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Introduction

• Aim to build on Part I (Maria Haney) 

• Impossible to cover all work by the community over the past 5+ years 

• Ambitious slides… more material than we can cover but hopefully useful reference point 

• Today we will provide a broad introduction to:  

• Numerical Relativity (emphasis on codes/coverage not so much on methods) 

• Surrogates and Reduced Order Models 

• The Effective One Body Framework 

• Focus mainly on inspiral-merger-ringdown (IMR) models 

• Bulk of compact binaries observed by LIGO-Virgo-KAGRA are heavy(-ish) binary black holes
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BH perturbation theory

we will focus on the basics of EOB + NR + Surrogates
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• Why numerical relativity?  

• Complete spacetime geometry and dynamics + emitted gravitational radiation 

• Solutions use full nonlinear Einstein field equations without approximation* 

• Allow us to probe merger + ringdown regime where perturbative schemes break down 

• Example 1: Post-Newtonian expansion breaks down as   

• Example 2: BH perturbation theory requires input initial conditions (infer from NR) 

• For binaries: 3+1 decomposition and reformulate the EFE as a Cauchy problem + constraints  

v ∼ c

* Terms and conditions apply: imperfect initial data, numerical schemes for PDEs, often do not include future null infinity [see CCE though]
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• Start from Einstein field equations as set of 10 coupled non-linear 2nd order PDEs 
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• Start from Einstein field equations as set of 10 coupled non-linear 2nd order PDEs 

• Formulate in terms of an initial boundary value problem 

• Initial data  evolved forward in time with evolution equations   u(0,x) = f(x) ∂tu(t, x) = F(u, ∂u, ∂2u)
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• Start from Einstein field equations as set of 10 coupled non-linear 2nd order PDEs 

• Formulate in terms of an initial boundary value problem 

• Initial data  evolved forward in time with evolution equations   

• Constraint equations defined on initial hyper surfaces of equal time  [assuming a 3+1 perspective]

u(0,x) = f(x) ∂tu(t, x) = F(u, ∂u, ∂2u)
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• 3+1 decomposition  foliation of spacetime by spatial hyper surfaces along timeline vector field 

• Normal to slices defined by:  

• The 3-metric intrinsic to spatial hypersurfaces is  

• Decompose the spacetime metric as  

• Lapse function  defines a proper time 

• Shift vector  determines relative velocity between Eulerian observers and lines of constant spatial 
coordinates 

• Extrinsic curvature:  

• Extrinsic curvature ~ relative change of spatial metric as it moves along normal vector-field (related 
to flow of time) ~ time derivative of spatial metric

→

nμ = − αgμν ∇νt

γμν = gμν + nμnν

ds2 = − α2dt2 + γij(dxi + βidt)(dxj + β jdt)

α

βμ

Kμν = γλ
μγρ

ν ∇(λnρ) = −
1
2

ℒn γμν

E.g. textbooks by Alcubierre, Gourgoulhon, or Baumgarte and Shapiro
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•Evolution equations 

•Constraint Equations
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Momentum constraint

• 12 evolved variables  + 12 evolution equations 

• 4 free variables  + 4 constraint equations
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Arnowitt, Deser and Misner 1962 
York 1979
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• Problem: ADM equations are not well posed [strong hyperbolicity]  

• Amplify small errors in the constraints leading to severe instabilities  

• No stable long term evolution 

• Instabilities in Ricci tensor  mixed 2nd derivatives of spatial metric prevent hyperbolicity 

• Coordinates arbitrary but there are many bad choices 

• Black holes have singularities…  

• Circumvent through gauge choice? Moving punctures!  

• Numerically excise from domain? Popular in conjunction with generalised harmonic gauge 

→
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Multiple widely different methods to circumvent all of these issues
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• Initial Data: CTT [York+] + Bowen-York (conformally flat, ) 
[Brandt+, Ansorg+]; Beyond Bowen-York [e.g. Ruchlin+] or CTS 
[East+14, Corman+22] 

• Formulation: BSSN [Shibata+, Nakamura+, Baumgarte+],  or 
CCZ4 [Weyhausen+, Alic+] or Generalised Harmonic 

• Moving punctures gauge conditions [Alcubierre+02, 
Campanelli+05, Baker+05]  robust merger (esp. at higher mass 
ratios) or Excision for GH [e.g. Pretorius+04, East+14, East+21, 
Corman+22] 

• BHs advected on AMR (e.g. Berger-Oliger) grids + optionally 
multipatch grids adapted to spherical topology [Reisswig+] 

• Boundary Conditions: Sommerfeld/Robin GCs 

• Spatial finite difference (typically 6th/8th order)  

• Time evolution: Method of lines w/ 4th order RK 

• GW extrapolation + CCE e.g. PITTNull [Bishop+, Winicour+]

χ ≤ 0.9

→

Finite Difference Codes: BAM, ET, LazEv, Maya, Goddard, 
GRChombo, …

Spectral Codes: SpEC, SpECTRE, BAMPS, … 

• Initial Data: XCTS [York+,Pfeiffer+] + SKS [Lovelace+, Varma+] 
(conformally curved, ) 

• Formulation: First order GH + constraint damping [Pretorius+, 
Lindblom+, Friedrich, Garfinkle, Gundlach+] (BSSN/CCZ4 in 
SpECTRE) 

