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FUNDAMENTALS OF MAGNETOHYDRODYNAMICS

Locally neutral, non-resistive plasma

What are the ingredients of a magneto-fluid-dynamical theory?

e Conservation laws:

BZ
g0 — 1o (42w

¢ Equation of state: ¢ = 3P.

° Maxwell’s equations:
O FH = J*,

e Equations for the dissipative currents:

o Additional relations are required for closure.
o Phenomenology, microscopic calculations, ...

2
U — A (P + 32> + 7 — BB

9, Fm — 0,
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¢ Traditional Israel-Stewart theory with corrected energy-momentum tensor
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DIFFERENT APPROACHES
¢ Traditional Israel-Stewart theory with corrected energy-momentum tensor

Tl 4o = 2t 4
R. Biswas et al., JHEP 10 (2020).
* Non-resistive magnetohydrodynamics for a single-component gas
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G. S. Denicol et al., Phys. Rev. D 98, 076009 (2018).
¢ |ongitudinal approximation for the shear-stress tensor

1
o (101 12).

M. Chandra et al., Astrophys. J. 810, 162 (2015).

Bounds on nonlinear causality have been investigated.
I. Cordeiro et al., Phys. Rev. Lett. 133, 091401 (2024).
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MICROSCOPIC DERIVATION OF FLUID DYNAMICS

Assuming a two-component gas of classical particles described by a Boltzmann equation

0

KMk -i-qukuFWWf+ = C[f" 1 1,
K*Ouh + q*kuF‘“’£f_ = C[f . £f].

S. R. De Groot, Relativistic Kinetic Theory: Principles and Applications (1980).
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Assuming a two-component gas of classical particles described by a Boltzmann equation

v, 0 -
KO + Gk PP s fd = CIR )
K1 f + q*kuF‘“’a%f‘ = Cli, 7.

S. R. De Groot, Relativistic Kinetic Theory: Principles and Applications (1980).

Method of moments

Replace the equation for f by equations for its irreducible moments.
H. Grad, Comm. Pure Appl. Math. 2, 331 (1949); W. Israel and J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979).
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Assuming a two-component gas of classical particles described by a Boltzmann equation

, 0 .
KO + Gk PP s fd = CIR )
KO, f- +q- kuF*“’a%f‘ Clic, 7.

S. R. De Groot, Relativistic Kinetic Theory: Principles and Applications (1980).

Method of moments

Replace the equation for f by equations for its irreducible moments.
H. Grad, Comm. Pure Appl. Math. 2, 331 (1949); W. Israel and J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979).

14-moment approximation

Express the distribution function solely in terms of the usual hydrodynamic variables.
W. Israel and J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979). G. S. Denicol et al., Eur. Phys. J. A 48, 170 (2012).
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Factorize the single-particle distribution as

fox (55, k"k¥)
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MICROSCOPIC DERIVATION OF FLUID DYNAMICS

Factorize the single-particle distribution as

f0k (7‘(‘5,/ k”k”)

Obtain coupled equations for the total and relative shear-stress tensor

UL i 2|Q|Bb>‘ “(5 %sa‘“’ — gwﬂ”e — EO')\<#7T;> — 2w <”7T§>,
§ ) 4 g + 2|qT|B bM# %(571"“’9 - ga’\“‘&r;) — 2wMorh)

where 74 = 7" 4+ 7" and §n+ = §7k” + dm"”. K. Kushwah and G. S. Denicol, Phys. Rev. D 109, 096021 (2024).
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Factorize the single-particle distribution as

f0k (7‘(‘5,/ k”k”)

Obtain coupled equations for the total and relative shear-stress tensor

UL i 2|Q|Bb>‘ “(5 %sa‘w — gwﬂ”e — EO')‘<#7T;> — 2w <”7T§>,
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where 74 = 7" 4+ 7" and §n+ = §7k” + dm"”. K. Kushwah and G. S. Denicol, Phys. Rev. D 109, 096021 (2024).

Is this theory suitable to describe physical systems?
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CAUSALITY AND STABILITY ANALYSIS

What are the minimal requirements a theory must satisfy?

e Causality: perturbations travel with subluminal speed.
e Stability: perturbations decay exponentially with time.

These properties are intrinsically connected. L. Gavassino, Phys. Rev. X 12, 041001 (2022).
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CAUSALITY AND STABILITY ANALYSIS

e Perform small perturbations around a global equilibrium state

X— Xo + AX

equilibrium perturbation

e Linearize the magneto-fluid-dynamical equations neglecting terms ~ O(A?).

Compute the modes of the theory, w(k), considering two cases:

¢ Transverse perturbations: orthogonal to the magnetic field.
¢ Longitudinal perturbations: parallel to the magnetic field.

¢ Constrain the transport coefficients such that the following conditions are satisfied:

<1.

Im (w) > 0, lim

k—o0

ORe (w)
ok

Stability Causality
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Assuming dissipation only due to shear-stress,

) g = 2pgH 4 nonlinear terms.

