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Outline

Goal: Looking for simple pictures that provide a more
intuitive understanding of nuclear structure

– Start from an ab initio description and mapping back
onto simple pictures

– Effective single particle model

– Elliott SU(3) model (long range correlations)

– Brief review of ab initio no-core shell model

– Two case studies: beryllium and carbon
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Neutron rich p-shell nuclei
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No-core shell model

Solve many-body Schrodinger equation

A∑
i

−
ℏ2

2mi
∇2

iΨ +
1
2

A∑
i,j=1

V(|ri− rj|)Ψ = EΨ

Expanding wavefunctions in a basis

Ψ =

∞∑
k=1

akϕk

Reduces to matrix eigenproblem
H11 H12 . . .

H21 H22 . . .
...

...
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a2
...
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Harmonic oscillator basis

– Basis states are configurations, i.e., distributions of
particles over harmonic oscillator shells (nlj substates)

– States are organized by total number of oscillator quanta
above the lowest Pauli allowed number Nex

– States with higher Nex contribute
less to the wavefunction

– Basis must be truncated:
Restrict Nex ≤ Nmax
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N = 2n+ l

Nex = 0

Nex = 2



Convergence Challenge

Results for calculations in a finite space depend upon:
– Many-body truncation Nmax
– Single-particle basis scale ℏω
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Effective single particle picture

– Natural orbitals maximize occupation of lowest orbitals, by
diagonalizing the density matrix

ρ̂ =
∑
αβ

|α⟩ ⟨Ψ |a†αaβ|Ψ⟩ ⟨β|
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Natural orbital occupations

π0s1
2

π0p3
2

π0p1
2

π1s1
2

π0d5
2

π0d3
2

O
rb

it
al

1.7

1.4

0.5

0.0

0.1

0.1 8Be

1.8

1.5

0.5

0.0

0.1

0.1 9Be

1.9

1.6

0.3

0.0

0.1

0.1 10Be

Occupation

π0s1
2

π0p3
2

π0p1
2

π1s1
2

π0d5
2

π0d3
2

O
rb

it
al

1.9

1.5

0.4

0.0

0.1

0.1 11Be

Occupation

1.8

1.5

0.4

0.0

0.1

0.1 12Be

Occupation

1.9

1.5

0.4

0.0

0.1

0.1 13Be

Occupation

1.9

1.6

0.4

0.0

0.0

0.0 14Be



Natural orbital occupations
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Natural orbital occupations
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Quadrupole deformation
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From q-invariant (dynamic deformation)

⟨Q ·Q⟩ = ⟨Q0 ·Q0⟩

If symmetric rotor

Q(J) =
Ĵ

(1+δK,0)
(JK20|JK)Q0

D. J. Rowe. Rep. Prog. Phys. 48(1985) 1419.
D. J. Rowe, Nuclear Collective Motion: Models and Theory (2010).



Nilsson Model
Wood Saxon potential

VWS =
−V0

1+ e(r−R)/a ,

a = 0.67fm, V0 = 57MeV,

R = 1.27(A = 8)1/3 fm.

Nilsson Hamiltonian

H = VWS+βℏωr2Y20

ℏω = 12.5, β = 1

Wood Saxon parameters: J. Suhonen. From Nucleons to Nucleus:
Concepts of Microscopic Nuclear Theory, Chapter 3. −0.5 0.0 0.5 1.0 1.5 2.0
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Nilsson Model
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Nilsson Model
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Natural orbital occupations
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Natural orbital occupations
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Mixing of intruder and normal states
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– Mixing between ground state and low lying 0+2
state

– Mixing occurs as states cross

– Mixing persists in physical states as indicated
by measurable E0 transition.



Decomposition by Nex : 12Be
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Natural orbital occupations
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Natural orbital occupations

ν0s1
2

ν0p3
2

ν0p1
2

ν1s1
2

ν0d5
2

ν0d3
2

O
rb

it
al

1.7

1.4

0.5

0.0

0.1

0.1 8Be

1.8

2.4

0.4

0.0

0.1

0.1 9Be

1.9

3.3

0.5

0.0

0.1

0.1 10Be

Occupation

ν0s1
2

ν0p3
2

ν0p1
2

ν1s1
2

ν0d5
2

ν0d3
2

O
rb

it
al

1.9

3.3

0.5

0.7

0.3

0.1 11Be

Occupation

1.9

3.4

0.9

0.6

0.7

0.2 12Be

Occupation

1.9

3.6

1.1

1.0

0.9

0.2 13Be

Occupation

1.9

3.8

1.8

1.0

0.9

0.2 14Be



Radii

2.2

2.4

2.6

2.8

3.0

r p
(f

m
)

8Be 9Be 10Be 11Be 12Be 13Be 14Be

2.2

2.4

2.6

2.8

3.0

r n
(f

m
)

