
Sub-Coulomb Nuclear Reactions Studied with the Trojan Horse Method



   Outline

 • Why we need indirect techniques in Nuclear Astrophysics

 • Trojan Horse Method (THM)

 •  Physics cases …
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s ~picobarn Þ Low signal-to-noise ratio due to the Coulomb barrier between the interacting nuclei



C. Casella et al.: Nucl. Phys. A706 (2002) 203-216

d(p,g)3He

@ lowest energy: 
s ~ 9 pb à 50 counts/day

R. Bonetti et al.: Phys. Rev. Lett. 82 (1999) 5205

3He(3He,2p)4He

only two reactions studied directly at the Gamow peak

@ lowest energy: 

s ~ 20 fb à 1 count/month

LUNA – Phase I: 50 kV accelerator (1992-2001)

investigate reactions in solar pp chain

To give you the feeling what low signal-to-noise ratio means



… intrinsic limitation at astrophysical energies   à à à à

S(E)s= S(E)b exp(phUe/E) 

Electron Screening

S(E) experimental enhancement due to the electron screening 
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In astrophysical plasma:

- the screening, due to free electrons in plasma, can be different 
 à we need S(E)b to evaluate reaction rates

à No way to measure S(E)b from direct experiments at energies where screening is important 

Sb(E)-factor extracted from extrapolation of higher energy data 



Entrance channel

A+a
Several reaction 
mechanisms link 

the two 
channels

Reaction products

C+c+…

The reaction theory is needed to select only one reaction mechanism. However, nowadays powerful techniques and observables for
careful data analysis and theoretical investigation.

Quite straightforward experiment, no Coulomb suppression, no electron screening but …

- to measure cross sections at never reached energies  (no Coulomb suppression), where the signal is below current detection sensitivity 

- to get independent information on Ue

- to overcome difficulties in producing the beam or the target (radioactive ions, neutrons..)



ü only x - A interaction

ü s = spectator (ps~0) 

EA > ECoul Þ 

Basic principle: relevant low-energy two-body s from quasi-free 
contribution of an appropriate three-body reaction in quasi free kinematics

A + a ® b + B + s      ààà A + x ® b + B

a: x Å s clusters

NO Coulomb suppression

NO electron screening

x
s

Repulsion wall

x
A

THM

Quasi free mechanism 

THM applied so far to more than 30 reactions, such as 6Li(p,a)3He, 7Li(p,a)a, 2H(d,p)3H, 2H(d, n)3He, 10B(p,a)7Be,11B(p,a)8Be, 
17,18O(p,a)14,15N, 13C(a, n)16O, 7Be(n,a)4He, 18F(p,a)15O, 19F(p,a)16O, 10B(p,a)7Be, 11B(p,a)8Be, 12C(12C,a)20Ne, 12C(12C,p)23Na …  

  See for review:
R. Tribble et al., Rep. Prog. Phys. 77 (2014) 106901
A. Tumino et al. Ann. Rev. Nucl. Part. Sci. 71 (2021) 346

Eq.f. = EAx– Bx-s  ± (intercluster motion) Eq.f. » 0   !!!

plays a key role in compensating  for the beam energy



PWIA hypotheses:
● beam energy  >  a = xÅ s breakup Q-value
● projectile wavelength k-1 << x – s intercluster distance

MPWBA formalism 
(S. Typel and H. Wolter, Few-Body Syst. 29 (2000) 75)

- distortions introduced in the c+C channel, but plane  
waves for the three-body entrance/exit channel

- off-energy-shell effects corresponding to the 
suppression of the Coulomb barrier are included
 

A + a ® c + C + s ààà A + x ® c + C

but  No absolute value of the cross section
A. Tumino et al., PRL 98, 252502 (2007)

LETTER RESEARCH

METHODS
THM basic features. The THM is an indirect technique aiming at measuring 
low-energy nuclear reactions unhindered by the Coulomb barrier and free of 
electron screening6,7,29. It has been used to study several reactions related to fun-
damental astrophysical problems30–34. In the THM, the low-energy cross-section 
of an A(x,b)B reaction is determined by selecting the quasi-free contribution of a 
suitable A(a,bB)s reaction that is measured. In quasi-free kinematics, particle a, 
chosen for its xs cluster structure, is used to transfer the participant cluster x to 
induce the reaction with A, while the other constituent cluster s remains a spectator 
to the A(x,b)B sub-process6. Because the transferred nucleus x is virtual, its energy 
and momentum are not linked by the usual energy–momentum relation for a 
free particle. This gives the A(x,b)B reaction its half-off-the-energy-shell (HOES) 
character. The quasi-free A(a,bB)s reaction can be sketched using a pole diagram 
(see Extended Data Fig. 2) with two vertices referring to a break-up (upper vertex) 
and to the A(x,b)B process (lower vertex). The A + a relative motion takes place 
at an energy above the Coulomb barrier, ensuring that the transfer of particle x 
occurs inside the nuclear field of A without undergoing Coulomb suppression or 
electron screening. However, the A + x reaction takes place at the sub-Coulomb 
relative energy Ecm because the excess of energy in the A + a relative motion is 
needed for the break-up of the Trojan Horse nucleus a = (xs). From the principles 
of energy and momentum conservation, we obtain:
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with mi and pi the mass and momentum of particle i, µij = mimj/(mi + mj) the 
reduced mass of particles i and j, F the compound system (F = A + x = b + B) 
and Bxs = ms + mx − ma the binding energy of clusters x and s inside a. Ecm can 
vary within a range determined by the momentum of the spectator particle, ps, 
or its emission angle. As for ps, its values should not exceed the theoretical upper 
limit for the relative momentum pxs between x and s (in the laboratory system, 
pxs = px = −ps) represented by the on-the-energy-shell bound state wave number 
κxs = (2µxsBxs)1/2. This is the condition for the quasi-free mechanism to be dominant,  
for example, for the HOES cross-section to approach the on-energy-shell cross-section  
minimizing distortions. For the 14N = (12Cd) system, κxs = 181 MeV c−1 (where c  
is the velocity of light), exceeding by far the experimental ps upper limit of about  
80 MeV c−1, which is fixed by the phase space populated in the present experiment. 
In the plane-wave impulse approximation, the three-body cross-section can be 
factorized into two terms corresponding to the vertices of Extended Data Fig. 1 
and given by:
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where KF is a kinematical factor containing the final state phase space factor and 
it is a function of the masses, momenta and angles of the outgoing particles6; 
|Φ(pxs)|2 is the squared Fourier transform of the radial wave function for the χ(rxs) 
inter-cluster motion whose functional dependence is fixed by the xs system prop-
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xA
 is the HOES cross-section of the binary reaction.

