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Ø CRC, two-step CCBA and DWBA calculation

Nuclear spectroscopy via transfer reactions between heavy 
ions
Ø The (18O,16O) reaction (two neutron transfer correlations)

Ø Experimental results about 12,13C(18O,16O)14,15C,
16O(18O,16O)18O, 64Ni(18O,16O)66Ni and 28Si(18O,16O)30Si
reactions @ 84 MeV incident energy.

Ø Correlations in 2p transfer react.:  40Ca(18O,20Ne)38Ar

Ø Correlations in np transfer react.: 12C(6Li,4He)14N
17F(6Li,4He)21Ne   
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Alpha clusters in nuclei. Transfer reactions. Fusion cross
section

Conclusions and perspectives
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3H and 3He cluster transfer in the 6Li + 89Y reaction



Ex (Iπ) N

0.0 (0+) 300

1.766 (2+) 400

3.020 (0+) 300

3.983 (2+) 400

4.136 (4+) 360
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Main reasons for these discrepancies:

• the use of oversimplified triton wave functions

• the use of the zero-range approximation

• the use of only simultaneous transfer.

• Numerical simplifications to solve six-dimension 
integrals to determine transition amplitudes???

The production of triton beam was prohibited for 
safety reasons!
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Ø São Paulo Potential (SPP) used as optical potentials

Ø Wood-Saxon form factors were used to generate single-particle and cluster 
wave functions. Depth were varied to fit the exp. separation energies

Ø Deformation parameters for collective excitations from systematics

Ø Spectroscopic Amplitudes by shell-model, IBM2, IBFM, QRPA, semi-
microscopic algebraic cluster model.

Exact finite range CRC 
and 

Two-step CCBA or DWBA calculations

• Prior representation
• Complex remnant
• Non-orthogonality corrections

L.C. Chamon, et al., PRL 79 (1997) 5218
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Single	nucleon	states	are	given	by	
	

	
and	are	the	solution	of	
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Independent	coordinate	model	
	

	

	
and	the	radial	 integral	overlaps	are	derived	 from	using	Moshinsky	harmonic	oscillator	
expansion	
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FIG. 1. Excitation energy spectrum for the 40Ca(18O, 20Ne) 38Ar
reaction at 270 MeV in the angular range of 0◦ < θlab < +8◦. In the
inset a zoomed view of the ground-state region is shown.

behavior, centered near the grazing angle and essentially inde-
pendent of the L transfer, is not present here since the incident
energy is high enough [20].

III. THEORETICAL ANALYSIS

A. Brief description of the formalism

In two-proton transfer reactions, the two protons can be
simultaneously or sequentially transferred as discussed in
Ref. [20]. Although both processes contribute during the re-
action, it is interesting to analyze them in a separate way in
order to scrutinize each individual contribution.

Figure 4 illustrates a two-proton pickup reaction with the
coordinates used in the wave functions and interactions. In the
figure, the two protons are simultaneously transferred (upper
path) or sequentially transferred, passing through an interme-
diate partition (lower path).

For the direct two-proton transfer, the wave function of the
initial partition can be written as " (+)

α (R, ξi, ξ j ), where R rep-
resents the center-of-mass coordinates between the projectile
and the target (a + A), whereas the ξi’s are the intrinsic coor-
dinates of the projectile, and ξ j’s are the intrinsic coordinates
of the target (note that ξ j = {ξ j−2, r3, r4}). " (−)

β (R′, ξk, ξl )
is the wave function for the final partition. So, the transfer
amplitudes may be determined using

T (direct)
αβ = 〈" (−)

β |Wα|" (+)
α 〉, (1)

with |" (+)
α 〉=

∑
i j |φaiφAj χ

(+)
α 〉=

∑
α |φαχ (+)

α 〉 and 〈" (−)
β | =

∑
kl〈φbk φBl χ

(−)
β | =

∑
β〈φβχ (−)

β |.
Above, φy (where subindex y stands for ai, Aj, bk , or Bl )

are the intrinsic wave functions of the nuclei in entrance and
final partitions with χ (+)

α
and χ (−)

β being the relative motion
wave function, respectively. In this case, ai, Aj, bk , and Bl
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FIG. 2. Comparison between the theoretical and the experimen-
tal two-proton transfer angular distribution corresponding to (a) the
20Neg.s.(0+) + 38Arg.s.(0+) channel. (b) Unresolved excited states
concerning the second peak in Fig. 1. In both figures the contribution
due to the simultaneous (IC), sequential (Seq) transfer, the coherent
(Coh), and incoherent (Incoh) sum of the two mechanisms are shown
(see the text). In (b) the sum of the different channels contributing to
the cross section is plotted.

are all the quantum numbers needed to determine the state
of the a, A, b, and B nuclei. The superscripts (−) and (+)
mean the asymptotic ingoing and outgoing wave functions
of the relative motion, respectively. Finally, the superscript
(direct) means that the two protons are transferred directly
from partition α to β.

The residual interaction W , in prior representation, is
given by Wα = U (R) + v(r1) + v(r2) − U (R). The poten-
tials U (R) and U (R) are complex defined to describe the
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(Coh), and incoherent (Incoh) sum of the two mechanisms are shown
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the cross section is plotted.
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FIG. 4. Coordinates considered in the two-nucleon transfer reaction. The upper path corresponds to the direct two-proton transfer, and the
lower path is related to the sequential two-proton transfer passing through the intermediate partition.

composed by the core and the valence particle is given by

φIMI (ξc, r) =
∑

Icl j

A jIcI
ls j

[
φIcMIc

(ξc) ⊗ ϕ jm(r)
]

IMI
. (5)

The transfer amplitude corresponding to the sequential
two-particle transfer can be obtained in prior-prior represen-
tation following Ref. [20]:

T (seq)
αβ =

∑

γ

〈' (−)
β |Wγ |φγ 〉G̃(+)

γ 〈φγ |Wα|' (+)
α 〉

− 〈' (−)
β |φγ 〉〈φγ |Wα|' (+)

α 〉. (6)

In expression (6), G̃(+)
γ is the distorted-wave Green’s func-

tion, in the γ partition, represented by G̃(+)
γ = [E − εγ −

Kγ − 〈φγ |Vγ |φγ 〉]−1, where εγ and Kγ are the intrinsic en-
ergy and kinetic-energy operator in that partition, respectively.
Besides, the second term in expression (6) corresponds to
the nonorthogonality correction, and γ refers to the channels
considered in the intermediate partition.

In fact, in a full quantum treatment of the transfer pro-
cess both direct and sequential transfer amplitudes should be
considered in the same calculation so that the transfer ampli-
tudes to consider should be given by Tαβ = |T (direct)

αβ + T (seq)
αβ |,

which includes the nonorthogonal term deriving from the
limited model space of both the direct and the sequential
calculations. However, the second-order calculations recently
applied to calculate the cross sections for the (p, t ) reactions,
for example, in Ref. [52] are still not sufficiently devel-
oped to account for the inelastic excitation of the involved
nuclei, which are relevant routes when considering heavy-ion-
induced reactions [53–55]. Our approach, already adopted in
Refs. [8,12–16], is, thus, to perform the one-step and two-step
calculations separately.

B. Shell-model calculations

The one- and two-proton spectroscopic amplitudes for the
projectile and target overlaps were derived from shell-model
calculations using the NUSHELLX code [56].

For the projectile overlaps, the amplitudes were calculated
considering the Zuker-Buck-McGrory (ZBM) effective inter-
action [57] in which the 12C nucleus is considered as a closed
core with the 1p1/2, 1d5/2, and 2s1/2 as valence orbits for the
neutrons and protons. This realistic interaction successfully
describes the structure characteristics of the lowest states of
the 15,16,17O isotopes. Recently, this interaction has been used
to derive the one- and two-neutron spectroscopic amplitudes
for the overlaps involving the 16,17,18O and 13,14,15C isotopes
in experiments where a beam of 18O bombarded the targets
12,13C [8,14], 16O [12,13,18], 28Si [16], and 64Ni [15]. The ex-
perimental angular distributions for the one- and two-neutron
stripping transfer reactions were described quite well.

As regards the target overlaps, to properly describe the
structure of the 38Arg.s., which has two holes in the sd shell,
the full sd-p f shells should be considered. However, this
calculation requires the use of a powerful computing. An
approach to skip the computational difficulty of performing
a large-scale shell-model calculation in the sd-p f shells is to
control the number of nucleons promoted from the sd shell to
the p f one. This procedure has been adopted in Refs. [58,59].
Our approach was to consider a reduced model space without
any other additional constraints. In this sense, the model space
composed by the 2s1/2, 1d3/2, 1 f7/2, and 2p3/2 valence orbits
for protons and neutrons was adopted. We have considered
the phenomenological interaction (named ZBM2 modified)
built to describe the Ca isotopes spectra [60] and modified
to reproduce the 38K spectrum. Besides, the authors obtained
a better description of the difference in mean-square charge
radii between the isomer state 38K(0+) and the ground-state
38K(3+) [61]. This interaction is a modified version of the
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The São Paulo potential (SPP)

J. L. FERREIRA et al. PHYSICAL REVIEW C 103, 054604 (2021)

CM(deg.)

10-4

10-3

10-2

10-1

100

d
/d

 (
m

b/
sr

)

Data
Seq_Sum
IC_Sum
Coh-Sum
Incoh-Sum

40Ca(18O,20Ne*)38Ar*

0 4 8 12

c.m.(deg)

10-3

10-2

10-1

100

d
/d

 (
m

b/
sr

)

Data
Seq_Sum
IC_Sum
Coh-Sum
Incoh-Sum

40Ca(18O,20Ne*)38Ar*(b)

(a) 3rd peak

4th peak

FIG. 3. Comparison between the theoretical and the experi-
mental two-proton transfer angular distribution. (a) The angular
distribution related to the contribution of the unresolved excited
states of the third peak in Fig. 1. (b) Contribution of the unresolved
excited states of the fourth peak in Fig. 1 is shown. The contribution
due to the simultaneous (IC), sequential (Seq) transfer, the coherent
(Coh), and incoherent (Incoh) sums of the two mechanisms are
shown (see the text).

scattering between 18O and 40Ca as well as between 20Ne and
38Ar, respectively. So that, the term U (R) − U (R) is known as
residual remnant potential. v(r1) and v(r2) are real potentials
which bind each valence nucleon to the core.

In this paper, the São Paulo potential was used in the
real and imaginary parts of the complex potentials U (R) and
U (R)[U (x) = (Nr + iNi )V SP

LE (x)] with x = R or R. The São

Paulo potential is derived from a double-folding form

VF =
∫

ρ1(r1)V(R − r1 + r2)ρ2(r2)dr1dr2, (2)

being ρ1 and ρ2, the matter densities of the colliding nu-
clei and V(R − r1 + r2) is the known nucleon-nucleon M3Y
interaction [44–46]. When the range of the effective nucleon-
nucleon interaction is negligible in comparison with the
diffuseness of the nuclear densities, the usual M3Y nucleon-
nucleon interaction becomes V0δ(R − r1 + r2) (zero-range
approach) with V0 = −456 MeV fm3. The matter densities
are determined by considering a two-parameter Fermi-Dirac
distribution with radius R0 = 1.31A1/3 − 0.81 fm and matter
diffuseness a = 0.56 fm [47,48], where A is the number of nu-
cleons in the nucleus. This parametrization is usually known
as the São Paulo potential systematic. In its local equivalent
version, the São Paulo potential is given by V SPP

LE (R, E ) =
VF(R)e4v2/c2

[47,49–51], where v is the local relative velocity
between partner nuclei of the collision and c the speed of light.

