGSWeO4Q+czx/Imo8E</latexit>

p > 6 + 2e
<latexit sha1_base64="0TUzyBO9Qrltppz35J1J9biZgOk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEj56k4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2VfCS3xOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVu65ePVxW6rU8jiKcwCmcgwc3UId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8faTGNwA==</latexit>

e > 1

<latexit sha1_base64="9SqjFDZQxM8uDm4TMhLuOcZiVWU="></latexit>

'p(⇠) = 'p(0) + k
p
p/eEl1

⇣⇠
2
;�k2

⌘
<latexit sha1_base64="jqsGft3atFSDgo9LJRd3C3xOrhs=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSEjER0GEghuXFewD2hAm00k7dDIZZibSEvorblwo4tYfceffOG2z0NYDFw7n3Mu994SCUaVd99taWV1b39gsbBW3d3b39u2DUlMlqcSkgROWyHaIFGGUk4ammpG2kATFISOtcHg39VtPRCqa8Ec9FsSPUZ/TiGKkjRTYJR2ICjkTN90RPYW30HGcwC67jjsDXCZeTsogRz2wv7q9BKcx4RozpFTHc4X2MyQ1xYxMit1UEYHwEPVJx1COYqL8bHb7BJ4YpQejRJriGs7U3xMZipUax6HpjJEeqEVvKv7ndVIdVf2McpFqwvF8UZQyqBM4DQL2qCRYs7EhCEtqboV4gCTC2sRVNCF4iy8vk+a54105lw8X5Vo1j6MAjsAxqAAPXIMauAd10AAYjMAzeAVv1sR6sd6tj3nripXPHII/sD5/AAHUknM=</latexit>

tp(e, p; ⇠) = ...

Elliptic integralRelativistic anomaly

<latexit sha1_base64="Gmw1wrgVGn2aQ2o8mFtnR+lRwho=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkoiPrqSggguuqhgH9CGMJlO2qGTSZi5EWvol7hxoYhbP8Wdf+O0zUJbD1w4nHMv997jx5wpsO1vI7eyura+kd8sbG3v7BbNvf2WihJJaJNEPJIdHyvKmaBNYMBpJ5YUhz6nbX90PfXbD1QqFol7GMfUDfFAsIARDFryzGL9qu71gD5CSiblmxPPLNkVewZrmTgZKaEMDc/86vUjkoRUAOFYqa5jx+CmWAIjnE4KvUTRGJMRHtCupgKHVLnp7PCJdayVvhVEUpcAa6b+nkhxqNQ49HVniGGoFr2p+J/XTSCouikTcQJUkPmiIOEWRNY0BavPJCXAx5pgIpm+1SJDLDEBnVVBh+AsvrxMWqcV56JyfndWqlWzOPLoEB2hMnLQJaqhW9RATURQgp7RK3oznowX4934mLfmjGzmAP2B8fkD03KSiA==</latexit>

L > Lc(E)



<latexit sha1_base64="+avCHmzQ9stEGCLWgaopnhjFG/Y=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqibFR5cFNy4r2Ac0IUym03boPMLMpFhCf8WNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeOGFUG8/7dgobm1vbO8Xd0t7+weGRe1xua5kqTFpYMqm6MdKEUUFahhpGuokiiMeMdOLx3dzvTIjSVIpHM01IyNFQ0AHFyFgpcsvqkkc1GGCpYTBBKhnRyK14VW8BuE78nFRAjmbkfgV9iVNOhMEMad3zvcSEGVKGYkZmpSDVJEF4jIakZ6lAnOgwW9w+g+dW6cOBVLaEgQv190SGuNZTHttOjsxIr3pz8T+vl5pBPcyoSFJDBF4uGqQMGgnnQcA+VQQbNrUEYUXtrRCPkELY2LhKNgR/9eV10q5V/Zvq9cNVpVHP4yiCU3AGLoAPbkED3IMmaAEMnsAzeAVvzsx5cd6dj2VrwclnTsAfOJ8/AyKTxQ==</latexit>

r/m2 cos'

Sample hyperbolic orbit
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<latexit sha1_base64="aDA7K+k3X+MoCijGbjcxtlXQRvQ=">AAACHHicbVDLSsNAFJ3UV42vqks3waK4Kkl9FUEouHFZwT6gKWUyuUmHTiZhZlIooR/ixl9x40IRNy4E/8bpA9HWAwOHc87lzj1ewqhUtv1l5JaWV1bX8uvmxubW9k5hd68h41QQqJOYxaLlYQmMcqgrqhi0EgE48hg0vf7N2G8OQEga83s1TKAT4ZDTgBKstNQtnLoehJRnmNGQgz8yB9fH7pVdKruu6Y1p2Ym6ZdMF7v9kuoWiXbInsBaJMyNFNEOtW/hw/ZikEXBFGJay7diJ6mRYKEoYjEw3lZBg0schtDXlOALZySbHjawjrfhWEAv9uLIm6u+JDEdSDiNPJyOsenLeG4v/ee1UBZVORnmSKuBkuihImaVia9yU5VMBRLGhJpgIqv9qkR4WmCjdp6lLcOZPXiSNcsm5KJ3fnRWrlVkdeXSADtEJctAlqqJbVEN1RNADekIv6NV4NJ6NN+N9Gs0Zs5l99AfG5zeKpp/G</latexit>

v = 0.2

b = 21m2

<latexit sha1_base64="Sni0Aqbmqp8yT5Ze9TgTrZzMx4I=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU2Kjy4LblxWsA9oQphMp+3QySTMTIol9FfcuFDErT/izr9x2mahrQcuHM65l3vvCRPOlHacb6uwsbm1vVPcLe3tHxwe2cfltopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC8d3c70yoVCwWj3qaUD/CQ8EGjGBtpMAuy8soqCFPMYG8CZbJiAV2xak6C6B14uakAjmagf3l9WOSRlRowrFSPddJtJ9hqRnhdFbyUkUTTMZ4SHuGChxR5WeL22fo3Ch9NIilKaHRQv09keFIqWkUms4I65Fa9ebif14v1YO6nzGRpJoKslw0SDnSMZoHgfpMUqL51BBMJDO3IjLCEhNt4iqZENzVl9dJu1Z1b6rXD1eVRj2PowincAYX4MItNOAemtACAk/wDK/wZs2sF+vd+li2Fqx85gT+wPr8AQr4k8o=</latexit>

r/
m

2
si
n
'



1+1D evolution scheme [Barack & OL ‘22]
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Worldline

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

r⇤

<latexit sha1_base64="ACj5tASndkWxVVQhz2g8wTPQLFM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iV4OMW8OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6UH3znulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmRcWrVm7uq+XaZR5HAY7hBM7AgyuowR3UoQEMBvAMr/DmSOfFeXc+5q0rTj5zBH/gfP4A+CWNkw==</latexit>

Initial 
conditions

h

<latexit sha1_base64="2/NzQbfnpalYmwcZ6KM4R84hg+E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq1606xV6pd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac49jOw=</latexit>

u

<latexit sha1_base64="nlEjCI64aN2+wVE4eQvdg17/Rec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYq9cs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOHxjPk=</latexit>

v

<latexit sha1_base64="d6hod6fNnVfGB9SkHlOJifKZTSI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkNhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/91hiV5rF8NJME/YgOJA85o8ZK9XGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8pGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvUr5rl4pVa+zOPJwBudwCR7cQBUeoAYNYIDwDK/w5jw5L86787FszTnZzCn8gfP5A+N1jPo=</latexit>

“E
ve
nt

<latexit sha1_base64="dBdjYCpzbDhHsaX+eWS2Gizajok=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VRHBZwT5gOrSZNNOGJpkhyRTK0M9w40IRt36NO//GtJ2Fth4IHM65h9x7woQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5HeVQP3+/YRK0ytX3Kq7AFonXk4qkKPRK391BzFJhc0SjrX2PTcxQYaVYYTTWambappgMsZD6lsqsaA6yBYrz9CFVQYoipV90qCF+juRYaH1VIR2UmAz0qveXPzP81MT3QQZk0lqqCTLj6KUIxOj+f1owBQlhk8twUQxuysiI6wwMbalki3BWz15nbSuql6tevtYq9RreR1FOINzuAQPrqEOD9CAJhCI4Rle4c0xzovz7nwsRwtOnjmFP3A+fwDxUpED</latexit>

ho
riz
on
”

<latexit sha1_base64="WWxSD9mFgp4lc8u0oLs7e+Y4tTc=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgTBU9iVgHoLePEYwTwgWcLsZDYZMo9lZlaIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFJtmJIPdprQUOCRZDEj2Dqp39cCjZVmT0pWBuWqX/MXQOskyEkVcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1unqFzpwxRrLQradFC/T2RYWHMVESuU2A7NqveXPzP66U2vg4zJpPUUkmWi+KUI6vQPAA0ZJoSy6eOYKKZuxWRMdaYWBdTyYUQrL68TtqXtaBeu7mvVxv1PI4inEEFLiCAK2jAHTShBQQSeIZXePNS78V79z6WrQUvnzmFP/A+fwC7FJF2</latexit>

infinity”

<latexit sha1_base64="xmpRM+tc2594J2JI2GP0m0qvrVk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4CrsSUG8BLx4jmAckS5idzCZDZmfXmd7AsuQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXkEhh0HW/nY3Nre2d3cJecf/g8Oi4dHLaMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z+e8K1EbF6xCzhfkSHSoSCUbSS39MRESoUSmBW7pcqbtWdg6wTb0kqsESjX/rqDWKWRlwhk9SYrucm6OdUo2CST4u91PCEsjEd8q6likbc+Pn86Cm5sMqAhLG2pZDM1d8TOY2MyaLAdkYUR2bVm4n/ed0Uwxs/FypJkSu2WBSmkmBMZgmQgdCcocwsoUwLeythI6opQ5tT0Ybgrb68TlpXVa9WvX2oVeq1ZRwFOIcyXIIH11CHe2hAExg8wTO8wpszcV6cd+dj0brhLGfO4A+czx93gZHh</latexit>

“Null

<latexit sha1_base64="OYm2MPagqmtwkEYUk/c+13QCkdA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorePEkFewHtkubTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7mNxkfvuJKs0i+WCmMfUFHkkWMoKNlR57SqDB4C7hvF+uuFV3DrRKvJxUIEejX/7qDSOSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTCZ4RLuWSiyo9tP5xTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/ed3EhFd+ymScGCrJYlGYcGQilL2PhkxRYvjUEkwUs7ciMsYKE2NDKtkQvOWXV0nrourVqtf3tUq9lsdRhBM4hXPw4BLqcAsNaAIBCc/wCm+Odl6cd+dj0Vpw8plj+APn8wcst5CS</latexit>

<latexit sha1_base64="TEddN1EDTwwK/xS/QtHKDihJqy4="></latexit>

 ,uv + V (`; r) = S (`;x
µ
p ) � (r �R)

<latexit sha1_base64="+f5b5CYIYUF/RYc3LT5cGvrblME=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxAeeAl48RjAPSJYwO5lNhszMLjOzgbDkF7x4UMSrP+TNv3E22YMmFjQUVd10dwUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/F95rcnVGkWySczjakv8FCykBFsMim5mNz1yxW36s6BVomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KJBdV+Or91hs6sMkBhpGxJg+bq74kUC62nIrCdApuRXvYy8T+vm5jw1k+ZjBNDJVksChOOTISyx9GAKUoMn1qCiWL2VkRGWGFibDwlG4K3/PIqaV1Wvevq1WOtUq/lcRThBE7hHDy4gTo8QAOaQGAEz/AKb45wXpx352PRWnDymWP4A+fzB58kje8=</latexit>u, v : Eddington-Finkelstein coordinates



Scalar field modes for a scattering particle 
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<latexit sha1_base64="aMWR0jDyDuccvwVSJx7Knem5ATw=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTio8uCG5cV7AOaECbTSTt0MgkzE6Gm/RI3LhRx66e482+ctllo64ELh3Pu5d57wpQzpR3n21pb39jc2i7tlHf39g8q9uFRWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh6Hbmdx6pVCwRD3qcUj/GA8EiRrA2UmBXJl6qWJB7lHMUTyeBXXVqzhxolbgFqUKBZmB/ef2EZDEVmnCsVM91Uu3nWGpGOJ2WvUzRFJMRHtCeoQLHVPn5/PApOjNKH0WJNCU0mqu/J3IcKzWOQ9MZYz1Uy95M/M/rZTqq+zkTaaapIItFUcaRTtAsBdRnkhLNx4ZgIpm5FZEhlphok1XZhOAuv7xK2hc197p2dX9ZbdSLOEpwAqdwDi7cQAPuoAktIJDBM7zCm/VkvVjv1seidc0qZo7hD6zPHx11k14=</latexit> | 
`m

|

<latexit sha1_base64="I7BRF7tR6mb+Jmq8pahvogpB1T4=">AAACAnicbVDLTgIxFO34RHyhLt00EhNXOEN8sCRx4xITB0hgQjqlAw1tZ9LeMSETdu7d6i+4M279Ef/Az7DALAQ8SZOTc+6rJ0wEN+C6387a+sbm1nZhp7i7t39wWDo6bpo41ZT5NBaxbofEMMEV84GDYO1EMyJDwVrh6G7qt56YNjxWjzBOWCDJQPGIUwJW8uFS9qq9UtmtuDPgVeLlpIxyNHqln24/pqlkCqggxnQ8N4EgIxo4FWxS7KaGJYSOyIB1LFVEMhNks2Mn+NwqfRzF2j4FeKb+7ciINGYsQ1spCQzNsjcV//M6KUS1IOMqSYEpOl8UpQJDjKc/x32uGQUxtoRQze2tmA6JJhRsPgtbprO1icykaKPxloNYJc1qxbupXD9cleu1PKQCOkVn6AJ56BbV0T1qIB9RxNELekVvzrPz7nw4n/PSNSfvOUELcL5+AfTkl7A=</latexit>

t/m2

<latexit sha1_base64="sG268TVzl9w78RF47ccaXvAsixY=">AAACBHicbVDLSgMxFL3js9ZX1aWbYBFc1Znio8uCG5cV7APaYcikmTY0yQxJRihDt+7d6i+4E7f+h3/gZ5i2s7CtBwKHc+4rJ0w408Z1v5219Y3Nre3CTnF3b//gsHR03NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1N/fYTVZrF8tGME+oLPJAsYgQbK7VVkFyKoBqUym7FnQGtEi8nZcjRCEo/vX5MUkGlIRxr3fXcxPgZVoYRTifFXqppgskID2jXUokF1X42O3eCzq3SR1Gs7JMGzdS/HRkWWo9FaCsFNkO97E3F/7xuaqKanzGZpIZKMl8UpRyZGE3/jvpMUWL42BJMFLO3IjLEChNjE1rYMp2tdKQnRRuNtxzEKmlVK95N5frhqlyv5SEV4BTO4AI8uIU63EMDmkBgBC/wCm/Os/PufDif89I1J+85gQU4X7+L0ZiR</latexit>

rp/m2



Scalar self-force and mass correction

Equation of motion:

17

Orthogonal to bbb 

This defines the self-force.