• Excision = BH mergers difficult [Szilagyi+, Scheel+, Hemberger+, 
Ossokine+] 

• Change gauge from ~ coronating to damped harmonic gauge 
near merger [e.g. Lindblom+] 

• Dynamical grids with multiple subdomains  

• Boundary Conditions: Constraint preserving/minimally reflective 

• Multi-domain spectral methods (~ exponentially convergent) 

• Time evolution: Method of lines w/ 5th order DP 

• GW extrapolation + CCE

χ ≤ 0.999

See Boyle+19 for details on SXS

* Impossible to list all the contributions to date, provided some starter references
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Want to determine  and   

on   12 components

Kij γij
Σ0 →

4 equations: prescribe 8 fields 
and solve for 4

What is our free data and what is constrained?
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• Interlude on initial data… 

• Want to solve the constraint equations

Want to determine  and   

on   12 components

Kij γij
Σ0 →

4 equations: prescribe 8 fields 
and solve for 4

What is our free data and what is constrained?

• Must satisfy constraint equations 

• Must be physically meaningful  

• Choice of free/constrained data also impacted by mathematical properties (linearity, decoupling, etc)
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• Conformal transformation of spatial metric:  

• Decompose extrinsic curvature:  

• Leads to the following system of equations

γij = ψ4γ̄ij

Kij = ψ−2Āij +
1
3

γijK
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ij = 0

D̄jĀ
ij � 2

3
 6�̄ijD̄jK = 0

Lichnerowicz 1944
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• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
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Bowen and York 1980
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• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
<latexit sha1_base64="bT0QPYanPDUUGy4HqEn7C6SljvI=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8gQhFN4KbCvYBnaHcSTNtbDIzJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwMk555Lc48ecKW3b39bc/MLi0nJhpbi6tr6xWdrabqgokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0B1cjv/lApWJReKeHMfUE9EIWMALaSJ1S2fVBpm4PhICsk7L7DF/gYELcc3xjbrZJ2RV7DDxLnJyUUY5ap/TldiOSCBpqwkGptmPH2ktBakY4zYpuomgMZAA92jY0BEGVl46XyfC+Ubo4iKQ5ocZj9fdECkKpofBNUoDuq2lvJP7ntRMdnHkpC+NE05BMHgoSjnWER83gLpOUaD40BIhk5q+Y9EEC0aa/oinBmV55ljQOK85J5fj2qFy9zOsooF20hw6Qg05RFV2jGqojgh7RM3pFb9aT9WK9Wx+T6JyVz+ygP7A+fwCRe5oB</latexit>

�̄ij = fij K = 0
<latexit sha1_base64="eH5HRnn/HjdTTbccBbZAXrSYk4U="></latexit>

D̄2 =
1

8
 �7ĀijĀ

ij

D̄jĀ
ij = 0

<latexit sha1_base64="YUvWmMK0y4bMzxgU3UASR8orn6o=">AAACDnicbVDLSgMxFM34rPU16tJNsBQEocyIr41QdONGqGAf0ClDJs20oUlmyEMoQ7/Ajb/ixoUibl27829M21lo64EbDufcy809Ucqo0p737SwsLi2vrBbWiusbm1vb7s5uQyVGYlLHCUtkK0KKMCpIXVPNSCuVBPGIkWY0uB77zQciFU3EvR6mpMNRT9CYYqStFLrlIFUUXkIfHkFjK1CGhxQGsUQ4uw3pKJP2Cd2SV/EmgPPEz0kJ5KiF7lfQTbDhRGjMkFJt30t1J0NSU8zIqBgYRVKEB6hH2pYKxInqZJNzRrBslS6ME2lLaDhRf09kiCs15JHt5Ej31aw3Fv/z2kbHF52MitRoIvB0UWwY1AkcZwO7VBKs2dAShCW1f4W4j2wS2iZYtCH4syfPk8ZxxT+rnN6dlKpXeRwFsA8OwCHwwTmoghtQA3WAwSN4Bq/gzXlyXpx352PauuDkM3vgD5zPH4ecmpg=</latexit>

 = 1 + u+
X

i

Mi

ri
Solution to homogenous equation which we call  α

Brandt & Brügmann 1997

Bowen and York 1980



Numerical Relativity

39

• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
<latexit sha1_base64="bT0QPYanPDUUGy4HqEn7C6SljvI=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8gQhFN4KbCvYBnaHcSTNtbDIzJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwMk555Lc48ecKW3b39bc/MLi0nJhpbi6tr6xWdrabqgokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0B1cjv/lApWJReKeHMfUE9EIWMALaSJ1S2fVBpm4PhICsk7L7DF/gYELcc3xjbrZJ2RV7DDxLnJyUUY5ap/TldiOSCBpqwkGptmPH2ktBakY4zYpuomgMZAA92jY0BEGVl46XyfC+Ubo4iKQ5ocZj9fdECkKpofBNUoDuq2lvJP7ntRMdnHkpC+NE05BMHgoSjnWER83gLpOUaD40BIhk5q+Y9EEC0aa/oinBmV55ljQOK85J5fj2qFy9zOsooF20hw6Qg05RFV2jGqojgh7RM3pFb9aT9WK9Wx+T6JyVz+ygP7A+fwCRe5oB</latexit>