The intrinsic wave functions for the nucleus composed by
a core plus two valence particles are written as

φIMI (ξc, r1, r2)

=
∑

Ic, j12, j1
j2, l1, l2

AIc j12I
j1 j2 j12

[
φIc (ξc) ⊗ ϕ j12 (r12)

]
IMI

, (3)

with ϕ j12 (r12) being the two-particle wave function defined by

ϕ j12 (r12) =
[
ϕ j1 (r1) ⊗ ϕ j2 (r2)

]
j12

, (4)

where ϕ j1 (r1) and ϕ j2 (r2) are the single-particle wave func-
tions; AIc j12I

j1 j2 j12
stands for the spectroscopic amplitudes of the

two valence particles in the single orbits characterized by the
total angular momentum j1 and j2 as well as of the core in
the state with total angular momentum Ic. The total angular
momentum of the nucleus is obtained by adding the core
spin and the angular momentum resulting by the sum of the
total angular momentum of each valence particle. φIc is the
core wave function. In expression (4), ji = l i + si (i = 1, 2)
where ji, li, and si stand for the orbital angular momentum of
the single-particle motion, spin, and total angular momentum,
respectively.

The single-particle wave functions are generated using
Woods-Saxon potentials with radii given by R = r0A1/3

i (Ai
represents the mass number of the core nucleus in which the
valence particle is bound). A reduced radius r0 = 1.26 fm and
diffuseness a = 0.70 fm were used to generate the single-
particle wave functions for the lighter nuclei, whereas r0 =
1.20 and a = 0.60 fm were used for the heavier nuclei. The
depth of these potentials was optimized in order to fit the
experimental one-proton binding energy.

For the sequential two-proton transfer process, the protons
are transferred one by one passing through the intermediate
partition, for instance,

18O + 40Ca(39K + p) → 19F + 39K(38Ar + p) →
20Ne + 38Ar so that the wave function of the nucleus
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diffuseness a = 0.70 fm were used to generate the single-
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respectively.
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represents the mass number of the core nucleus in which the
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diffuseness a = 0.70 fm were used to generate the single-
particle wave functions for the lighter nuclei, whereas r0 =
1.20 and a = 0.60 fm were used for the heavier nuclei. The
depth of these potentials was optimized in order to fit the
experimental one-proton binding energy.
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parameters. In this section we describe briefly the São Paulo (SP) potential and show the influence
of variations of its diffuseness on the results presented in the previous sections.

The barrier parameters RB , VB and h̄w used in our method are obtained from the SP potential,
which is given by the expression

VSP(R) = VF (R)e−4v2/c2
.

Above, VF (R) is the double-folding potential and v is the local projectile-target relative velocity.
For energies and radii around the barrier (E ≈ VB and R ≈ RB ) the relative velocity is negligible
and VSP(R) reduces to VF (R) (see, e.g. [47]). Adopting the zero-range approach [20], the folding
potential is obtained from the matter densities of the collision partners through the equation

VF (R) = V0

∫
ρ1(r1)ρ2(r2)δ( #R − #r1 + #r2) d#r1 d#r2, (10)

with V0 = −456 MeV fm3. We distinguish the matter density of the nucleus from the correspond-
ing nucleon density by taking into account the size of the nucleon. The zero-range approach,
Eq. (10), is in fact equivalent [20] to the more usual procedure of folding the nucleon densi-
ties of the nuclei with a finite range effective nucleon–nucleon interaction (as, for instance, the
well-known M3Y). For the nuclear distributions, we have assumed the systematics presented in
Ref. [20], in which the matter densities are associated to Fermi distributions with diffuseness
a = 0.56 fm and radius given by

R0 =
(
1.31A1/3 − 0.84

)
fm. (11)

This systematics is based on experimental charge distributions, obtained from electron scattering,
and on theoretical densities for a large number of heavy nuclei.

The six-dimensional integral of the folding potential can easily be calculated through the
Fourier transforms [20], using standard numerical procedures. On the other hand, within the zero
range approach, an analytical expression for the folding potential has been provided [20]. At
R > R01 + R02, one obtains:

VF (R) ≈ V0ρ01ρ02πa2 R(1 + s/a)e−s/a

×
[

1 + τ + τ 2ζ/3 + η + (η + 1/2)e−s/a

1 + ζ τ

]
. (12)

Above, s = R−R01 −R02, R = 2R01R02/(R01 +R02), τ = s/R, ζ = R/(R01 +R02), η = a/R,
and a is the diffusivity of the Fermi parametrization of the densities (assumed to be the same for
both nuclei). Considering the normalization of the densities one obtains the relation [20]

ρ0 ≈ A

4
3πR3

0(1 + 77
8

a2

R2
0

+ 11
24

a3

R3
0
)
. (13)

For nuclei with different diffuseness parameters, Eq. (12) is still a good approximation for the
folding potential if one replaces

a → aeff = (a1 + a2)/2. (14)

Frequently, the nuclear potential is parametrized by the Woods–Saxon shape

VN(R) = V0p/
[
1 + e(R−R0p)/ap

]
. (15)

Indeed, at the surface region the folding potential can be approximated as in Eq. (15), with

a = 0.56 fm

Optical potentials:

U= (1+0.78i)VSPP in DWBA and CRC or CCBA in intermediate and final partitions
U= (1+0.60i)VSPP        in CRC and CCBA initial partitions (D. Pereira et al. PLB 670, 330 (2009)
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Does the SPP systematic always work?
Ø SPP systematic mostly works, but not always
Ø a = 0.61 fm, for 18O
Ø a = 0.62 fm, for 17O
Ø AAr, AK ?

See more details in V. Singh et al. PRC 104, L041601 (2021)
BUT: SPP systematic is always the starting point!! Especially for nuclei around the stability line 
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Studies on both
13C(18O,17O)14C 1n transfer and 12C(18O,16O)14C 2n transfer

The (18O,16O) reactions are good candidates to show the role of 
correlations thanks to

Ø The presence of a correlated pair of neutrons in the 18Og.s.
wave function

Ø The very low polarizability of the 16O core
14C is a good benchmark for considerations on the reaction 

mechanism, 64Ni and 28Si are good benchmark for studying 
collective vs two particle correlations
Ø Comparison with (t,p) results upon availability  

M. Cavallaro et al., PRC 88 (2013) 054601

• Presence of 2n correlations in the 14Cg.s. wave function
• Strong selectivity in the populated states
• Absolute cross sections reproduced without any scaling factor

J. Lubian MNC in N&S, 2-6 Jun, SP 2025
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FIG. 4. Coupling scheme for (a) one-neutron transfer, (b) direct
two-neutron transfer, and (c) sequential two-neutron transfer.

confirm the validity of the reaction model, which allows to
determine reliable spectroscopic amplitudes without the need
for any arbitrary “unhappiness” factor found in the literature.

A smaller cross section is obtained in the independent
coordinates scheme, remarking a relevant contribution of
components of the true wave function beyond the adopted
model space. The difference in the two results is a consequence
of the larger number of pairs of single-particle wave functions
that would be necessary to describe the cluster structure. This
finding is a strong evidence of the presence of two-neutron
pairing correlations in the 14C ground state. One-step DWBA
calculations within the cluster model are compared to CRC
results. The absence of coupling to intermediate states in the
DWBA somewhat deteriorates the agreement with the data
found in the CRC. The main effect is a shift of the angular
distribution of about 2◦ toward backward angles. A slightly
larger shift is observed in the two-step sequential transfer
calculations. These latter account only for a minor contribution
to the absolute cross section, justifying a posteriori our
approximated approach to separate the sequential transfer
from the CRC calculations. Nevertheless, the coherent sum
of the amplitudes of the direct and sequential processes,
shown in Fig. 5, indicates the role of the interference in
the differential cross section. The sequential mechanism
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FIG. 5. (Color online) Comparison of the experimental angu-
lar distributions with the coherent sum of direct and sequential
calculations for the 12C(18O,16O)14Cg.s. reaction at 84 MeV. The
spectroscopic amplitudes of Table I are used.

contributes to sensibly improve the agreement of the cluster
model with the experimental data and deteriorate the results
of independent coordinates calculations.

The calculated angular distribution of the transition to the
2+ state at 8.32 MeV does confirm the expected L = 2
transfer. In the cluster model a spectroscopic amplitude of
0.30 is extracted by scaling the CRC calculations with N =
2, L= 2 to the experimental data. This indicates the need for
a larger model space for the cluster wave function, which is
limited to the S = 0 component in our approach. Instead, in
the independent coordinates calculations, the cross section is
accurately reproduced. These results confirm the weak nature
of the coupling of the two neutrons in the s1/2 d5/2 model space
for this state.

For the transition to the 4+ state at 10.74 MeV, calculations
assuming arbitrarily wrong angular momenta for the final
state were also performed in order to test the sensitivity of
the reaction to the angular momentum transfer. The results
show that low L (L ! 3) can be safely ruled out by
the comparison with the experimental data, while higher L
values better represent the data. Using the expected L =
4, a spectroscopic amplitude equal to 0.55 is extracted for
the cluster configuration with N = 1, L = 4. In this case
the independent coordinates calculation underestimates the
cross section, indicating that a larger space is required in
the shell-model calculations. This is not surprising since one
expects to find relevant (d5/2 d3/2) contributions in the 4+ wave
function, which are excluded in our model space.

IV. CONCLUSIONS

The experimental cross sections for a two-neutron transfer
reaction induced by 18O projectiles were reproduced for the
first time without the need of any “unhappiness” factor. The
performed calculations indicate the dominance of a one-step
reaction mechanism for this reaction, despite that heavy ions
are involved. The strong selectivity of the natural parity
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Consequently, even the most successful calculations based on
the coupled channel Born approximation required the use of
scaling or “unhappiness” factors sensibly larger than one and
even as high as hundreds to reproduce the absolute cross sec-
tions, whose origin has not been clarified so far [9,14,22–24].
In such conditions, the extraction of spectroscopic factors is
not reliable.

Here we show that the above-mentioned difficulties can
be largely overcome. In particular, we have studied the
12C(18O,16O)14C reaction above the Coulomb barrier. The
(18O,16O) reactions are good candidates to show the role of
pairing interaction thanks to the existence of a correlated pair
of neutrons in the 18O ground state wave function and the very
low polarizability of the 16O core. The study is complemented
by the analysis of the 12,13C(18O,17O)13,14C reaction, in order
to ascertain the selectivity of the two processes in exciting
two-particle and single-particle configurations, respectively.

II. EXPERIMENT AND RESULTS

The experiment was performed at the Istituto Nazionale
di Fisica Nucleare Laboratori Nazionali del Sud in Catania,
Italy. A beam of 18O6+ ions was accelerated at 84 MeV
incident energy on 50 µg/cm2 pure 12C and 99% enriched
13C targets. The ejectiles produced in the collisions were
momentum analyzed by the MAGNEX spectrometer [25],
working in full acceptance mode (! ∼ 50 Millisteradian solid
angle and "p/p = "Bρ/Bρ ∼ 24% momentum acceptance),
and detected by its focal plane detector [26]. The experiment
was performed at three angular settings, with the spectrometer
optical axis centered at θopt = 8◦, 12◦, and 18◦. The large angu-
lar acceptance guarantees wide overlaps between contiguous
settings. The data reduction technique, based on a differential
algebraic method [27–29], and the performances of the whole
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system are described in Refs. [30,31]. A mass resolution of
1/160 was measured [32] and an overall resolution of 160
keV (full width at half maximum) in energy and 0.3◦ in angle
was obtained in the laboratory frame, mainly determined by
the multiple scattering in the target and the beam divergence.
Examples of the obtained energy spectra and angular distri-
butions are shown in Figs. 1, 2, and 3. In Figs. 1 and 2, E∗

is defined as Q − Q0, where Q0 is the Q value for the
transfer to the ground state of the residual and ejectile nuclei.
An accuracy of ± 10 keV was obtained in E∗ and about 10%
in the absolute cross section, mainly due to the uncertainty on
the target thickness. The error bars in the angular distributions
include both a statistical contribution and a component due to
the solid angle determination (about 3%) [33].