Tangent to bbb

Integrate: 

<latexit sha1_base64="kpifrCBIUQEib/L7bjgzmBPQ4cw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexK0OAp4MVjBPOQZA29k9lkyOzsMjMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0c3Mbz0xpXks7804YX6EA8lDTtFY6SF97KJIhnjdK5bcsjsHWSVeRkqQod4rfnX7MU0jJg0VqHXHcxPjT1AZTgWbFrqpZgnSEQ5Yx1KJEdP+ZH7wlJxZpU/CWNmShszV3xMTjLQeR4HtjNAM9bI3E//zOqkJq/6EyyQ1TNLFojAVxMRk9j3pc8WoEWNLkCpubyV0iAqpsRkVbAje8surpHlR9i7LlbtKqVbN4sjDCZzCOXhwBTW4hTo0gEIEz/AKb45yXpx352PRmnOymWP4A+fzB5qrkEI=</latexit>

u↵ :
<latexit sha1_base64="kpifrCBIUQEib/L7bjgzmBPQ4cw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexK0OAp4MVjBPOQZA29k9lkyOzsMjMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0c3Mbz0xpXks7804YX6EA8lDTtFY6SF97KJIhnjdK5bcsjsHWSVeRkqQod4rfnX7MU0jJg0VqHXHcxPjT1AZTgWbFrqpZgnSEQ5Yx1KJEdP+ZH7wlJxZpU/CWNmShszV3xMTjLQeR4HtjNAM9bI3E//zOqkJq/6EyyQ1TNLFojAVxMRk9j3pc8WoEWNLkCpubyV0iAqpsRkVbAje8surpHlR9i7LlbtKqVbN4sjDCZzCOXhwBTW4hTo0gEIEz/AKb45yXpx352PRmnOymWP4A+fzB5qrkEI=</latexit>

u↵ :

<latexit sha1_base64="r+26HCGzs6lj9GrpNpJEYiy1Bqs=">AAACHnicbVBNS8NAEN34bf2KevSyWIR6KYlY7UUoePFYxarQ1DDZbJqlm03Y3Qgl9Jd48a948aCI4En/jduag1ofDDzem2FmXpBxprTjfFozs3PzC4tLy5WV1bX1DXtz60qluSS0Q1KeypsAFOVM0I5mmtObTFJIAk6vg8Hp2L++o1KxVFzqYUZ7CfQFixgBbSTfbniRBFKEoyL0NOSjWuK7OL/1gGcx7OMTfO4JCDiUCvbaMbu98O2qU3cmwNPELUkVlWj79rsXpiRPqNCEg1Jd18l0rwCpGeF0VPFyRTMgA+jTrqECEqp6xeS9Ed4zSoijVJoSGk/UnxMFJEoNk8B0JqBj9dcbi/953VxHzV7BRJZrKsj3oijnWKd4nBUOmaRE86EhQCQzt2ISg8lLm0QrJgT378vT5Oqg7h7VG+eH1VazjGMJ7aBdVEMuOkYtdIbaqIMIukeP6Bm9WA/Wk/VqvX23zljlzDb6BevjC0sBoes=</latexit>

d

d⌧
(m1u

↵) = Qr↵�R

<latexit sha1_base64="qAVcmG9Wty5O4j25wgl9qacdX0Q="></latexit>

⌧ : Proper time

u↵ : 4-velocity

�R : Regular field

<latexit sha1_base64="UKkVJIadWrxGM4uHxEgQM9hAOYw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAhurIn46EYouHHZin1AE8NkMmmHTiZhZiKU0M9w46+4caGI2+78G6dtCtp64MLhnHu59x4/YVQqy/o2lpZXVtfWCxvFza3tnV1zb78p41Rg0sAxi0XbR5IwyklDUcVIOxEERT4jLb9/O/ZbT0RIGvMHNUiIG6EupyHFSGnJM8+cUCCcBTDy7GEWOAqlQ3gDT+twZji1Hn28n3meWbLK1gRwkdg5KYEcNc8cOUGM04hwhRmSsmNbiXIzJBTFjAyLTipJgnAfdUlHU44iIt1s8tgQHmslgGEsdHEFJ+rviQxFUg4iX3dGSPXkvDcW//M6qQorbkZ5kirC8XRRmDKoYjhOCQZUEKzYQBOEBdW3QtxDOhClsyzqEOz5lxdJ87xsX5Uv6xelaiWPowAOwRE4ATa4BlVwB2qgATB4Bq/gHXwYL8ab8Wl8TVuXjHzmAPyBMfoB6fefsg==</latexit>

dm1

d⌧
= �Q

d�R

d⌧ <latexit sha1_base64="JpZSwQMgi4EmHzOJTmqDFbLwLcY="></latexit>

m1
du↵

d⌧
= Q(�↵� + u↵u�)r��R =: m1qsF

↵

<latexit sha1_base64="T/Rc0rNY+CYAJFomK7HZe0+PSQk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoiGVGfHQjFNy4bMU+oNOWTJq2ocnMkNwRytCPcOOvuHGhiFsX7vwb08dCWw8EDuecy809fiS4Bsf5tlJLyyura+n1zMbm1vaOvbtX1WGsKKvQUISq7hPNBA9YBTgIVo8UI9IXrOYPbsZ+7YEpzcPgHoYRa0rSC3iXUwJGatsnsu3mPCDxMb7GhrcST0msmIYRPsVl7JX6vHU3TbTtrJN3JsCLxJ2RLJqh1La/vE5IY8kCoIJo3XCdCJoJUcCpYKOMF2sWETogPdYwNCCS6WYyOWqEj4zSwd1QmRcAnqi/JxIitR5K3yQlgb6e98bif14jhm6hmfAgioEFdLqoGwsMIR43hDtcMQpiaAihipu/YtonilAwPWZMCe78yYukepZ3L/MX5fNssTCrI40O0CHKIRddoSK6RSVUQRQ9omf0it6sJ+vFerc+ptGUNZvZR39gff4A6HmcOA==</latexit>

m1(⌧) = mrest
1 �Q�R(⌧)



Change in mass results
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<latexit sha1_base64="HQW5TBScUI0f54w9/shd1G/71Mw=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwirviI2XAxkaIaB6QLGF2MpsMmX0wc1cIIY29rf6Cndj6J/6Bn+FssoVJPDBwOOe+5nixFBpt+9vKrayurW/kNwtb2zu7e8X9g4aOEsV4nUUyUi2Pai5FyOsoUPJWrDgNPMmb3vAm9ZtPXGkRhY84irkb0H4ofMEoGukBz+66xZJdtqcgy8TJSAky1LrFn04vYknAQ2SSat127BjdMVUomOSTQifRPKZsSPu8bWhIA67d8fTUCTkxSo/4kTIvRDJV/3aMaaD1KPBMZUBxoBe9VPzPayfoV9yxCOMEechmi/xEEoxI+m/SE4ozlCNDKFPC3ErYgCrK0KQztyWdrbSvJwUTjbMYxDJpnJedq/Ll/UWpWslCysMRHMMpOHANVbiFGtSBQR9e4BXerGfr3fqwPmelOSvrOYQ5WF+/jN6W6w==</latexit>

t/M

<latexit sha1_base64="u2wBFSUdCichZVRdcJmQQIFulSI=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxha1BZUnixo0JJhZIoCHTYQoTptNmZmpCGnbu3eovuDNu/RH/wM9wCl0IeJJJTs65rzl+zJnStv1tFdbWNza3itulnd29/YPy4VFLRYkk1CURj2THx4pyJqirmea0E0uKQ5/Ttj++zfz2E5WKReJRT2LqhXgoWMAI1kZyZT++uO+XK3bVngGtEicnFcjR7Jd/eoOIJCEVmnCsVNexY+2lWGpGOJ2WeomiMSZjPKRdQwUOqfLS2bFTdGaUAQoiaZ7QaKb+7UhxqNQk9E1liPVILXuZ+J/XTXRQ91Im4kRTQeaLgoQjHaHs52jAJCWaTwzBRDJzKyIjLDHRJp+FLdlsqQI1LZlonOUgVknrsupcV68eapVGPQ+pCCdwCufgwA004A6a4AIBBi/wCm/Ws/VufVif89KClfccwwKsr18iKZfM</latexit>

rp/M

<latexit sha1_base64="u07Q5DjXUVPXMcXo1d6XIZiNt1s=">AAAB73icbVDLTgJBEOzBF+IL9ehlIjHxRHaND44kXjyikUcCK5kdZmHC7Ow6M2tCFn7CiweN8ervePNvHGAPClbSSaWqO91dfiy4No7zjXIrq2vrG/nNwtb2zu5ecf+goaNEUVankYhUyyeaCS5Z3XAjWCtWjIS+YE1/eD31m09MaR7JezOKmReSvuQBp8RYqTXu1Ab84W7cLZacsjMDXiZuRkqQodYtfnV6EU1CJg0VROu268TGS4kynAo2KXQSzWJCh6TP2pZKEjLtpbN7J/jEKj0cRMqWNHim/p5ISaj1KPRtZ0jMQC96U/E/r52YoOKlXMaJYZLOFwWJwCbC0+dxjytGjRhZQqji9lZMB0QRamxEBRuCu/jyMmmcld3L8sXtealayeLIwxEcwym4cAVVuIEa1IGCgGd4hTf0iF7QO/qYt+ZQNnMIf4A+fwACcI/v</latexit> |�
R
|

<latexit sha1_base64="v3nBQOmLg+yUQbndQt+3EV01h8U=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGfHQjFNy4bMU+oDMdMmmmDU0yQ5IRytClG3/FjQtF3PoJ7vwb08dCWw/cy+Gce0nuCRNGlXacbyu3tLyyupZfL2xsbm3v2Lt7DRWnEpM6jlksWyFShFFB6ppqRlqJJIiHjDTDwc3Ybz4QqWgs7vUwIT5HPUEjipE2UmAf8sCF19D0TuZJDiVRegRPYQ161T7t3AV20Sk5E8BF4s5IEcxQDewvrxvjlBOhMUNKtV0n0X6GpKaYkVHBSxVJEB6gHmkbKhAnys8mh4zgsVG6MIqlKaHhRP29kSGu1JCHZpIj3Vfz3lj8z2unOir7GRVJqonA04eilEEdw3EqsEslwZoNDUFYUvNXiPtIIqxNdgUTgjt/8iJpnJXcy9JF7bxYKc/iyIMDcAROgAuuQAXcgiqoAwwewTN4BW/Wk/VivVsf09GcNdvZB39gff4ApdmX0g==</latexit>

m1 = mrest
1 �Q�R

<latexit sha1_base64="LQwVya1Bgn3O4Ji+HWwRhCwaRNk=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sI6Iz66LLhx2YJ9QDsOmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeuBeDufcS3JPEDOqtON8W7ml5ZXVtfx6YWNza3vH3t1rqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMbyZ+64FIRSNxp0cx8TjqCxpSjLSRfPugxH0XnkLT79Ou5FASpccnZ3XfLjplZwq4SNyMFEGGmm9/dXsRTjgRGjOkVMd1Yu2lSGqKGRkXuokiMcJD1CcdQwXiRHnp9IIxPDZKD4aRNCU0nKq/N1LElRrxwExypAdq3puI/3mdRIcVL6UiTjQRePZQmDCoIziJA/aoJFizkSEIS2r+CvEASYS1Ca1gQnDnT14kzfOye1W+rF8Uq5Usjjw4BEegBFxwDargFtRAA2DwCJ7BK3iznqwX6936mI3mrGxnH/yB9fkD6G6VQg==</latexit> (m
1
�
m

re
st

1
)/
Q



Self-force for a scattering particle
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<latexit sha1_base64="LXe5pUk1ihYwn+qq9C+uGK37PDA=">AAAB8HicbVDLSgNBEOyNrxhfqx69DAbBU9gVHzkGBPEYwTwkWcLsZDYZMjO7zMwGwpKv8OJBEa9+jjf/xkmyB00saCiquunuChPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0e3Mb42p0iyWj2aS0EDggWQRI9hY6emu1x1jlQxZzy17FW8OtEr8nJQhR73nfnX7MUkFlYZwrHXH9xITZFgZRjidlrqppgkmIzygHUslFlQH2fzgKTqzSh9FsbIlDZqrvycyLLSeiNB2CmyGetmbif95ndRE1SBjMkkNlWSxKEo5MjGafY/6TFFi+MQSTBSztyIyxAoTYzMq2RD85ZdXSfOi4l9Xrh4uy7VqHkcRTuAUzsGHG6jBPdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH8RWkF8=</latexit> F
'

<latexit sha1_base64="7iS3YpGEtII6vLJufEqSfKkKBlM=">AAAB+3icbVDLTsJAFJ36RHxVXLqZSExwgy2+WJK4cYmJPBKozXSYwoSZtpm5NRLCr7hxoTFu/RF3/o0DdKHgSW5ycs69ufeeIBFcg+N8Wyura+sbm7mt/PbO7t6+fVBo6jhVlDVoLGLVDohmgkesARwEayeKERkI1gqGN1O/9ciU5nF0D6OEeZL0Ix5ySsBIvl3oApdM45LykzPpV04fzn276JSdGfAycTNSRBnqvv3V7cU0lSwCKojWHddJwBsTBZwKNsl3U80SQoekzzqGRsQs9Maz2yf4xCg9HMbKVAR4pv6eGBOp9UgGplMSGOhFbyr+53VSCKvemEdJCiyi80VhKjDEeBoE7nHFKIiRIYQqbm7FdEAUoWDiypsQ3MWXl0mzUnavypd3F8VaNYsjh47QMSohF12jGrpFddRAFD2hZ/SK3qyJ9WK9Wx/z1hUrmzlEf2B9/gBRPpNN</latexit>