One-level many-channel THM formalism. In the case of a multi-resonance A(x,b)B  
reaction, the so-called modified R-matrix approach has been developed35,36 to 
account for its HOES nature in the extraction of the reduced widths γ from the 
THM reaction yield. Because the transferred particle does not obey the mass–shell 
equation, no entrance-channel penetration factor is present, making it possible to 
reach astrophysical energies with no need of extrapolation. Yet the same reduced 
widths appear in the THM and in the on-energy-shell cross-sections, so the ones 
extracted from THM data can be used to determine the direct S(E) factor, without 
HOES effects. For isolated non-interfering resonances, the one-level many-channel 
formula can be used, so that the THM A(x,b)B cross-section in the plane-wave 
impulse approximation35,37 takes the form:
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with NF a normalization factor; kc′ and Pc′ are the exit-channel wave number 
and penetration factor (c′ runs over all exit channels), ExA and RxA are the x-A 
entrance-channel relative energy and channel radius17 is set to 7.25 fm:
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where j li(ρ )  is  the spherical  B essel  funct ion for  the l i wave, 
µ= + /p E B ħ2 ( )xA xA xA xs , BxA is an arbitrary boundary condition chosen to 

reproduce the observable resonance parameters38,39 and Di(ExA) is the R-matrix 
denominator of one-level multi-channel formulas15:
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with the sum running over all the open channels c; Sc and Bc are the shift function 
and the boundary condition for channel c and γc

i is the reduced width for the ith 
resonance and c channel, which enters the calculation of the on-energy-shell S(E) 
factor free of electron screening and is not affected by the experimental energy 
resolution.
Experimental setup and channel selection. A 14N beam at 30 MeV was delivered 
onto a carbon target, 100 µg cm−2 thick, with a spot size of 1 mm. The silicon tel-
escopes were made up of a 38-µm ∆E-detector and a 1,000-µm position-sensitive 
E-detector (with intrinsic α resolution quoted as 0.3 mm for the position and about 
0.5% for the energy) to measure the residual energy. They were placed symmetri-
cally at either side of the beam direction, each covering laboratory angles 8° to 30°, 
and devoted to the detection of α-and-d and p-and-d coincidences. Angular con-
ditions were selected to maximize the expected quasi-free contribution, fulfilling 
the requirement for the spectator particle d to retain its initial momentum inside 
14N. Channel selection was accomplished by gating on the ∆E–E two-dimensional 
plots to select coincident d and α(p) loci. A typical ∆E–E spectrum is shown in 
Extended Data Fig. 3, where p, d and α loci are clearly visible. Kinematics were 
reconstructed under the assumption of either a 20Ne (for the α + d channel) or a 
23Na (for the p + d channel) as an undetected particle. The Q-value variable was 
reported as a function of a kinematic variable, such as the energy or the angle of 
any one of the particles involved. In this representation, coincidence events of 
interest should lie on a horizontal line that cuts the Q-value axis at the expected 
value, because the Q-value depends only on the masses of the particles involved. 
A typical spectrum for the present experiment is shown in Extended Data Fig. 4 
for the 12C(14N,α20Ne)2H reaction, where the Q-value is reported as a function of 
the α detection angle. Two dominant sharp horizontal loci appear, corresponding 
to the ground and first excited states of 20Ne. They are highlighted by blue and red 
solid lines crossing the Q-value axis at −5.65 MeV and −7.28 MeV, respectively. 
This spectrum makes us confident of the quality of the calibration and of the 
correct selection of the reaction channel. Further data analysis was restricted to 
such events.
Deuteron momentum distribution. The d momentum distribution is a physical 
quantity very sensitive to the reaction mechanism. It keeps the same shape as inside 
14N only if the latter experiences quasi-free break-up. The agreement between the 
shapes of the theoretical and experimental momentum distributions is thus a com-
pelling signature of occurrence of the quasi-free mechanism6,7. To determine the 
d momentum distribution from the coincidence yield, the modulation due to pos-
sible contributions of 24Mg states has to be removed. This is done over restricted 
ranges of Ecm and θcm of less than 30 keV and 5°, respectively. The kinematic factor 
KF, describing the phase space population, is divided out by performing a Monte 
Carlo simulation of the experimental setup with the angular ranges and detection 
thresholds of the experiment. The momentum distribution from the 
12C(14N,α0

20Ne)2H reaction is shown as an example in Extended Data Fig. 1 as 
black filled circles. Data are projected in 8 MeV c−1 bins over the momentum axis 
of the detected deuteron, pd, with error bars including statistical errors only. The 
solid black line in the figure represents the theoretical behaviour normalized to 
experimental data. It is obtained from the Woods–Saxon 12C d bound state potential  
with standard geometrical parameters r0 = 1.25 fm, a = 0.65 fm and V0 = 54.428 MeV,  
adjusted to give the experimental ground state 12Cgs d binding energy in 14N.  
A fair accordance (χ!2 = 0.2) shows up, indicating that in the phase space region 
spanned in the present experiment the reaction mainly proceeds through a direct 
12C transfer. Thus, the plane-wave impulse approximation factorization of equation 
(2) can be relied on for the present investigation because no distortions are needed 
within experimental errors to describe the transfer process37. This result agrees 
with previous work40,41 where a strong transfer component is found in similar 
kinematic conditions with d detected at forward angles. We remark that in the 
present experiment the d centre-of-mass angular range is about 11°–50° and the 
coincidence mode triggers event acquisition. In those papers40,41, it was taken into 
account that the transferred 12C can be found also in its first excited 2+ state at 
4.44 MeV. From angular distribution analysis using a general expression for  
resonance reactions42, there is no evidence in our experimental data of a 12C transfer 
in its first excited 2+ state at 4.44 MeV. It turns out that only transfer of 12C in its 
ground state is contributing. This result will be discussed in a future paper.

From the shape analysis of the momentum distribution, we could estimate the 
possible contribution of reaction mechanisms other than the quasi-free one to the 
extracted experimental yield. In particular, other contributing mechanisms, such as 

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

kinematical factor 
momentum distribution of s inside a

Nuclear cross section for the A+x®C+c reaction



This accounts for:

- HOES effects
- Normalization (very 

useful for RIBS)

Moreover:
Possible generalization to 
CDCC & DWBA

However à More 
complicated!

R. Tribble et al., Rep. Prog. Phys. 77 (2014) 106901

Amplitude of the 
TH reaction 

The THM simple factorization can be deduced from the general 
formula in the case of resonant reactions



Standard R-Matrix approach cannot be applied to extract the resonance parameters à Modified R-Matrix is introduced instead

In the case of a resonant THM reaction the cross 
section takes the form

Mi(E) is the amplitude of the transfer reaction (upper vertex) that can be easily calculated
à The resonance parameters can be extracted

The A + a(x+s) ® F*(c + C) + s process is a transfer to the
continuum where particle x is the transferred particle

Advantages:
§ possibility to measure down to zero energy
§ No electron screening
§ HOES reduced widths are the same entering the OES S(E) factor (New!)

a

A

x
s

F*
C

c

When transfer to a bound F state, M2 is proportional to the ANC of the populated F state 





12C+ 12C à a + 20Ne 
12C+ 12C à p + 23Naastrophysical energy: 1 – 3 MeV

From direct measurement, minimum E: 2.1 MeV

extrapolations differ by 3 orders of magnitude 
without inclusion of resonances

Indirect measurement with THM down to 1 MeV: 
12C(14N,a20Ne)2H and 12C(14N,p23Na)2H.
Resonances dominate the astrophysical energy
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12C(12C,a)20Ne and 12C(12C,p)23Na reactions via the Trojan Horse Method applied to the 12C(14N,a20Ne)2H and
12C(14N,p23Na)2H three-body processes