Ejectiles mass distribution for pure one- and two-neutron
removal channels are extracted for the 18O + 12C reaction
by selecting the 17O and 16O ions distributed over the 8+,
7+, and 6+ charge states. The efficiency for the population
of the different charge states is estimated by the INTENSITY
code [34]. This procedure introduces uncertainties lower than
1% since the yields in the spectra are concentrated in the high-
kinetic-energy region corresponding to the 8+. The energy
integrated yields in the angular region 7◦< θ < 18◦ are 1.9 ×
104 for one-neutron removal and 2.3 × 104 for two-neutron
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S.A. from shell-model calculations using the ZBM model space
M. Cavallaro et al., PRC 88 (2013) 054601

Extreme Cluster Model 

(CRC)
v Relative motion of the 2n 

system frozen and separated by 
the c.m.

v Only the term with the 2n 
coupled to S = 0 participates to 

the transfer. S.A. = 1.0

Sequential transfer
(CCBA)

Introducing the 17O +13C 
intermediate partition 

Independent coord.

(CRC)

Presence of two-neutron correlations in 14C 
state, especially the g.s. No arbitrary scaling

QUANTITATIVE ANALYSIS OF TWO-NEUTRON . . . PHYSICAL REVIEW C 88, 054601 (2013)

FIG. 3. (Color online) Comparison of the experimental angular distributions with theoretical calculations for the (left) 12C(18O,16O)14C and
(right) 13C(18O,17O)14C reactions at 84 MeV. No scaling factors are used.

removal. The transfer cross sections for the 12C(18O,17O)13C
and 12C(18O,16O)14C reactions are also extracted by limiting
the integration only to the peaks corresponding to transitions
to bound and resonant states. Thanks to the good energy reso-
lution, the accuracy of this procedure can be maintained within
10%. We find strikingly similar results: 73 ± 4 mb for the one-
neutron and 71 ± 4 mb for the two-neutron transfer channel.
Assuming a pure second order process for the two-neutron
transfer (independent transfer of two neutrons), the expected
probability should be the square of the single-neutron transfer,
with a consequent sensible reduction of the cross section. A
reduction factor of about 3 is found, for example, in Ref. [35]
at sub-barrier energies. Thus, the clear enhancement of the
two-neutron transfer cross section observed in our data gives
a strong model-independent clue of the relevant role of the
direct transfer of a correlated pair of neutrons in this reaction.

Further information on the reaction mechanism comes from
the analysis of the energy spectra. Figure 1 shows an example
of a spectrum obtained by the 12C(18O,17O)13C reaction. One
notices that transitions to the well-known single-particle states
of 13C products and 17O ejectiles are dominant. Similarly
to the results of 12C(d,p)13C reported in Ref. [36], the

weak population of states with more complex configurations
indicates that the direct transfer of one neutron is the leading
mechanism.

Inspecting the energy spectra measured in the
13C(18O,17O)14C and 12C(18O,16O)14C reactions in Fig. 2,
a first evidence is that the 14C states are populated with
rather different cross sections by the two processes. Angular
integrated cross sections confirm the relative yields shown in
Fig. 2.

In the one-neutron transfer14C spectrum, the dou-
blet at 6.73 MeV (3−) and 7.34 MeV (2−) with
|[(13Cg.s.)1/2− ⊗ (1d5/2)5/2+

ν ]2−,3−⟩ single-particle configura-
tion has the largest yield, similarly to what found by
13C(d,p)14C reactions [37,38]. However, in the (18O,16O)
reaction, the 7.34-MeV state is scarcely populated. In the
weak coupling (j -j ) model, such states are expected with
comparable strength in a two-neutron transfer reaction as a
result of a two-step mechanism [39]. In the strong coupling
(L-S) model the 2− unnatural parity state cannot be excited
in a one-step transfer of a neutron pair (intrinsic spin S = 0
and isospin T = 1) with respect to the 12C 0+ core. Our data
thus confirm the existence of a clear S = 0 coupling of the two

054601-3
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Study of the 13C(18O,16O)15C reaction at 
84 MeV incident energy

What happens if we add a neutron to the 14C system?

D. Carbone et al., PRC 95, 034603 (2017)
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Extreme cluster model 
• Relative motion of the 2n frozen and separated by the c.m.
• Only the term with the 2n coupled to S = 0 participates to 

the transfer
• S.A. = 1 for all configurations

Independent coordinate model
• The transfer is described taking into account spectroscopic 

information obtained by shell model calculations

Coupling scheme

Sequential transfer (DWBA)
• Introducing the 17O + 14C intermediate partition 

Coupling scheme

No scaling factors

13C(18O,16O)15Cg.s. (1/2+)

13C(18O,16O)15C0.74 (5/2+)

13C(18O,16O)15C3.103 (1/2-)

L = 1

L = 3

L = 0

MICROSCOPIC CLUSTER MODEL FOR THE DESCRIPTION . . . PHYSICAL REVIEW C 95, 034603 (2017)

FIG. 5. Coupling scheme for (a) direct two-neutron transfer and (b) and (c) sequential two-neutron transfer with the ZBM and ps-d-mod
interactions, respectively.

the above-mentioned resonances are bound compared to the
two-neutron emission (S2n = 9.39 MeV), and the dominant
component for these states consists of a p-shell neutron
hole coupled with a two-neutron pair in the sd shell [38].
Consequently, they can be treated safely as quasibound states
in our structure model for the two-nucleon transfer CRC

calculations. In particular, the results for transfer to the ground
state and the states at 0.74 and 3.103 MeV of 15C are presented
in Fig. 2. For these transitions, the extreme cluster model
calculations give much larger cross sections than the data, the
only exception being the transition to the first excited state at
0.74 MeV for which this model provides the best description.

034603-9
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Extreme cluster model overestimate the cross section (S.A. = 1)
Independent coordinate model describes quite well the cross section
Sequential transfer (CCBA) underestimate the cross section

No scaling factors

13C(18O,16O)15C4.22 (5/2-)

13C(18O,16O)15C4.66 (3/2-)

13C(18O,16O)15C6.84 (9/2-)

13C(18O,16O)15C7.35 (7/2-)

L = 2 L = 4

S.A. from shell-model calculations using the ZBM model space
J. Lubian FRIB-TA, 2-8 Jun, MSU 2024



Study of the 18O(64Ni,66Ni)16O reaction at 
84 MeV incident energy

Model space valence orbitals

protons 1p1/2, 1d5/2, 2s1/2

neutrons 1p3/2, 1p1/2, 1d5/2, 2s1/2, 1d3/2, 1, 1g7/2

3

the two neutron spectroscopic amplitudes from extended
shell model calculations are used to perform an unitary
transformation to derive the spectroscopic amplitudes of
the cluster model, and the parallel and antiparallel con-
figuration of the two neutrons inside cluster can then be
derived. In the present work we will use only the extreme
cluster model.

The second model is the so called independent coor-
dinate model, were the relative movement between the
two particles is taken into account, and all the quantum
numbers of the individual neutrons all followed during
the transfer process. The description of these two men-
tioned approaches can be found in Refs. [1] and [18],
respectively. The third model considers that the transfer
of the two neutrons occurs in two steps, passing through
an intermediate partition, known as a sequential or two-
step mechanism.
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Figure 1: Coupling scheme of the projectile and target
overlaps used in the direct two-neutron transfer reaction
calculaitons.

Figure 2: (color online) The same as figure 1 but for the
sequential two-neutron transfer reaction calculations.

For the direct two-neutron transfer reaction (or one-
step mechanism), that is, for the extreme cluster and
the independent coordinate models, CRC calculations

were performed. For the sequential transfer (or two step
mechanism) two-step distorted wave Born approximation
(DWBA) calculations were performed in post prior rep-
resentation. We have to mention that for the sequential
transfer what we perform in fact is a two-step CCBA cal-
culations. The reason is that in the entrance partition the
inelastic excitations of the 18O projectile and 64Ni target
to high orders are considered. In order to emphasize that
the sequential transitions between the partitions is cal-
culated in first order DWBA we will call in the present
work two-step DWBA.

The coupling scheme of projectile and target overlaps
for direct and sequential two-neutron transfer reactions
adopted in calculation are sketched in Figs. 1 and 2,
respectively.

A. Cluster model results

The interval of orbitals considered in the extreme clus-
ter calculations was 1f7/2, 2p3/2, 1f5/2, 2p1/2. The pa-
rameters relevant for the definition of the cluster wave
function are the principal quantum number N and the
orbital angular momentum L of the cluster relative to the
core. These parameters are obtained from the conserva-
tion of the total number of quanta in the transformation
of the wave function of two independent neutrons in or-
bits (ni, li) (i =1, 2) into a cluster with internal state
described by the quantum numbers (n, l) [24]: 2(n1 - 1)
+ l1 + 2(n2 - 1)+ l2 = 2(N - 1) + L + 2(n - 1) + l. As
mentioned above, in the extreme cluster model, the two
neutron are assumed to be in the 1s state, corresponding
to the quantum numbers n = 1 and l = 0. The value
1.0 for the spectroscopic amplitudes is assumed and the
component S=1, where the two neutrons are coupled par-
allel, is neglected. In the case that this simplification is
not valid, the cross section for the specific reaction might
be overestimated.

The Figs. 3a and 3b, show the comparison between the
differential cross sections for the extreme cluster model
with the experimental data. The solid curves represent
the results for the extreme cluster model. In both two
neutron transfer reactions, to the ground state and first
excited state of 66Ni, the model overestimate the exper-
imental data. This leads us to believe that the extreme
cluster model is not a good model for the calculations of
target overlaps, because it oversimplifies its nuclear struc-
ture. This is especially observed for the two-transfer to
the first 2+ excited state of 66Ni, where the experimental
value is overestimated in about one order of magnitude.

3

the two neutron spectroscopic amplitudes from extended
shell model calculations are used to perform an unitary
transformation to derive the spectroscopic amplitudes of
the cluster model, and the parallel and antiparallel con-
figuration of the two neutrons inside cluster can then be
derived. In the present work we will use only the extreme
cluster model.

The second model is the so called independent coor-
dinate model, were the relative movement between the
two particles is taken into account, and all the quantum
numbers of the individual neutrons all followed during
the transfer process. The description of these two men-
tioned approaches can be found in Refs. [1] and [18],
respectively. The third model considers that the transfer
of the two neutrons occurs in two steps, passing through
an intermediate partition, known as a sequential or two-
step mechanism.
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Figure 1: Coupling scheme of the projectile and target
overlaps used in the direct two-neutron transfer reaction
calculaitons.
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Figure 2: (color online) The same as figure 1 but for the
sequential two-neutron transfer reaction calculations.

For the direct two-neutron transfer reaction (or one-
step mechanism), that is, for the extreme cluster and
the independent coordinate models, CRC calculations

were performed. For the sequential transfer (or two step
mechanism) two-step distorted wave Born approximation
(DWBA) calculations were performed in post prior rep-
resentation. We have to mention that for the sequential
transfer what we perform in fact is a two-step CCBA cal-
culations. The reason is that in the entrance partition the
inelastic excitations of the 18O projectile and 64Ni target
to high orders are considered. In order to emphasize that
the sequential transitions between the partitions is cal-
culated in first order DWBA we will call in the present
work two-step DWBA.