⇥(rp/m2)
3

<latexit sha1_base64="uRtqOuHsnkYQOaau8QaASxpg6DA=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFc1Znio8uCG5cV7APaYcikmTY0yYQkI5TSj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nVpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumTTThDZJylPdibGhnEnatMxy2lGaYhFz2o5HdzO//US1Yal8tGNFQ4EHkiWMYOukto7UpYiqUansV/w50CoJclKGHI2o9NXrpyQTVFrCsTHdwFc2nGBtGeF0WuxlhipMRnhAu45KLKgJJ/Nzp+jcKX2UpNqVtGiu/p6YYGHMWMSuU2A7NMveTPzP62Y2qYUTJlVmqSSLRUnGkU3R7HfUZ5oSy8eOYKKZuxWRIdaYWJdQ0YUQLL+8SlrVSnBTuX64KtdreRwFOIUzuIAAbqEO99CAJhAYwTO8wpunvBfv3ftYtK55+cwJ/IH3+QPFDo8u</latexit>

rp/m2

<latexit sha1_base64="avwYG1FZj/c2zT5MpH8P5l/c8gU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qknxo8eCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb24Wd4u7e/sFh6ei4aZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHdzO/9cS1EYl6xHHKg5gOlIgEo2glHy/jXrVXKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTCqBROh0gy5YotFUSYJJmT2OekLzRnKsSWUaWFvJWxINWVo8ynaELzll1dJs1rxbirXD1flei2PowCncAYX4MEt1OEeGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPP/qOTQ==</latexit>

t/m2



Scattering angle [Barack & OL ‘22]:

Can split into conservative and dissipative pieces using symmetries about periastron:

Self-force correction to the scattering angle

20

<latexit sha1_base64="iLQAmvlD4sMCgqBw7aRV4hu8TTQ="></latexit>

F cons
↵ (r, ṙ) = �F cons

↵ (r,�ṙ) F diss
↵ (r, ṙ) = F diss

↵ (r,�ṙ) <latexit sha1_base64="7j5MpaAZdeZobAPDaLOzPKVRvfs=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwICWRol6EghePFewHNKFMtpt26WYTdjeFEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEM6Ud59taW9/Y3Nou7ZR39/YPDu2j47aKU0loi8Q8lt0AFOVM0JZmmtNuIilEAaedYHw38zsTKhWLxaPOEupHMBQsZAS0kfp2xQOejADfYn2BvQnIZMT6dtWpOXPgVeIWpIoKNPv2lzeISRpRoQkHpXquk2g/B6kZ4XRa9lJFEyBjGNKeoQIiqvx8fvwUnxllgMNYmhIaz9XfEzlESmVRYDoj0CO17M3E/7xeqsMbP2ciSTUVZLEoTDnWMZ4lgQdMUqJ5ZggQycytmIxAAtEmr7IJwV1+eZW0L2vuVa3+UK826kUcJXSCTtE5ctE1aqB71EQtRFCGntErerOerBfr3fpYtK5ZxUwF/YH1+QNb9JPp</latexit>

↵ = t,'

Functions of geodesics

<latexit sha1_base64="KPfYCNRIOwphKBUVx4v1tEqbIb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEao8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5CasOlnTCapoZIsF4UpRyZG+eNozBQlhs8swUQxeysiEVaYGBtPxYbgrb68TrpXde+m3ni4rrWaRRxlOINzuAQPbqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gD/6Y4y</latexit>�
<latexit sha1_base64="g0Di57PryXi5nbWINIRrruC4eMQ=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuyKL6wCNtpFMA9IljA7uUmGzD6YuSuGJY2Nv2JjoYit/2Dn3zhJttDEAwOHc+7lzD1+LIVGx/m2cguLS8sr+dXC2vrG5pa9vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1f3A19uv3oLSIwjscxuAFrBeKruAMjdS29316SVsID5jSmyBmHGnMFAsAQY3adtEpORPQeeJmpEgyVNr2V6sT8SSAELlkWjddJ0YvZQoFlzAqtBINJmPAetA0NDQ52ksnV4zooVE6tBsp80KkE/X3RsoCrYeBbyYDhn09643F/7xmgt0LLxVhnCCEfBrUTSTFiI4roR2hgKMcGsK4EuavlPdNCdx0oAumBHf25HlSOy65Z6XT25NiuZTVkSd75IAcEZeckzK5JhVSJZw8kmfySt6sJ+vFerc+pqM5K9vZJX9gff4AtzOYDQ==</latexit>

b : Impact parameter

<latexit sha1_base64="z/y1wResuD5cgM9XCDjEdNx6q+M="></latexit>

�� =
X

±

Z 1

rmin

⇥
G±
E (r)F±

t � G±
L (r)F±

'

⇤
dr

<latexit sha1_base64="rV8vijPdKV6V4XaqhJHxU0qaVhA=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqQknER0GEghuXFewDmlgmk0k7dDKJMxOhhO7d+CtuXCji1h9w5984abPQ1gOXezjnXmbu8WJGpbKsb2NhcWl5ZbWwVlzf2NzaNnd2WzJKBCZNHLFIdDwkCaOcNBVVjHRiQVDoMdL2hleZ334gQtKI36pRTNwQ9TkNKEZKSz2z5OABhZcwa3dpxTocH8F76FxAxydMoUzumWWrak0A54mdkzLI0eiZX44f4SQkXGGGpOzaVqzcFAlFMSPjopNIEiM8RH3S1ZSjkEg3ndwyhgda8WEQCV1cwYn6eyNFoZSj0NOTIVIDOetl4n9eN1FBzU0pjxNFOJ4+FCQMqghmwUCfCoIVG2mCsKD6rxAPkEBY6fiKOgR79uR50jqu2mfV05uTcr2Wx1EA+6AEKsAG56AOrkEDNAEGj+AZvII348l4Md6Nj+nogpHv7IE/MD5/AMgNmPw=</latexit>

� = �(0) + q ��

Incoming/outgoing leg



Scattering angle results:

21

20 40 60 80 100 120 140

10-5

0.001

0.100

10

5 15 25 35 45 55 65 75 85 95 105 115 125

b/M

|δ
ψ
/ψ

|/q
s

r0/M

100 110 120 130 140 150

-2
-1
0

1

2

δψ
/q
s
(b
/M

)2 δψcons
δψdiss
δψ
δψ2PM

δψdiss
3PM

<latexit sha1_base64="s0QLPkxPx2mCSSoB4AdxBXycH8I=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKktJEI+OlVgYi0QfUhMqx3Faq44T2Q5SlWbhV1gYQIiVz2Djb3DaDFA40r06Oude2fd4MaNSWdaXUVpaXlldK69XNja3tnfM3b2OjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3xde53H4iQNOJ3ahITN0RDTgOKkdLSwDyYOj5hCjl4RE/zdp/WrJNsOjCrVt2aAf4ldkGqoEBrYH46foSTkHCFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK8pRyGRbjo7IIPHWvFhEAldXMGZ+nMjRaGUk9DTkyFSI7no5eJ/Xj9RQcNNKY8TRTiePxQkDKoI5mlAnwqCFZtogrCg+q8Qj5BAWOnMKjoEe/Hkv6RzVrcv6xe359Vmo4ijDA7BEagBG1yBJrgBLdAGGGTgCbyAV+PReDbejPf5aMkodvbBLxgf3yFrlhU=</latexit> |�
�
/�

(0
) |

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2

<latexit sha1_base64="OxT50QOb0yxieuReFvU3cmnj/c4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KfUBbgpuXFawD2himEwm7dCZSZiZCKV046+4caGIWz/DnX/jtM1CqwcuHM65l3vvCVNGlXacL6uwtLyyulZcL21sbm3v2Lt7bZVkEpMWTlgiuyFShFFBWppqRrqpJIiHjHTC4fXU7zwQqWgi7vQoJT5HfUFjipE2UmAfeBFhGnl4QKF3BSvhKQ9qJ/e1wC47VWcG+Je4OSmDHM3A/vSiBGecCI0ZUqrnOqn2x0hqihmZlLxMkRThIeqTnqECcaL88eyBCTw2SgTjRJoSGs7UnxNjxJUa8dB0cqQHatGbiv95vUzHl/6YijTTROD5ojhjUCdwmgaMqCRYs5EhCEtqboV4gCTC2mRWMiG4iy//Je1a1T2vnt3Wy416HkcRHIIjUAEuuAANcAOaoAUwmIAn8AJerUfr2Xqz3uetBSuf2Qe/YH18AybHlMo=</latexit> ��
(b
/m

2
)2

<latexit sha1_base64="6Xbtq+rR+KbFiX/0Y10OeemE+6c=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWR+lgW3LisYB/QxDKZTNqh8wgzE6GEgr/ixoUibv0Od/6N0zYLbT1w4XDOvdx7T5Qyqo3nfTulldW19Y3yZmVre2d3z90/aGuZKUxaWDKpuhHShFFBWoYaRrqpIohHjHSi0c3U7zwSpakU92ackpCjgaAJxchYqe8eBTFhBgV4SB/yQHGIpdCTvlv1at4McJn4BamCAs2++xXEEmecCIMZ0rrne6kJc6QMxYxMKkGmSYrwCA1Iz1KBONFhPjt/Ak+tEsNEKlvCwJn6eyJHXOsxj2wnR2aoF72p+J/Xy0xyHeZUpJkhAs8XJRmDRsJpFjCmimDDxpYgrKi9FeIhUggbm1jFhuAvvrxM2uc1/7J2cVevNupFHGVwDE7AGfDBFWiAW9AELYBBDp7BK3hznpwX5935mLeWnGLmEPyB8/kDhwyV0w==</latexit>

��cons

<latexit sha1_base64="W5fHJR/af81SEHOsB6AjibujY+Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoi9bEsuHFZwT6giWUymbRDJ5MwMxFKKPgrblwo4tbvcOffOG2z0NYDFw7n3Mu99wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g7ZKMkloiyQ8kd0AK8qZoC3NNKfdVFIcB5x2gtHN1O88UqlYIu71OKV+jAeCRYxgbaS+feSFlGvskSF7yD0Zo5ApNenbVafmzICWiVuQKhRo9u0vL0xIFlOhCcdK9Vwn1X6OpWaE00nFyxRNMRnhAe0ZKnBMlZ/Pzp+gU6OEKEqkKaHRTP09keNYqXEcmM4Y66Fa9Kbif14v09G1nzORZpoKMl8UZRzpBE2zML9KSjQfG4KJZOZWRIZYYqJNYhUTgrv48jJpn9fcy9rFXb3aqBdxlOEYTuAMXLiCBtxCE1pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fhwiV0w==</latexit>

��diss

<latexit sha1_base64="nbfjtzWby4LRGR+qZQvt4uwoIZY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSP44FLx4r2A9sQtlsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVco+N8W6W19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesjRwF66WKkTgQrBuMb2d+94kpzRP5gJOU+TEZSh5xStBIj17IBBKPjvigWnPqzhz2KnELUoMCrUH1ywsTmsVMIhVE677rpOjnRCGngk0rXqZZSuiYDFnfUElipv18fvHUPjNKaEeJMiXRnqu/J3ISaz2JA9MZExzpZW8m/uf1M4xu/JzLNEMm6WJRlAkbE3v2vh1yxSiKiSGEKm5utemIKELRhFQxIbjLL6+SzkXdvapf3jdqzUYRRxlO4BTOwYVraMIdtKANFCQ8wyu8Wdp6sd6tj0VrySpmjuEPrM8fjqGQ0A==</latexit>

��

<latexit sha1_base64="PX/64IZt1nnNWHUSbPjRU08txI8=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFUC5TFWYmEsEn1ITYgcx2mt2k5kO0hVlIVfYWEAIVY+g42/wW0zQMuRLB2dc6+uzwlTRpV2nG9raXlldW29slHd3Nre2bX39jsqySQmbZywRPZCpAijgrQ11Yz0UkkQDxnphqObid99JFLRRNzrcUp8jgaCxhQjbaTAPvQiwjTy8JA+5J7kMKJKFcF5YNecujMFXCRuSWqgRCuwv7wowRknQmOGlOq7Tqr9HElNMSNF1csUSREeoQHpGyoQJ8rPpwEKeGKUCMaJNE9oOFV/b+SIKzXmoZnkSA/VvDcR//P6mY6v/ZyKNNNE4NmhOGNQJ3DShkkrCdZsbAjCkpq/QjxEEmFtOquaEtz5yIukc1Z3L+sXd41as1HWUQFH4BicAhdcgSa4BS3QBhgU4Bm8gjfryXqx3q2P2eiSVe4cgD+wPn8Av8qWeQ==</latexit>

��diss
3

<latexit sha1_base64="QvEyp/QgxMpSv529t38LDyVvhRQ=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjMhLseAF48RzAKZIfT01CRNeha6a4Qw5De8eFDEqz/jzb+xk8xBEx8UPN6roqqen0qh0ba/rdLG5tb2Tnm3srd/cHhUPT7p6iRTHDo8kYnq+0yDFDF0UKCEfqqARb6Enj+5m/u9J1BaJPEjTlPwIjaKRSg4QyO5bgASmcvHYtgYVmt23V6ArhOnIDVSoD2sfrlBwrMIYuSSaT1w7BS9nCkUXMKs4mYaUsYnbAQDQ2MWgfbyxc0zemGUgIaJMhUjXai/J3IWaT2NfNMZMRzrVW8u/ucNMgxvvVzEaYYQ8+WiMJMUEzoPgAZCAUc5NYRxJcytlI+ZYhxNTBUTgrP68jrpNurOdf3qoVlrNYs4yuSMnJNL4pAb0iL3pE06hJOUPJNX8mZl1ov1bn0sW0tWMXNK/sD6/AG8rZF1</latexit>

��2

<latexit sha1_base64="3RGkJtw92V3/my2h/xWdddjHSzY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8LbvB10WIePEYwU0CyRJmJ7PJkNmZZWY2EJaAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u6KUM20879tZWV1b39gsbBW3d3b39ksHh3UtM0VoQCSXqhlhTTkTNDDMcNpMFcVJxGkjGtxN/MaQKs2keDSjlIYJ7gkWM4KNlYLhjedWOqWy53pToGXiz0kZ5qh1Sl/triRZQoUhHGvd8r3UhDlWhhFOx8V2pmmKyQD3aMtSgROqw3x67BidWqWLYqlsCYOm6u+JHCdaj5LIdibY9PWiNxH/81qZia/DnIk0M1SQ2aI448hINPkcdZmixPCRJZgoZm9FpI8VJsbmU7Qh+IsvL5N6xfUv3YuH83L19mkWRwGO4QTOwIcrqMI91CAAAgye4RXeHOG8OO/Ox6x1xZlHeAR/4Hz+ANmvjng=</latexit>

v = 0.2

<latexit sha1_base64="tCT3LW+MmkVLRw/FCNEg7zEr0CA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHoI+65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqnddvbq/rNRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE2Mo28</latexit>

bc



<latexit sha1_base64="I0Lg7i93Z4rlvp9V65tEUrtr/9E="></latexit>

1PM 2PM 3PM 4PM . . .
0SF G G2 G3 G4 . . .
1SF qG qG2 qG3 qG4 . . .
2SF q2G q2G2 q2G3 q2G4 . . .
...

...
...

...
...

. . .