2H from the 14N as spectator s

Observation of 12C cluster transfer in the 12C(14N,d)24Mg* reaction (R.H. Zurmȗhle et al. PRC 49 (1994) 5)

E14N =30 MeV> Ecoul d,p/a coincidence detection

A. Tumino et al., Nature (2018) 

14N

12C

12C

d

24Mg*
20Ne,23Na

a,p

Direct breakup

LETTER RESEARCH

Extended Data Fig. 3 | Typical ∆E–E spectrum. The strongest loci from the bottom to the top correspond to p, d and α. ADC, analogue-to-digital 
converter.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

LETTERRESEARCH

Extended Data Fig. 4 | Q-value as a function of the α detection angle Θα for the 12C(14N,α20Ne)2H reaction. Blue and red solid lines cross the  
Q-value axis at −5.65 MeV and −7.28 MeV, highlighting the contributions of the ground and first excited states, respectively.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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LETTER RESEARCH

result is in agreement with spectroscopy studies9,22 that report a dip 
at 2.14 MeV and no particularly strong α state at around 2.1 MeV. 
Further agreement is found with unpublished experimental data down 
to Ecm = 2.15 MeV for the 12C(12C, p0,1)23N reactions23. Our result is 
also consistent within experimental errors with the total S(E)* from 
a recent experiment at higher energies24, which was calculated at the 
overlapping Ecm = 2.68 ± 0.08 MeV.

The reaction rates for the four processes were calculated from the 
THM S(E)* factors using the standard formula4 and summed to obtain 
the total 12C + 12C reaction rate. Its numerical values are given in 
Extended Data Table 2 (see Methods section ‘Numerical values of the 
12C + 12C reaction rate’). We recommend an analytical expression for 
the reaction rate and for its upper and lower limits, based on the same 
formulae as reported in the REACLIB library25. This expression is valid 
in the temperature range 0.1 GK ≤ T ≤ 3 GK with an accuracy better 
than 0.7% (χ = .! 0 12 ), which refers to the maximum difference between 
the analytical function and the centroids of the experimental points. 
This is given by:

⟨ ⟩ ∑ ∑σ = = + +

+ + + +
= =

− − /

/ /

N v f a a T a T

a T a T a T a T

exp[

ln( )]
(1)A i i i i i i

i i i i

1
3

1
3

1 2
1

3
1 3

4
1 3

5 6
5 3

7

Parameters aij with 1 < i < 3 and 1 < j < 7 are given in Table 1, with 
subscripts ‘u’ and ‘l’ for the upper and lower limits. They result from  
a fit performed using the NUCASTRODATA toolkit (http://www.
nucastrodata.org/).

The total THM reaction rate was divided by the reference rate5. The 
resulting ratio is shown in Fig. 3. The black line represents the rate from 
the present work, with the grey shading defining the region fixed by the 
total uncertainty (Methods section ‘Numerical values of the 12C + 12C 
reaction rate’), whereas the red line refers to the reference rate5.

The light-blue shading shows the temperature range relevant for 
superbursts (about 0.4–0.5 GK), the light-red shading highlights typical 
temperatures for hydrostatic carbon burning in massive stars (about 
0.6–1.0 GK in the core and up to 1.2 GK in the shell, depending on the 
stellar mass), whereas the light-green shading marks the temperatures 
of explosive carbon burning (about 1.8–2.5 GK). As shown in Fig. 3, 
the reaction rate changes below 2 GK with an increase with respect 
to the reference non-resonant one5 from a factor of 1.18 at 1.2 GK 
(***P < 0.001) to a factor of more than 25 at 0.5 GK (****P < 0.00001).  
The latter increase, mainly due to the resonances around Ecm = 1.5 MeV,  
supports the conjectured fiducial value3 required to reduce the  
theoretical superburst ignition depths in accreting neutron stars by a 
factor of 2 for a range of realistic parameters and core neutrino emissivities.  
This change matches the observationally inferred ignition depths and 
can be translated into an ignition temperature below 0.5 GK, com-
patible with the calculated crust temperature. In other words, carbon 
burning can trigger superbursts. A similar decrease in temperature is 
obtained by using the crust Urca shell neutrino emissivities26, recently 
invoked to explain the cooling of the outer neutron star crust, while 
thermally decoupling the surface layers from the deeper crust. Under 
this hypothesis, a revision of current superburst models and predicted 
light curves is required and our finding could represent the missing 
heat source in the standard carbon ignition scenario.

In the hydrostatic carbon burning regime, the present rate change 
will lower the temperatures and densities at which 12C ignites in mas-
sive post-main-sequence stars. We make use of stellar modelling8 for 
core carbon burning of a star of 25 solar masses to determine that the 
ignition temperature and density would decrease to 10% and 30% 
respectively. This would reduce the neutrino losses, thus causing the 
carbon burning stage to occur for a lifetime (of the carbon burning 
phase) longer by up to a factor of 70. The new rate would also affect 
abundances of species that are the main fuel for subsequent evolution-
ary phases. However, such abundances are influenced also by the ratio 
of the α to p yields if it deviates from unity. From the present experi-
ment, the average value of this ratio is around 2. In particular, at 0.8 GK 
this ratio is 1.6 ± 0.4, and it becomes 2.2 ± 0.6 at 2 GK. The 12C + 12C 
rate is also the most important nuclear physics input governing the 
minimum stellar mass Mup required for hydrostatic carbon burning to 
occur. Mup is fundamental to our understanding, for instance, of the 
evolution of supernova progenitors and the white dwarf luminosity 
functions. From the present result, we consider that the present value 
of Mup will not be strongly affected, in contrast to what has been pre-
dicted27,28 when assuming a much larger increase (up to nine orders 
of magnitude) in the reaction rate, but it is worth noticing that stel-
lar models are also very sensitive to small changes of this parameter. 
However, a sound evaluation of Mup requires a better understanding 
of the ratio of the initial mass to the final core mass.

Below 0.4 GK the rate experiences a huge increase by up to a factor  
of 800 owing to the lowest-energy resonances occurring around  
Ecm = 1 MeV. It has been conjectured that the existence of such low- 
energy resonances might shift the ignition curve of type Ia  
supernovae to lower central densities3. This should be assessed  
for the various progenitor scenarios. Much additional work is needed 

Table 1 | Coefficients of the analytical function of the 12C + 12C reaction rate using equation (1)
aij f1 f2 f3 f1u f2u f3u f1l f2l f3l

ai1 1.22657 × 102 9.03221 × 101 2.28039 × 102 1.22687 × 102 9.03982 × 101 2.28056 × 102 3.21570 × 102 6.08741 × 102 3.14593 × 103

ai2    0.557112 −8.35888 −1.16039 × 101    0.557664 −8.35720 −1.15681 × 101 −0.815182 −1.42976 × 101 −2.26169 × 101

ai3 −905657 × 101 −6.17552 × 101 −2.40364 × 102 −9.05616 × 101 −6.17282 × 101 −2.40343 × 102 3.17671 × 101 3.43845 × 102 1.36110 × 103

ai4 −6.83561 × 101 −1.07514 × 102 −9.21375 × 101 −6.83178 × 101 −1.07358 × 102 −9.21156 × 101 −4.22173 × 102 −1.11874 × 103 −5.16494 × 103

ai5 1.42906 × 101 7.20344 × 101 1.25411 × 102 1.42891 × 101 7.20835 × 101 1.25484 × 102 5.23691 × 101 1.73098 × 102 7.85965 × 102

ai6 −2.43583 −1.37501 × 101 −3.25984 × 101 −2.46506 −1.38060 × 101 −3.24417 × 101 −6.35869 −2.33743 × 101 −1.29447 × 102

ai7    9.32623 −1.91793 × 101 −1.10903 × 102    9.35304 −1.91920 × 101 −1.10961 × 102 1.34509 × 102 3.60334 × 102 1.60224 × 103