The coupling scheme of projectile and target overlaps
for direct and sequential two-neutron transfer reactions
adopted in calculation are sketched in Figs. 1 and 2,
respectively.

A. Cluster model results

The interval of orbitals considered in the extreme clus-
ter calculations was 1f7/2, 2p3/2, 1f5/2, 2p1/2. The pa-
rameters relevant for the definition of the cluster wave
function are the principal quantum number N and the
orbital angular momentum L of the cluster relative to the
core. These parameters are obtained from the conserva-
tion of the total number of quanta in the transformation
of the wave function of two independent neutrons in or-
bits (ni, li) (i =1, 2) into a cluster with internal state
described by the quantum numbers (n, l) [24]: 2(n1 - 1)
+ l1 + 2(n2 - 1)+ l2 = 2(N - 1) + L + 2(n - 1) + l. As
mentioned above, in the extreme cluster model, the two
neutron are assumed to be in the 1s state, corresponding
to the quantum numbers n = 1 and l = 0. The value
1.0 for the spectroscopic amplitudes is assumed and the
component S=1, where the two neutrons are coupled par-
allel, is neglected. In the case that this simplification is
not valid, the cross section for the specific reaction might
be overestimated.

The Figs. 3a and 3b, show the comparison between the
differential cross sections for the extreme cluster model
with the experimental data. The solid curves represent
the results for the extreme cluster model. In both two
neutron transfer reactions, to the ground state and first
excited state of 66Ni, the model overestimate the exper-
imental data. This leads us to believe that the extreme
cluster model is not a good model for the calculations of
target overlaps, because it oversimplifies its nuclear struc-
ture. This is especially observed for the two-transfer to
the first 2+ excited state of 66Ni, where the experimental
value is overestimated in about one order of magnitude.
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Microscopic results:
g.s.: IC results are 
better, specially in the 
bell-shaped region. 
Same order: one and 
two step. 
2+ : Collective correl. 
dominates over pairing

Cluster model is not good for 64,66Ni 
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Microscopic results:
g.s.: IC results are 
better, specially in the 
bell-shaped region. 
2+ : Collective 
correlations dominate 
over the pairing

IBM2 for 64,66Ni and IBFM for 65Ni 
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Study of the 18O(28Si,30Si)16O reaction at 
84 MeV incident energy

Model space (4He core) valence orbitals (similar to Ni)

Protons 1p3/2, 1p1/2, 1d5/2, 2s1/2, 1d3/2

neutrons 1p3/2, 1p1/2, 1d5/2, 2s1/2, 1d3/2

J. Lubian MNC in N&S, 2-6 Jun, SP 2025



Microscopic results:
g.s.: Two-step DWBA 
results are better. Same 
order: one and two step. 
2+ : Collective 
correlations  dominate 
over the two-particle
Si*:  the same results as 
the 2+ state

Cluster model is not good for 28,30Si 

3

partition were considered.
In the cluster model the relative motion between the

two transferred neutrons is frozen and separated from
the core. In this model, the intrinsic spin of neutron
cluster can be coupled anti-parallel with S = 0 or paral-
lel with S = 1. The cluster wave function is defined by
the following parameters: the orbital angular momentum
L relative to the core, the principal quantum number N
and the transferred angular momentum J . The principal
quantum number can be determined from the conserva-
tion of the total number of quanta in the transformation
of the wave function of two independent neutrons in or-
bits (ni, li) (i = 1, 2) into a cluster with internal state
(n, l) [12]:

P2
i=1 2(ni�1)+li = 2(N�1)+L+2(n�1)+l.

Thus, the cluster model is called extreme cluster approx-
imation, when we consider only S = 0 anti-parallel con-
figuration. In this case the cluster wave function has the
quantum numbers n = 1 and l = 0, so that the cluster
is in the 1s internal state. The spectroscopic amplitudes
for both projectile and target overlaps were set to 1.0,
as usually used in the literature. The comparison be-
tween the results for the cross section transfer reactions
for extreme cluster model and the experimental data are
shown in Figure.2.
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FIG. 2: Comparison of the angular distributions for the
transition to the ground state (a), first excited state 2.235
MeV (b) and sum of the 2+(3.498 MeV), 1+(3.769 MeV)
and 0+(3.788 MeV) states (c) in 30Si obtained by ex-
tremer cluster model.

We able to see in Figure 2 that extreme cluster model
overestimate all the experimental data in the two-neutron
transfer reactions. This is occur because we simplify the
nuclear structure when we consider that the two-neutron
are coupled only with total spin S = 0 (anti-parallel).
The cross section of the Figure 2c was obtained consider-
ing the sum of the 2+(3.498 MeV), 1+(3.769 MeV) and
0+(3.788 MeV) states, because it was not possible to sep-
arated them due to the energy resolution of the detector
used in the experiment.
In the independent coordinate (IC) and sequential
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FIG. 4: Comparison of the experiment angular
distribution with the independent coordinate and

sequential models calculations for the 28Si(18O,16O)30Si
reaction.

dominant. The long-range correlations is a�liated with
the quadrupole deformation, what in case of 30Si and
66Ni are greater than 18O and 14C, making the e↵ects of
collective correlations be evidenced here.

TABLE VI: Reduced electric quadrupole transition prob-
abilities for some selected nuclei [11].

Nucleus B(E2);
0+ ! 2+ (e2b2)

14C 0.0018
18O 0.0045
28Mg 0.035
30Si 0.022
66Ni 0.060
76Ge 0.270

In Table VI we are able to see the B(E2) (reduced
electric quadrupole transition probability) between the
ground state and the first (2+) excited state for which
the (18O,16O) reaction has been studied. And we are
able to observe that when direct mechanism is dominant
the B(E2) is small, as in case of 18O and 14C. Thus, the
e↵ect of short-range paring correlations for two-neutron
transfer reactions does not appear as the collectivity of
the nucleus increase.

IV. CONCLUSIONS

In the present work we have analysed the experimental
data obtained for the two-neutron transfer in 28Si(18O,
16O)30Si reaction at 84 MeV incident energy within ex-
treme cluster and independent coordinates models for di-
rect mechanism and two-step CCBA model for sequential
mechanism.
The all results showed phase di↵erence around three

degrees of the experimental data. The extreme cluster
model is not a good model for describing of two-neutron
transfer for this reaction, because it overestimate de data.
For the ground state residual nucleus 30Si both mecha-
nism (direct and sequential) describing the cross-section
of two-neutron transfer. Showing that the collective ef-
fects of the deformed nucleus do not destroy the pairing
correlation of the two neutrons. For the first excited state
(2+) of 30Si the sequential mechanism is dominant, ev-
idencing the long-range correlation is important in this
state. The same conclusion is take for the sum of states
in Fig.4c. These results are in accordance with the con-
clusions reached in [artigo barbara].
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14C 0.0018
18O 0.0045
28Mg 0.035
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76Ge 0.270

In Table VI we are able to see the B(E2) (reduced
electric quadrupole transition probability) between the
ground state and the first (2+) excited state for which
the (18O,16O) reaction has been studied. And we are
able to observe that when direct mechanism is dominant
the B(E2) is small, as in case of 18O and 14C. Thus, the
e↵ect of short-range paring correlations for two-neutron
transfer reactions does not appear as the collectivity of
the nucleus increase.

IV. CONCLUSIONS

In the present work we have analysed the experimental
data obtained for the two-neutron transfer in 28Si(18O,
16O)30Si reaction at 84 MeV incident energy within ex-
treme cluster and independent coordinates models for di-
rect mechanism and two-step CCBA model for sequential
mechanism.
The all results showed phase di↵erence around three

degrees of the experimental data. The extreme cluster
model is not a good model for describing of two-neutron
transfer for this reaction, because it overestimate de data.
For the ground state residual nucleus 30Si both mecha-
nism (direct and sequential) describing the cross-section
of two-neutron transfer. Showing that the collective ef-
fects of the deformed nucleus do not destroy the pairing
correlation of the two neutrons. For the first excited state
(2+) of 30Si the sequential mechanism is dominant, ev-
idencing the long-range correlation is important in this
state. The same conclusion is take for the sum of states
in Fig.4c. These results are in accordance with the con-
clusions reached in [artigo barbara].

Small for 14C 18C
Big for  28Mg 30Si 66Ni 76Ge
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Does our theoretical calculations
describe other observables? 
• Elastic scattering
• Inelastic scattering
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Ø 12,13C(18O,16O)15C, 16O(18O,16O)18O, 64Ni(18O,16O)66Ni, 
28Si(18O,16O)30Si, at 84 MeV incident energy
Ø Four models were used to calculate the cross section: 

ü Extreme cluster 
ü Independent coordinate
ü CCBA
ü Microscopic cluster (only for 13C)

Ø no need for any “unhappiness” factor to reproduce the absolute 
cross sections

Ø Two –neutron correlations in 14,15C, 18O
ØIn 13C importance of a two-neutron correlation in the nuclear wave 
function, the extra neutron does not destroy the correlations observed in 
the 14C case 
ØDominance of collective correlations for the excited 2+ state of 66Ni 
over the two neutron correlations. The opposite for the g.s.
ØDominance of collective correlations in all states of 30Si.   

J. Lubian MNC in N&S, 2-6 Jun, SP 2025



Spectroscopic Amplitudes for the target overlap

Ø Shell Model Calculations – NusheLLX
ü Effective Interaction: ZBMmod

ü Model Space for both protons and neutrons: 2s1/2, 
1d3/2, 1f7/2 and 2p3/2

Spectroscopic Amplitudes for the proj. overlap

ü Effective Interaction: ZBM 

ü Model Space for both protons and neutrons: 1p1/2, 
1d5/2 and 2s1/2

Ø Direct and sequential two-proton transfer processes 
compete one with other.

Ø Coupling with 2+ states of the 20Ne in the final 
partition is very important.

Ø The angular distribution in the right panel are 
corresponding to the sum of the channels:
20Ne(0+)+38Ar*(2+) and 20Ne*(2+)+38Ar(0+)   

D
ire

ct
2p

-t
ra

ns
fe

r

Sequential2p-transfer

2p-stripping reaction in the 18O+40Ca collision at 270 MeV

J. Lubian MNC in N&S, 2-6 Jun, SP 2025



Spectroscopic Amplitudes for the target overlap

Ø Shell Model Calculations – NusheLLX
ü Model Space: 1p1/2, 1d5/2 and 2s1/2
ü Effective Interaction: Rewile

Spectroscopic Amplitudes for the proj. overlap

ü Taken from Phys. Rv. C, 8, 1-8, (1973)

ü SF = 0.69 for L=0 component
ü SF = 0.04 for L=2 component

Ø Direct two-particle transfer is the main process
in both reaction.

Ø Sequential pn or np mechanism are almost
three order of magnitudes lower than the direct
one. 

d-transfer stripping reactions in the 6Li+12C and 6Li+19F 
collitions at 20 MeV

J. Zamora et al. 2022, PRC 106, 014603. Data measured at Tandar Lab. at Buenos Aires
J. Lubian MNC in N&S, 2-6 Jun, SP 2025



Direct x Sequential mechanisms

d-transfer stripping reactions in the 6Li+12C and 6Li+19F 
collitions at 20 MeV

J. Zamora et al. 2022, PRC 106, 014603. Data meassured at Tandar Lab. at Buenos Aires

J. C. ZAMORA et al. PHYSICAL REVIEW C 106, 014603 (2022)

FIG. 12. Comparison between the direct and sequential np-
transfer mechanisms of the np-cluster angular distribution for the
19F(6Li, 4Heg.s.) 21Neg.s. (a) and 12C(6Li, 4Heg.s.) 14Ng.s. (b) reactions.

were somewhat lower than the experimental data. The cross
sections for these excited states may have contributions
from other states or a possible background component. The
theoretical angular distributions of all possible contributing
direct reaction channels in each case were obtained in the
present CRC calculations. However, even the incoherent sums
of these components are below the experimental data. Further
studies of transfer reactions populating these states can be
important to understand a possible quenching of the isoscalar
np transfer in sd-shell nuclei, as also observed in Ref. [40].