Self-force vs post-Minkowskian expansions

Two independent expansions of the same system:

22

<latexit sha1_base64="PrqMy7Tl02ubAVybvaSNHj8Qwsc=">AAACIHicbVC7TsMwFHV4lvIKMLIYKiSmKkG8BoZKLIxFog+piSrHdVqrjh1sB1RFmfkPdlb4BTbECF/AZ+C0GWjLkSwdnXOur32CmFGlHefLWlhcWl5ZLa2V1zc2t7btnd2mEonEpIEFE7IdIEUY5aShqWakHUuCooCRVjC8zv3WA5GKCn6nRzHxI9TnNKQYaSN17QNP0v5AIynFI/TuE9SDqScjyJOISJNiWdeuOFVnDDhP3IJUQIF61/7xegKbea4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAzlKCLKT8dfyeCRUXowFNIcruFY/TuRokipURSYZIT0QM16ufif10l0eOmnlMeJJhxPFoUJg1rAvBfYo5JgzUaGICypeSvEAyQR1qa9qS353VKFKiubatzZIuZJ86TqnlfPbk8rtauipBLYB4fgGLjgAtTADaiDBsDgCbyAV/BmPVvv1of1OYkuWMXMHpiC9f0Lg7CkWw==</latexit>

! numerical
<latexit sha1_base64="pv1LlH9DgGlcgdq//7pDszyHuNw=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kJqocx2mt2nGwHVAVdec/2FnhF9gQG+IH+AycNgNtOZKlo3PvPff6BAmjSjvOl7W0vLK6tl7aKG9ube/s2nv7LSVSiUkTCyZkJ0CKMBqTpqaakU4iCeIBI+1geJ3X2w9EKiriOz1KiM9RP6YRxUgbqWdXPEn7A42kFI/Qu09RCDNPckh5IpSixmbcs6tOzZkALhK3IFVQoNGzf7xQ4JSTWGOGlOq6TqL9DElNsfEre6kiCcJD1CddQ2PEifKzyV/G8MgoIYyENC/WcKL+ncgQV2rEA9PJkR6o+Vou/lfrpjq69DMaJ6kmMZ4uilIGtYB5MDCkkmDNRoYgLKm5FeIBkghrE9/MltxbqkiNyyYadz6IRdI6qbnntbPb02r9qgipBA5BBRwDF1yAOrgBDdAEGDyBF/AK3qxn6936sD6nrUtWMXMAZmB9/wJ0zKTc</latexit>

! impossible

<latexit sha1_base64="XLoncBwFvzGZjLoB5S/jC2w9MNc=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kpqpuXKe16jjBdkBV1J3/YGeFX2BDbIgf4DNw2gy05UiWjs65Lx8/5kxpx/mylpZXVtfWCxvFza3tnV17b7+hokQSWicRj2TLB0U5E7Sumea0FUsKoc9p0x9eZ37zgUrFInGnRzHthNAXLGAEtJG6dsmTrD/QIGX0iL37BHo49WSIQQAfaVPGx1277FScCfAicXNSRjlqXfvH60UkCanQhINSbdeJdScFaeZxOi56iaIxkCH0adtQASFVnXTylzE+MkoPB5E0T2g8Uf92pBAqNQp9UxmCHqh5LxP/89qJDi47KRNxoqkg00VBwrGOcBYM7jFJieYjQ4BIZm7FZAASiDbxzWzJZksVqHHRROPOB7FIGicV97xydntarl7lIRXQISqhY+SiC1RFN6iG6oigJ/SCXtGb9Wy9Wx/W57R0ycp7DtAMrO9fUnOkxw==</latexit>

! analytical

<latexit sha1_base64="XGVCiuE4u+6AqtYSHBr94YiLG1k=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmIjHBhuwaX4UFiY0lJvJIgJDZYRYmzM5sZu6iZMNH2NvqL9gZWz/BP/Az3IUtBDzVyTn33nNzvFBwA47zbeVWVtfWN/Kbha3tnd09e/+gblSkKatRJZRuesQwwSWrAQfBmqFmJPAEa3jD29RvjJg2XMkHGIesE5C+5D6nBBKpa9ulNrAniH2lsVSPk9OuXXTKzhR4mbgZKaIM1a790+4pGgVMAhXEmJbrhNCJiQZOBZsU2pFhIaFD0methEoSMNOJp59P8Emi9HAa7isJeKr+3YhJYMw48JLJgMDALHqp+J/XisC/7sRchhEwSWdBfiQwKJzWgHtcMwpinBBCNU9+xXRANKGQlDWXkt7WxjeTQlKNu1jEMqmfld3L8sX9ebFyk5WUR0foGJWQi65QBd2hKqohikboBb2iN+vZerc+rM/ZaM7Kdg7RHKyvX256nNc=</latexit>

(for now)

<latexit sha1_base64="zKoNNJdIvKGgnQ2B2BeZTQpRUqc=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFQV1WtA9oS8mkmTY0kwzJHbUM8wF+jVv1T9y5E7d+gJg+FrZ6IHA459zc5PiR4AZc983JzM0vLC5ll3Mrq2vrG/nNrapRsaasQpVQuu4TwwSXrAIcBKtHmpHQF6zm98+Hfu2OacOVvIVBxFoh6UoecErASu18QTaBPUByc4GpkkC4NJgIgZXu2CnMJU4vbcotuiPgv8SbkAKaoNzOfzc7isYhk0AFMabhuRG0EqKBU8HSXDM2LCK0T7qsYakkITOtZPSZFO9ZpYMDpe2RgEfq74mEhMYMQt8mQwI9M+sNxf+8RgzBaSvhMoqBSTpeFMQCg8LDZnCHa0ZBDCwhVHP7Vkx7RBMKtompLcO7tQlMOq3GArhW92nOFubN1vOXVA+K3nHx6PqwUDqbVJdFO2gX7SMPnaASukJlVEEUPaIn9IxenFfn3flwPsfRjDOZ2UZTcL5+AHdhrfU=</latexit>

nSF contains all orders in G
<latexit sha1_base64="A1DwkuRYV/z2Zir0dgupcKHSWBY=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN26ECvYBbSmZNNOGZpIxuaOWYT7Ar3Gr/ok7d+LWDxDTx8K2Hggczjk3Nzl+JLgB1313MguLS8sr2dXc2vrG5lZ+e6dqVKwpq1AllK77xDDBJasAB8HqkWYk9AWr+f3LoV+7Z9pwJW9hELFWSLqSB5wSsFI7X5BNYI+QlK8xVRIIlwYTIbDSHTuFucTpnU25RXcEPE+8CSmgCcrt/E+zo2gcMglUEGManhtBKyEaOBUszTVjwyJC+6TLGpZKEjLTSkafSfGBVTo4UNoeCXik/p1ISGjMIPRtMiTQM7PeUPzPa8QQnLcSLqMYmKTjRUEsMCg8bAZ3uGYUxMASQjW3b8W0RzShYJuY2jK8W5vApNNqLIBr9ZDmbGHebD3zpHpU9E6LJzfHhdLFpLos2kP76BB56AyV0BUqowqi6Ak9oxf06rw5H86n8zWOZpzJzC6agvP9C8VmriM=</latexit>

nPM contains all orders in q



Scattering angle correction: PM expansion

Expansion around flat space:

2PM [Gralla & Lobo ‘22]:

3PM:

4PM dissipative:

23
<latexit sha1_base64="UZw1mSlieMeB/e6SJIkDqpHL+LI=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrsSNI0QsLGMYB6QLGF2cjcZMvtg5q4YlvQ2/oqNhSK2/oCdf+Mk2UITDwwczjmXO/d4sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFockjGamOxzRIEUITBUroxApY4Eloe+Prmd++B6VFFN7hJAY3YMNQ+IIzNFK/WFJ9Qa9oD+EBUzUXmaQ8At9kBISop/1i2a7Yc9BV4mSkTDI0+sWv3iDiSWCmuWRadx07RjdlCgWXMC30Eg0x42M2hK6hIQtAu+n8lik9NcqA+pEyL0Q6V39PpCzQehJ4JhkwHOllbyb+53UT9GtuKsI4QQj5YpGfSIoRnRVDB0IBRzkxhHElzF8pHzHFOJr6CqYEZ/nkVdI6rzgXlepttVyvZXXkyQkpkTPikEtSJzekQZqEk0fyTF7Jm/VkvVjv1scimrOymWPyB9bnD1FEmzo=</latexit>

ri = rational coe�cients

LO

NLO

<latexit sha1_base64="/sGyenH858A3N/OHZh2eRvcdFK0="></latexit>

v : Velocity at infinity

b : Impact parameter

<latexit sha1_base64="LbY5qOHQAjEevI/Pfl1/+0kgOJQ=">AAACCnicbVA7T8MwGHR4lvIKMLIYKiSmKql4dEGqxMJYJPqQmhA5jtNadZzIdpCqKDMLf4WFAYRY+QVs/BvcNAO0nGT5dPd9su/8hFGpLOvbWFpeWV1br2xUN7e2d3bNvf2ujFOBSQfHLBZ9H0nCKCcdRRUj/UQQFPmM9Pzx9dTvPRAhaczv1CQhboSGnIYUI6UlzzxyAsIUcvCIepkjItjI74s7oFLm8Apanlmz6lYBuEjsktRAibZnfjlBjNOIcIUZknJgW4lyMyQUxYzkVSeVJEF4jIZkoClHEZFuVkTJ4YlWAhjGQh+uYKH+3shQJOUk8vVkhNRIzntT8T9vkKqw6WaUJ6kiHM8eClMGVQynvei8gmDFJpogLKj+K8QjJBBWur2qLsGej7xIuo26fVE/vz2rtZplHRVwCI7BKbDBJWiBG9AGHYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8fJzaZ4A==</latexit>

��diss
2 = 0

<latexit sha1_base64="5UlLria+VfTuSHGPldoM0BcInnI="></latexit>

��cons
2 = �⇡

4

⇣m2

b

⌘2

<latexit sha1_base64="RVAfUuf0dr5aZ7BHufs4kGes0bs="></latexit>

��cons
3 = �

4
�
3� v2

�

3v2
p
1� v2

⇣m2

b

⌘3

<latexit sha1_base64="L0DunNA2/6aBU0kmp2aDfqxuiXY="></latexit>

��diss
3 =

2
�
v2 + 1

�2

3v3
p
1� v2

⇣m2

b

⌘3

<latexit sha1_base64="DOix9guQKD2mamdd47WEz+GkVOo="></latexit>

��diss
4 =

✓
r1 + r2 arcsech

⇣p
1� v2

⌘
+ r3 log


1

2

✓
1p

1� v2
+ 1

◆�◆⇣m2

b

⌘4

<latexit sha1_base64="sJgt7f+G+MeuIomm56AFz9sPB8Y="></latexit>

��PM =
1X

i=0

��i

✓
Gm2

b

◆i



Weak-field orbits

24



Conservative:

25

<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

60 80 100 120
5.×10-7
1.×10-6

5.×10-6
1.×10-5

5.×10-5
1.×10-4

40 50 60 70 80 90 100

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



PM expansion with free parameters:

Up to 3PM can fit value or use 
analytic value.

<latexit sha1_base64="niZYihAE7lq66GymPF6M8oGxDYE="></latexit>

��cons =
a2
b2

+
a3
b3

+
a4
b4

+
a5
b5

+ ...

Extraction of high-order conservative PM results
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<latexit sha1_base64="AZRlSyV9iD7gLZbrdc+Ic8UkXk4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFkPAKtxJiCksAjaWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLW9s7tX3C8dHB4dn5RPz7o6ShShHRLxSPUDrClnknYMM5z2Y0WxCDjtBbO7zO89UaVZJB/NPKa+wBPJQkawyaRbb1gdlStuzV0CbRIvJxXI0R6Vv4bjiCSCSkM41nrgubHxU6wMI5wuSsNE0xiTGZ7QgaUSC6r9dHnrAlWtMkZhpGxJg5bq74kUC63nIrCdApupXvcy8T9vkJiw6adMxomhkqwWhQlHJkLZ42jMFCWGzy3BRDF7KyJTrDAxNp6SDcFbf3mTdK9rXqNWf6hXWs08jiJcwCVcgQc30IJ7aEMHCEzhGV7hzRHOi/PufKxaC04+cw5/4Hz+AAk/jY8=</latexit>

< 1%
<latexit sha1_base64="5+QYUMvw/vVzuMQ69RW8HhKxg1g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5JI0R4LXjxWsB/QhLLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgxBrypmkXcMMp4NEUSxCTvvh7G7p95+o0iyWj2ae0EDgiWQRI9hYqe9rJjy/PqrW3IabA20SryA1KNAZVb/8cUxSQaUhHGs99NzEBBlWhhFOFxU/1TTBZIYndGipxILqIMvPXaC6VcYoipUtaVCu/p7IsNB6LkLbKbCZ6nVvKf7nDVMTtYKMySQ1VJLVoijlyMRo+TsaM0WJ4XNLMFHM3orIFCtMjE2oYkPw1l/eJL3rhnfTaD40a+1WEUcZLuASrsCDW2jDPXSgCwRm8Ayv8OYkzovz7nysWktOMXMOf+B8/gCh448W</latexit>

⇠ 1%
<latexit sha1_base64="4Unh00+4BBTQERVZIrvz+3o3Q/U=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXWttjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpce+ZgJdebXqoFhyy+4CaJ14GSlBhuag+NUfRiQRVBrCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iyVWFDtp4uDZ+jCKkMURsqWNGih/p5IsdB6KgLbKbAZ61VvLv7n9RIT1v2UyTgxVJLlojDhyERo/j0aMkWJ4VNLMFHM3orIGCtMjM2oYEPwVl9eJ+3rsndTrt5XSo16FkcezuAcLsGDGjTgDprQAgICnuEV3hzlvDjvzseyNedkM6fwB87nD0Uyj2M=</latexit>⇠ �175

<latexit sha1_base64="cFw+SE1TrXgEKKFaz4W0zsLf4bU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKjxwEA148RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfjsrq2vrG5u5rfz2zu7efuHgsGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5N/eYT10bE6hFHCfcj2lciFIyilZo3xCWl27NuoeiW3RnIMvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Ww4o+FSlLkis0XhakkGJPp76QnNGcoR5ZQpoW9lbAB1ZShTShvQ/AWX14mjfOyd1W+fLgoVitZHDk4hhMogQfXUIV7qEEdGAzhGV7hzUmcF+fd+Zi3rjjZzBH8gfP5A/DSjfw=</latexit>

< 0(?)