Coefficients of the analytical function (equation (1)) of the 12C+12C reaction rate and of its upper and lower limits. They result from a fit of the numerical values given in Extended Data Table 2 using the 
reaction rate parameterizer from the NUCASTRODATA toolkit (http://www.nucastrodata.org/).
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Fig. 3 | 12C + 12C reaction rate ratio. Ratio between the total THM 
12C + 12C reaction rate (black line) and the reference one4 (red line). The 
grey shading defines the region spanned owing to the ±1σ uncertainties. 
The coloured shading marks typical temperature regions for carbon 
burning in different scenarios: light blue for superbursts from accreting 
neutron stars, light red for hydrostatic carbon burning in massive stars 
and light green for explosive carbon burning; comparison with the red line 
(non-resonant assumption) gives ***P < 0.001 in the region of hydrostatic 
burning and ****P < 0.00001 at superburst temperatures.
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Color shadings mark typical regions for C-burning 

Compared to CF88, the present rate increases from a factor of 1.18 at 1.2 GK to a factor of more than 25 at 0.5 GK



• In the late stages of C-burning the abundance of 16O is 
larger than 12C
• Ashes of the 12C(α,γ)16O
• Minor contribution from 12C(12C,2α)16O

• For T > 1GK the rate of the 12C+16O fusion starts to be 
relevant. Principal reactions involved in the process:
• 12C(16O, α)24Mg
• 12C(16O, p)27Al
• 12C(16O, n)27Si

High level density in 28Si. One should see only
special states

New results with the THM down to 2 MeV, paper
in preparation



Charge independence and charge symmetry
After removing the electromagnetic interactions, the NN force between nn, np, pp are almost the same

Charge independence: equality between pp/nn force and np force
Violation: associated to the mass difference between charged and neutral pions
(identical nucleons exchange a neutral pion, a neutron and a proton may exchange both a neutral and a charged pion)

Charge symmetry: equality between pp and nn forces
Charge symmetry breaking: mainly attributed to the up-down quark mass difference
Its validity is supported to some extent by an approximate equality of binding energies of isobar nuclei.

Charge symmetry breaking manifested in the s-wave scattering lengths, aNN that determine the low-energy behavior 
of NN scattering.

anp directly determined from experiments

app not directly accessible from experiments because of Coulomb effects à need to remove them theoretically to 
reveal the strong interaction contribution to the scattering length

ann not directly accessible from experiments because of the absence of neutron targets. 

      … we propose an innovative way to determine app       à



Red line: HOES p-p cross section
Black line: OES p-p cross sectionTHM p-p cross-section from the p+dàp+p+n quasi free reaction

Coulomb effects appear suppressed

Calculated HOES p-p cross section:

the interference region. We underscore that such a proce-
dure, if applicable, would allow us to determine only the
energy dependence of the HOES p! p cross section but
not its absolute value. In order to check the applicability of
the PWIA, the extracted energy dependence of the p" p
cross section will be compared with the calculations. The
PWIA factorizes the three-body cross section given by
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Here, "#ps$ is the Hulthén bound state wave function
shown in Fig. 1. The HOES differential cross section for
the low-energy p! p scattering is given by
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with TCN representing the Coulomb-modified nuclear elas-
tic scattering T matrix. The remaining part is the HOES
Coulomb amplitude, with p and k entrance (off-shell
channel) and exit (on-shell-channel) p! p relative mo-
menta, respectively, $ is the p! p Coulomb parameter in
the exit channel, "pp is the reduced mass of two protons,
and Ze is the proton charge. The cross section in the first
set of square brackets corresponds to a total spin of the two
protons S % 0 and contains even partial waves; at low
energies TCN#k; p$ contributes only to the s partial wave.
TCN#k; p$ is calculated by adopting a simple separable s
wave Yamaguchi potential of the first rank whose parame-
ters are chosen to reproduce the p! p s wave phase shift
[10]. The cross section in the second brackets corresponds
to a total spin S % 1 and contains only odd partial waves.
The kinematical factor (KF) containing the final state
phase-space factor, is a function of energies E1 and E2
and angles %1 and %2 of the outgoing protons.

Following the PWIA approach [Eq. (2)], it is possible to
derive the THM differential two-body cross section from

the selected three-body coincidence yield divided by the
j"#ps$j2KF factor. The geometrical efficiency of the ex-
perimental setup as well as the detection thresholds were
accounted for in the procedure. An error calculation for
Epp was also performed giving a value ranging from 15 to
20 keV, the minimum estimate corresponding to the phase-
space region where the magnifying glass effect is more
efficient.

The extracted p! p HOES cross section is presented in
Fig. 3 as a function of Epp (black dots) and compared to the
free p! p cross section (solid line) where the l % 0 phase
shift is calculated by using the formalisms reported in [1]
with effective length ap % !7:806 fm and scattering ra-
dius r0 % 2:794 fm. The dashed-dotted line represents the
calculated HOES p! p cross section [Eq. (3)]. Both cal-
culated curves are integrated over 80' ( %c:m: ( 100' and
averaged over an energy bin of 20 keV. Experimental and
calculated HOES cross sections are normalized to the
calculated OES one at Epp close to the Coulomb barrier
(500 keV). Vertical error bars in the figure include statis-
tical and normalization errors as well as the error due to the
subtraction of the FSI contribution. Data from previous
p" d ! p" p" n experiments [7] are also shown as red
triangles and blue stars. We observe a striking disagree-
ment between the THM (HOES) and the free p! p (OES)
cross sections throughout the region of the interference
minimum, which is missing in the THM data. Instead,
the calculated HOES p! p, Eq. (3), nicely fits the THM
data. First of all it proves that the PWIA in the QF kine-
matics can be used to obtain the energy dependence of the
p! p cross section even in the region where strong
Coulomb-nuclear interference takes place for the OES p!
p scattering. The reason for such a big difference in the
energy dependence between low-energy OES and HOES
cross sections can be easily explained using Eq. (3). When

FIG. 3 (color online). THM two-body cross section (black dots
from present experimental work, red triangles, and blue stars
from previous work [7]) vs Epp. Solid line represents the
theoretical OES p! p cross section calculated as explained in
the text. The dashed-dotted line is the HOES cross section
calculated using Eq. (3).

FIG. 2. Pole diagram describing the PWIA mechanism.