�̄ij = fij K = 0
<latexit sha1_base64="eH5HRnn/HjdTTbccBbZAXrSYk4U="></latexit>

D̄2 =
1

8
 �7ĀijĀ

ij

D̄jĀ
ij = 0

<latexit sha1_base64="YUvWmMK0y4bMzxgU3UASR8orn6o=">AAACDnicbVDLSgMxFM34rPU16tJNsBQEocyIr41QdONGqGAf0ClDJs20oUlmyEMoQ7/Ajb/ixoUibl27829M21lo64EbDufcy809Ucqo0p737SwsLi2vrBbWiusbm1vb7s5uQyVGYlLHCUtkK0KKMCpIXVPNSCuVBPGIkWY0uB77zQciFU3EvR6mpMNRT9CYYqStFLrlIFUUXkIfHkFjK1CGhxQGsUQ4uw3pKJP2Cd2SV/EmgPPEz0kJ5KiF7lfQTbDhRGjMkFJt30t1J0NSU8zIqBgYRVKEB6hH2pYKxInqZJNzRrBslS6ME2lLaDhRf09kiCs15JHt5Ej31aw3Fv/z2kbHF52MitRoIvB0UWwY1AkcZwO7VBKs2dAShCW1f4W4j2wS2iZYtCH4syfPk8ZxxT+rnN6dlKpXeRwFsA8OwCHwwTmoghtQA3WAwSN4Bq/gzXlyXpx352PauuDkM3vgD5zPH4ecmpg=</latexit>

 = 1 + u+
X

i

Mi

ri
Puncture field corrects momentum and spin of BH such that  solves inhomogeneous equationψ

Brandt & Brügmann 1997

Bowen and York 1980
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• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
<latexit sha1_base64="bT0QPYanPDUUGy4HqEn7C6SljvI=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8gQhFN4KbCvYBnaHcSTNtbDIzJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwMk555Lc48ecKW3b39bc/MLi0nJhpbi6tr6xWdrabqgokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0B1cjv/lApWJReKeHMfUE9EIWMALaSJ1S2fVBpm4PhICsk7L7DF/gYELcc3xjbrZJ2RV7DDxLnJyUUY5ap/TldiOSCBpqwkGptmPH2ktBakY4zYpuomgMZAA92jY0BEGVl46XyfC+Ubo4iKQ5ocZj9fdECkKpofBNUoDuq2lvJP7ntRMdnHkpC+NE05BMHgoSjnWER83gLpOUaD40BIhk5q+Y9EEC0aa/oinBmV55ljQOK85J5fj2qFy9zOsooF20hw6Qg05RFV2jGqojgh7RM3pFb9aT9WK9Wx+T6JyVz+ygP7A+fwCRe5oB</latexit>

�̄ij = fij K = 0
<latexit sha1_base64="eH5HRnn/HjdTTbccBbZAXrSYk4U="></latexit>

D̄2 =
1

8
 �7ĀijĀ

ij

D̄jĀ
ij = 0

<latexit sha1_base64="YUvWmMK0y4bMzxgU3UASR8orn6o=">AAACDnicbVDLSgMxFM34rPU16tJNsBQEocyIr41QdONGqGAf0ClDJs20oUlmyEMoQ7/Ajb/ixoUibl27829M21lo64EbDufcy809Ucqo0p737SwsLi2vrBbWiusbm1vb7s5uQyVGYlLHCUtkK0KKMCpIXVPNSCuVBPGIkWY0uB77zQciFU3EvR6mpMNRT9CYYqStFLrlIFUUXkIfHkFjK1CGhxQGsUQ4uw3pKJP2Cd2SV/EmgPPEz0kJ5KiF7lfQTbDhRGjMkFJt30t1J0NSU8zIqBgYRVKEB6hH2pYKxInqZJNzRrBslS6ME2lLaDhRf09kiCs15JHt5Ej31aw3Fv/z2kbHF52MitRoIvB0UWwY1AkcZwO7VBKs2dAShCW1f4W4j2wS2iZYtCH4syfPk8ZxxT+rnN6dlKpXeRwFsA8OwCHwwTmoghtQA3WAwSN4Bq/gzXlyXpx352PauuDkM3vgD5zPH4ecmpg=</latexit>

 = 1 + u+
X

i

Mi

ri

<latexit sha1_base64="2DTqru62eRo7oqBc1Otu3meYwps="></latexit>

D̄2u = �1

8
↵7ĀijĀ

ij [↵ (1 + u) + 1]�7

Brandt & Brügmann 1997

Bowen and York 1980
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• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
<latexit sha1_base64="bT0QPYanPDUUGy4HqEn7C6SljvI=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8gQhFN4KbCvYBnaHcSTNtbDIzJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwMk555Lc48ecKW3b39bc/MLi0nJhpbi6tr6xWdrabqgokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0B1cjv/lApWJReKeHMfUE9EIWMALaSJ1S2fVBpm4PhICsk7L7DF/gYELcc3xjbrZJ2RV7DDxLnJyUUY5ap/TldiOSCBpqwkGptmPH2ktBakY4zYpuomgMZAA92jY0BEGVl46XyfC+Ubo4iKQ5ocZj9fdECkKpofBNUoDuq2lvJP7ntRMdnHkpC+NE05BMHgoSjnWER83gLpOUaD40BIhk5q+Y9EEC0aa/oinBmV55ljQOK85J5fj2qFy9zOsooF20hw6Qg05RFV2jGqojgh7RM3pFb9aT9WK9Wx+T6JyVz+ygP7A+fwCRe5oB</latexit>