B. Two-step np-transfer reaction

The sequential np-transfer mechanism in the
12C(6Li,α) 14N∗ and 19F(6Li,α) 21Ne∗ reactions was
investigated with the coupled-channels Born approximation
(CCBA) approach. The prior exact finite-range representation
was used in the calculations with the code FRESCO [12,28].
Two different paths were considered in the sequential transfer
mechanism. In the first path, a valence neutron in 6Li
is transferred to the target nucleus, and then a proton is
transferred sequentially in an intermediate partition. The
second path corresponds to an inverted order of neutron and
proton transfers. In both cases, the intermediate partition
involves an unbound projectilelike nucleus (5He or 5Li).
However, in the present calculations it is assumed that the
reaction takes place just before the unbound particle decays.

The OM potentials for the initial and final partitions were
the same ones used in the direct np-transfer calculations. The
SPP interaction was used for the intermediate partitions with
the strength coefficients Nr = 1.0 and Ni = 0.78 for the real
and imaginary parts, respectively. The single-particle wave

FIG. 13. Comparison of np-transfer probes. The height of the
histogram bars corresponds to the ratio between the angular-
integrated cross section of the excited state and the ground state. The
(3He, p) data (a) were extracted from Ref. [47], and the (α, d ) data
(b) from Ref. [48].

functions for the target and projectile overlaps were generated
from Woods-Saxon potentials with reduced radii and diffuse-
ness set to typical values of 1.20 fm and 0.60 fm, respectively.
The depths of these potentials were varied to fit the exper-
imental one-neutron and one-proton binding energies. The
spectroscopic amplitudes for the single-particle wave func-
tions of the p-valence and n-valence particles were determined
from shell-model calculations. These structure calculations
were carried out considering the same model space and ef-
fective interaction used in the direct np-transfer calculation
presented in the previous section.

The cross sections obtained from the sequential np-
transfer mechanism underpredict the experimental data, of
both 12C(6Li,α) 14N∗ and 19F(6Li,α) 21Ne∗ reactions, by sev-
eral orders of magnitude. For example, Fig. 12(b) shows the
result for the sequential transfer of n-p and p-n paths, in the
6Li + 12C system, populating the 14N ground state. As can
be seen, the sequential transfers are two orders of magnitude
smaller than the experimental data and the direct np-transfer

014603-10
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a-transfer reaction (12C+16O) at 20 MeV

J. Ferreira et al. 2019, EPJA 55, 94.
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Table 1. Parameter values used in the spectroscopic factor.

A B C D

2.1466 −0.36113 −0.054389 −0.11764

E F G H

0.060728 −0.0086654 0.000021097 1.90901

and

F2 = −F1
∆nπ(∆nπ − 1)(∆nπ − 2)

n3
π

(8)

+H
(n0 + 2)3(∆nπ − 1)

n4
π

∆nπ

nπ
. (9)

Equation (5) is diagonal in a SU(3) basis. When mix-
ing is included, the spectroscopic factor calculated will
deviate from SU(3), such that it acquires the form

S =
∑

i

|ci|2SSU(3),i, (10)

where ci are the coefficients of a given state within the
SU(3) basis and i is a short hand notation for all SU(3)
quantum numbers.

The parameters were fitted in [15], i.e. adjusted to 17
states of α + cluster systems within the sd-shell. Because
the applications in this contribution are also clusters in the
p- or sd-shell, we use the same parameter values, with one
exception (outlined below). These values are listed in ta-
ble 1. In [15], the spectroscopic factors of about 100 further
states were calculated, with agreement to within a couple
of percent of the SU(3) microscopic calculations. Mainly,
α + cluster states were considered, though 15 states were
included from the 12C + 12C and 16O + 8Be systems.

For the particular case in this contribution, not only
the spectroscopic factors, S, were calculated but also the
spectroscopic amplitudes, which are given by the prod-
uct of the two SU(3)-isoscalar factors in eq. (5) times the
square root of exponential factor. The phases of the am-
plitudes are determined by the isoscalar factors. Also the
total orbital momentum was fixed, which implies a range
of the relative orbital momentum according to the angu-
lar momentum coupling rules. The values adopted in this
work are shown in the next section.

3 Results and discussion

The CRC calculations were performed within the cluster
model considering the spectroscopic amplitudes for the
cluster wave functions. The double-folding São Paulo po-
tential (SPP) [16] was used for the real part of the nu-
clear optical potential in the entrance and exit partitions.
In previous papers [17–20] we also considered the SPP
shape for the imaginary potential in heavy-ion induced
one- and two-neutron transfer reactions. We anticipate
that this prescription gives the same order of magnitude

Fig. 1. (Color online) Coupling scheme considered in the alpha
transfer calculations.

Table 2. α-spectroscopic amplitudes (SAα) used in the cal-
culations. N is the principal quantum number; L, the orbital
angular momentum of the cluster’s center of mass with respect
to the core; S and J are the spin and total angular momentum
of the cluster, respectively.

Initial state NLSJ Final state SAα SAα [21]
12Cg.s.(0

+) 3000 16Og.s.(0
+) 0.302 0.600

12C4.44(2
+) 3202 16Og.s.(0

+) 0.520 0.748
12Cg.s.(0

+) 2303 16O6.129(3
−) 0.154 -

12C4.44(2
+) 2303 16O6.129(3

−) 0.184 –
12Cg.s.(0

+) 3202 16O6.917(2
+) 0.197 –

12C4.44(2
+) 2404 16O6.917(2

+) 0.454 –

of the experimental cross sections in the present alpha-
transfer calculations, but the agreement between the ex-
periment and theoretical cross sections is poor for the elas-
tic scattering. It is usual to adopt a volume and surface
imaginary potentials with adjustable parameters to repro-
duce the oscillatory behavior in the elastic channel [7]. The
surface imaginary potential takes into account peripheral
processes like α-transfer. Since this reaction channel is ex-
plicitly included into the coupling scheme and following
evidences that p- and n-transfer channels are not relevant
in this system [9], we are considering a volume imaginary
potential with Wood-Saxon shape.

To generate alpha-particle bound states, the Wood-
Saxon form factor was used with reduced radius and dif-
fuseness equal to 1.25 fm and 0.65 fm, respectively. The
depth of the potential was varied to fit the correct bind-
ing energy for the alpha-particle in the 16O nucleus. In
fig. 1, the coupling scheme considered in present calcula-
tion is sketched considering the 2+ state in 12C and the
3− and 2+ states in 16O. To highlight the effect of 3−
and 2+ states in 16O on the elastic and inelastic cross sec-
tions, in some calculations we have considered a reduced
coupling scheme, indicated by continuous red arrows only
in fig. 1. The spectroscopic amplitudes derived from the
SACM for the projectile and target overlaps are given in
table 2. For the sake of comparison, in table 3 we present
spectroscopic amplitudes for the 16Og.s. (final state) ob-
tained in this work and in previous studies. In some of
these studies, the spectroscopic amplitudes were obtained
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Table 3. Comparison between the α-spectroscopic amplitudes
used in the present work for the 16O → 12C + α with the ones
derived using other method.

12Cg.s.(0
+) + α 12C4.44(2

+) + α References

0.302 0.520 presen twork

1.20–1.26 – [8]

0.891 1.990 [9]

0.600 0.748 [21]

0.544 1.217 [22]

1.10–1.40 – [23]

0.480 1.140 [24]

from a theoretical framework, such as in refs. [22,23], and
as a fitting parameter in a CRC calculation to reproduce
experimental data, as in ref. [23]. The values in table 3
almost ranges within a factor 4, between the lowest and
highest values, in which our values are closer to values re-
ported in ref. [21]. These values will be used to derive cross
sections that will be compared to our results and with the
experimental data below.

To access the inelastic 12C4.44(2+), 16O6.129(2+) and
16O6.917(3−) states the symmetric rotational model was
used. The quadrupole deformation parameters β2 = 0.577
and β2 = 0.364 corresponding to the 12C and 16O nu-
clei, respectively, were taken from ref. [25], while the oc-
tupole deformation parameter β3 = 0.79 concerning the
16O nucleus was taken from ref. [26]. Since the elastic
and α-transfer channels are indistinguishable in this case,
the theoretical cross sections are calculated by consider-
ing dσ

dΩ ∝ |Tscatt(θ) + Ttr(π − θ)|2, where Tscatt and Ttr

corresponding to the amplitudes of the elastic scattering
and elastic transfer channels, respectively.

In fig. 2 we show the experimental angular distribution
for the elastic and inelastic scattering at 80MeV com-
pared with the CRC calculation considering the coupling
schemes (see fig. 1) with 2+

1 in the 12C only (dashed red
curves) and including the 3−1 and 2+

1 in the 16O (solid
green curves). The parameters of the imaginary potential
were adjusted to reproduce the elastic scattering angular
distribution at forward angles (θ < 50◦) considering the
couplings to excited states in the 12C and 16O. Within this
angular range the effects of inelastic and transfer channels
in the elastic are negligible. The parameters obtained are:
Wv = −15.0MeV, reduced radius rv = 0.92 fm and dif-
fuseness av = 0.65 fm. It is important to mention that the
use of a diffuseness aw = 0.50 fm in the imaginary part
of the optical potential reproduced equally well the data.
The elastic data (fig. 2(a)) at backward angles and the in-
elastic angular distribution are reasonably well described
by the calculations. The agreement of our theoretical cal-
culation with the experimental data is similar to the one
obtained in refs. [7,9].

The experimental inelastic angular distribution
(fig. 2(b)) is better described in our calculations although
the oscillations are not reproduced in all details. The de-

Fig. 2. (Color online) Comparison between theoretical predic-
tions and experimental data of the elastic and inelastic angular
distributions in the 12C + 16O system at 80 MeV.

formation parameters for couplings to excited states in 12C
and 16O provides an average description of the inelastic
scattering. In particular, the effect of α-transfer coupling
in the inelastic is shown in fig. 3. Moreover, fig. 3 presents
the CRC and CC (no alpha-transfer) calculations com-
pared to elastic and inelastic scattering cross sections. The
inclusion of the alpha-transfer channel in the calculations
(CRC) increases the cross sections of elastic and inelastic
scatterings at very backward angles with no shift in the
oscillatory phase. In fig. 4, the angular distributions are
shown concerning the elastic scattering (dash-dotted blue
curve) and elastic transfer (dashed-dashed black curve)
mechanisms. One observes that both channels have cross
sections of the same order of magnitude at backward an-
gles, where it is essential to take into account the effect
of the interference between them. One also observes that
the elastic scattering is relevant even at backward angles.
This point has been also raised in refs. [7,9]. Due to the
low absorptive imaginary potential, the elastic cross sec-
tion is not damped at backward angles. For this reason,
the correct determination of the spectroscopic factors from
microscopic grounds is crucial, because one always might
find an agreement with the experimental data, varying the
optical potential parameters, but with the spectroscopic
information that not necessarily match the reality of the
nuclear wave functions. This might be the reason for dif-
ferences of the spectroscopic amplitudes shown in table 3.
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Fig. 3. (Color online) Comparison between theoretical predic-
tions considering the full coupling scheme (green curve) and
excluding the α-transfer coupling (blue curve) at 80 MeV.