PRL 98, 252502 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
22 JUNE 2007

252502-3

A. Tumino et al. PRL 98, 252502 (2007)
A. Tumino et al. PRC 78, 64001 (2008)
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scattering length a reaches values close to infinity. When a is
large, the two-body shallow state can be real (a > 0) or virtual
(a < 0) with its energy governed by the scattering length, E ≈ ℏ2/
ma2. Its shallow character emerges by comparing its energy to a
typical energy of the system, ℏ2/mℓ2, where ℓ could be a typical
length, for example the interaction range. When ℓ/a≪ 1, the
system is inside the unitary window. Notably, in this particular
region, universal behavior can be observed, the dynamics being
largely independent of the details of the interaction. It is domi-
nated by the long-range behavior allowing for a description based
on few parameters. Universal behavior can be observed in very
different systems as nuclear, atomic or hadron physics26. Nuclear
physics is a remarkable example; in the S= 1 spin channel, the
deuteron binding energy is E= 2.22456 MeV, a value much
smaller than the typical nuclear energy ℏ2/2mℓ2 ≈ 10 MeV, where
we have estimated the interaction range ℓ ≈ 1.4 fm. The S= 0 spin
channel is particularly interesting, with the very large (and
negative) n− p and n− n scattering lengths implying the exis-
tence of very shallow virtual states. In the p− p case, the presence
of the Coulomb force slightly modifies this analysis. However, it is
possible to extract the corresponding scattering length and

effective range values as produced by the short-range interaction
only. In the paragraph “Effective Field Theory Concepts” of the
Methods section, an almost model independent procedure is
introduced to extract the low-energy parameters as produced by
the short-range physics. The procedure is based on the low-
energy effective range expansion (Eq. (2)) and using the S-matrix
pole equation k cot δ ¼ ik, its extension to the imaginary axis,
k= iκ, relates the shallow energy pole to the scattering para-
meters:

1
aB

¼
1
a
þ

1
2
r0
a2B

; ð4Þ

here E ¼ _2κ2=m ¼ _2=ma2B defines the energy length aB. These
two equations, which are simultaneously verified inside the uni-
versal window, introduce a strict correlation (valid up to second
order) between the low-energy parameters allowing for an
effective description of the dynamics in terms of the long-range
physics. This will be achieved in the next section by using a two-
parameter potential, as for example a Gaussian, with the para-
meters fixed to match the long range behavior. To some extent
this treatment is equivalent to a next-to-leading order description
in the effective field theory framework. It should be pointed out
that Eq. (4) is verified when the shape parameters, i.e. those
parameters proportional to the k4 and higher terms in the
effective range expansion, produce almost a negligible contribu-
tion. For example, using experimental values, in the case of the
S= 1 channel, Eq. (4) is verified at the level of 0.1% whereas it is
even better verified in the S= 0 case.

Effective description. Taking advantage of the properties of the
universal window, we develop a model to account for the short-
range interaction of the two protons. We start from observing
that literature values of the singlet effective range r0 for pp, np and
nn are compatible with a single value around 2.8 fm. This
observation has guided the choice of the r0 prior distribution in
the Bayesian fit and here is used to construct a two-parameter
Gaussian NN interaction with fixed range, valid for s-wave in the
spin singlet channel (see Methods section “Effective Field Theory
Concepts"),

VNN ðrÞ ¼ V0e
%r2=r2G þ

e2NN
r

; ð5Þ

with NN≡ nn, np, pp and e2pp ¼ e2 and zero otherwise. By varying
the strength V0, this interaction is well suited to characterize the
universal window in the region where the NN0+ systems are
located (see Methods section). Let us stress that the Gaussian
form selected to represent the short-range interaction is not
relevant, other choices are acceptable as well. Forms that in some
limit reduce to a contact interaction are equivalent for the pur-
pose of the present analysis. In fact, as discussed in recent times,
the low-energy dynamics of the two-nucleon system shows a large
independence of the interaction details27. With reference thereto,
an exercise with the Argonne v18 NN potential25 used to produce
reference values is performed in the Methods section under

Fig. 4 Results of the Bayesian fit on the Coulomb-free p-p scattering
cross section. Upper panel: Experimental quasi-free p-p scattering cross
section after removal of the residual Coulomb interaction (black solid
circles). Error bars indicate ± 1σ uncertainties. The result of the fit using Eq.
(3) is shown as solid black line, while the dotted red, blue and black lines
refer to Eq. (3) for n-n, p-p and n-p scatterings, respectively, using current
accepted values for nuclear a and r0 parameters. Lower panel: residuals of
black solid circles in the upper panel to the solid black line. The dashed
black lines are obtained accounting for the errors in the fitting parameters.

Table 1 Numbers of low energy parameters.

NN aN(fm) rN0(fm) aTHM(fm) rTHM0 (fm) asr(fm) rsr0 (fm) V0(MeV)

np −23.08 ± 0.02 2.77 ± 0.05 −23.74 ± 0.02 2.80 ± 0.08 −29.90
pp −17.3 ± 0.4 2.85 ± 0.04 −18.17þ0:53

%0:59 fm 2.80 ± 0.05 fm −17.6 ± 0.4 2.85 ± 0.09 −29.08
nn −18.9 ± 0.4 2.75 ± 0.11 −18.6 ± 0.4 2.85 ± 0.08 −29.22

Current accepted values of a and r0 parameters, (N superscript stands for “nuclear”) for n-p, p-p and n-n scattering compared with those obtained in this work (“THM” superscript). In the last three
columns, the values and the corresponding strength V0 obtained with the Gaussian characterization are given. The sr superscript stands for “short-range” (nuclear+ EM).
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Notice: the NN s-wave phase shift δ contains all short range effects, including 
the electromagnetic ones. This means that the present analysis of the HOES 
cross section allows direct access to the short-range p-p interaction as a whole, 
with its peculiar app and r0 values. 

normalization coefficient C as well, having found that it varies
within few percents throughout the intervals chosen for the
model parameters. The result of the fit is shown in Fig. 3 with the
final posterior distribution from the MCMC analysis. The small
correlation observed between C and app is expected as normal-
ization shifts the fitting line and, more importantly, its intercept.
The overall systematic uncertainties amount to a 2% and result
from the normalization procedure (1.5%) and from the subtraction
of the FSI contribution in the selected region of events with neutron
momentum values lower than 20 MeV/c (1.4%) as reported in13,14.
These two uncertainties have been combined in quadrature.
Separating the statistical uncertainties from the systematic ones,
the numbers read as: app ¼ "18:17þ0:52

"0:58jstat ± 0:01syst fm and
r0= 2.80 ± 0.05stat ± 0.001syst fm. Consistent numbers result from
individual fits of the single data sets from the independent
measurements reported in Fig. 10 of13,14.

The result of the fit is shown in the upper panel of Fig. 4 as
solid black line with Coulomb free THM p-p scattering data given
as black solid circles. Dotted red, blue and black lines in the same
figure refer to Eq. (3) with current accepted values for nuclear a
and r0 parameters from n-n, p-p and n-p scatterings, respectively.
The residuals of the THM data about the fitting line are shown in
the bottom panel of Fig. 4 as black solid circles. The dashed black
lines in the panel are obtained accounting for the errors in the
fitting parameters. Residuals help to better visualize the good
quality of the fitting procedure, with all the points touching with
the error bars the dashed black lines.