�̄ij = fij K = 0
<latexit sha1_base64="eH5HRnn/HjdTTbccBbZAXrSYk4U="></latexit>

D̄2 =
1

8
 �7ĀijĀ

ij

D̄jĀ
ij = 0

<latexit sha1_base64="YUvWmMK0y4bMzxgU3UASR8orn6o=">AAACDnicbVDLSgMxFM34rPU16tJNsBQEocyIr41QdONGqGAf0ClDJs20oUlmyEMoQ7/Ajb/ixoUibl27829M21lo64EbDufcy809Ucqo0p737SwsLi2vrBbWiusbm1vb7s5uQyVGYlLHCUtkK0KKMCpIXVPNSCuVBPGIkWY0uB77zQciFU3EvR6mpMNRT9CYYqStFLrlIFUUXkIfHkFjK1CGhxQGsUQ4uw3pKJP2Cd2SV/EmgPPEz0kJ5KiF7lfQTbDhRGjMkFJt30t1J0NSU8zIqBgYRVKEB6hH2pYKxInqZJNzRrBslS6ME2lLaDhRf09kiCs15JHt5Ej31aw3Fv/z2kbHF52MitRoIvB0UWwY1AkcZwO7VBKs2dAShCW1f4W4j2wS2iZYtCH4syfPk8ZxxT+rnN6dlKpXeRwFsA8OwCHwwTmoghtQA3WAwSN4Bq/gzXlyXpx352PauuDkM3vgD5zPH4ecmpg=</latexit>

 = 1 + u+
X

i

Mi

ri

<latexit sha1_base64="2DTqru62eRo7oqBc1Otu3meYwps="></latexit>

D̄2u = �1

8
↵7ĀijĀ

ij [↵ (1 + u) + 1]�7

conformal transverse traceless (CTT)
Brandt & Brügmann 1997

Bowen and York 1980
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• Moving punctures assumes conformal flatness  decouple the equations 

• Bowen and York derived solution for binary black hole in terms of momenta and spin 

• Decompose conformal factor   

→
<latexit sha1_base64="bT0QPYanPDUUGy4HqEn7C6SljvI=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8gQhFN4KbCvYBnaHcSTNtbDIzJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwMk555Lc48ecKW3b39bc/MLi0nJhpbi6tr6xWdrabqgokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0B1cjv/lApWJReKeHMfUE9EIWMALaSJ1S2fVBpm4PhICsk7L7DF/gYELcc3xjbrZJ2RV7DDxLnJyUUY5ap/TldiOSCBpqwkGptmPH2ktBakY4zYpuomgMZAA92jY0BEGVl46XyfC+Ubo4iKQ5ocZj9fdECkKpofBNUoDuq2lvJP7ntRMdnHkpC+NE05BMHgoSjnWER83gLpOUaD40BIhk5q+Y9EEC0aa/oinBmV55ljQOK85J5fj2qFy9zOsooF20hw6Qg05RFV2jGqojgh7RM3pFb9aT9WK9Wx+T6JyVz+ygP7A+fwCRe5oB</latexit>

�̄ij = fij K = 0
<latexit sha1_base64="eH5HRnn/HjdTTbccBbZAXrSYk4U="></latexit>

D̄2 =
1

8
 �7ĀijĀ

ij

D̄jĀ
ij = 0

<latexit sha1_base64="YUvWmMK0y4bMzxgU3UASR8orn6o=">AAACDnicbVDLSgMxFM34rPU16tJNsBQEocyIr41QdONGqGAf0ClDJs20oUlmyEMoQ7/Ajb/ixoUibl27829M21lo64EbDufcy809Ucqo0p737SwsLi2vrBbWiusbm1vb7s5uQyVGYlLHCUtkK0KKMCpIXVPNSCuVBPGIkWY0uB77zQciFU3EvR6mpMNRT9CYYqStFLrlIFUUXkIfHkFjK1CGhxQGsUQ4uw3pKJP2Cd2SV/EmgPPEz0kJ5KiF7lfQTbDhRGjMkFJt30t1J0NSU8zIqBgYRVKEB6hH2pYKxInqZJNzRrBslS6ME2lLaDhRf09kiCs15JHt5Ej31aw3Fv/z2kbHF52MitRoIvB0UWwY1AkcZwO7VBKs2dAShCW1f4W4j2wS2iZYtCH4syfPk8ZxxT+rnN6dlKpXeRwFsA8OwCHwwTmoghtQA3WAwSN4Bq/gzXlyXpx352PauuDkM3vgD5zPH4ecmpg=</latexit>

 = 1 + u+
X

i

Mi

ri

<latexit sha1_base64="2DTqru62eRo7oqBc1Otu3meYwps="></latexit>

D̄2u = �1

8
↵7ĀijĀ

ij [↵ (1 + u) + 1]�7

conformal transverse traceless (CTT)