For small k, )
Oan(k) = = — ik2 + O(k%),
T

i

x>

4 . -
Gnn(K) = —§/k2+0(k4),
on(k) = ik? + iz k* + O(k®),

on(k) = tok + gil?z + O(k%).
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TRADITIONAL ISRAEL-STEWART THEORY

Assuming dissipation only due to shear-stress,

) 4 = 2pot 4 nonlinear terms.
For small k, )
oun(k) = - — ik2 + O(kY,
P
. i 4. .
on(K) = — — Zik? + O(k*
w h( /?ﬂ_ 3 + ( )a

)
on(k) = ik? + iz k* + O(k®),
)

on(k) = ek + gil?z +O(k%).

Hydrodynamic and nonhydrodynamic modes

¢ Hydrodynamic modes: long-lived, associated with conserved quantities.
¢ Nonhydrodynamic modes: short-lived, necessary for linear causality and stability.
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TWO-COMPONENT MAGNETOHYDRODYNAMICS

Longitudinal perturbations
In the small wave number limit, the modes are
wan (k) = iT — A g O(K%),

157 |
oK)= L s 15 44 /(z =5y - 49255 +O(K?)
nAT 2 2572 ’
o o 5
Wh(k)—i\/gk—l- sk T O,
2i o , ,
won(k) = +vak+2 K2 + O(K®).

5 (1 ) (err 8
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e Linear causality and stability are simultaneously satisfied.
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Longitudinal perturbations
In the small wave number limit, the modes are

wan (k) = iT — A ey O(K%),

15 |
oK)= L s 15 44 /(z =5y - 4°Bs | O(K?)
nh - 2 257’2 ’
v 2, 3
wh(K) —i\/gk+ ex K +OK),
H !
wn(k) = +vakt 2 - > K2 1+ O(K3).
0

5 {1+ ) (ore+ 29)

e Linear causality and stability are simultaneously satisfied.
e Sufficiently large magnetic fields lead to oscillations.
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Longitudinal perturbations
In the small wave number limit, the modes are

wan (k) = iT — A ey O(K%),

15%
o i / 52 4qu§ 2
wnn (k)= 5 [z+z i\/(Z Y') 55T + O(k?),
_ v 2. 3
Wh(k)_i\/ngr 152k + O(k®),
H !
wi(k) = ivAk+9 = > k? + O(k®).
0

(17 5) (15 + 57)

e Linear causality and stability are simultaneously satisfied.
¢ Sufficiently large magnetic fields lead to oscillations.
e Diffusive part of Alfvén modes suppressed at large magnetic field.
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TWO-COMPONENT MAGNETOHYDRODYNAMICS
Longitudinal perturbations
In the small wave number limit, the modes are

wan (k) = iT — %kz + O(k®),

[ 4 2B2
wnn (k) : [Z+Z’i\/(Z—Z’)2— 26513T29

+O(K?),

T2

1 2i
wi(k) = iﬁk + 15—zk2 + O(k®),
Z/

:
S ) (o )

k? + O(K3).

co+Fo

Linear causality and stability are simultaneously satisfied.
Sufficiently large magnetic fields lead to oscillations.

Diffusive part of Alfvén modes suppressed at large magnetic field.
Terms that are absent in the longitudinal approximation.
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LONGITUDINAL PERTURBATIONS

Comparison of the hydrodynamic modes

0.301

0.051

0.00

Longitudinal limit
By =02 GeV?
By = 0.5 GeV?
By = 1.0 GeV?
By =2.0GeV?
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Transverse perturbations
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TWO-COMPONENT MAGNETOHYDRODYNAMICS

Transverse perturbations
Complete theory

wah = IZ + O(K?),

_i / _ /2_4qZB§ 2
wnh_z(Z—i-Z:I:\/(Z Y') 5572 + O(k%),

B2

1432 ; R
wn =+ gk e +i," K+ O(K?),
3(1+ OT"PO) 30 (1 + 0 ) S+ B
H !
42):, 25T2
_ i Y 2 3
wh = zk +0 (k).
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TWO-COMPONENT MAGNETOHYDRODYNAMICS

Transverse perturbations

Complete theory Longitudinal approximation

wan = IX + O(K?), w=Iix,
i 4¢°B3 2 1+3B
h== | Z4+T +4/(Z—¥)2 - 0 O(k?), _
BZ
143-—2 ; "R
wn =+ gk e +;" K+ O(K?),
3(1+ T"Po) 30 (1 + 0 ) S+ B
H !
42):, 25T2
B i > 2 3

wh = zk +0 (k).
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SUMMARY

Magnetohydrodynamics for a two-component plasma is linearly causal and stable.

Modes are significantly distinct from Israel-Stewart-like theories.

Causality and stability remain being fulfilled in the longitudinal approximation.

Longitudinal approximation is justified in the limit of large B.

Longitudinal approximation fails to capture the dynamics when B is not sufficiently large.
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