Numbers from our results and current accepted values for
nuclear n-p, p-p and n-n scatterings (with upper case N) are

reported in Table 1 for a better comparison. The aNnp value is
taken from25. It turns out that our extracted app value from the
quasi free p-p scattering, while disagreeing with aNnp, barely agrees
within experimental errors with the world accepted aNpp value, and
sits closer to the aNnn estimate. This observation deserves further
consideration. Despite being in a very low-energy region where
the interacting protons appear as point-like, the NN s-wave phase
shift δ of eq. (2) contains all short range effects, including
the electromagnetic ones. This means that the present analysis of
the HOES cross section allows direct access to the short-range p-p
interaction as a whole, with its peculiar app and r0 values. A
different comparison with the corresponding literature value
from the short range physics5 would therefore be more
appropriate. Universal concepts can be exploited in this context
to better interpret the results. In fact, the suppression of Coulomb
effects places the p− p system to the same level as the n− p and
n− n systems, thus allowing to apply the concept of universal
window to perform a particular analysis of these low energy
parameters.

The universal window. The universal (or unitary) window is a
region characterized by the presence of a very shallow state with
energy close to threshold. At the same time the two-body scat-
tering length a reaches values close to infinity. When a is large,
the two-body shallow state can be real (a > 0) or virtual (a < 0)
with its energy governed by the scattering length, E ≈ ℏ2/ma2. Its
shallow character emerges by comparing its energy to a typical
energy of the system, ℏ2/mℓ2, where ℓ could be a typical length,

Fig. 3 Corner plot from the Bayesian approach analysis. Corner plot of the posterior distributions from the MCMC analysis for a, r0 and C model
parameters. The level-like curves in the two-dimensional plots display from inside to outside the 1σ, 2σ 3σ confidence intervals of the posterior distributions
for the three parameters. The 1σ range is also highlighted by the dashed lines in the one-dimensional plots.
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for example the interaction range. When ℓ/a≪ 1, the system is
inside the unitary window. Notably, in this particular region,
universal behavior can be observed, the dynamics being largely
independent of the details of the interaction. It is dominated by
the long-range behavior allowing for a description based on few
parameters. Universal behavior can be observed in very different
systems as nuclear, atomic or hadron physics26. Nuclear physics
is a remarkable example; in the S= 1 spin channel, the deuteron
binding energy is E= 2.22456 MeV, a value much smaller than
the typical nuclear energy ℏ2/2mℓ2 ≈ 10 MeV, where we have
estimated the interaction range ℓ ≈ 1.4 fm. The S= 0 spin channel
is particularly interesting, with the very large (and negative) n− p
and n− n scattering lengths implying the existence of very
shallow virtual states. In the p− p case, the presence of the
Coulomb force slightly modifies this analysis. However, it is
possible to extract the corresponding scattering length and
effective range values as produced by the short-range interaction
only. In the paragraph “Effective Field Theory Concepts” of the
Methods section, an almost model independent procedure is
introduced to extract the low-energy parameters as produced by
the short-range physics. The procedure is based on the

low-energy effective range expansion (Eq. (2)) and using the
S-matrix pole equation k cot δ ¼ ik, its extension to the imaginary
axis, k= iκ, relates the shallow energy pole to the scattering
parameters:

1
aB

¼
1
a
þ

1
2
r0
a2B

; ð4Þ

here E ¼ _2κ2=m ¼ _2=ma2B defines the energy length aB. These
two equations, which are simultaneously verified inside the uni-
versal window, introduce a strict correlation (valid up to second
order) between the low-energy parameters allowing for an
effective description of the dynamics in terms of the long-range
physics. This will be achieved in the next section by using a two-
parameter potential, as for example a Gaussian, with the para-
meters fixed to match the long range behavior. To some extent
this treatment is equivalent to a next-to-leading order description
in the effective field theory framework. It should be pointed out
that Eq. (4) is verified when the shape parameters, i.e. those
parameters proportional to the k4 and higher terms in the
effective range expansion, produce almost a negligible contribu-
tion. For example, using experimental values, in the case of the
S= 1 channel, Eq. (4) is verified at the level of 0.1% whereas it is
even better verified in the S= 0 case.

Effective description. Taking advantage of the properties of the
universal window, we develop a model to account for the short-
range interaction of the two protons. We start from observing
that literature values of the singlet effective range r0 for pp, np and
nn are compatible with a single value around 2.8 fm. This
observation has guided the choice of the r0 prior distribution in
the Bayesian fit and here is used to construct a two-parameter
Gaussian NN interaction with fixed range, valid for s-wave in the
spin singlet channel (see Methods section “Effective Field Theory
Concepts"),

VNN ðrÞ ¼ V0e
%r2=r2G þ

e2NN
r

; ð5Þ

with NN≡ nn, np, pp and e2pp ¼ e2 and zero otherwise. By varying
the strength V0, this interaction is well suited to characterize the
universal window in the region where the NN 0+ systems are
located (see Methods section). Let us stress that the Gaussian
form selected to represent the short-range interaction is not
relevant, other choices are acceptable as well. Forms that in some
limit reduce to a contact interaction are equivalent for the pur-
pose of the present analysis. In fact, as discussed in recent times,
the low-energy dynamics of the two-nucleon system shows a large
independence of the interaction details27. With reference thereto,
an exercise with the Argonne v18 NN potential25 used to produce
reference values is performed in the Methods section under
“Effective Field Theory Concepts" to show the advantages of
working in the universal window. Specifically, to characterize the
0+ NN systems, we use a Gaussian range value of rG= 1.85 ±
0.05 fm. We first vary the strength V0 to describe the experi-
mental ann, anp short-range values12, given in the sixth column of

Fig. 4 Results of the Bayesian fit on the Coulomb-free p-p scattering
cross section. Upper panel: Experimental quasi-free p-p scattering cross
section after removal of the residual Coulomb interaction (black solid circles).
Error bars indicate ± 1σ uncertainties. The result of the fit using Eq. (3) is
shown as solid black line, while the dotted red, blue and black lines refer to
Eq. (3) for n-n, p-p and n-p scatterings, respectively, using current accepted
values for nuclear a and r0 parameters. Lower panel: residuals of black solid
circles in the upper panel to the solid black line. The dashed black lines are
obtained accounting for the errors in the fitting parameters.

Table 1 Numbers of low energy parameters.

NN aN(fm) rN0(fm) aTHM(fm) rTHM0 (fm) asr(fm) rsr0 (fm) V0(MeV)

np −23.08 ± 0.02 2.77 ± 0.05 −23.74 ± 0.02 2.80 ± 0.08 −29.90
pp −17.3 ± 0.4 2.85 ± 0.04 −18.17þ0:53

%0:59 fm 2.80 ± 0.05 fm −17.6 ± 0.4 2.85 ± 0.09 −29.08
nn −18.9 ± 0.4 2.75 ± 0.11 −18.6 ± 0.4 2.85 ± 0.08 −29.22

Current accepted values of a and r0 parameters, (N superscript stands for “nuclear”) for n-p, p-p and n-n scattering compared with those obtained in this work (“THM” superscript). In the last three
columns, the values and the corresponding strength V0 obtained with the Gaussian characterization are given. The sr superscript stands for “short-range” (nuclear+ EM).
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We propose a new paradigm: to assess the charge symmetry breaking of the 
short-range interaction as a whole, in line with the current understanding that, at 
a fundamental level, the charge dependence of nuclear forces is due to a 
difference between the masses of the up and down quark and to electromagnetic 
interactions among the quarks. 



