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Swarms of midges
Diptera: Chironomidae and Diptera: Ceratopogonidae

[Attanasi et al. PLOS Comp. Biology 2014]



Space correlations
Swarms are not a gas of insects

C(r) =

∑
i,j δvi · δvjδ(r − rij)∑

i,j δ(r − rij)
, δv = vi −

1

N

∑
vi

[Attanasi et al. PLOS Comp. Biology 2014]

▶ r0 ∼ 20�30 cm, r1 ∼ 5 cm, rc ∼ 2�5 cm, swarm size ∼ 1m

▶ r0 is not quite ξ

▶ Is r0 large?



Space correlations are scale-free

When looking at swarms of di�erent size, r0 grows as L

Midges

[Attanasi et al. Phys. Rev. Lett. 2014]



Space-time correlations

C(r, t) = ⟨δv(r0, t0) · δv(r0 + r, t0 + t)⟩

=

〈
N∑
i,j

δvi(t0) · δvj(t0 + t)δ [r − rij(t0, t)]∑
k,l δ [r − rkl(t0, t)]

〉
t0

,

rij(t0, t) = |xi(t0)− xj(t0 + t)|



Dynamic scaling
Critical slowing down

τ ∼ k−z, or τ ∼ ξz

▶ Swarms obey scaling hypothesis τk = k−zg(kξ) = ξz(ξk)−zg(kξ)

▶ z ≈ 1.37± 0.11 ⇒ unknown universality class
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A theory of natural swarms

Must account for:

▶ Scale-free correlations (static scaling)

▶ Critical slowing down (dynamic scaling) with z ≈ 1.37± 0.11

▶ Underdamped dynamics (damped oscillations)

Required ingredients:

1. Ferromagnetism (alignment)

2. Activity

3. Inertia



Ferromagnetism
classical ferromagnet

dσi

dt
= J

∑
ij

nijσj + ξi, |σ| = 1, ξ : Gaussian noise

y coarse-graining

model A:

∂ψ

∂t
= −Γ

δH
δψ(x, t)

+ ξ(x, t),

H =

∫
ddx

{
(∇ψ)2 + rψ2 + uψ4

}
, (Landau-Guinzburg)

bare coupling

u0 u∗

Wilson-Fisher FP

z ≈ 2 vs zexp = 1.37± 0.11 [Hohenberg, Halperin, Ma 1972]



Activity
Vicsek: active ferromagnet

dσi

dt
= J

∑
ij

nij
(
{x}

)
σj + ξi,

dxi

dt
= v0σi.y coarse-graining

Toner-Tu (1998) �eld theory (active model A)

Dtv = −Γ
δH

δψ(x, t)
−∇P + ξ(x, t),

∂tρ+∇(ρv) = 0

Material derivative Dt = ∂t + λ(v · ∇).



Incompressible Toner-Tu
continuous transition

The �eld-theory version of the (incompressible) Vicsek model

∂v

∂t
+ λ(v · ∇)v = Γ∇2v + Γrv + Γuv2v +∇P + ξ,

noise: ⟨ξα(x, t)ξβ(x′, t′)⟩ = 2Γ̃δ(x− x′)δ(t− t′)δαβ

Incompressibility condition ∇ · v = 0 �xes pressure P .

[Chen, Toner, Lee, New J Phys 2015]



Incompressible Toner-Tu
continuous transition

The �eld-theory version of the (incompressible) Vicsek model

∂v

∂t
+ λ(v · ∇)v = Γ∇2v + Γrv + Γuv2v +∇P + ξ,

noise: ⟨ξα(x, t)ξβ(x′, t′)⟩ = 2Γ̃δ(x− x′)δ(t− t′)δαβ

Incompressibility condition ∇ · v = 0 �xes pressure P .