Free data: γ̄ij, ĀTT
ij , K Constrained data: ψ, u

Brandt & Brügmann 1997

Bowen and York 1980
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• Alternatively we can include notion of evolution between hyper surfaces 

• Introduce auxiliary field for evolution of intrinsic curvature  

<latexit sha1_base64="RI4EXJs+XMrKxs1nIlUn9f+PEzE=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJKIr41QdOOygn1AE8LNdNKOnUnCzEQoIR/hxl9x40IRty7c+TdOHwttPXDhcM693HtPkHCmtG1/W4WFxaXlleJqaW19Y3OrvL3TVHEqCW2QmMeyHYCinEW0oZnmtJ1ICiLgtBUMrkd+64FKxeLoTg8T6gnoRSxkBLSR/PKRG4DM0tzP2H2OL7GbgNQMuK/x2HF7IARMbL9csav2GHieOFNSQVPU/fKX241JKmikCQelOo6daC8bbSCc5iU3VTQBMoAe7RgagaDKy8ZP5fjAKF0cxtJUpPFY/T2RgVBqKALTKUD31aw3Ev/zOqkOL7yMRUmqaUQmi8KUYx3jUUK4yyQlmg8NASKZuRWTPkgg2uRYMiE4sy/Pk+Zx1Tmrnt6eVGpX0ziKaA/to0PkoHNUQzeojhqIoEf0jF7Rm/VkvVjv1sektWBNZ3bRH1ifP9Pvn1Y=</latexit>

ūij = @t�̄ij
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• Alternatively we can include notion of evolution between hyper surfaces 

• Introduce auxiliary field for evolution of intrinsic curvature  

<latexit sha1_base64="RI4EXJs+XMrKxs1nIlUn9f+PEzE=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJKIr41QdOOygn1AE8LNdNKOnUnCzEQoIR/hxl9x40IRty7c+TdOHwttPXDhcM693HtPkHCmtG1/W4WFxaXlleJqaW19Y3OrvL3TVHEqCW2QmMeyHYCinEW0oZnmtJ1ICiLgtBUMrkd+64FKxeLoTg8T6gnoRSxkBLSR/PKRG4DM0tzP2H2OL7GbgNQMuK/x2HF7IARMbL9csav2GHieOFNSQVPU/fKX241JKmikCQelOo6daC8bbSCc5iU3VTQBMoAe7RgagaDKy8ZP5fjAKF0cxtJUpPFY/T2RgVBqKALTKUD31aw3Ev/zOqkOL7yMRUmqaUQmi8KUYx3jUUK4yyQlmg8NASKZuRWTPkgg2uRYMiE4sy/Pk+Zx1Tmrnt6eVGpX0ziKaA/to0PkoHNUQzeojhqIoEf0jF7Rm/VkvVjv1sektWBNZ3bRH1ifP9Pvn1Y=</latexit>

ūij = @t�̄ij

Σt+δt

ΣtK(t)

K(t + δt)
“Thin sandwich” as 

we specify the 
evolution between 

hyper surfaces

York 1999 
Pfeiffer and York 2003
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• Alternatively we can include notion of evolution between hyper surfaces 

• Introduce auxiliary field for evolution of intrinsic curvature  

• Leads to a modified system of equations 

<latexit sha1_base64="RI4EXJs+XMrKxs1nIlUn9f+PEzE=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJKIr41QdOOygn1AE8LNdNKOnUnCzEQoIR/hxl9x40IRty7c+TdOHwttPXDhcM693HtPkHCmtG1/W4WFxaXlleJqaW19Y3OrvL3TVHEqCW2QmMeyHYCinEW0oZnmtJ1ICiLgtBUMrkd+64FKxeLoTg8T6gnoRSxkBLSR/PKRG4DM0tzP2H2OL7GbgNQMuK/x2HF7IARMbL9csav2GHieOFNSQVPU/fKX241JKmikCQelOo6daC8bbSCc5iU3VTQBMoAe7RgagaDKy8ZP5fjAKF0cxtJUpPFY/T2RgVBqKALTKUD31aw3Ev/zOqkOL7yMRUmqaUQmi8KUYx3jUUK4yyQlmg8NASKZuRWTPkgg2uRYMiE4sy/Pk+Zx1Tmrnt6eVGpX0ziKaA/to0PkoHNUQzeojhqIoEf0jF7Rm/VkvVjv1sektWBNZ3bRH1ifP9Pvn1Y=</latexit>

ūij = @t�̄ij

Pfeiffer 2005 
Pfeiffer and York 2003
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• Alternatively we can include notion of evolution between hyper surfaces 

• Introduce auxiliary field for evolution of intrinsic curvature  

• Leads to a modified system of equations 

• Free data:  

• Constrained data: 

