
Recap of path integrals: unitary dynamics

 unitary evolution (recap from your reading assignment of Negele/Orland)→

bosonic coherent states (brief summary)

a |ϕ⟩ = ϕ |ϕ⟩

⟨ϕ1 |ϕ2⟩ = eϕ*1 ϕ2

1 = ∫ dϕdϕ*e−|ϕ|2
|ϕ⟩⟨ϕ |
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for N infinitesimal time steps δt

normal ordering is crucial: it allows to convert functions of operators into regular functions (that’s why we use coherent states!)

error is order (δt)2



Master equation and path integrals

 open quantum systems→

the goal is to find a representation of Z(t) = Tr(ρ(t))

since later on we will equip  with ‘sources’ to have a generating functional:Z(t)

 such that we can evaluate expectation values of n-pt functions, taking functional derivatives wrt  and then Z[J] = Tr[ρ(t)ei ∫t,x Jψ(x)] J J → 0

Buchhold/Sieberer/Diehl, arXiv1512
Buchhold/Sieberer/Marino/Diehl, arXiv2312

 for now we focus only on the dynamics of the density matrix: → ρ(t)



Master equation and path integrals

infinitesimal evolution of the Liouvillian 

Let’s now decompose the density matrix at time  using coherent states insertions n + 1

ρn+1 = ∫
dψ+,n+1dψ*+,n+1

π
dψ−,n+1dψ*−,n+1

π
e−ψ*+,n+1ψ+,n+1−ψ*−,n+1ψ−,n+1⟨ψ+,n+1 |ρn+1 |ψ−,n+1⟩ |ψ+,n+1⟩⟨ψ−,n+1 |

ρn = ∫
dψ+,ndψ*+,n

π
dψ−,ndψ*−,n

π
e−ψ*+,nψ+,n−ψ*−,nψ−,n⟨ψ+,n |ρn |ψ−,n⟩ |ψ+,n⟩⟨ψ−,n |



Master equation and path integrals

infinitesimal evolution of the Liouvillian 
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1) the actual job is getting the action of  on 
2) we need two set of coh. states ( )
to convert the dens. matrix at time n into a number

ℒ ρn

±



Master equation and path integrals



Master equation and path integrals
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Master equation and path integrals

assume several dissipative channels ( )α
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Master equation and path integrals

case of several dissipative channels ( )α

→ function of the coherent state eigenvalues .. and we have a residual  and ⟨ψ+,n+1 |ψ+,n⟩ ⟨ψ−,n |ψ−,n+1⟩

e.g. if L = a → L |ψ⟩ = ψ |ψ⟩



Remember we were starting from here 

Master equation and path integrals

ρn+1 = ∫
dψ+,n+1dψ*+,n+1

π
dψ−,n+1dψ*−,n+1

π
e−ψ*+,n+1ψ+,n+1−ψ*−,n+1ψ−,n+1⟨ψ+,n+1 |ρn+1 |ψ−,n+1⟩ |ψ+,n+1⟩⟨ψ−,n+1 |

And now we can re-exponentiate the outcome of the previous calculation:

  ρn = ∫
dψ+,ndψ*+,n

π
dψ−,ndψ*−,n

π
e−ψ*+,nψ+,n−ψ*−,nψ−,n⟨ψ+,n |ρn |ψ−,n⟩ |ψ+,n⟩⟨ψ−,n |

??
We have three leftovers: 

•   and  from the 
previous matrix element calculation 

•  from 

•  from 

⟨ψ+,n+1 |ψ+,n⟩ ⟨ψ−,n |ψ−,n+1⟩

e−ψ*+,nψ+,n−ψ*−,nψ−,n ρn

e−ψ*+,n+1ψ+,n+1−ψ*−,n+1ψ−,n+1 ρn+1



Master equation and path integrals

Remember we were starting from here 

ρn+1 = ∫
dψ+,n+1dψ*+,n+1

π
dψ−,n+1dψ*−,n+1

π
e−ψ*+,n+1ψ+,n+1−ψ*−,n+1ψ−,n+1⟨ψ+,n+1 |ρn+1 |ψ−,n+1⟩ |ψ+,n+1⟩⟨ψ−,n+1 |

And now we can re-exponentiate the outcome of the previous calculation:

??
We have three leftovers: 

•   and  from the 
previous matrix element calculation 

•  

•  from 

⟨ψ+,n+1 |ψ+,n⟩ ⟨ψ−,n |ψ−,n+1⟩

e−ψ*+,nψ+,n−ψ*−,nψ−,n

e−ψ*+,n+1ψ+,n+1−ψ*−,n+1ψ−,n+1 ρn+1

•   and  

•  

⟨ψ+,n+1 |ψ+,n⟩ = eψ*+,n+1ψ+,n ⟨ψ−,n |ψ−,n+1⟩ = eψ*−,nψ−,n+1

e−ψ*+,nψ+,n−ψ*−,nψ−,n

  eψ*+,n+1ψ+,ne−ψ*+,nψ+,n = e(ψ*+,n+1−ψ*+,n)ψ+,n = e−i2δt
(ψ*

+,n+1 − ψ*+,n)
δt

ψ+,n = eiδt(−iψ+,n∂tψ*+,n)

what happens to this?

what happens to this?