<latexit sha1_base64="wj0IqKZwlb7/2qydCpOIGyfVRMw="> /cUSFN55hEKRENPI05FF4y/v5c5Ve/2x9LsDReN0LEmMSyF/zIBMQD7SwIhygiWbagNhTnWuAIdIl0fqwWfqItjLR75tXDgH9vHB0ddO87RblWPbeGW8NlqGbZwYp8Zn49zoGbh2VgtrNzVe/1SP6rI+KUM3NyrMS2Nh1X/8AaRF6K8=</latexit>
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⌘4

Scattering angle correction: 4PM conservative
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Free coefficients

Elliptic integrals

Log term
<latexit sha1_base64="UZw1mSlieMeB/e6SJIkDqpHL+LI=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrsSNI0QsLGMYB6QLGF2cjcZMvtg5q4YlvQ2/oqNhSK2/oCdf+Mk2UITDwwczjmXO/d4sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFockjGamOxzRIEUITBUroxApY4Eloe+Prmd++B6VFFN7hJAY3YMNQ+IIzNFK/WFJ9Qa9oD+EBUzUXmaQ8At9kBISop/1i2a7Yc9BV4mSkTD I0+sWv3iDiSWCmuWRadx07RjdlCgWXMC30Eg0x42M2hK6hIQtAu+n8lik9NcqA+pEyL0Q6V39PpCzQehJ4JhkwHOllbyb+53UT9GtuKsI4QQj5YpGfSIoRnRVDB0IBRzkxhHElzF8pHzHFOJr6CqYEZ/nkVdI6rzgXlepttVyvZXXkyQkpkTPikEtSJzekQZqEk0fyTF7Jm/VkvVjv1scimrOymWPyB9bnD1FEmzo=</latexit>

ri = rational coe�cients

�1

�2 �2

�1

(a)

�1

�2 �2

�1

(b)

�1

�2 �2

�1

(c)

Figure 2: Representative diagrams at O(Q2) and at (a) 2PM, (b) 3PM, and (c) 4PM orders.

3PM

4PM

Sing glory to vast improvement from using EOB improved fits [61,62]

 

�2 �2

 

Figure 3: The tidal operators that mix with the scalar model. In the language of quantum field theory
these are counterterms.

�1

�2 �2

�1

Figure 4: The counterterm tidal operator that mixes with the scalar model.

4.2 Finite-size Effect

A novel feature of the scalar model is that the finite-size effect appears at lower order than GR.
As the explicit calculation shows, the conservative scattering at 4PM of the minimally coupled
model does have 1/✏ divergence even after including the tail contribution. We can identify this
divergence in the scattering of  off the massive �2 at 3PM, where the result in minimal model
can have short-distanced divergence that can be absorbed by the Wilson coefficients c1, c2. The

5



Extraction of high-order conservative PM results

Subtract known analytic parts of conservative 4PM:

are Wilson coefficients.
Expect              [Ivanov & Zhou ‘22]
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<latexit sha1_base64="SE5BCoOKFagb9azq8G34YwqoDvM=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cbLJQUXBgoaiqpvuriARXBvX/XAKK6tr6xvFzdLW9s7uXnn/oK3jVDFssVjEqhtQjYJLbBluBHYThTQKBHaCydXc79yj0jyWd2aaoB/RkeQhZ9RY6ZYNaoNyxau6OcjfpAJLNAfl9/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1n+akzcmKVIQljZUsakqtfJzIaaT2NAtsZUTPWP725+JvXS01Y9zMuk9SgZItFYSqIicn8bzLkCpkRU0soU9zeStiYKsqMTaf0vxDatap3UT2/Oas06ss4inAEx3AKHlxCA66hCS1gMIIHeIJnRziPzovzumgtOMuZQ/gG5+0T8cqNjw==</latexit>c2

Fixed (Fitting error)

<latexit sha1_base64="COfYB9hZck2E4gZogN1ALxQRVR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEj16EghePFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDfzW0+oNE/koxmnGMR0IHnEGTVW8lnPu3V75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEtWDCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8surpHlR9a6rVw+XlXotj6MIJ3AK5+DBDdThHhrgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB90Zjgw=</latexit>

c1 = 0

<latexit sha1_base64="w4WK0msfsrGGA5j7yY1fDsc/inM=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFclaT46LLgxmUF+4A2hMl00g6dTMLMjVpiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIBFcg+N8Wyura+sbm4Wt4vbO7t6+XTpo6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5G11O/fc+U5rG8g3HCvIgMJA85JWAk3y5R3+0Be4QM907xhPpV3y47FWcGvEzcnJRRjoZvf/X6MU0jJo EKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb6BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCmpdxmaTAJJ0vClOBIcbTHHCfK0ZBjA0hVHFzK6ZDoggFk1bRhOAuvrxMWtWKe1m5uD0v12t5HAV0hI7RGXLRFaqjG9RATUTRA3pGr+jNerJerHfrY966YuUzh+gPrM8f4seTFw==</latexit>

c1 & c2

<latexit sha1_base64="HOYB+UFmj0Drz3Eh2Bk95LqyvJQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6KjxwDXrwIEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m0+oNI/koxnH6Id0IHmfM2qs9BCc3XWLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvoVP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcV72rsqX9xelaiWLIw9HcAyn4ME1VOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/y9uNdg==</latexit>

b/M
<latexit sha1_base64="ybhN5OkcAtD1btPo5pQ+reAs+cQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kttnoRCl68CBXsB7RLyabZNjabLElWKEv/gxcPinj1/3jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrW0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/HNzG8/UaWZFA9mElM/wkPBQkawsVIruPYq1bt+seSW3TnQKvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwum00Es0jTEZ4yHtWipwRLWfzq+dojOrDFAolS1h0Fz9PZHiSOtJFNjOCJuRXvZm4n9eNzHhlZ8yESeGCrJYFCYcGYlmr6MBU5QYPrEEE8XsrYiMsMLE2IAKNgRv+eVV0qqUvVq5en9RqrtZHHk4gVM4Bw8uoQ630IAmEHiEZ3iFN0c6L86787FozTnZzDH8gfP5Azb+jjI=</latexit>

b = 125M
<latexit sha1_base64="CyWGx0hrR5jASQg0yOt7+cI+xyc=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYz42ggFN26ECvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//GtJ2Fth64cDjnXu69J0wENxbjb29peWV1bb2wUdzc2t7ZLe3tN4xKNWV1qoTSrZAYJrhkdcutYK1EMxKHgjXD4c3Ebz4xbbiSD3aUsCAmfckjTol1UiO89jG+65bKuIKnQIvEz0kZctS6pa9OT9E0ZtJSQYxp+zixQUa05VSwcbGTGpYQOiR91nZUkpiZIJteO0bHTumhSGlX0qKp+nsiI7Exozh0nTGxAzPvTcT/vHZqo6sg4zJJLZN0tihKBbIKTV5HPa4ZtWLkCKGau1sRHRBNqHUBFV0I/vzLi6RxWvEvKuf3Z+UqzuMowCEcwQn4cAlVuIUa1IHCIzzDK7x5ynvx3r2PWeuSl88cwB94nz8sWY4r</latexit>

b = 100M
<latexit sha1_base64="sTcOaIRVKzX7FwY0yWqAjNhOYyE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEj16EghcvQgXTFtpQNttNu3SzCbsToZT+Bi8eFPHqD/Lmv3Hb5qDVBwOP92aYmRemUhh03S+nsLK6tr5R3Cxtbe/s7pX3D5omyTTjPktkotshNVwKxX0UKHk71ZzGoeStcHQz81uPXBuRqAccpzyI6UCJSDCKVvLD65p71ytX3Ko7B/lLvJxUIEejV/7s9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzY6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMKoFE6HSDLlii0VRJgkmZPY56QvNGcqxJZRpYW8lbEg1ZWjzKdkQvOWX/5LmWdW7rF7cn1fqbh5HEY7gGE7Bgyuowy00wAcGAp7gBV4d5Tw7b877orXg5DOH8AvOxzfIGI34</latexit>

b = 80M

<latexit sha1_base64="wCi026pOqrrEC3o6LjUQzxfkrR8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgNvo4BLx4jmAcmyzI7mU2GzM4sM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dYcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4up367SeqNJPiwYwT6sd4IFjECDZWeqyQwDtHJKidBaWyW3VnQMvEy0kZcjSC0levL0kaU2EIx1p3PTcxfoaVYYTTSbGXappgMsID2rVU4JhqP5tdPEGnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vG5qohs/YyJJDRVkvihKOTISTd9HfaYoMXxsCSaK2VsRGWKFibEhFW0I3uLLy6RVq3pX1cv7i3K9lsdRgGM4gQp4cA11uIMGNIGAgGd4hTdHOy/Ou/Mxb11x8pkj+APn8wdXJI9c</latexit>

(c1, c2)
<latexit sha1_base64="mPt7rZNOGhe9Y4574sKhL9CSRdo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAiSNgNvi5CwIvHCOYBybLMTmaTIbMzy8ysEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hwpo3rfjsrq2vrG5uFreL2zu7efungsKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdju6mfvuJKs2keDTjhPoxHggWMYKNlXoVEni37jkiQe0sKJXdqjsDWiZeTsqQoxGUvnp9SdKYCkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUCx1T72ezmCTq1Sh9FUtkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVMT3fgZE0lqqCDzRVHKkZFoGgDqM0WJ4WNLMFHM3orIECtMjI2paEPwFl9eJq1a1buqXj5clOu1PI4CHMMJVMCDa6jDPTSgCQQSeIZXeHNS58V5dz7mrStOPnMEf+B8/gBLVo/d</latexit>

(c1 = 0, c2)

<latexit sha1_base64="0sTVZgP0jJu5FDqGHbkpa/L1z0U=">AAACdHicbVFdb9MwFHXC1ygfK/DAAzxcqCalmtYlJWPVpEmT4IE3hkS3SXUaOa7TWrWdyHaKqii/YP+ON37GXnjG7foAK0eydHzOvbr2uVkpuLFh+Mvz791/8PDRzuPWk6fPnu+2X7y8MEWlKRvSQhT6KiOGCa7Y0HIr2FWpGZGZYJfZ/NPKv1wwbXihvttlyRJJpornnBLrpLR9jT8zYUkaB4sunJxCgCerO6YznsbjGmsJtFCmgQPYduaq+KGabjaO4RRwrgmtPzT1oMElB5n2nYwFy+2I pv19mkbB0UF8uBj3u1jz6cwmsA81pkTA1yaIDrNu2u6EvXAN2CbRhnTQBudp+yeeFLSSTFkqiDGjKCxtUhNtORWsaeHKsJLQOZmykaOKSGaSeh1aA3tOmUBeaHeUhbX6d0dNpDFLmblKSezM3PVW4v+8UWXzQVJzVVaWKXo7KK8E2AJWG4AJ14xasXSEUM3dW4HOiAvPuj21XAjR3S9vk4t+L/rYO/oWd84Gmzh20Bv0HgUoQsfoDH1B52iIKLrxXnvgvfN++2/9jr93W+p7m55X6B/4vT98+7kq</latexit>

�4(v) := (��cons
4 � ��known

4 )b4 =
3

8
⇡m4

2

⇥
c2 + c1(5� 4/v2)

⇤
+O(1/b)



PM comparison: Conservative
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

60 70 80 90 100 110 120

1.×10-4

2.×10-4

3.×10-4
40 50 60 70 80 90 100

60 80 100 120
10-5
10-4
0.001
0.010
0.100

R
el
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ff

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



Dissipative:
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

60 80 100 120
5.×10-8
1.×10-7

5.×10-7
1.×10-6

5.×10-6
1.×10-5

5.×10-5
40 50 60 70 80 90 100

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



PM expansion with free parameters:

Up to 4PM can fit value or use 
analytic value.

<latexit sha1_base64="xbiV51r894oToyf9tL8VFpCFwns="></latexit>

��diss =
↵3

b3
+

↵4

b4
+

↵5

b5
+

↵6

b6
+ ...

Extraction of high-order dissipative PM results
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<latexit sha1_base64="AZRlSyV9iD7gLZbrdc+Ic8UkXk4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFkPAKtxJiCksAjaWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLW9s7tX3C8dHB4dn5RPz7o6ShShHRLxSPUDrClnknYMM5z2Y0WxCDjtBbO7zO89UaVZJB/NPKa+wBPJQkawyaRbb1gdlStuzV0CbRIvJxXI0R6Vv4bjiCSCSkM41nrgubHxU6wMI5wuSsNE0xiTGZ7QgaUSC6r9dHnrAlWtMkZhpGxJg5bq74kUC63nIrCdApupXvcy8T9vkJiw6adMxomhkqwWhQlHJkLZ42jMFCWGzy3BRDF7KyJTrDAxNp6SDcFbf3mTdK9rXqNWf6hXWs08jiJcwCVcgQc30IJ7aEMHCEzhGV7hzRHOi/PufKxaC04+cw5/4Hz+AAk/jY8=</latexit>

< 1%
<latexit sha1_base64="5+QYUMvw/vVzuMQ69RW8HhKxg1g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5JI0R4LXjxWsB/QhLLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgxBrypmkXcMMp4NEUSxCTvvh7G7p95+o0iyWj2ae0EDgiWQRI9hYqe9rJjy/PqrW3IabA20SryA1KNAZVb/8cUxSQaUhHGs99NzEBBlWhhFOFxU/1TTBZIYndGipxILqIMvPXaC6VcYoipUtaVCu/p7IsNB6LkLbKbCZ6nVvKf7nDVMTtYKMySQ1VJLVoijlyMRo+TsaM0WJ4XNLMFHM3orIFCtMjE2oYkPw1l/eJL3rhnfTaD40a+1WEUcZLuASrsCDW2jDPXSgCwRm8Ayv8OYkzovz7nysWktOMXMOf+B8/gCh448W</latexit>

⇠ 1%
<latexit sha1_base64="9AlFZ+LrentIGocHrzTEqBVJUnI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0NwS8OIxonlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++wmV5pF8NNMY/ZCOJB9yRo2VHmq1Wr9YcsvuAmSdeBkpQYZGv/jVG0QsCVEaJqjWXc+NjZ9SZTgTOCv0Eo0xZRM6wq6lkoao/XRx6oxcWGVAhpGyJQ1ZqL8nUhpqPQ0D2xlSM9ar3lz8z+smZlj1Uy7jxKBky0XDRBATkfnfZMAVMiOmllCmuL2VsDFVlBmbTsGG4K2+vE5aV2Xvuly5r5Tq1SyOPJzBOVyCBzdQhztoQBMYjOAZXuHNEc6L8+58LFtzTjZzCn/gfP4AmU+NVA==</latexit>

???
<latexit sha1_base64="M/q2KTy5foOS5FmUZNFP26Dzlq0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXkq2+NGbBS8eK1hb6C4lm2bb0GR3SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCARXBuMv53C2vrG5lZxu7Szu7d/UD48etRxqihr01jEqhsQzQSPWNtwI1g3UYzIQLBOML6d+Z0npjSPowczSZgvyTDiIafEWMnzNJeojjGu3pz3yxVcw3OgVeLmpAI5Wv3ylzeIaSpZZKggWvdcnBg/I8pwKti05KWaJYSOyZD1LI2IZNrP5jdP0ZlVBiiMla3IoLn6eyIjUuuJDGynJGakl72Z+J/XS03Y8DMeJalhEV0sClOBTIxmAaABV4waMbGEUMXtrYiOiCLU2JhKNgR3+eVV8livuVe1y/uLSrORx1GEEziFKrhwDU24gxa0gUICz/AKb07qvDjvzseiteDkM8fwB87nD4ptkAk=</latexit>

⇠ 2000(?)