Hohenberg-Halperin model A plus activity



Incompressible Toner-Tu
continuous transition

The �eld-theory version of the (incompressible) Vicsek model

∂v

∂t
+ λ(v · ∇)v = Γ∇2v + Γrv + Γuv2v +∇P + ξ,

noise: ⟨ξα(x, t)ξβ(x′, t′)⟩ = 2Γ̃δ(x− x′)δ(t− t′)δαβ

Incompressibility condition ∇ · v = 0 �xes pressure P .

stirred �uid [Forster, Nelson and Stephen PRA 1977] plus alignment



Incompressible Toner-Tu
continuous transition

The �eld-theory version of the (incompressible) Vicsek model

∂v

∂t
+ λ(v · ∇)v = Γ∇2v + Γrv + Γuv2v +∇P + ξ,

noise: ⟨ξα(x, t)ξβ(x′, t′)⟩ = 2Γ̃δ(x− x′)δ(t− t′)δαβ

Incompressibility condition ∇ · v = 0 �xes pressure P .

Note λ ̸= 1, Γ̃ ̸= Γ



[Chen, Toner, Lee, New J Phys 2015]

activity: α = λ2

(
Γ̃

Γ3

)
Λ−ϵ, alignment: û = u

(
Γ̃

Γ

)
Λ−ϵ

z ≈ 2
activity−−−−→ z ≈ 1.73

BUT zexp = 1.37± 0.11



Dispersion relations
Clue to missing inertia
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ω ∼ ck + iDk2, vs ω ∼ iDk2



theory with purely 
irreversible 
terms 
•  
•
z ≈ 2
ω = iDk2

theories with 
reversible 
mode-coupling terms 
•  
•
z = 1.5
ω = iDk2 ± ck

…

…



Inertia
Model A vs model G

∂v

∂t
= −Γ

δH
δv

+ ξ(x, t),

∂v

∂t
= +gv × δH

δs
− Γ

δH
δv

+ ξv(x, t),

∂s

∂t
= −gv × δH

δv
− Λ

δH
δs

+ ξs(x, t),

Reversible dynamics generated by Poisson brackets

{sµ, vν} = gϵµνγvγ , {sµ, sν} = gϵµνγwγ ,

The spin s(x, t) is the generator of the rotations of the primary �eld v(x, t).
Spin is conserved {s,H} = 0, Λ = λ∇2.

Model G has z = 3/2 and ω = iDk2 ± ck.



Active model G
or coarse-grained inertial spin model (ISM)

Add activity to model G:

∂v

∂t
= +gv × δH

δs
− Γ

δH
δv

+ ξv(x, t),

∂s

∂t
= −gv × δH

δv
− Λ

δH
δs

+ ξs(x, t),

∂tv → Dtv = ∂tv + γv(v · ∇)v,

∂ts→ Dts = ∂ts+ γv(v · ∇)s,

Our theory:

Dtv(x, t) = +gv × δH
δs

− Γ
δH
δv

−∇P + ξv(x, t),

Dts(s, t) = −gv × δH
δv

− Λ
δH
δs

+ ξs(x, t),

∇ · v = 0

(Small) dissipation Λ = η + λ∇2

H =
∫
ddx

[
1
2 (∇v)

2 + 1
2rv

2 + u
4!v

4 + 1
2s

2
]



RG �ow
At 1 loop
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New dynamic critical exponent
Alignment + activity + inertia

z ≈ 2
activity−−−−→ z ≈ 1.73

inertia−−−→ z ≈ 1.35
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zexp = 1.37± 0.11



Numerical simulations
Inertial spin model

dvi
dt

=
1

χ
si × vi,

dsi
dt

= vi ×
∑
j

nij(t)vj −
η

χ
si + vi × ξi,

dxi

dt
= vi.

numerical simulations

Inertial Spin Model (ISM)

near-critical, scale-free regime
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Conclusions

▶ Midge swarms live near a critical point:
▶ velocity correlation length scales with size,
▶ velocities are disordered.

▶ Swarms obey dynamic scaling: the correlation length rules dynamic behavior.

▶ The dynamic critical exponent z is di�erent from known dynamic models.

▶ Values of z:
▶ zexp = 1.37± 0.11
▶ zRG = 1.35
▶ zsim = 1.35± 0.04
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