Fig. 4. (Color online) Contribution of the elastic scattering
(dash-dotted blue curve) and elastic transfer (dashed-dashed
black curve) mechanisms to the backward angle angular dis-
tribution at 80 MeV. The solid green curve corresponds to the
coherent sum of both mechanism.

In fig. 5, the theoretical predictions are compared with
the experimental data for α-transfer angular distributions
at 80 and 84MeV without (dashed-dot red) and with
(solid green) the inclusion of the 3−1 and 2+

1 in the 16O.
One can see that the main features of the angular distri-
bution are reproduced very well using the spectroscopic
amplitudes derived from the SACM method. Although the

Fig. 5. (Color online) In (a) and (b), we compare
the theoretical angular distributions obtained by perform-
ing CRC calculations with the experimental one for the
12Cg.s.(0

+) + 16Og.s.(0
+) and 12C4.44(2

+) + 16Og.s.(0
+) chan-

nel at 80MeV incident energy. In (c), we show the same
comparison only for the 12C4.44(2

+) + 16Og.s.(0
+) channel at

84 MeV because the other one was not available at this energy.

agreement of the CRC calculations using the microscopic
amplitudes from ref. [21] is also reasonable, the magnitude
of the oscillations is somewhat larger than the data. At
84MeV, the oscillatory features of the theoretical inelas-
tic transfer angular distribution are similar to the ones
observed at 80MeV. These results are in disagreement
with the conclusion of ref. [6]. The authors of this work
concluded that the oscillatory shape of the angular distri-
bution was damped. From the experimental data, nothing
conclusive can be stated, as the error bars have values sim-
ilar to the amplitude of the oscillations of the theoretical
angular distribution. These results are compared in fig. 5
with the results obtained by using the amplitudes taken

S.A. from semi-
microscopic algebraic 
cluster model. (by P. 
Hess)

-

-
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Triton e 3He transfer in 89Y(6Li,3He)92Zr and 89Y(6Li,3H)92Nb 
reactions at 34 MeV (unpuplished)

M.L. Wang, B. Pinheiro et al. 2024 (to be published)

6

TABLE III. For direct 3H-transfer: States involved in the CRC calculations for the 89Y(6Li,3He)92Zr reaction. Integrated
transfer cross sections considering all couplings between 89Y and 92Zr states using the extreme cluster model.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 0.9121

9/2+ 909 2+ 934.5 4.9480

3/2� 1507 4+ 1495.5 8.5555

5/2� 1745 5� 2486.0 13.2840

6+ 2957.4 11.7840

7� 3379.0 9.9852

TABLE IV. For direct 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states using the extreme cluster model.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 5.6107

9/2+ 909 2+ 136.0 2.3474

3/2� 1507 3+ 285.7 2.6697

5/2� 1745 5+ 357.4 7.9131

4+ 480.5 7.4949

6+ 501.0 8.0594

2+ 1345.5 5.2533

9� 2087.5 7.2290

9+ 2287.2 4.2783

can be seen that the transfer cross sections are of the
order of mb. However, these results are overestimated
because unrealistic spectroscopic amplitudes were used.

Microscopic calculations were necessary to provide re-
alistic spectroscopic amplitudes for projectile and target
overlaps. These were obtained performing shell model
calculations using NuShellX code [32] with a closed 78Ni
core and valence protons in the 1f5/2, 2p3/2, 2p1/2, and
1g9/2 orbitals and valence neutrons in the 1g7/2, 2d5/2,
2d3/2, 3s1/2, and 1h11/2 orbitals. Due to computational
limits, certain restrictions were imposed on the valence
proton orbitals. Specifically, within the 1g9/2 orbit, it
was determined that a maximum of six protons could oc-
cupy this orbital. The n � n, p � p, and n � p e↵ective
phenomenological interactions were based on the jj45apn
interaction [33], in which the two-body matrix elements
were determined considering the charge-dependent Bonn
potential (CD-Bonn) [34, 35]. In this interaction, the
single-particle energies for the proton model space are
set to ✏1f5/2 = �0.7166 MeV, ✏2p3/2

= 1.1184 MeV,
✏2p1/2

= 1.1262 MeV, and ✏1g9/2 = 0.1785 MeV. In ad-
dition, the single-particle energies for the neutron space
are set to ✏1g7/2 = 5.7402 MeV, ✏2d5/2

= 2.4422 MeV,
✏2d3/2

= 2.5148 MeV, ✏3s1/2 = 2.1738 MeV, and ✏1h11/2
=

2.6795 MeV. In our approach, we modified the single-
particle energies for the proton model space, for which
the values were taken from the glbepn interaction [36]. In
this context, the ✏1f5/2 = �3.706 MeV, ✏2p3/2

= �2.133

MeV, ✏2p1/2
= �1.101 MeV, and ✏1g9/2 = �0.638 MeV

were considered. From this modification, spectra of the
89Y, 92Zr, and 92Nb nuclei were described quite well.

For projectile overlap, the 1s1/2, 1p3/2, and 1p1/2 were
considered for both neutron and proton model spaces, for
which a no-core interaction was assumed [37]. The single-
particle energies and two-body matrix elements were in-
spired by the ones from the Warburton and Brown in-
teraction [38]. The obtained theoretical spectroscopic
amplitude for the h6Lig.s.(1+)|3Heg.s.(1/2+)i overlap was
0.193. This value is lower than that derived in Ref. [39]
by the DWBA method. Theoretical results are shown in
Tabs. V and VI.

Both reactions’ integrated transfer cross sections de-
crease when realistic spectroscopic amplitudes are used.
These results are what one would expect since this cluster
configuration should have a low probability of populat-
ing the lowest states in these nuclei. For instance, the
spectroscopic amplitude for the alpha particle structure
in the ground state of the 212Po is equal to 0.158 [40].
Some �-ray ratios can be defined to compare theoretical
results with the experimental data. The 6+ of 92Nb was
used as a benchmark, while the 2+ state for 92Zr. The
chosen states as benchmarks is guided by the fact they
decay only to the ground state. Results are shown in
Fig. 5 (a) for 92Zr and (b) for 92Nb. In the first case, the
experimental and theoretical ratios for 6+ and 7� states
are in good agreement. The theoretical and experimen-
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(a) Coupling scheme considered in the 89Y(6Li,
3He)92Zr reaction.

(b) Coupling scheme considered in the 89Y(6Li,
3H)92Nb reaction

FIG. 6. Coupling scheme considered for the projectile and target overlaps in both reactions. The energies are given in MeV.

TABLE V. For direct 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states with
realistic microscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 2.3021E-04

9/2+ 909.0 2+ 934.5 2.3814E-05

3/2� 1507.0 4+ 1495.5 3.8838E-05

5/2� 1745.0 5� 2486.0 2.6415E-05

6+ 2957.4 3.5430E-06

7� 3379.0 1.1700E-05

tal ratios for the other two states have the same order of
magnitude. In the second case, the theoretical ratios for
the 4+, 9�, and 9+ states agree with experimental ones.
As in the 3H transfer, theoretical and experimental ratios
also have the same order of magnitude.

The calculations also considered the sequential pro-
cesses in which the three nucleons are transferred. We
performed calculations for some multi-step transfer reac-
tions passing through intermediate partitions that have
radioactive nuclei. The cross sections for this transfer
reaction, using the extreme cluster model, were three or-
ders of magnitude lower than the direct cluster trans-
fer. For this reason, we will not give the details here
and will consider only two two-step sequential transfer
reactions passing through the same intermediate parti-
tion (4He + 91Zr). These reactions include only stable
nuclei or nuclei with a very long half-life. In these two
transfer reactions, either a proton is transferred after a
2H for the 3He sequential transfer reaction or a neutron
is transferred after a 2H for the 3H sequential transfer.
Similarly, the São Paulo Potential (SPP) was used for

real and imaginary parts of the optical potential. Since
no couplings were considered in the intermediate parti-
tions, the strength factor of the imaginary part was set
to 0.78, as in the outgoing partitions. The Woods-Saxon
potential was used to build the single-particle wave func-
tions, in which the parameters were varied to reproduce
the corresponding experimental binding energies. The
91Zr states used in theoretical calculations were obtained
according to Brink’s criteria of optimal excitation ener-
gies [41].

The level scheme and couplings adopted in the sequen-
tial transfer calculations can be seen in Fig. 7 for both
reactions. Theoretical calculations have been carried out
considering the extreme cluster model for the 2H transfer
and spectroscopic amplitudes set equal to 1.0 for proton
and neutron transfer. The results are shown in Tabs. VII
and VIII. Comparing the results shown in Tabs. III,
IV, VII, and VIII, it can be concluded that the sequen-
tial mechanism is negligible. Therefore, direct transfer is
more likely for both reactions when the unrealistic spec-
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FIG. 4. (a) The residuals at all angles on 3H gating. (b) The typical � rays of t� � coincidence at uncovered angles.

FIG. 5. ((a) The ratio of cross sections of di↵erent excited states of 92Zr to that of the first excited state (2+) observed in
experiment. (b) The ratio of cross sections of di↵erent excited states of 92Nb to that of the state (501 keV 2+) observed in the
experiment.

together at once; (ii) sequentially, where nucleons are
transferred in two or more steps, passing through inter-
mediate partitions. In the first case, one or more nucle-
ons can be transferred as a cluster, i.e., we considered
the number of nucleons as a structure-less particle. The
direct and sequential processes were considered in both
transfer reactions.

Cross sections have been obtained for the direct trans-
fer reaction considering two di↵erent schemes: (i) the
extreme cluster model and (ii) the microscopic cluster
model [30].

In the extreme cluster model for the two-particle clus-
ter, the nucleon spins are considered to be anti-parallel.
In our case, the spin of the transferred cluster is equal
to the spin of the free nucleus. The relevant parameters
for defining the cluster wave function are the principal
quanta number N and the orbital angular momentum L
relative to the core. N and L can be determined from the

conservation of the total number of quanta in the trans-
formation of the wave function of three independent nu-
cleons into a cluster [31]. In addition, the spectroscopic
amplitudes for the overlaps of the wave functions, for
both projectile and target, are set to 1.0. However, these
spectroscopic amplitudes might be unrealistic.

The level scheme of the involved nuclei and the cou-
plings adopted in the direct transfer calculations are
sketched in Fig. 6 for both transfer reactions. We are
interested in the order of magnitude here, rather than
in a quantitative description of the reaction mechanism.
Since the selection rules for the transfer of particles are
relevant in these processes, for each case, the states are
characterized by the spin, parity, and energy values con-
sidered in the calculations, according to the total angular
momentum J, the orbital momentum L, and the spin of
the transferred cluster. The theoretical results for the
extreme cluster model are shown in Tabs. III and IV. It

Ratio of cross sections of 92Zr excited to the first excited state (2+)

Reasonable agreement

J. Lubian MNC in N&S, 2-6 Jun, SP 2025
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TABLE III. For direct 3H-transfer: States involved in the CRC calculations for the 89Y(6Li,3He)92Zr reaction. Integrated
transfer cross sections considering all couplings between 89Y and 92Zr states using the extreme cluster model.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 0.9121

9/2+ 909 2+ 934.5 4.9480

3/2� 1507 4+ 1495.5 8.5555

5/2� 1745 5� 2486.0 13.2840

6+ 2957.4 11.7840

7� 3379.0 9.9852

TABLE IV. For direct 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states using the extreme cluster model.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 5.6107

9/2+ 909 2+ 136.0 2.3474

3/2� 1507 3+ 285.7 2.6697

5/2� 1745 5+ 357.4 7.9131

4+ 480.5 7.4949

6+ 501.0 8.0594

2+ 1345.5 5.2533

9� 2087.5 7.2290

9+ 2287.2 4.2783

can be seen that the transfer cross sections are of the
order of mb. However, these results are overestimated
because unrealistic spectroscopic amplitudes were used.