γ̄ij, ūij, K, ·K

ψ, α, βi

<latexit sha1_base64="RI4EXJs+XMrKxs1nIlUn9f+PEzE=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJKIr41QdOOygn1AE8LNdNKOnUnCzEQoIR/hxl9x40IRty7c+TdOHwttPXDhcM693HtPkHCmtG1/W4WFxaXlleJqaW19Y3OrvL3TVHEqCW2QmMeyHYCinEW0oZnmtJ1ICiLgtBUMrkd+64FKxeLoTg8T6gnoRSxkBLSR/PKRG4DM0tzP2H2OL7GbgNQMuK/x2HF7IARMbL9csav2GHieOFNSQVPU/fKX241JKmikCQelOo6daC8bbSCc5iU3VTQBMoAe7RgagaDKy8ZP5fjAKF0cxtJUpPFY/T2RgVBqKALTKUD31aw3Ev/zOqkOL7yMRUmqaUQmi8KUYx3jUUK4yyQlmg8NASKZuRWTPkgg2uRYMiE4sy/Pk+Zx1Tmrnt6eVGpX0ziKaA/to0PkoHNUQzeojhqIoEf0jF7Rm/VkvVjv1sektWBNZ3bRH1ifP9Pvn1Y=</latexit>

ūij = @t�̄ij
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• Parameter space coverage for BBH? 
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• Parameter space coverage for BBH?  
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• Parameter space coverage for BBH?  

• ~ 5700 NR waveforms publicly available to date 

• Broad range of mass ratios, spins and 
eccentricities  
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• Parameter space coverage for BBH?  

• ~ 5700 NR waveforms publicly available to date 

• Broad range of mass ratios, spins and 
eccentricities  

• Non-spinning:  

• Moderate spins:   

• Aligned-spins up to  for  

• Eccentric BBHs for  

q ≤ 18

q ≤ 8

χ ≤ 0.85 q ≤ 18

q ≤ 10
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Unphysical behaviour in amplitude and phase

• Numerical relativity allows us to incorporate full non-perturbative information in strong-field regime  

• Not free from systematics and couples to how models are informed and calibrated
Nagar+ inc GP

Numerical Relativity
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• Extrapolation of waveforms to  can introduce unphysical features 
[Chu+, Boyle+, Nagar (inc GP)+] 

• Mitigate with cauchy characteristic extrapolation (CCE) [Bishop+, 
Reisswig+, Taylor+, Barkett+, Moxon+] 

• Help reduce near-zone and gauge-effects on waveform 

• Recent work to understand impact of frame choice on waveform 

• Fix Poincaré (by mapping to center-of-mass) frame [Boyle+, 
Woodford+] 

• Use Poincaré charges and super translation charges to fix BMS 
frame [Mitman+] 

• Methodology increasingly important to meet accuracy 
requirements
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Reduced Order Modelling and Surrogates
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• Reduced order models ~ compressing the number of degrees of freedom [e.g. Field+, Antil+, Tiglio+, Canizares+, 
Pürrer+, Blackman+, Varma+, …]

54

Reduced Order Models and Surrogates



• Reduced order models ~ compressing the number of degrees of freedom [e.g. Field+, Antil+, Tiglio+, Canizares+, 
Pürrer+, Blackman+, Varma+, …] 

• Build reduced basis with SVD of greedy algorithms [expensive offline + fast online evaluation] 

55
Credit to Vijay Varma for images! 

https://github.com/vijayvarma392/SurrogateMovie

Reduced Order Models and Surrogates

https://github.com/vijayvarma392/SurrogateMovie


• Reduced order models ~ compressing the number of degrees of freedom [e.g. Field+, Antil+, Tiglio+, Canizares+, 
Pürrer+, Blackman+, Varma+, …] 

• Build reduced basis with SVD of greedy algorithms [expensive offline + fast online evaluation] 

• Interpolate projection coefficients at empirical interpolation nodes (time/frequency) over parameter space

56
Credit to Vijay Varma for images! 

https://github.com/vijayvarma392/SurrogateMovie

Reduced Order Models and Surrogates

https://github.com/vijayvarma392/SurrogateMovie


• Begin by building a reduced basis 
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• Begin by building a reduced basis 
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• Begin by building a reduced basis  

• Bases chosen such that training data represented by basis to within a tolerance σ
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• Begin by building a reduced basis  

• Bases chosen such that training data represented by basis to within a tolerance  

• Empirical interpolant uses greedy algorithm to select nodes in reduced bases that can be used to reconstruct full data

σ
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• Begin by building a reduced basis  

• Bases chosen such that training data represented by basis to within a tolerance  

• Empirical interpolant uses greedy algorithm to select nodes in reduced bases that can be used to reconstruct full data

σ
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• Begin by building a reduced basis  

• Bases chosen such that training data represented by basis to within a tolerance  

• Empirical interpolant uses greedy algorithm to select nodes in reduced bases that can be used to reconstruct full data

σ
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Time

Parameters

Field+ 13
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Find reduced basis

Field+ 13
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Then find empirical interpolation nodes

Field+ 13
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Fit empirical interpolation nodes 
across parameter space

Field+ 13



Reduced Order Models and Surrogates

• Current state-of-the-art is NRSur7dq4  

• 1528 precessing NR simulations used to build surrogate 

• Calibrated to  and  

• But extrapolation up to  and  

• Recent surrogate work includes 

• Aligned-spin NR+PN surrogate with memory [Yoo+23] 

• Extension to extremal BH spins [Walker+22] 

• Surrogate for test particle waveforms [Islam+22] 

• Eccentric aligned-spin surrogate [Islam+22]

q = 4 |χi | = 0.8

q ∼ 6 |χi | ∼ 0.99

68 Varma+ arXiv:1905.09300



Reduced Order Models and Surrogates
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Varma+ arXiv:1905.09300