Daejeon16
~ω = 12.5 MeV
Nmax = 6− 12



Neutron rich p-shell nuclei
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Natural orbital occupations
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Deformation of Carbon isotopes
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Outline

Goal: Looking for simple pictures that provide a more
intuitive understanding of nuclear structure

– Start from an ab initio description and mapping back
onto simple pictures

– Effective single particle model

– Elliott SU(3) model (long range correlations)

– Brief review of ab initio no-core shell model

– Two case studies: beryllium and carbon
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Elliott SU(3)

Labels (λ,µ) associated with deformation parameters β and γ
O. Castanos, J. P. Draayer, Y. Leschber, Z. Phys. A 329 (1988) 3.

β2 ∝ (λ2+λµ+µ2+3λ+3µ+3)
γ = tan−1[

√
3(µ+1)/(2λ+µ+3)]

J. Phys. G: Nucl. Part. Phys. 35 (2008) 123101 Topical Review

Figure 2. A traditional (βγ ) plot, where β (β ! 0) is the radius vector and γ (0 " γ " π/3)
is the azimuthal angle, demonstrates the relationship between the collective model shape variables
(βγ ) and the SU(3) irrep labels (λµ).

a prolate shape, irreps with λ = 0 correspond to an oblate geometry, and irreps with λ = µ

describe a maximally asymmetric shape. A spherical nucleus is described by the (00) irrep.
In short, the SU(3) classification of many-body states allows for a geometrical analysis

of the eigenstates of a nuclear system via relations (54) and (55) and hence gives insight into
phenomena associated with nuclear deformation.

5. Symplectic shell model

The symplectic model [10–12] is a microscopic algebraic model of nuclear collective motion
that includes monopole and quadrupole collective vibrations as well as vorticity degrees of
freedom for a description of rotational dynamics in a continuous range from irrotational to
rigid rotor flows. It can be regarded as both a microscopic realization of the successful
phenomenological Bohr–Mottelson–Frankfurt collective model and a multi-h̄% extension of
the Elliott SU(3) model.

While the NCSM divides the many-nucleon Hilbert space into ‘horizontal’ layers of
Nh̄% subspaces, the symplectic model divides it into ‘vertical’ slices of Sp(3, R) irreducible
representations, which is schematically illustrated in figure 4. The symplectic model thus
allows one to restrict a model space to vertical slices that admit the most important modes of
nuclear collective dynamics.

The symplectic model is based on the 21-dimensional algebra sp(3, R) and has a very
rich group structure (see figure 3). In particular, there are two important subgroup chains
that unveil the physical content of the symplectic model: the shell model subgroup chain
associated with the Elliott SU(3) group and the collective model chain related to the general
collective motion GCM(3) group. The intersection of these chains is the group of rotations
SO(3).
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Elliott SU(3)
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Labels (λ,µ) associated with deformation parameters β and γ
O. Castanos, J. P. Draayer, Y. Leschber, Z. Phys. A 329 (1988) 3.

β2 ∝ (λ2+λµ+µ2+3λ+3µ+3)
γ = tan−1[

√
3(µ+1)/(2λ+µ+3)]

Lowest energies correspond to most deformed state
D. J. Rowe, G. Thiamova, and J. L. Wood. Phys. Rev. Lett. 97 (2006) 202501.

H = H0− κQ·Q︸︷︷︸
∝β2⟨r2⟩

2

+L ·S

SU(3) symmetry of a configuration

– Each particle has SU(3) symmetry (N,0), N = 2n+ ℓ

– Allowed spins dictated by antisymmetry constraints

– Final quantum numbers are Nex(λµ)S.



Elliott rotational bands: 10Be
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Approximate dynamical symmetry

– Ground state band: Nex(λµ)S = 0(2,2)0

– Intruder band: Nex(λµ)S = 2(8,0)0

Q ∝ C(1,1)+A+2(2,0)+B−2(0,2)

r2 ∝ H(0,0)−

√
3
2

A+2(2,0)−

√
3
2

B−2(0,2)



SU(3) and Sp decomposition
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SU(3) and Sp decomposition
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SU(3) and Sp decomposition
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Conclusions

– A deformed single particle picture provides an simple approximate description for
(light) neutron rich nuclei
Incorporating deformation in theory important→ deformed coupled cluster

– Breakdown of N = 8 shell closure melts in 12Be, but not in 14C
Also don’t see N = 6 or N = 14 subshell closure

– Occupations hint core of 19C halo not quite 18C
Caveat: Carbon results only with low Nmax. Intruder states could impact ground
state structure.

– SU(3) picture suggests 10Be and carbon isotopes triaxial

– Spin decompositions indicate breakdown of 3α structure in carbon isotopes