Scattering angle results:
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<latexit sha1_base64="s0QLPkxPx2mCSSoB4AdxBXycH8I=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKktJEI+OlVgYi0QfUhMqx3Faq44T2Q5SlWbhV1gYQIiVz2Djb3DaDFA40r06Oude2fd4MaNSWdaXUVpaXlldK69XNja3tnfM3b2OjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3xde53H4iQNOJ3ahITN0RDTgOKkdLSwDyYOj5hCjl4RE/zdp/WrJNsOjCrVt2aAf4ldkGqoEBrYH46foSTkHCFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK8pRyGRbjo7IIPHWvFhEAldXMGZ+nMjRaGUk9DTkyFSI7no5eJ/Xj9RQcNNKY8TRTiePxQkDKoI5mlAnwqCFZtogrCg+q8Qj5BAWOnMKjoEe/Hkv6RzVrcv6xe359Vmo4ijDA7BEagBG1yBJrgBLdAGGGTgCbyAV+PReDbejPf5aMkodvbBLxgf3yFrlhU=</latexit> |�
�
/�

(0
) |

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2

<latexit sha1_base64="OxT50QOb0yxieuReFvU3cmnj/c4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KfUBbgpuXFawD2himEwm7dCZSZiZCKV046+4caGIWz/DnX/jtM1CqwcuHM65l3vvCVNGlXacL6uwtLyyulZcL21sbm3v2Lt7bZVkEpMWTlgiuyFShFFBWppqRrqpJIiHjHTC4fXU7zwQqWgi7vQoJT5HfUFjipE2UmAfeBFhGnl4QKF3BSvhKQ9qJ/e1wC47VWcG+Je4OSmDHM3A/vSiBGecCI0ZUqrnOqn2x0hqihmZlLxMkRThIeqTnqECcaL88eyBCTw2SgTjRJoSGs7UnxNjxJUa8dB0cqQHatGbiv95vUzHl/6YijTTROD5ojhjUCdwmgaMqCRYs5EhCEtqboV4gCTC2mRWMiG4iy//Je1a1T2vnt3Wy416HkcRHIIjUAEuuAANcAOaoAUwmIAn8AJerUfr2Xqz3uetBSuf2Qe/YH18AybHlMo=</latexit> ��
(b
/m

2
)2

<latexit sha1_base64="6Xbtq+rR+KbFiX/0Y10OeemE+6c=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWR+lgW3LisYB/QxDKZTNqh8wgzE6GEgr/ixoUibv0Od/6N0zYLbT1w4XDOvdx7T5Qyqo3nfTulldW19Y3yZmVre2d3z90/aGuZKUxaWDKpuhHShFFBWoYaRrqpIohHjHSi0c3U7zwSpakU92ackpCjgaAJxchYqe8eBTFhBgV4SB/yQHGIpdCTvlv1at4McJn4BamCAs2++xXEEmecCIMZ0rrne6kJc6QMxYxMKkGmSYrwCA1Iz1KBONFhPjt/Ak+tEsNEKlvCwJn6eyJHXOsxj2wnR2aoF72p+J/Xy0xyHeZUpJkhAs8XJRmDRsJpFjCmimDDxpYgrKi9FeIhUggbm1jFhuAvvrxM2uc1/7J2cVevNupFHGVwDE7AGfDBFWiAW9AELYBBDp7BK3hznpwX5935mLeWnGLmEPyB8/kDhwyV0w==</latexit>

��cons

<latexit sha1_base64="W5fHJR/af81SEHOsB6AjibujY+Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoi9bEsuHFZwT6giWUymbRDJ5MwMxFKKPgrblwo4tbvcOffOG2z0NYDFw7n3Mu99wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g7ZKMkloiyQ8kd0AK8qZoC3NNKfdVFIcB5x2gtHN1O88UqlYIu71OKV+jAeCRYxgbaS+feSFlGvskSF7yD0Zo5ApNenbVafmzICWiVuQKhRo9u0vL0xIFlOhCcdK9Vwn1X6OpWaE00nFyxRNMRnhAe0ZKnBMlZ/Pzp+gU6OEKEqkKaHRTP09keNYqXEcmM4Y66Fa9Kbif14v09G1nzORZpoKMl8UZRzpBE2zML9KSjQfG4KJZOZWRIZYYqJNYhUTgrv48jJpn9fcy9rFXb3aqBdxlOEYTuAMXLiCBtxCE1pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fhwiV0w==</latexit>

��diss

<latexit sha1_base64="nbfjtzWby4LRGR+qZQvt4uwoIZY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSP44FLx4r2A9sQtlsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVco+N8W6W19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesjRwF66WKkTgQrBuMb2d+94kpzRP5gJOU+TEZSh5xStBIj17IBBKPjvigWnPqzhz2KnELUoMCrUH1ywsTmsVMIhVE677rpOjnRCGngk0rXqZZSuiYDFnfUElipv18fvHUPjNKaEeJMiXRnqu/J3ISaz2JA9MZExzpZW8m/uf1M4xu/JzLNEMm6WJRlAkbE3v2vh1yxSiKiSGEKm5utemIKELRhFQxIbjLL6+SzkXdvapf3jdqzUYRRxlO4BTOwYVraMIdtKANFCQ8wyu8Wdp6sd6tj0VrySpmjuEPrM8fjqGQ0A==</latexit>

��

<latexit sha1_base64="PX/64IZt1nnNWHUSbPjRU08txI8=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFUC5TFWYmEsEn1ITYgcx2mt2k5kO0hVlIVfYWEAIVY+g42/wW0zQMuRLB2dc6+uzwlTRpV2nG9raXlldW29slHd3Nre2bX39jsqySQmbZywRPZCpAijgrQ11Yz0UkkQDxnphqObid99JFLRRNzrcUp8jgaCxhQjbaTAPvQiwjTy8JA+5J7kMKJKFcF5YNecujMFXCRuSWqgRCuwv7wowRknQmOGlOq7Tqr9HElNMSNF1csUSREeoQHpGyoQJ8rPpwEKeGKUCMaJNE9oOFV/b+SIKzXmoZnkSA/VvDcR//P6mY6v/ZyKNNNE4NmhOGNQJ3DShkkrCdZsbAjCkpq/QjxEEmFtOquaEtz5yIukc1Z3L+sXd41as1HWUQFH4BicAhdcgSa4BS3QBhgU4Bm8gjfryXqx3q2P2eiSVe4cgD+wPn8Av8qWeQ==</latexit>

��diss
3

<latexit sha1_base64="QvEyp/QgxMpSv529t38LDyVvhRQ=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjMhLseAF48RzAKZIfT01CRNeha6a4Qw5De8eFDEqz/jzb+xk8xBEx8UPN6roqqen0qh0ba/rdLG5tb2Tnm3srd/cHhUPT7p6iRTHDo8kYnq+0yDFDF0UKCEfqqARb6Enj+5m/u9J1BaJPEjTlPwIjaKRSg4QyO5bgASmcvHYtgYVmt23V6ArhOnIDVSoD2sfrlBwrMIYuSSaT1w7BS9nCkUXMKs4mYaUsYnbAQDQ2MWgfbyxc0zemGUgIaJMhUjXai/J3IWaT2NfNMZMRzrVW8u/ucNMgxvvVzEaYYQ8+WiMJMUEzoPgAZCAUc5NYRxJcytlI+ZYhxNTBUTgrP68jrpNurOdf3qoVlrNYs4yuSMnJNL4pAb0iL3pE06hJOUPJNX8mZl1ov1bn0sW0tWMXNK/sD6/AG8rZF1</latexit>

��2

<latexit sha1_base64="3RGkJtw92V3/my2h/xWdddjHSzY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8LbvB10WIePEYwU0CyRJmJ7PJkNmZZWY2EJaAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u6KUM20879tZWV1b39gsbBW3d3b39ksHh3UtM0VoQCSXqhlhTTkTNDDMcNpMFcVJxGkjGtxN/MaQKs2keDSjlIYJ7gkWM4KNlYLhjedWOqWy53pToGXiz0kZ5qh1Sl/triRZQoUhHGvd8r3UhDlWhhFOx8V2pmmKyQD3aMtSgROqw3x67BidWqWLYqlsCYOm6u+JHCdaj5LIdibY9PWiNxH/81qZia/DnIk0M1SQ2aI448hINPkcdZmixPCRJZgoZm9FpI8VJsbmU7Qh+IsvL5N6xfUv3YuH83L19mkWRwGO4QTOwIcrqMI91CAAAgye4RXeHOG8OO/Ox6x1xZlHeAR/4Hz+ANmvjng=</latexit>

v = 0.2

<latexit sha1_base64="tCT3LW+MmkVLRw/FCNEg7zEr0CA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHoI+65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqnddvbq/rNRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE2Mo28</latexit>

bc



Strong-field orbits
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Scattering angle results: Strong field
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∝1/(b-bcrit)
<latexit sha1_base64="8TvOBf1I+KgU2PtT42ZimCF8aOg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqyJ+Oiy4MZlBfuAJoTJdNIOncmEmYlQQsGNv+LGhSJu/Ql3/o2TtgttPXDhcM69XM4JE0aVdpxvq7C0vLK6VlwvbWxube/Yu3stJVKJSRMLJmQnRIowGpOmppqRTiIJ4iEj7XB4k/vtByIVFfG9HiXE56gf04hipI0U2AdeIkWiBXTPKuFpGGSe5BBLqscngV12qs4EcJG4M1IGMzQC+8vrCZxyEmvMkFJd10m0nyGpKWZkXPJSRRKEh6hPuobGiBPlZ5MMY3hslB6MhDQTazhRf19kiCs14qHZ5EgP1LyXi/953VRHNT+jcZJqEuPpoyhl0GTOC4E9KgnWbGQIyoNTDPEASYS1qa1kSnDnIy+S1nnVvape3l2U67VZHUVwCI5ABbjgGtTBLWiAJsDgETyDV/BmPVkv1rv1MV0tWLObffAH1ucPl2uW1Q==</latexit>

/ 1/(b� bcrit)
<latexit sha1_base64="uAlxxZJTrXvjRf8XzQKKmZJi/y8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGX8eAF48RzAOTNcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLGgoajqprsriKUw6Lrfzsrq2vrGZm4rv72zu7dfODhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZG6x3HM/ZAOlOgLRtFKDx02FI9pyT2bdAtFt+zOQJaJl5EiZKh1C1+dXsSSkCtkkhrT9twY/ZRqFEzySb6TGB5TNqID3rZU0ZAbP51dPCGnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PoTcX/vHaC/Ws/FSpOkCs2X9RPJMGITN8nPaE5Qzm2hDIt7K2EDammDG1IeRuCt/jyMmlUyt5l+eLuvFitZHHk4BhOoAQeXEEVbqEGdWCg4Ble4c0xzovz7nzMW1ecbOYI/sD5/AGz8JA/</latexit>

�(0)

<latexit sha1_base64="CCIdPtcGeSFZjrAqWWAp29Joevs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTFr2PBi8cK9gObUDabTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh51dJIpyto0EYnqBUQzwSVrI0fBeqliJA4E6wbj25nffWJK80Q+4CRlfkyGkkecEjTSoxcygcSjIz6o1py6M4e9StyC1KBAa1D98sKEZjGTSAXRuu86Kfo5UcipYNOKl2mWEjomQ9Y3VJKYaT+fXzy1z4wS2lGiTEm05+rviZzEWk/iwHTGBEd62ZuJ/3n9DKMbP+cyzZBJulgUZcLGxJ69b4dcMYpiYgihiptbbToiilA0IVVMCO7yy6uk06i7V/XL+4tas1HEUYYTOIVzcOEamnAHLWgDBQnP8ApvlrZerHfrY9FasoqZY/gD6/MHjgeQzg==</latexit>

��

<latexit sha1_base64="kXW6xQw2ngfr71d/wCRndmpUuWE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyUpvpYFNy4r2Ac0sUwmk3boPMLMRCih4K+4caGIW7/DnX/jtM1CWw9cOJxzL/feE6WMauN5305pZXVtfaO8Wdna3tndc/cP2lpmCpMWlkyqboQ0YVSQlqGGkW6qCOIRI51odDP1O49EaSrFvRmnJORoIGhCMTJW6rtHQUyYQQEe0oc8UBxiKfSk71a9mjcDXCZ+QaqgQLPvfgWxxBknwmCGtO75XmrCHClDMSOTSpBpkiI8QgPSs1QgTnSYz86fwFOrxDCRypYwcKb+nsgR13rMI9vJkRnqRW8q/uf1MpNchzkVaWaIwPNFScagkXCaBYypItiwsSUIK2pvhXiIFMLGJlaxIfiLLy+Tdr3mX9Yu7s6rjXoRRxkcgxNwBnxwBRrgFjRBC2CQg2fwCt6cJ+fFeXc+5q0lp5g5BH/gfP4AhnKV0Q==</latexit>

��cons

<latexit sha1_base64="0UOz1bIog+u6tXjBltoZhwRv8wc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyUpvpYFNy4r2Ac0sUwmN+3QmSTMTIQSCv6KGxeKuPU73Pk3TtsstPXAhcM593LvPUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK2STFJo0YQnshsQBZzF0NJMc+imEogIOHSC0c3U7zyCVCyJ7/U4BV+QQcwiRok2Ut8+8kLgmnh0yB5yTwocMqUmfbvq1JwZ8DJxC1JFBZp9+8sLE5oJiDXlRKme66Taz4nUjHKYVLxMQUroiAygZ2hMBCg/n50/wadGCXGUSFOxxjP190ROhFJjEZhOQfRQLXpT8T+vl+no2s9ZnGYaYjpfFGUc6wRPszC/SqCajw0hVDJzK6ZDIgnVJrGKCcFdfHmZtOs197J2cXdebdSLOMroGJ2gM+SiK9RAt6iJWoiiHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHhm6V0Q==</latexit>

��diss

<latexit sha1_base64="+LhmaAi+2oiPmaGdYh2INGRL5FE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoC2tSfHRZcOOygn1AG8JkOmmHzkzCzESoofgrblwo4tb/cOffOGmz0NYDFw7n3Mu99wQxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9FN5rcfiFQ0Evd6HBOPo4GgIcVIG8m3D8vBWeCnPckhllRPTs+5X/XtklNxpoCLxM1JCeRo+PZXrx/hhBOhMUNKdV0n1l6KpKaYkUmxlygSIzxCA9I1VCBOlJdOr5/AE6P0YRhJU0LDqfp7IkVcqTEPTCdHeqjmvUz8z+smOqx5KRVxoonAs0VhwqCOYBYF7FNJsGZjQ1D2PMUQD5FEWJvAiiYEd/7lRdKqVtyryuXdRaley+MogCNwDMrABdegDm5BAzQBBo/gGbyCN+vJerHerY9Z65KVzxyAP7A+fwAAe5RG</latexit>

(b� bcrit)/m2

<latexit sha1_base64="3RGkJtw92V3/my2h/xWdddjHSzY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8LbvB10WIePEYwU0CyRJmJ7PJkNmZZWY2EJaAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u6KUM20879tZWV1b39gsbBW3d3b39ksHh3UtM0VoQCSXqhlhTTkTNDDMcNpMFcVJxGkjGtxN/MaQKs2keDSjlIYJ7gkWM4KNlYLhjedWOqWy53pToGXiz0kZ5qh1Sl/triRZQoUhHGvd8r3UhDlWhhFOx8V2pmmKyQD3aMtSgROqw3x67BidWqWLYqlsCYOm6u+JHCdaj5LIdibY9PWiNxH/81qZia/DnIk0M1SQ2aI448hINPkcdZmixPCRJZgoZm9FpI8VJsbmU7Qh+IsvL5N6xfUv3YuH83L19mkWRwGO4QTOwIcrqMI91CAAAgye4RXeHOG8OO/Ox6x1xZlHeAR/4Hz+ANmvjng=</latexit>

v = 0.2



<latexit sha1_base64="I0Lg7i93Z4rlvp9V65tEUrtr/9E="></latexit>

1PM 2PM 3PM 4PM . . .
0SF G G2 G3 G4 . . .
1SF qG qG2 qG3 qG4 . . .
2SF q2G q2G2 q2G3 q2G4 . . .
...