We can exploit universal concepts to better interpret the results, now that Coulomb effects have been removed from 
the p-p system. 

Notably, in the universal window the dynamics is largely independent of the details of the interaction. It is 
dominated by the long-range behavior allowing for a description based on few parameters.

We construct a two-parameter Gaussian NN interaction with fixed range, valid for s-wave in the spin singlet channel 

with NN ≡ nn, np, pp and e2
pp = e2 and zero otherwise 

the Gaussian form selected to represent the short-range interaction is not relevant, other choices are acceptable as 
well. Very recently a new calculation using the Eckart potential that exactly represents the S-matrix for the NN 
system in the universal window (S-matrix is equivalent to the effective range expansion up to the second order):

A. Tumino, A Kiewsky et al. Few Body Systems 2025 



The universal window shows the location of the different NN systems 
using the numbers here obtained: the coordinates are given by 

   [x, y] = [r0/aB, r0/a] 

With aB given by

From low-energy effective range plus S-matrix pole equation

Table 1, second and fourth row, as asrnn and asrnp respectively. Note
that using rG= 1.85 ± 0.05 fm, the effective ranges rsrnn, r

sr
np take on

values close to the experimental data. The results for these
quantities and the corresponding strength V0 are given in the last
two columns of Table 1, second and fourth row. In each case the
calculation has been done with the corresponding reduced mass.

To analyze the pp case, we consider the Coulomb interaction
and fix the strength V0 to describe the experimental app value of
−7.8063(26) fm. Then, we calculate the corresponding value
without the Coulomb term obtaining −17.6 fm fairly similar to
the one from5 calculated using the Paris potential. We consider
this value an estimate of the pp scattering length asrpp coming from
the short-range physics and quote in Table 1, sixth column, third
row. Moreover, considering a variation of the Gaussian range
rG= 1.85 ± 0.05 fm we assign an error to the short-range pp
scattering length as asrpp =−17.6 ± 0.4 fm. All theoretical uncer-
tainties reported in Table 1 have been calculated in this way.

It should be stressed that the value asrpp =−17.6 ± 0.4 fm results
from considering the short-range physics, nuclear and electro-
magnetic, as the Gaussian interaction captures the short-range
contributions. A comparison with the THM estimate is therefore
appropriate, providing agreement within experimental errors. It is
amazing how the simple concept of universality supports the
experimental result. The situation is illustrated in Fig. 5, in which
the different NN systems are located inside the universal window
in terms of the coordinates [x, y]= [r0/aB, r0/a] as given by the
above analysis. Interestingly, they lie on the curve y= x− 0.5x2
verifying the correlation imposed by Eq. (4). The 0+ and 1+np
systems are well determined by the corresponding experimental
values, and they have a precise position along the y(x) curve.
Conversely, the 0+ nn and pp systems suffer from some historical
indetermination due to difficulties in the measurements (the nn
system) or, in the pp case, the model dependence introduced to
discriminate between the nuclear and the electromagnetic short-
range contributions. Using the property highlighted here that the
systems move along the universal curve, it is possible to reduce
the model dependence in the determination of the scattering
parameters as produced by the short-range part of the interaction
without discriminating between nuclear and electromagnetic.

A new paradigm is thus proposed: to address the problem of
charge symmetry breaking taking into account the short range
effects as a whole now that the first Coulomb-free p− p scattering
data at low energy are available. This would remove the largest

part of systematic uncertainty in the nuclear app error budget28.
To frame the result in the context of recent literature, we make
use of Fig. 6, similar to figure 1 of Ref. 2, where our newly
obtained app experimental (filled black triangle) and asrnn (filled red
rectangle) and asrpp (empty red rectangle) model values are
compared with recent ann (filled symbols) and app (empty
symbols) “short-range” estimates. The ann values are represented
as blue triangle from29, green square from30, orange circle from31,
red line (upper bound of −18.3 fm at the 95% confidence level)
from32, brown diamond from33, purple circle from34 and pink
triangle from35. The app values are given as black circle from5 and
green square from10. Values from19 (empty orange downward
triangle),7 (empty red diamond) and8 (empty blue upward
triangle) refer to aNpp. Light-blue and light-purple bands display
the uncertainty on the current accepted ann and app short-range
values of −18.6 ± 0.42 and −17.6 ± 0.4 fm5 respectively, obtained
correcting the nuclear estimates for the electromagnetic effects.
Light-green and light-pink bands refer to the current accepted aNnn
and aNpp values of −18.9 ± 0.4 and −17.3 ± 0.4 fm respectively12.
We can observe that while literature estimates generally show
large dispersion, our numbers appear more consistent with each
other.

An important outcome of this work is that we can confirm the
violation of the charge independence of nuclear forces, and
suggest a lower charge symmetry breaking of nuclear forces as
clearly displayed in Fig. 4.

Conclusions
We have exploited the quasi-free p-p scattering below 1 MeV
extracted from the 2H(p, pp)n reaction using the THM to obtain
the first experimental estimate of the Coulomb free 1S0 p-p
scattering length and effective range. The success of our pivotal
procedure relies on a basic feature of the reaction, namely the
suppression of Coulomb effects in the extracted two-body cross
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Fig. 5 Predictions for the NN systems inside the universal window. The
positions of the NN systems on the universal curve as deduced from the
effective description are clearly displayed. Their coordinates [x, y]= [r0/
aB, r0/a] are related to the scattering parameters produced by the short-
range physics.

Fig. 6 Present app results in the context of recent literature. Present THM
app value (black triangle) and asrnn (filled red rectangle) and asrpp (empty red
rectangle) from the Gaussian model, are compared with recent ann (filled
symbols) and app (empty symbols) estimates including electromagnetic
short-range effects. For the ann values: blue triangle from29, green square
from30, orange circle from31, red line (upper bound of −18.3 fm at the 95%
confidence level) from32, brown diamond from33, purple circle from34 and
pink triangle from35. For the app values: black circle for5 and green square
for10. Values from7,8,19 refer to aNpp values: orange downward triangle for19,
red diamond for7, blue upward triangle for8. The horizontal light-blue and
light-purple bands display the uncertainty of the current accepted short-
range ann and app values of −18.6 ± 0.42 and −17.6 ± 0.4 fm5, respectively.
Light-green and light-pink bands refer to the current accepted aNnn and aNpp
values of −18.9 ± 0.4 and −17.3 ± 0.4 fm respectively12.
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for example the interaction range. When ℓ/a≪ 1, the system is
inside the unitary window. Notably, in this particular region,
universal behavior can be observed, the dynamics being largely
independent of the details of the interaction. It is dominated by
the long-range behavior allowing for a description based on few
parameters. Universal behavior can be observed in very different
systems as nuclear, atomic or hadron physics26. Nuclear physics
is a remarkable example; in the S= 1 spin channel, the deuteron
binding energy is E= 2.22456 MeV, a value much smaller than
the typical nuclear energy ℏ2/2mℓ2 ≈ 10 MeV, where we have
estimated the interaction range ℓ ≈ 1.4 fm. The S= 0 spin channel
is particularly interesting, with the very large (and negative) n− p
and n− n scattering lengths implying the existence of very
shallow virtual states. In the p− p case, the presence of the
Coulomb force slightly modifies this analysis. However, it is
possible to extract the corresponding scattering length and
effective range values as produced by the short-range interaction
only. In the paragraph “Effective Field Theory Concepts” of the
Methods section, an almost model independent procedure is
introduced to extract the low-energy parameters as produced by
the short-range physics. The procedure is based on the

low-energy effective range expansion (Eq. (2)) and using the
S-matrix pole equation k cot δ ¼ ik, its extension to the imaginary
axis, k= iκ, relates the shallow energy pole to the scattering
parameters:

1
aB

¼
1
a
þ

1
2
r0
a2B

; ð4Þ

here E ¼ _2κ2=m ¼ _2=ma2B defines the energy length aB. These
two equations, which are simultaneously verified inside the uni-
versal window, introduce a strict correlation (valid up to second
order) between the low-energy parameters allowing for an
effective description of the dynamics in terms of the long-range
physics. This will be achieved in the next section by using a two-
parameter potential, as for example a Gaussian, with the para-
meters fixed to match the long range behavior. To some extent
this treatment is equivalent to a next-to-leading order description
in the effective field theory framework. It should be pointed out
that Eq. (4) is verified when the shape parameters, i.e. those
parameters proportional to the k4 and higher terms in the
effective range expansion, produce almost a negligible contribu-
tion. For example, using experimental values, in the case of the
S= 1 channel, Eq. (4) is verified at the level of 0.1% whereas it is
even better verified in the S= 0 case.

Effective description. Taking advantage of the properties of the
universal window, we develop a model to account for the short-
range interaction of the two protons. We start from observing
that literature values of the singlet effective range r0 for pp, np and
nn are compatible with a single value around 2.8 fm. This
observation has guided the choice of the r0 prior distribution in
the Bayesian fit and here is used to construct a two-parameter
Gaussian NN interaction with fixed range, valid for s-wave in the
spin singlet channel (see Methods section “Effective Field Theory
Concepts"),

VNN ðrÞ ¼ V0e
%r2=r2G þ

e2NN
r

; ð5Þ

with NN≡ nn, np, pp and e2pp ¼ e2 and zero otherwise. By varying
the strength V0, this interaction is well suited to characterize the
universal window in the region where the NN 0+ systems are
located (see Methods section). Let us stress that the Gaussian
form selected to represent the short-range interaction is not
relevant, other choices are acceptable as well. Forms that in some
limit reduce to a contact interaction are equivalent for the pur-
pose of the present analysis. In fact, as discussed in recent times,
the low-energy dynamics of the two-nucleon system shows a large
independence of the interaction details27. With reference thereto,
an exercise with the Argonne v18 NN potential25 used to produce
reference values is performed in the Methods section under
“Effective Field Theory Concepts" to show the advantages of
working in the universal window. Specifically, to characterize the
0+ NN systems, we use a Gaussian range value of rG= 1.85 ±
0.05 fm. We first vary the strength V0 to describe the experi-
mental ann, anp short-range values12, given in the sixth column of

Fig. 4 Results of the Bayesian fit on the Coulomb-free p-p scattering
cross section. Upper panel: Experimental quasi-free p-p scattering cross
section after removal of the residual Coulomb interaction (black solid circles).
Error bars indicate ± 1σ uncertainties. The result of the fit using Eq. (3) is
shown as solid black line, while the dotted red, blue and black lines refer to
Eq. (3) for n-n, p-p and n-p scatterings, respectively, using current accepted
values for nuclear a and r0 parameters. Lower panel: residuals of black solid
circles in the upper panel to the solid black line. The dashed black lines are
obtained accounting for the errors in the fitting parameters.

Table 1 Numbers of low energy parameters.

NN aN(fm) rN0(fm) aTHM(fm) rTHM0 (fm) asr(fm) rsr0 (fm) V0(MeV)

np −23.08 ± 0.02 2.77 ± 0.05 −23.74 ± 0.02 2.80 ± 0.08 −29.90
pp −17.3 ± 0.4 2.85 ± 0.04 −18.17þ0:53

%0:59 fm 2.80 ± 0.05 fm −17.6 ± 0.4 2.85 ± 0.09 −29.08
nn −18.9 ± 0.4 2.75 ± 0.11 −18.6 ± 0.4 2.85 ± 0.08 −29.22

Current accepted values of a and r0 parameters, (N superscript stands for “nuclear”) for n-p, p-p and n-n scattering compared with those obtained in this work (“THM” superscript). In the last three
columns, the values and the corresponding strength V0 obtained with the Gaussian characterization are given. The sr superscript stands for “short-range” (nuclear+ EM).
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Interestingly, they lie on the curve y = x − 0.5x2 verifying the correlation as 
above. 

Using the property highlighted here that the systems move along the universal curve, it is possible to reduce the model 
dependence in the determination of the scattering parameters as produced by the short-range part of the interaction 
without discriminating between nuclear and electromagnetic. 

The NN systems are well determined by the corresponding experimental values, and have a precise position along the 
                 y(x) curve. 



RIB experiments: mostly neutron but also p,a induced reactions to tackle the nucleosynthesis beyond Fe
T > 108 K   Þ E0 ~   100 keVs - MeVs ≤ Ecoul à 10-6 barn < s < 10-3 barn

nucleosynthesis beyond Fe
explosive stages

Issues: 
- low beam intensities (several o.d.m. lower than for stable beams)
- beam energies usually significantly larger than those needed for astrophysical 

studies
- changing beam energies in small steps to study the excitation function is often 

impractical.
- n-targets still under development, low density 

THM
- Higher beam energies complying with available RIB facilities
- A single beam energy to study the excitation function à intercluster motion used to cover the astrophysical energy 

region.
- Use of d-targets (CD2) as virtual n-targets
 very welcome the use of storage rings to overcome beam intensity limitations and improving beam purity at 
every turn

THM and RIB experiments

abundance distribution



Recent experiment: 7Be(n,a)4He down to Ecm ~ 20 keV 
via 7Be(d,a4He) 1H

EXOTIC facility
E_Beam=20.4 MeV, purity ~ 99 %
i ~5-8 105 pps, beam spot of ~ 9 mm

Another experiment @ CRIB to also 
measure the 7Be(n,p0,1)7Li 
E_Beam=22.2 MeV, purity ~ 99 %
i ~ 106 pps, beam spot of ~ 9 mm

Role of 7Be clear only after systematic measurements 
of all relevant reactions

Influence on primordial 7Li abundance of about 10%
Potential influence also from 7Be(d,) and 7Be(t,)

7Be destruction and the cosmological Li problem

7Li also from primordial 7Be, but in this case need to
measure processes that would get rid of 7Be

13. 7Be(n,p)7Li 
14. 7Be(n,α)4He 
15. 7Be(d,p)24He 

S. Hayakawa et al, Astrophysical Journal Letters 915 (2021) L13



Nuclear physics is a fundamental pillar of Nuclear Astrophysics

Indirect methods are unique tools to investigate reactions on energy ranges difficult to study
otherwise

Still great potential for future applications (also beyond astrophysical applications)

Conclusions

Thank you for your attention!