• Procedure can be applied to any semi-analytical waveform models [Fields+, Pürrer+, Lackey+, Thomas+, Varma+]

Reduced Order Models and Surrogates

70

Thomas, GP, Schmidt, arXiv:2205.14066



The Effective One Body Framework
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Effective One Body

• Novel approach introduced by Buonanno and Damour in 1999  

• Inspired by approach to EM interacting quantum two body problem [Brézin+ 1970] 

• Basic idea is to map two-body problem onto an effective one-body problem via a canonical transformation 

• Calculate motion of a test-particle in a deformed/effective external metric  equations of motion↔

72

m1

m2

μ =
m1m2

M

Buonanno and Damour 1999: arXiv:gr-qc/9811091 
Buonanno and Damour 2000: arXiv:gr-qc/0001013



Effective One Body

• Three main analytical components to an EOB model 
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Effective One Body

• Three main analytical components to an EOB model 

1. Hamiltonian to describe the conservative binary dynamics  

2. Radiation reaction (RR) force to account for loss of energy and angular momentum via emission of GWs 

3. Gravitational waveform for inspiral, merger, and ringdown 
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Effective One Body

• Consider a test-particle orbiting a non-spinning BH of mass  M
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Effective One Body

• Consider a test-particle orbiting a non-spinning BH of mass  

• We can write down the Hamiltonian for a test-particle of mass  orbiting the BH 

M

μ

76

<latexit sha1_base64="IhRcBeRRtgUrdG4WIpkyBOxD24o="></latexit>

ds2 = �
✓
1� 2M

r2

◆
dt2 +

✓
1� 2M

r2

◆�1

dr2 + r2d⌦2

<latexit sha1_base64="B4YGbmeQ7um4Gp49xoGX4qYQ7K0="></latexit>

HSchw(r,p) =

s✓
1� 2M

r

◆
µ2 +

✓
1� 2M

r

◆
p2r +

p2'

r2

�



Effective One Body

• Consider a test-particle orbiting a non-spinning BH of mass  

• We can write down the Hamiltonian for a test-particle of mass  orbiting the BH 

• And the effective radial potential 

M

μ
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Effective One Body

• Consider a test-particle orbiting a non-spinning BH of mass  

• We can write down the Hamiltonian for a test-particle of mass  orbiting the BH 

• And the effective radial potential 

M

μ
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Effective One Body

• In EOB map the two-body dynamics to geodesic motion of a single particle in effective metric 
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Effective One Body

• In EOB map the two-body dynamics to geodesic motion of a single particle in effective metric 
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Effective One Body

• In EOB map the two-body dynamics to geodesic motion of a single particle in effective metric 

• Associate real two-body dynamics to effective one-body dynamics in external spacetime 
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Effective One Body

• Starting from the real nPN Hamiltonian 

• Write down ansatz for relation between EOB Hamiltonian and effective Hamiltonian 

•  related to  in a different gauge via canonical transformation 

• Find unknown coefficients in  by matching LHS to RHS

HEOB HPN

Heff
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  

• The dynamics is encoded in the potentials  and Aν Dν
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  

• The dynamics is encoded in the potentials  and Aν Dν
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Effective One Body

• Effective Hamiltonian describes geodesic motion of test-particle in deformed external spacetime  

• The dynamics is encoded in the potentials  and Aν Dν
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Effective One Body

• Significant freedom in structure of Hamiltonian, gauge, PN information included, resummation etc 

• Resummation of analytical information critical in reducing difference with NR information 

• Padé resummation is an effective strategy 

• Example: resummation used in SEOBNRv5 (Pompili+23) 
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Effective One Body

• Can generalise the Hamiltonian to include spin 

• Include PN SO information through gyro-gravitomagnetic terms 
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inclusion of spin effects is not unique 
(e.g. gauge choices)

Damour 00, Barausse 11, Nagar 11, Khalil 23 + many others
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Effective One Body

• Can also generalise the Hamiltonian to arbitrary spins  
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• Can also generalise the Hamiltonian to arbitrary spins  
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• Can also generalise the Hamiltonian to arbitrary spins  
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Effective One Body

• Great, so we have a Hamiltonian… now what? 

• The Hamilton-Jacobi equations provide the equations of motion…

109

<latexit sha1_base64="ek/PenfzUPE08kO/DNfcQSFO8jQ="></latexit>

dr

dt
=

@HEOB

@p
,

dp

dt
= �@HEOB

@r
+F ,

dS1,2

dt
=

@HEOB

@S1,2
⇥ S1,2,



Effective One Body

• Great, so we have a Hamiltonian… now what? 

• The Hamilton-Jacobi equations provide the equations of motion…

110

<latexit sha1_base64="ek/PenfzUPE08kO/DNfcQSFO8jQ="></latexit>

dr

dt
=

@HEOB

@p
,

dp

dt
= �@HEOB

@r
+F ,

dS1,2

dt
=

@HEOB

@S1,2
⇥ S1,2,

radiation reaction force



Effective One Body

• Great, so we have a Hamiltonian… now what? 