...
...

...
...

. . .

Self-force vs post-Minkowskian expansions

Two independent expansions of the same system:
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<latexit sha1_base64="PrqMy7Tl02ubAVybvaSNHj8Qwsc=">AAACIHicbVC7TsMwFHV4lvIKMLIYKiSmKkG8BoZKLIxFog+piSrHdVqrjh1sB1RFmfkPdlb4BTbECF/AZ+C0GWjLkSwdnXOur32CmFGlHefLWlhcWl5ZLa2V1zc2t7btnd2mEonEpIEFE7IdIEUY5aShqWakHUuCooCRVjC8zv3WA5GKCn6nRzHxI9TnNKQYaSN17QNP0v5AIynFI/TuE9SDqScjyJOISJNiWdeuOFVnDDhP3IJUQIF61/7xegKbea4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAzlKCLKT8dfyeCRUXowFNIcruFY/TuRokipURSYZIT0QM16ufif10l0eOmnlMeJJhxPFoUJg1rAvBfYo5JgzUaGICypeSvEAyQR1qa9qS353VKFKiubatzZIuZJ86TqnlfPbk8rtauipBLYB4fgGLjgAtTADaiDBsDgCbyAV/BmPVvv1of1OYkuWMXMHpiC9f0Lg7CkWw==</latexit>

! numerical
<latexit sha1_base64="pv1LlH9DgGlcgdq//7pDszyHuNw=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kJqocx2mt2nGwHVAVdec/2FnhF9gQG+IH+AycNgNtOZKlo3PvPff6BAmjSjvOl7W0vLK6tl7aKG9ube/s2nv7LSVSiUkTCyZkJ0CKMBqTpqaakU4iCeIBI+1geJ3X2w9EKiriOz1KiM9RP6YRxUgbqWdXPEn7A42kFI/Qu09RCDNPckh5IpSixmbcs6tOzZkALhK3IFVQoNGzf7xQ4JSTWGOGlOq6TqL9DElNsfEre6kiCcJD1CddQ2PEifKzyV/G8MgoIYyENC/WcKL+ncgQV2rEA9PJkR6o+Vou/lfrpjq69DMaJ6kmMZ4uilIGtYB5MDCkkmDNRoYgLKm5FeIBkghrE9/MltxbqkiNyyYadz6IRdI6qbnntbPb02r9qgipBA5BBRwDF1yAOrgBDdAEGDyBF/AK3qxn6936sD6nrUtWMXMAZmB9/wJ0zKTc</latexit>

! impossible

<latexit sha1_base64="XLoncBwFvzGZjLoB5S/jC2w9MNc=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kpqpuXKe16jjBdkBV1J3/YGeFX2BDbIgf4DNw2gy05UiWjs65Lx8/5kxpx/mylpZXVtfWCxvFza3tnV17b7+hokQSWicRj2TLB0U5E7Sumea0FUsKoc9p0x9eZ37zgUrFInGnRzHthNAXLGAEtJG6dsmTrD/QIGX0iL37BHo49WSIQQAfaVPGx1277FScCfAicXNSRjlqXfvH60UkCanQhINSbdeJdScFaeZxOi56iaIxkCH0adtQASFVnXTylzE+MkoPB5E0T2g8Uf92pBAqNQp9UxmCHqh5LxP/89qJDi47KRNxoqkg00VBwrGOcBYM7jFJieYjQ4BIZm7FZAASiDbxzWzJZksVqHHRROPOB7FIGicV97xydntarl7lIRXQISqhY+SiC1RFN6iG6oigJ/SCXtGb9Wy9Wx/W57R0ycp7DtAMrO9fUnOkxw==</latexit>

! analytical

<latexit sha1_base64="XGVCiuE4u+6AqtYSHBr94YiLG1k=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmIjHBhuwaX4UFiY0lJvJIgJDZYRYmzM5sZu6iZMNH2NvqL9gZWz/BP/Az3IUtBDzVyTn33nNzvFBwA47zbeVWVtfWN/Kbha3tnd09e/+gblSkKatRJZRuesQwwSWrAQfBmqFmJPAEa3jD29RvjJg2XMkHGIesE5C+5D6nBBKpa9ulNrAniH2lsVSPk9OuXXTKzhR4mbgZKaIM1a790+4pGgVMAhXEmJbrhNCJiQZOBZsU2pFhIaFD0methEoSMNOJp59P8Emi9HAa7isJeKr+3YhJYMw48JLJgMDALHqp+J/XisC/7sRchhEwSWdBfiQwKJzWgHtcMwpinBBCNU9+xXRANKGQlDWXkt7WxjeTQlKNu1jEMqmfld3L8sX9ebFyk5WUR0foGJWQi65QBd2hKqohikboBb2iN+vZerc+rM/ZaM7Kdg7RHKyvX256nNc=</latexit>

(for now)

<latexit sha1_base64="zKoNNJdIvKGgnQ2B2BeZTQpRUqc=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFQV1WtA9oS8mkmTY0kwzJHbUM8wF+jVv1T9y5E7d+gJg+FrZ6IHA459zc5PiR4AZc983JzM0vLC5ll3Mrq2vrG/nNrapRsaasQpVQuu4TwwSXrAIcBKtHmpHQF6zm98+Hfu2OacOVvIVBxFoh6UoecErASu18QTaBPUByc4GpkkC4NJgIgZXu2CnMJU4vbcotuiPgv8SbkAKaoNzOfzc7isYhk0AFMabhuRG0EqKBU8HSXDM2LCK0T7qsYakkITOtZPSZFO9ZpYMDpe2RgEfq74mEhMYMQt8mQwI9M+sNxf+8RgzBaSvhMoqBSTpeFMQCg8LDZnCHa0ZBDCwhVHP7Vkx7RBMKtompLcO7tQlMOq3GArhW92nOFubN1vOXVA+K3nHx6PqwUDqbVJdFO2gX7SMPnaASukJlVEEUPaIn9IxenFfn3flwPsfRjDOZ2UZTcL5+AHdhrfU=</latexit>

nSF contains all orders in G
<latexit sha1_base64="A1DwkuRYV/z2Zir0dgupcKHSWBY=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN26ECvYBbSmZNNOGZpIxuaOWYT7Ar3Gr/ok7d+LWDxDTx8K2Hggczjk3Nzl+JLgB1313MguLS8sr2dXc2vrG5lZ+e6dqVKwpq1AllK77xDDBJasAB8HqkWYk9AWr+f3LoV+7Z9pwJW9hELFWSLqSB5wSsFI7X5BNYI+QlK8xVRIIlwYTIbDSHTuFucTpnU25RXcEPE+8CSmgCcrt/E+zo2gcMglUEGManhtBKyEaOBUszTVjwyJC+6TLGpZKEjLTSkafSfGBVTo4UNoeCXik/p1ISGjMIPRtMiTQM7PeUPzPa8QQnLcSLqMYmKTjRUEsMCg8bAZ3uGYUxMASQjW3b8W0RzShYJuY2jK8W5vApNNqLIBr9ZDmbGHebD3zpHpU9E6LJzfHhdLFpLos2kP76BB56AyV0BUqowqi6Ak9oxf06rw5H86n8zWOZpzJzC6agvP9C8VmriM=</latexit>

nPM contains all orders in q



Geodesic resummation

Can use information of how the scattering angle diverges to resum PM expressions:

Introduce the function:

Resummed (geodesic) scattering angle:

Properties:
• Identical to normal PM expression through 𝑛PM order in large-𝑏 limit.
• Has the same logarithmic divergence near separatrix.
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<latexit sha1_base64="L1T50Tjg12eff1DM7a4wYItX2dY="></latexit>

�̃nPM
0SF (v, b) := �nPM

0SF (v, b) + nPM
0SF (v, b)

<latexit sha1_base64="OKAx/yYirXoRE/79T+NN2Xu932I="></latexit>

�0SF

b!b+c⇡ A(v) ln

✓
1� bc(v)

b

◆
+ const(v) + ...

<latexit sha1_base64="fNVFJIGxRNcYVfneLsg/3Jx4Wu4="></latexit>

 nPM
0SF (v, b) := A(v)

"
ln

✓
1� bc(v)

b

◆
+

nX

k=1

1

k

✓
bc(v)

b

◆k
#

<latexit sha1_base64="0gpNyGHT3uGBB07hh8zaWim/7zc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmrDqZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvpnLduCrXqnkcBTiFM7gAD26hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD10+M8g==</latexit>n
<latexit sha1_base64="AS9ocXNwGUdPwPBkyp6BhuPFMdE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipEfRLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHxR+M5g==</latexit>

b



Geodesic resummation results
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Geodesic resummation results

38



Scattering angle results: Strong field

39
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∝1/(b-bcrit)

<latexit sha1_base64="CCIdPtcGeSFZjrAqWWAp29Joevs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTFr2PBi8cK9gObUDabTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh51dJIpyto0EYnqBUQzwSVrI0fBeqliJA4E6wbj25nffWJK80Q+4CRlfkyGkkecEjTSoxcygcSjIz6o1py6M4e9StyC1KBAa1D98sKEZjGTSAXRuu86Kfo5UcipYNOKl2mWEjomQ9Y3VJKYaT+fXzy1z4wS2lGiTEm05+rviZzEWk/iwHTGBEd62ZuJ/3n9DKMbP+cyzZBJulgUZcLGxJ69b4dcMYpiYgihiptbbToiilA0IVVMCO7yy6uk06i7V/XL+4tas1HEUYYTOIVzcOEamnAHLWgDBQnP8ApvlrZerHfrY9FasoqZY/gD6/MHjgeQzg==</latexit>

��

<latexit sha1_base64="kXW6xQw2ngfr71d/wCRndmpUuWE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyUpvpYFNy4r2Ac0sUwmk3boPMLMRCih4K+4caGIW7/DnX/jtM1CWw9cOJxzL/feE6WMauN5305pZXVtfaO8Wdna3tndc/cP2lpmCpMWlkyqboQ0YVSQlqGGkW6qCOIRI51odDP1O49EaSrFvRmnJORoIGhCMTJW6rtHQUyYQQEe0oc8UBxiKfSk71a9mjcDXCZ+QaqgQLPvfgWxxBknwmCGtO75XmrCHClDMSOTSpBpkiI8QgPSs1QgTnSYz86fwFOrxDCRypYwcKb+nsgR13rMI9vJkRnqRW8q/uf1MpNchzkVaWaIwPNFScagkXCaBYypItiwsSUIK2pvhXiIFMLGJlaxIfiLLy+Tdr3mX9Yu7s6rjXoRRxkcgxNwBnxwBRrgFjRBC2CQg2fwCt6cJ+fFeXc+5q0lp5g5BH/gfP4AhnKV0Q==</latexit>

��cons

<latexit sha1_base64="0UOz1bIog+u6tXjBltoZhwRv8wc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyUpvpYFNy4r2Ac0sUwmN+3QmSTMTIQSCv6KGxeKuPU73Pk3TtsstPXAhcM593LvPUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK2STFJo0YQnshsQBZzF0NJMc+imEogIOHSC0c3U7zyCVCyJ7/U4BV+QQcwiRok2Ut8+8kLgmnh0yB5yTwocMqUmfbvq1JwZ8DJxC1JFBZp9+8sLE5oJiDXlRKme66Taz4nUjHKYVLxMQUroiAygZ2hMBCg/n50/wadGCXGUSFOxxjP190ROhFJjEZhOQfRQLXpT8T+vl+no2s9ZnGYaYjpfFGUc6wRPszC/SqCajw0hVDJzK6ZDIgnVJrGKCcFdfHmZtOs197J2cXdebdSLOMroGJ2gM+SiK9RAt6iJWoiiHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHhm6V0Q==</latexit>

��diss

<latexit sha1_base64="3RGkJtw92V3/my2h/xWdddjHSzY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8LbvB10WIePEYwU0CyRJmJ7PJkNmZZWY2EJaAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u6KUM20879tZWV1b39gsbBW3d3b39ksHh3UtM0VoQCSXqhlhTTkTNDDMcNpMFcVJxGkjGtxN/MaQKs2keDSjlIYJ7gkWM4KNlYLhjedWOqWy53pToGXiz0kZ5qh1Sl/triRZQoUhHGvd8r3UhDlWhhFOx8V2pmmKyQD3aMtSgROqw3x67BidWqWLYqlsCYOm6u+JHCdaj5LIdibY9PWiNxH/81qZia/DnIk0M1SQ2aI448hINPkcdZmixPCRJZgoZm9FpI8VJsbmU7Qh+IsvL5N6xfUv3YuH83L19mkWRwGO4QTOwIcrqMI91CAAAgye4RXeHOG8OO/Ox6x1xZlHeAR/4Hz+ANmvjng=</latexit>

v = 0.2

<latexit sha1_base64="yaqe8zeeJU0mvrMI2yfFfMRLqI4=">AAAB+nicbVDLTsJAFL3FF+Kr6NLNRGKCC7ElPliSuHGJiTwSaJrpMMCEmbaZmWpI5VPcuNAYt36JO//GAbpQ9CQ3OTnn3tx7TxBzprTjfFm5ldW19Y38ZmFre2d3zy7ut1SUSEKbJOKR7ARYUc5C2tRMc9qJJcUi4LQdjK9nfvueSsWi8E5PYuoJPAzZgBGsjeTbxXJwGvhpTwpEpidnwq/6dsmpOHOgv8TNSAkyNHz7s9ePSCJoqAnHSnVdJ9ZeiqVmhNNpoZcoGmMyxkPaNTTEgiovnZ8+RcdG6aNBJE2FGs3VnxMpFkpNRGA6BdYjtezNxP+8bqIHNS9lYZxoGpLFokHCkY7QLAfUZ5ISzSeGYCKZuRWREZaYaJNWwYTgLr/8l7SqFfeycnF7XqrXsjjycAhHUAYXrqAON9CAJhB4gCd4gVfr0Xq23qz3RWvOymYO4Besj2+A6ZLZ</latexit>