Microscopic calculations were necessary to provide re-
alistic spectroscopic amplitudes for projectile and target
overlaps. These were obtained performing shell model
calculations using NuShellX code [32] with a closed 78Ni
core and valence protons in the 1f5/2, 2p3/2, 2p1/2, and
1g9/2 orbitals and valence neutrons in the 1g7/2, 2d5/2,
2d3/2, 3s1/2, and 1h11/2 orbitals. Due to computational
limits, certain restrictions were imposed on the valence
proton orbitals. Specifically, within the 1g9/2 orbit, it
was determined that a maximum of six protons could oc-
cupy this orbital. The n � n, p � p, and n � p e↵ective
phenomenological interactions were based on the jj45apn
interaction [33], in which the two-body matrix elements
were determined considering the charge-dependent Bonn
potential (CD-Bonn) [34, 35]. In this interaction, the
single-particle energies for the proton model space are
set to ✏1f5/2 = �0.7166 MeV, ✏2p3/2

= 1.1184 MeV,
✏2p1/2

= 1.1262 MeV, and ✏1g9/2 = 0.1785 MeV. In ad-
dition, the single-particle energies for the neutron space
are set to ✏1g7/2 = 5.7402 MeV, ✏2d5/2

= 2.4422 MeV,
✏2d3/2

= 2.5148 MeV, ✏3s1/2 = 2.1738 MeV, and ✏1h11/2
=

2.6795 MeV. In our approach, we modified the single-
particle energies for the proton model space, for which
the values were taken from the glbepn interaction [36]. In
this context, the ✏1f5/2 = �3.706 MeV, ✏2p3/2

= �2.133

MeV, ✏2p1/2
= �1.101 MeV, and ✏1g9/2 = �0.638 MeV

were considered. From this modification, spectra of the
89Y, 92Zr, and 92Nb nuclei were described quite well.

For projectile overlap, the 1s1/2, 1p3/2, and 1p1/2 were
considered for both neutron and proton model spaces, for
which a no-core interaction was assumed [37]. The single-
particle energies and two-body matrix elements were in-
spired by the ones from the Warburton and Brown in-
teraction [38]. The obtained theoretical spectroscopic
amplitude for the h6Lig.s.(1+)|3Heg.s.(1/2+)i overlap was
0.193. This value is lower than that derived in Ref. [39]
by the DWBA method. Theoretical results are shown in
Tabs. V and VI.

Both reactions’ integrated transfer cross sections de-
crease when realistic spectroscopic amplitudes are used.
These results are what one would expect since this cluster
configuration should have a low probability of populat-
ing the lowest states in these nuclei. For instance, the
spectroscopic amplitude for the alpha particle structure
in the ground state of the 212Po is equal to 0.158 [40].
Some �-ray ratios can be defined to compare theoretical
results with the experimental data. The 6+ of 92Nb was
used as a benchmark, while the 2+ state for 92Zr. The
chosen states as benchmarks is guided by the fact they
decay only to the ground state. Results are shown in
Fig. 5 (a) for 92Zr and (b) for 92Nb. In the first case, the
experimental and theoretical ratios for 6+ and 7� states
are in good agreement. The theoretical and experimen-
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TABLE VI. For direct 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states with realistic spectroscopic
amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 4.3966E-06

9/2+ 909.0 2+ 136.0 1.4146E-06

3/2� 1507.0 3+ 285.7 1.0806E-06

5/2� 1745.0 5+ 357.4 5.1893E-06

4+ 480.5 3.8354E-06

6+ 501.0 4.5101E-06

2+ 1345.5 3.9683E-08

9� 2087.5 5.3522E-07

9+ 2287.2 7.6842E-08

troscopic amplitudes are used.

Microscopic calculations were also performed for se-
quential mechanisms. The same interaction and model
space were used to evaluate the realistic spectroscopic
amplitudes. In the first step, a deuterium (2H) is trans-
ferred. In this case, it was considered that the intrinsic
cluster wave function has the quantum numbers n = 1
and l = 0 so that the 2H cluster is in the 1s internal state.
In the second step, a neutron is transferred for the 3H
stripping reaction. The spectroscopic amplitudes were
calculated for deuterium and neutron transfers, includ-
ing projectile-like and target-like overlaps. Similarly, for
3He transfer, a proton is transferred in the second step.
The theoretical results for sequential transfer reactions,
with realistic spectroscopic amplitudes, are presented in
Tabs. IX and X. The integrated transfer cross sections
of the 9� and 9+ states for 92Nb are in blank, as shown
in Tabs. VIII and X. This is because the selection rules
prohibit these transitions in the sequential transfer mech-
anism for the model space used.

Comparing Tabs. V and IX, one concludes that the
sequential mechanism is also negligible when microscopic
calculations are performed in the 3H transfer reaction.
As fig. 5(a) shows, the ratio of cross sections of di↵erent
excited states of 92Zr to that of the first excited state
(2+) observed in the experiment, though the cross
sections are lower than that of theoretical calculations,
the relative trend is consistent. In this case, direct
cluster transfer is more relevant than sequential transfer.
For the 3He transfer, this is not true. According to
Fig. 3 and Fig. 5(b), the lower excited states 501 keV(
6+), 285.7 keV(3+), 357.4 keV(5+), 480.5 keV(4+) are
outstanding. Comparing the results shown in Tabs. VI
and X, the sequential and direct mechanisms are of the
same order of magnitude. Therefore, both mechanisms
are relevant if realistic spectroscopic amplitudes are
used. The ratios of most states are consistent with the
theoretical calculations, which are shown in Fig. 5(b).
But there are some mixture between 92Nb and 91Nb in
the �-rays 357.4 keV and 194.8 keV, the error of 285.7

keV(5+) and 357.4 keV(5+) are larger.

These results can be understood if one looks at the
structure of the residual nuclei. The transfer cross sec-
tion is proportional to the spectroscopic amplitudes of
two overlaps: one for the projectile and the second for the
target. The projectile overlaps are very similar because
the transferred neutron or proton of the second step lies
in the same shell. The proton and neutron transferred
to the target-like nucleus (91Zr) will occupy di↵erent or-
bitals in the residual nuclei. For this reason, the spectro-
scopic amplitudes of the second step are very di↵erent,
and consequently, the two-step transfer is very di↵erent
in the 2H + n and 2H + p transfers.

V. CONCLUSION

In this paper, we studied the transfer reactions of 3He
and 3H by charged particles and �-ray coincidence. By
the 3He � � coincident measurement, one 3H stripping
reaction gives a contribution to the formation of Zr iso-
topes and also gives us evidence about the 3He transfer
reaction by 3H-� coincident measurements. In the coin-
cident results of 3H-�, we get two kinds of transfer reac-
tion products, which are 19Ne from the reaction with 16O
and 92Nb from the reaction with the target nucleus 89Y.
Combined with CRC calculations and comparison of the
relative cross sections of di↵erent excited states experi-
mentally observed, confirms the existence of 3He and 3H
cluster structure in 6Li. This can also improve extensive
nuclear structure studies with �-ray spectroscopy tech-
niques. However, more experiments are mandatory due
to the limitations of experimental statistics.

ACKNOWLEDGEMENTS

We thank the INFN-LNL sta↵ for providing a stable
6Li beam throughout the experiment. This work was

5

1800
2000
2200

500
550
600
650
700
750
800

150
200
250
300
350

0
10
20
30
40
50

102
10

102

10

102
10

1

1

1

24222018121086 14 16 26

100
1790 gate
 501 gate

Energy of tritium (MeV)

En
er

gy
 o

f g
am

m
a 

(k
eV

)
Co

un
ts/

0.1
 M

eV

Counts / keV
（10）8 14 202

（102）2418

237
274
194

357
501 511

625
819

17901839
1984
2290

(a)

92Nb
91Nb

19Ne

FIG. 4. (a) The residuals at all angles on 3H gating. (b) The typical � rays of t� � coincidence at uncovered angles.

FIG. 5. ((a) The ratio of cross sections of di↵erent excited states of 92Zr to that of the first excited state (2+) observed in
experiment. (b) The ratio of cross sections of di↵erent excited states of 92Nb to that of the state (501 keV 2+) observed in the
experiment.

together at once; (ii) sequentially, where nucleons are
transferred in two or more steps, passing through inter-
mediate partitions. In the first case, one or more nucle-
ons can be transferred as a cluster, i.e., we considered
the number of nucleons as a structure-less particle. The
direct and sequential processes were considered in both
transfer reactions.

Cross sections have been obtained for the direct trans-
fer reaction considering two di↵erent schemes: (i) the
extreme cluster model and (ii) the microscopic cluster
model [30].

In the extreme cluster model for the two-particle clus-
ter, the nucleon spins are considered to be anti-parallel.
In our case, the spin of the transferred cluster is equal
to the spin of the free nucleus. The relevant parameters
for defining the cluster wave function are the principal
quanta number N and the orbital angular momentum L
relative to the core. N and L can be determined from the

conservation of the total number of quanta in the trans-
formation of the wave function of three independent nu-
cleons into a cluster [31]. In addition, the spectroscopic
amplitudes for the overlaps of the wave functions, for
both projectile and target, are set to 1.0. However, these
spectroscopic amplitudes might be unrealistic.

The level scheme of the involved nuclei and the cou-
plings adopted in the direct transfer calculations are
sketched in Fig. 6 for both transfer reactions. We are
interested in the order of magnitude here, rather than
in a quantitative description of the reaction mechanism.
Since the selection rules for the transfer of particles are
relevant in these processes, for each case, the states are
characterized by the spin, parity, and energy values con-
sidered in the calculations, according to the total angular
momentum J, the orbital momentum L, and the spin of
the transferred cluster. The theoretical results for the
extreme cluster model are shown in Tabs. III and IV. It

Ratio of cross sections of 92Nb excited to the first excited state (2+. 501 keV)

Reasonable agreement

J. Lubian MNC in N&S, 2-6 Jun, SP 2025
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(a) Coupling scheme considered in the 89Y(6Li,
3He)92Zr reaction.

(b) Coupling scheme considered in the 89Y(6Li,
3H)92Nb reaction

FIG. 6. Coupling scheme considered for the projectile and target overlaps in both reactions. The energies are given in MeV.

TABLE V. For direct 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states with
realistic microscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 2.3021E-04

9/2+ 909.0 2+ 934.5 2.3814E-05

3/2� 1507.0 4+ 1495.5 3.8838E-05

5/2� 1745.0 5� 2486.0 2.6415E-05

6+ 2957.4 3.5430E-06

7� 3379.0 1.1700E-05

tal ratios for the other two states have the same order of
magnitude. In the second case, the theoretical ratios for
the 4+, 9�, and 9+ states agree with experimental ones.
As in the 3H transfer, theoretical and experimental ratios
also have the same order of magnitude.

The calculations also considered the sequential pro-
cesses in which the three nucleons are transferred. We
performed calculations for some multi-step transfer reac-
tions passing through intermediate partitions that have
radioactive nuclei. The cross sections for this transfer
reaction, using the extreme cluster model, were three or-
ders of magnitude lower than the direct cluster trans-
fer. For this reason, we will not give the details here
and will consider only two two-step sequential transfer
reactions passing through the same intermediate parti-
tion (4He + 91Zr). These reactions include only stable
nuclei or nuclei with a very long half-life. In these two
transfer reactions, either a proton is transferred after a
2H for the 3He sequential transfer reaction or a neutron
is transferred after a 2H for the 3H sequential transfer.
Similarly, the São Paulo Potential (SPP) was used for

real and imaginary parts of the optical potential. Since
no couplings were considered in the intermediate parti-
tions, the strength factor of the imaginary part was set
to 0.78, as in the outgoing partitions. The Woods-Saxon
potential was used to build the single-particle wave func-
tions, in which the parameters were varied to reproduce
the corresponding experimental binding energies. The
91Zr states used in theoretical calculations were obtained
according to Brink’s criteria of optimal excitation ener-
gies [41].