• The Hamilton-Jacobi equations provide the equations of motion… 

• The RR force  flux of angular momentum expressed as sum of factorised and resummed multipoles↔
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Effective One Body

• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10
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• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10
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Effective One Body

• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10
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Residual phase correction due to sub-leading logarithms
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• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10
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Effective One Body

• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10
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Phenomenological NQC corrections  to shape waveform during late-plunge up to merger
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Effective One Body

• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10 

• Complete EOB waveform by attaching a merger-ringdown
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Effective One Body

• The inspiral-plunge EOB modes can be written as 

• Factorisation of each multipole, e.g. Damour+07, Damour+08, Pan+10 

• Complete EOB waveform by attaching a merger-ringdown
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factorised modes

non quasi-circular (NQC) correction
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• Two main flavours of EOB are SEOBNR and TEOBResumS
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Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS 

• Pompili+23 https://arxiv.org/abs/2303.18039 

• Khalil+23 https://arxiv.org/abs/2303.18143 

• Ramos-Buades+23 https://arxiv.org/abs/2303.18046 

• Maarten+23 https://arxiv.org/abs/2303.18026 

• Damour+14 https://arxiv.org/abs/1406.6913 

• Nagar+18 https://arxiv.org/abs/1806.01772 

• Nagar+21 https://arxiv.org/abs/2108.02043 

• Nagar+23 https://arxiv.org/abs/2304.09662 
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Some starter references 
(but highly incomplete)
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• Two main flavours of EOB are SEOBNR and TEOBResumS
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Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

125 Different analytical information included in the various potentialsKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

126 Same resummation of A-potentialKhalil+23
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• Two main flavours of EOB are SEOBNR and TEOBResumS

127 Different resummation of D-potentialKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

128 Different limits of Hamiltonian in test-particle limitKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

129 Different gauge choices and resummation for spin-orbit interactionsKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

130 Differing analytical spin informationKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

131 SEOBNRv5 has incorporates precession into the HamiltonianKhalil+23



Effective One Body

• Two main flavours of EOB are SEOBNR and TEOBResumS

132 Again, differing analytical information in multipole momentsKhalil+23



Effective One Body
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• SEOBNRv5 is the current fifth generation of SEOBNR model 



Effective One Body
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• Key highlights from SEOBNRv5 

• Most of 5PN NS terms and all generic-spin terms up to 4PN [SO + SS at NNLO, S3 + S4 terms at LO] 

• Improved NR calibration [442 simulations + 13 test particle]  

• PN information from orbit-averaged generic Hamiltonian  

• In-plane spin-effects via partially precessing Hamiltonian  

• Calibration of NS modes and radiation-reaction up to 2-GSF 

• Precession equations PN-expanded with self-consistent SO and SS couplings at NNLO (e.g. SSC) 

• Mismatch against 1543 precessing-spin NR simulations have 99.8% of cases with  

• Calibration to 2GSF flux 

1 − ℳ < 3 %
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• Partial-precession effects in Hamiltonian 

Adapted from slides by Antoni Ramos-Buades
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• Partial-precession effects in Hamiltonian 

Adapted from slides by Antoni Ramos-Buades
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• Calibration to 2nd order gravitational-self-force (GSF) flux  
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in ϵ = m2/m1
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in ϵ = m2/m1
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in ϵ = m2/m1
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in  

• Flux from  modes of  at 

ϵ = m2/m1

(ℓ, m) ϵh1,m
αβ + ϵ2h2,m

α,β ℐ+
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in  

• Flux from  modes of  at  

• Want to compare to EOB flux 

ϵ = m2/m1

(ℓ, m) ϵh1,m
αβ + ϵ2h2,m

α,β ℐ+
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in  

• Flux from  modes of  at  

• Want to compare to EOB flux 

ϵ = m2/m1

(ℓ, m) ϵh1,m
αβ + ϵ2h2,m

α,β ℐ+
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in  

• Flux from  modes of  at  

• Want to compare to EOB flux 

ϵ = m2/m1

(ℓ, m) ϵh1,m
αβ + ϵ2h2,m

α,β ℐ+
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• Calibration to 2nd order gravitational-self-force (GSF) flux  

• GSF models metric of binary as expansion in  

• Flux from  modes of  at  

• Want to compare to EOB flux 

ϵ = m2/m1

(ℓ, m) ϵh1,m
αβ + ϵ2h2,m

α,β ℐ+
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Ramos-Buades+23
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Ramos-Buades+23



Model Accuracy?
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Metrics for Model Accuracy?

• Mismatch as one way to gauge (point-wise) level of agreement between models (and/or NR) 

• Overlap is the noise-weighted inner product - weighted by PSD of detector  

• Interested in the mismatch optimised over polarisation angle as well as time and phase (gauge) 

• Lot’s of different variations [e.g. sky-and-polarization averaged] 

• Treat as a measure of agreement between two waveforms at point in parameter space
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NR Surrogates

• NR surrogates amongst most accurate models available ~ at level of NR errors 

150

Varma+



Mismatches Across the Parameter Space?
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Ramos-Buades+ 
arXiv:2303.18046

• Can use NR surrogate to gauge performance of semi-analytical models 
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Mismatches Across the Parameter Space?
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Ramos-Buades+ arXiv:2303.18046

Largest differences at high(er) mass ratios and precession 
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Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 

153

Face On Face Off
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Face On Face Off
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Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 
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Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 
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Detailed modelling 
of precession: 

mode asymmetries, 
co-precessing 

frame, NR tuning, 
higher multipoles, 

remnant, … 



Thank You!
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