Master equation and path integrals

ignored for open quantum systems, where initial conditions 
can be neglected for t0 → − ∞, t → ∞

just continuous version of what we just did



Keldysh basis

useful for physical interpretation and avoid redundancies in the action

Let’s try to figure this out with one example: 

H = ω0a†a, L = 2κa

(classical eq. of motion)∂tϕc =  describe flucts. on top of classical eq. of motionϕq

if  these flucts. are purely quantum 
in open q. systems, this is a mix of classical and quantum

T → 0

w
ant to know

 m
ore? ask m

e in pvt!



Keldysh basis

 conservation probability (cf. Sieberer et al. arXiv1512, page 17)→

What’s the physical content of this action? 

imagine to compute expectation value of some observable O

⟨O⟩ = ∫ DaclDa*cl ∫ DaqDa*q O eiS[acl,a*cl,aq,a*q ]

notice that the ‘Keldysh’ term can be written as  using Gaussian integration formula e− ∫ dt κ a2
q(t) = ∫ Dξe− ∫ dt[ 1

κ ξ(t)2 − 2iξ(t)aq(t)]

which results in ⟨O⟩ = ∫ Dξe− ∫ dt 1
κ ξ(t)2 ∫ Dacl . . ∫ Daq . . O e−2i ∫ dtaq(κ∂tacl+ω0acl−ξ(t)) = ∫ Dξe− ∫ dt 1

κ ξ(t)2 ∫ Dacl . . ∫ Daq . . O δ(κ∂tacl + ω0acl − ξ(t))

auxiliary variable 



Keldysh basis

 conservation probability (cf. Sieberer et al. arXiv1512, page 17)→

What’s the physical content of this action? 

imagine to compute expectation value of some observable O

⟨O⟩ = ∫ DaclDa*cl ∫ DaqDa*q O eiS[acl,a*cl,aq,a*q ]

notice that the ‘Keldysh’ term can be written as  using Gaussian integration formula e− ∫ dt κ a2
q(t) = ∫ Dξe− ∫ dt[ 1

κ ξ(t)2 − 2iξ(t)aq(t)]

which results in ⟨O⟩ = ∫ Dξe− ∫ dt 1
κ ξ(t)2 ∫ Dacl . . ∫ Daq . . O e−2i ∫ dtaq(κ∂tacl+ω0acl−ξ(t)) = ∫ Dξe− ∫ dt 1

κ ξ(t)2 ∫ Dacl . . ∫ Daq . . O δ(κ∂tacl + ω0acl − ξ(t))

Langevin equation

auxiliary variable 

• the loss rate in the retarded sector (cl-q) is a damping term; 
• the constant term in the Keldysh sector (q-q) has the meaning of noise variance



Keldysh basis

 conservation probability (cf. Sieberer et al. arXiv1512, page 17)→

Exercise 2

Write the Keldysh action for the anharmonic oscillator  (careful about normal ordering!)H = ω0a†a + λ(a†a)2

Write the Keldysh action for the anharmonic oscillator  with two body loss  

and interpret the result distinguishing the effect of  in the retarded and Keldysh sectors 

H = ω0a†a + λ(a†a)2 L = γa2

γ



Computing non-equilibrium Green’s functions

But … 
- what does physically mean the index ? 
- how can I connect operator exp .value with path integral?
- what’s the relation between corr. functions in  basis and c/q basis?
- how these correlation functions connect with conventional ones? (e.g. retarded Green’s function)

±

±



Computing non-equilibrium Green’s functions



Computing non-equilibrium Green’s functions

operator averages 
path integral averages



Computing non-equilibrium Green’s functions



Computing non-equilibrium Green’s functions



Relation to cl/q Green’s functions

 t > t′￼

⟨a(t)a†(t′￼)⟩ + ⟨a(t)a†(t′￼)⟩ − ⟨a†(t′￼)a(t)⟩ − ⟨a†(t′￼)a(t)⟩ = 2⟨[a(t), a†(t′￼)]⟩

 t′￼> t
⟨a†(t′￼)a(t)⟩ + ⟨a(t)a†(t′￼)⟩ − ⟨a†(t′￼)a(t)⟩ − ⟨a(t)a†(t′￼)⟩

Exercise

Repeat the same for GK

Computing non-equilibrium Green’s functions
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Reminder: 

GK(t, t′￼) = − i⟨{a(t), a†(t′￼)}⟩



More on R and K Green’s functions



More on R and K Green’s functions

From retarded Green function  spectral density →

which satisfies normalization and contains information on spectral properties of the system

example of the lossy bosonic mode
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GK(t, t′￼) = − i⟨{a(t), a†(t′￼)}⟩ t → t′￼ iGK(t, t) = 2⟨a†(t)a(t)⟩ + 1
cfr , commutator carries no info on mode occup. ( )GR [a, a†] = 1

example of the lossy bosonic mode

system is empty in the steady state (loss, with no pump)



Relation to equilibrium

At equilibrium there is no need of 2 Green’s functions; it is sufficient to specify the response properties (i.e. spectrum), since the 
occupation is universally given by a Gibbs state (canonical, grandcanonical, etc)

There is a conceptual way to formalize it, know as fluctuation-dissipation theorem, which strongly ties  to  at equilibrium GR GK

Exercise (pg. 20 of Sieberer et al arXiv1512)

For a bosonic mode at finite temperature, 
compute  and prove that they satisfy the 
fluctuation-dissipation theorem:

GR/K