The level scheme and couplings adopted in the sequen-
tial transfer calculations can be seen in Fig. 7 for both
reactions. Theoretical calculations have been carried out
considering the extreme cluster model for the 2H transfer
and spectroscopic amplitudes set equal to 1.0 for proton
and neutron transfer. The results are shown in Tabs. VII
and VIII. Comparing the results shown in Tabs. III,
IV, VII, and VIII, it can be concluded that the sequen-
tial mechanism is negligible. Therefore, direct transfer is
more likely for both reactions when the unrealistic spec-
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TABLE VII. For sequential 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states
using unrealistic spectroscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 2.8175E-04

9/2+ 909.0 2+ 934.5 1.0120E-03

3/2� 1507.0 4+ 1495.5 5.5168E-03

5/2� 1745.0 5� 2486.0 3.1745E-03

6+ 2957.4 8.6214E-03

7� 3379.0 3.4674E-03

TABLE VIII. For sequential 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last
column represents the integrated cross sections, considering all couplings between 89Y and 92Nb states using unrealistic spec-
troscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 2.3054E-03

9/2+ 909.0 2+ 136.0 1.5286E-03

3/2� 1507.0 3+ 285.7 1.2946E-03

5/2� 1745.0 5+ 357.4 1.1150E-02

4+ 480.5 7.0082E-03

6+ 501.0 1.1478E-02

2+ 1345.5 9.6673E-04

9� 2087.5 —–

9+ 2287.2 —–

TABLE IX. For sequential 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states
with realistic spectroscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 9.3951E-11

9/2+ 909.0 2+ 934.5 3.4651E-09

3/2� 1507.0 4+ 1495.5 1.0888E-09

5/2� 1745.0 5� 2486.0 4.3316E-11

6+ 2957.4 3.4245E-09

7� 3379.0 3.8676E-07

TABLE X. For sequential 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states with realistic spectroscopic
amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 1.5926E-05

9/2+ 909.0 2+ 136.0 1.8663E-06

3/2� 1507.0 3+ 285.7 2.2839E-07

5/2� 1745.0 5+ 357.4 1.7532E-06

4+ 480.5 2.9726E-06

6+ 501.0 8.3991E-06

2+ 1345.5 8.4902E-09

9� 2087.5 —–

9+ 2287.2 —–

>>

10

(a) Coupling scheme considered in the 89Y(6Li,
3He)92Zr reaction. (b) Coupling scheme considered in the 89Y(6Li,

3H)92Nb reaction.

FIG. 7. Coupling scheme considered for the projectile and target overlaps for sequential mechanism. The energies are given in
MeV.

Direct cluster tranfer of 3H dominates
J. Lubian MNC in N&S, 2-6 Jun, SP 2025



Direct versus sequencial (d+p)

89Y(6Li,3H)92Nb                 3He (direct)                                  d+p (sequential)

=

8

TABLE VI. For direct 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states with realistic spectroscopic
amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 4.3966E-06

9/2+ 909.0 2+ 136.0 1.4146E-06

3/2� 1507.0 3+ 285.7 1.0806E-06

5/2� 1745.0 5+ 357.4 5.1893E-06

4+ 480.5 3.8354E-06

6+ 501.0 4.5101E-06

2+ 1345.5 3.9683E-08

9� 2087.5 5.3522E-07

9+ 2287.2 7.6842E-08

troscopic amplitudes are used.

Microscopic calculations were also performed for se-
quential mechanisms. The same interaction and model
space were used to evaluate the realistic spectroscopic
amplitudes. In the first step, a deuterium (2H) is trans-
ferred. In this case, it was considered that the intrinsic
cluster wave function has the quantum numbers n = 1
and l = 0 so that the 2H cluster is in the 1s internal state.
In the second step, a neutron is transferred for the 3H
stripping reaction. The spectroscopic amplitudes were
calculated for deuterium and neutron transfers, includ-
ing projectile-like and target-like overlaps. Similarly, for
3He transfer, a proton is transferred in the second step.
The theoretical results for sequential transfer reactions,
with realistic spectroscopic amplitudes, are presented in
Tabs. IX and X. The integrated transfer cross sections
of the 9� and 9+ states for 92Nb are in blank, as shown
in Tabs. VIII and X. This is because the selection rules
prohibit these transitions in the sequential transfer mech-
anism for the model space used.

Comparing Tabs. V and IX, one concludes that the
sequential mechanism is also negligible when microscopic
calculations are performed in the 3H transfer reaction.
As fig. 5(a) shows, the ratio of cross sections of di↵erent
excited states of 92Zr to that of the first excited state
(2+) observed in the experiment, though the cross
sections are lower than that of theoretical calculations,
the relative trend is consistent. In this case, direct
cluster transfer is more relevant than sequential transfer.
For the 3He transfer, this is not true. According to
Fig. 3 and Fig. 5(b), the lower excited states 501 keV(
6+), 285.7 keV(3+), 357.4 keV(5+), 480.5 keV(4+) are
outstanding. Comparing the results shown in Tabs. VI
and X, the sequential and direct mechanisms are of the
same order of magnitude. Therefore, both mechanisms
are relevant if realistic spectroscopic amplitudes are
used. The ratios of most states are consistent with the
theoretical calculations, which are shown in Fig. 5(b).
But there are some mixture between 92Nb and 91Nb in
the �-rays 357.4 keV and 194.8 keV, the error of 285.7

keV(5+) and 357.4 keV(5+) are larger.

These results can be understood if one looks at the
structure of the residual nuclei. The transfer cross sec-
tion is proportional to the spectroscopic amplitudes of
two overlaps: one for the projectile and the second for the
target. The projectile overlaps are very similar because
the transferred neutron or proton of the second step lies
in the same shell. The proton and neutron transferred
to the target-like nucleus (91Zr) will occupy di↵erent or-
bitals in the residual nuclei. For this reason, the spectro-
scopic amplitudes of the second step are very di↵erent,
and consequently, the two-step transfer is very di↵erent
in the 2H + n and 2H + p transfers.

V. CONCLUSION

In this paper, we studied the transfer reactions of 3He
and 3H by charged particles and �-ray coincidence. By
the 3He � � coincident measurement, one 3H stripping
reaction gives a contribution to the formation of Zr iso-
topes and also gives us evidence about the 3He transfer
reaction by 3H-� coincident measurements. In the coin-
cident results of 3H-�, we get two kinds of transfer reac-
tion products, which are 19Ne from the reaction with 16O
and 92Nb from the reaction with the target nucleus 89Y.
Combined with CRC calculations and comparison of the
relative cross sections of di↵erent excited states experi-
mentally observed, confirms the existence of 3He and 3H
cluster structure in 6Li. This can also improve extensive
nuclear structure studies with �-ray spectroscopy tech-
niques. However, more experiments are mandatory due
to the limitations of experimental statistics.
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TABLE VII. For sequential 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states
using unrealistic spectroscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 2.8175E-04

9/2+ 909.0 2+ 934.5 1.0120E-03

3/2� 1507.0 4+ 1495.5 5.5168E-03

5/2� 1745.0 5� 2486.0 3.1745E-03

6+ 2957.4 8.6214E-03

7� 3379.0 3.4674E-03

TABLE VIII. For sequential 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last
column represents the integrated cross sections, considering all couplings between 89Y and 92Nb states using unrealistic spec-
troscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 2.3054E-03

9/2+ 909.0 2+ 136.0 1.5286E-03

3/2� 1507.0 3+ 285.7 1.2946E-03

5/2� 1745.0 5+ 357.4 1.1150E-02

4+ 480.5 7.0082E-03

6+ 501.0 1.1478E-02

2+ 1345.5 9.6673E-04

9� 2087.5 —–

9+ 2287.2 —–

TABLE IX. For sequential 3H-transfer: Integrated transfer cross sections considering all couplings between 89Y and 92Zr states
with realistic spectroscopic amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3He 92Zr -96.5

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 0+ 0.0 keV 9.3951E-11

9/2+ 909.0 2+ 934.5 3.4651E-09

3/2� 1507.0 4+ 1495.5 1.0888E-09

5/2� 1745.0 5� 2486.0 4.3316E-11

6+ 2957.4 3.4245E-09

7� 3379.0 3.8676E-07

TABLE X. For sequential 3He-transfer: States involved in the CRC calculations for 89Y(6Li,3H)92Nb reaction. The last column
represents the integrated cross sections, considering all couplings between 89Y and 92Nb states with realistic spectroscopic
amplitudes.

Entrance channel Outgoing channel Q value(keV) Integrated cross section(mb)
6Li 89Y 3H 92Nb -2120.8

1+ 0.0 keV (g.s.) 1/2� 0.0 (g.s.) 1/2+ 0.0 keV 7+ 0.0 keV 1.5926E-05

9/2+ 909.0 2+ 136.0 1.8663E-06

3/2� 1507.0 3+ 285.7 2.2839E-07

5/2� 1745.0 5+ 357.4 1.7532E-06

4+ 480.5 2.9726E-06

6+ 501.0 8.3991E-06

2+ 1345.5 8.4902E-09

9� 2087.5 —–

9+ 2287.2 —–

Direct cluster and sequential transfer are of the same order
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(a) Coupling scheme considered in the 89Y(6Li,
3He)92Zr reaction. (b) Coupling scheme considered in the 89Y(6Li,

3H)92Nb reaction.

FIG. 7. Coupling scheme considered for the projectile and target overlaps for sequential mechanism. The energies are given in
MeV.
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Evidence of a – clustering in 40Ca by studing the fusion 
cross section of the 40Ca + 90Zr

F. R. Vasconcelos et al. 2025 (to be published)

Using the cluster model the fusion
cross section can be described 
very well independently of the 
Number of states considered

At the same elastic and inelastic 
Scattering ang. dist. Are very well
Described.
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Spectroscopic investigation 13C+9Be  
Valdir Guimarães, Pedro D. Magro, Juan C. Zamora, Adriana Barioni, Marlete 

Assunção, Erick O. N. Zevallos, Fernando Miletto, Matheus B. Angelo, Laura Maria G. 

Figueroa, Pierre C. Nistal. Pedro D. Magro 

Andres Arazi, Daniel Hojman, Maria Angelica Cardona, Jorge, Barbara Paes,  

Erica Cardozo, Jesus Lubian,  

 

 
 

Dados Tandar Argentina 13C+9Be. Energias medidas: 55.0 e 62.0 MeV. 

Vários canais foram abertos: Carbono, Boro, Berilio e Litio. 

 

1) Carbono 
9Be(13C,13C)9Be. Espalhamento elástico. 
9Be(13C,14C)8Be Q=+6.511 MeV. 1n transfer to ground state. 
9Be(13C,14C*)8Be. 1n transfer to excited state in 14C*. Podemos ver o pico do 

primeiro estado excitado do 14C. 

Spectroscopic investigation 13C+9Be @ 55 MeV

9Be(13C,7Li)15N  => 6Li transfer or 4He + d or d + 4He?  Data 
taken at Tandar, BA, Argentina by V. Guimarães (unpublished)
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• We have shown the relevance on the 2n, 2p, and pn 
correlations in two-particle transfer reacitons.

• The nucleon correlations are responsable for unusual
cluster configuraitons in some light nuclei.

• Alpha cluster structure may very important in describing 
the reaciton mechanism of N x alpha nuclei
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