(b� bc)/m2

<latexit sha1_base64="/RGeFnF5s4kXhDqm39QLpEjoORw=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIZaAkiEfHSiyMRaIPqYkix3Vaq44d2Q5SFWXhV1gYQIiVz2Djb3DbDNByJEtH59yr63PChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIkUY5aSlqWakm0iC4pCRTji6nfidRyIVFfxBjxPix2jAaUQx0kYK7EMvkSLRArrn1fAsDDJPxhDnp4FdcWrOFHCRuAWpgALNwP7y+gKnMeEaM6RUz3US7WdIaooZycteqkiC8AgNSM9QjmKi/GwaIIcnRunDSEjzuIZT9fdGhmKlxnFoJmOkh2rem4j/eb1UR3U/ozxJNeF4dihKGTSBJ23APpUEazY2BGFJzV8hHiKJsDadlU0J7nzkRdK+qLnXtav7y0qjXtRRAkfgGFSBC25AA9yBJmgBDHLwDF7Bm/VkvVjv1sdsdMkqdg7AH1ifPxKAlWg=</latexit>

/ 1/(b� bc)<latexit sha1_base64="q85gJNByXDEd/NE1JCeIsacBMCU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xgQxGNE84DsGmYns8mQmdllZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrTDjTxnW/naXlldW19cJGcXNre2e3tLff1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381iNVmsXy3owSGgjclyxiBBsrPfhkwLqZrwRy767H3VLZrbhToEXi5aQMOerd0pffi0kqqDSEY607npuYIMPKMMLpuOinmiaYDHGfdiyVWFAdZNOrx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXQYZk0lqqCSzRVHKkYnRJALUY4oSw0eWYKKYvRWRAVaYGBtU0Ybgzb+8SJrVindeObs9LdeqeRwFOIQjOAEPLqAGN1CHBhBQ8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wfWipIL</latexit>�0SF



<latexit sha1_base64="I0Lg7i93Z4rlvp9V65tEUrtr/9E="></latexit>

1PM 2PM 3PM 4PM . . .
0SF G G2 G3 G4 . . .
1SF qG qG2 qG3 qG4 . . .
2SF q2G q2G2 q2G3 q2G4 . . .
...

...
...

...
...

. . .

Self-force vs post-Minkowskian expansions

Two independent expansions of the same system:

40

<latexit sha1_base64="PrqMy7Tl02ubAVybvaSNHj8Qwsc=">AAACIHicbVC7TsMwFHV4lvIKMLIYKiSmKkG8BoZKLIxFog+piSrHdVqrjh1sB1RFmfkPdlb4BTbECF/AZ+C0GWjLkSwdnXOur32CmFGlHefLWlhcWl5ZLa2V1zc2t7btnd2mEonEpIEFE7IdIEUY5aShqWakHUuCooCRVjC8zv3WA5GKCn6nRzHxI9TnNKQYaSN17QNP0v5AIynFI/TuE9SDqScjyJOISJNiWdeuOFVnDDhP3IJUQIF61/7xegKbea4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAzlKCLKT8dfyeCRUXowFNIcruFY/TuRokipURSYZIT0QM16ufif10l0eOmnlMeJJhxPFoUJg1rAvBfYo5JgzUaGICypeSvEAyQR1qa9qS353VKFKiubatzZIuZJ86TqnlfPbk8rtauipBLYB4fgGLjgAtTADaiDBsDgCbyAV/BmPVvv1of1OYkuWMXMHpiC9f0Lg7CkWw==</latexit>

! numerical
<latexit sha1_base64="pv1LlH9DgGlcgdq//7pDszyHuNw=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kJqocx2mt2nGwHVAVdec/2FnhF9gQG+IH+AycNgNtOZKlo3PvPff6BAmjSjvOl7W0vLK6tl7aKG9ube/s2nv7LSVSiUkTCyZkJ0CKMBqTpqaakU4iCeIBI+1geJ3X2w9EKiriOz1KiM9RP6YRxUgbqWdXPEn7A42kFI/Qu09RCDNPckh5IpSixmbcs6tOzZkALhK3IFVQoNGzf7xQ4JSTWGOGlOq6TqL9DElNsfEre6kiCcJD1CddQ2PEifKzyV/G8MgoIYyENC/WcKL+ncgQV2rEA9PJkR6o+Vou/lfrpjq69DMaJ6kmMZ4uilIGtYB5MDCkkmDNRoYgLKm5FeIBkghrE9/MltxbqkiNyyYadz6IRdI6qbnntbPb02r9qgipBA5BBRwDF1yAOrgBDdAEGDyBF/AK3qxn6936sD6nrUtWMXMAZmB9/wJ0zKTc</latexit>

! impossible

<latexit sha1_base64="XLoncBwFvzGZjLoB5S/jC2w9MNc=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kpqpuXKe16jjBdkBV1J3/YGeFX2BDbIgf4DNw2gy05UiWjs65Lx8/5kxpx/mylpZXVtfWCxvFza3tnV17b7+hokQSWicRj2TLB0U5E7Sumea0FUsKoc9p0x9eZ37zgUrFInGnRzHthNAXLGAEtJG6dsmTrD/QIGX0iL37BHo49WSIQQAfaVPGx1277FScCfAicXNSRjlqXfvH60UkCanQhINSbdeJdScFaeZxOi56iaIxkCH0adtQASFVnXTylzE+MkoPB5E0T2g8Uf92pBAqNQp9UxmCHqh5LxP/89qJDi47KRNxoqkg00VBwrGOcBYM7jFJieYjQ4BIZm7FZAASiDbxzWzJZksVqHHRROPOB7FIGicV97xydntarl7lIRXQISqhY+SiC1RFN6iG6oigJ/SCXtGb9Wy9Wx/W57R0ycp7DtAMrO9fUnOkxw==</latexit>

! analytical

<latexit sha1_base64="XGVCiuE4u+6AqtYSHBr94YiLG1k=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmIjHBhuwaX4UFiY0lJvJIgJDZYRYmzM5sZu6iZMNH2NvqL9gZWz/BP/Az3IUtBDzVyTn33nNzvFBwA47zbeVWVtfWN/Kbha3tnd09e/+gblSkKatRJZRuesQwwSWrAQfBmqFmJPAEa3jD29RvjJg2XMkHGIesE5C+5D6nBBKpa9ulNrAniH2lsVSPk9OuXXTKzhR4mbgZKaIM1a790+4pGgVMAhXEmJbrhNCJiQZOBZsU2pFhIaFD0methEoSMNOJp59P8Emi9HAa7isJeKr+3YhJYMw48JLJgMDALHqp+J/XisC/7sRchhEwSWdBfiQwKJzWgHtcMwpinBBCNU9+xXRANKGQlDWXkt7WxjeTQlKNu1jEMqmfld3L8sX9ebFyk5WUR0foGJWQi65QBd2hKqohikboBb2iN+vZerc+rM/ZaM7Kdg7RHKyvX256nNc=</latexit>

(for now)

<latexit sha1_base64="zKoNNJdIvKGgnQ2B2BeZTQpRUqc=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFQV1WtA9oS8mkmTY0kwzJHbUM8wF+jVv1T9y5E7d+gJg+FrZ6IHA459zc5PiR4AZc983JzM0vLC5ll3Mrq2vrG/nNrapRsaasQpVQuu4TwwSXrAIcBKtHmpHQF6zm98+Hfu2OacOVvIVBxFoh6UoecErASu18QTaBPUByc4GpkkC4NJgIgZXu2CnMJU4vbcotuiPgv8SbkAKaoNzOfzc7isYhk0AFMabhuRG0EqKBU8HSXDM2LCK0T7qsYakkITOtZPSZFO9ZpYMDpe2RgEfq74mEhMYMQt8mQwI9M+sNxf+8RgzBaSvhMoqBSTpeFMQCg8LDZnCHa0ZBDCwhVHP7Vkx7RBMKtompLcO7tQlMOq3GArhW92nOFubN1vOXVA+K3nHx6PqwUDqbVJdFO2gX7SMPnaASukJlVEEUPaIn9IxenFfn3flwPsfRjDOZ2UZTcL5+AHdhrfU=</latexit>

nSF contains all orders in G
<latexit sha1_base64="A1DwkuRYV/z2Zir0dgupcKHSWBY=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN26ECvYBbSmZNNOGZpIxuaOWYT7Ar3Gr/ok7d+LWDxDTx8K2Hggczjk3Nzl+JLgB1313MguLS8sr2dXc2vrG5lZ+e6dqVKwpq1AllK77xDDBJasAB8HqkWYk9AWr+f3LoV+7Z9pwJW9hELFWSLqSB5wSsFI7X5BNYI+QlK8xVRIIlwYTIbDSHTuFucTpnU25RXcEPE+8CSmgCcrt/E+zo2gcMglUEGManhtBKyEaOBUszTVjwyJC+6TLGpZKEjLTSkafSfGBVTo4UNoeCXik/p1ISGjMIPRtMiTQM7PeUPzPa8QQnLcSLqMYmKTjRUEsMCg8bAZ3uGYUxMASQjW3b8W0RzShYJuY2jK8W5vApNNqLIBr9ZDmbGHebD3zpHpU9E6LJzfHhdLFpLos2kP76BB56AyV0BUqowqi6Ak9oxf06rw5H86n8zWOZpzJzC6agvP9C8VmriM=</latexit>

nPM contains all orders in q



Self-force resummation

Divergence near separatrix:

Introduce a new function:

Resummed scattering angle:

Properties:
• Identical to normal PM expression through 𝑛PM order in large-𝑏 limit.
• Has the same logarithmic divergence near separatrix in the geodesic limit.
• At 1SF order it has the same divergence as the numerical data.

Use the numerical data to extract the coefficient 
41

<latexit sha1_base64="IASSMx+sqR51V5xqQoAPmODkc4M="></latexit>

 nPM(v, b) := A

"
ln

✓
1� bc(v)(1� qsB/A)

b

◆
+

nX

k=1

1

k

✓
bc(v)(1� qsB/A)

b

◆k
#

<latexit sha1_base64="a+ppkGU8xT6I6wprsPqhfYxJB2s="></latexit>

�̃nPM(v, b) := �nPM(v, b) + nPM(v, b)

<latexit sha1_base64="kYFg9EGTBbDrCdWxMDcbsooQRrA=">AAACAnicbVDLTsJAFL31ifhCXbqZSExwQ1rjgyXRjUtMLJBAQ6bDFCZMp83MlIQ07Ny71V9wZ9z6I/6Bn+EUuhDwJJOcnHNfc/yYM6Vt+9taW9/Y3Nou7BR39/YPDktHx00VJZJQl0Q8km0fK8qZoK5mmtN2LCkOfU5b/ug+81tjKhWLxJOexNQL8UCwgBGsjeTeVcYX1V6pbFftGdAqcXJShhyNXumn249IElKhCcdKdRw71l6KpWaE02mxmygaYzLCA9oxVOCQKi+dHTtF50bpoyCS5gmNZurfjhSHSk1C31SGWA/VspeJ/3mdRAc1L2UiTjQVZL4oSDjSEcp+jvpMUqL5xBBMJDO3IjLEEhNt8lnYks2WKlDToonGWQ5ilTQvq85N9frxqlyv5SEV4BTOoAIO3EIdHqABLhBg8AKv8GY9W+/Wh/U5L12z8p4TWID19QtKH5dG</latexit>

B(v).

<latexit sha1_base64="smN9HEaR3RI9xgcZUmZ2ooU4ajU="></latexit>

� 1SF ⇠ ��1SF

b!b+c⇡ qsB(v)
bc(v)

b� bc(v)

Preliminary

<latexit sha1_base64="0gpNyGHT3uGBB07hh8zaWim/7zc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmrDqZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvpnLduCrXqnkcBTiFM7gAD26hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD10+M8g==</latexit>n
<latexit sha1_base64="AS9ocXNwGUdPwPBkyp6BhuPFMdE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipEfRLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHxR+M5g==</latexit>

b



Resummed 1SF scattering angle

42
Preliminary



Resummed 1SF scattering angle

43
Preliminary



Resummed scattering angle results

44
Preliminary



Resummation as a function of 

45
Preliminary

<latexit sha1_base64="PZwfePPhagS9sF/HonWg6DDJxA8=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBZBH1IbVY7rtFYdO9gOUhV1YWeFX2BDrPwJf8Bn4LQZaMuRLB2dc18+QcyZNq777Swtr6yurRc2iptb2zu7pb39hpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvMn85hNVmknxYEYx9SPcFyxkBBsr3T92dbdUdivuBGiReDkpQ45at/TT6UmSRFQYwrHWbc+NjZ9iZRjhdFzsJJrGmAxxn7YtFTii2k8np47RsVV6KJTKPmHQRP3bkeJI61EU2MoIm4Ge9zLxP6+dmPDKT5mIE0MFmS4KE46MRNm/UY8pSgwfWYKJYvZWRAZYYWJsOjNbstlKh3pctNF480EsksZpxbuonN+dlavXeUgFOIQjOAEPLqEKt1CDOhDowwu8wpvz7Lw7H87ntHTJyXsOYAbO1y8VB5dI</latexit>qs



Resummed 1SF scattering angle II

46
Very preliminary



Very preliminary

Resummed 1SF scattering angle III

47



Future work

Scalar self-force correction to the scattering angle:
• Combine weak-field calibration with strong-field resummation.
• Larger range of high accuracy data.
• Numerically extract resummation coefficient  

Gravitational self-force correction to the scattering angle:
• Calculation of gravitational self-force: spin ±2 Teukolsky equation.
• Scattering angle in COM frame: current formulation in the rest frame of the large BH.

Extension to Kerr.
Extension to 2nd order gravitational self-force.
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