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Strong motivation: in-medium strong interactions under
extreme magnetic fields are:

> of experimental relevance
< HICs, early universe, magnetars

» rich in new phenomenology
< Chiral magnetic effect, new QCD phase diagram, vacuum SUC

»> amenable to lattice simulations: new open channel for
comparison!
< model constraining, tests for pQCD and nonpert. methods, ...
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However...

Strong motivation: in-medium strong interactions under
extreme magnetic fields are:

Real deal, BUT very hard for
theory: difficult to compute

with reasonable control over
approximations & hypotheses!

> of experimental relevance = *
< HICs, early universe, magnetars

> rich in new phenomenology /

< Chiral magnetic effect, new QCD phase diagram, vacuum SUC

»> amenable to lattice simulations: new open channel for
comparison!
< model constraining, tests for pQCD and nonpert. methods, ...

h

Here we can play!
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At extremely large values of B, interesting things might happen...

<% strange _quark number 7

Very exciting lattice resulfs at
E:ijgé'ﬁ:gm cvork | larger B and predictions for
]

condensate extremely large B !
$ Polyakov loop

N [Endrodi (2015)]
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Besides Lattice QCD, which other fool can provide
predictions from the actual fundamental gauge theory?

Perturbation theory!

pQCD to O(g?) in a nonperturbative magnetic background
[Blaizot, ESF & Palhares (2013)]

Framework: perturbative QCD in a nonperturbative magnetic background.

v v

Exact quark propagator in a constant
Quark-gluon interaction and uniform magnetic field:

up to O(g?) . —
S0 = [if) — apha(x) —my] ]

Aa(z) = (0, A(z)) | Vx A= B2
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Basic ingredients

* Exact fermion propagator (schwinger (1951); Chodos et al (1990)]

So(z,y) = @(x,y) Solr —y)

Yy
O(x,y) = exp [zq/ dxilAé'l(l“’)]

2 0 ‘
_ ' P7 n  Dn(gB,P)
So(P) = 1exp|— — E —1 = —
0( ) L eX] [ qB] n:O( ) p% —_ m? — 212(13
QQ('[) — % In ZQ('[_)

* Thermodynamic
potential:

(gluonic part from
usual hot pQCD +
magneftically-
dressed quarks)
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Exchange diagram in a magnetic background (in the LLL approx.):

[Palhares (2012); Blaizot, ESF & Palhares (2013)]

LLL 2 .92 J:Z: 'm}zc:klz-i-kg
qrB dkidky -2tk
— - — e “af .
27 (27)2

Average over gluon “transverse mass”

exchange contribution in

dim. 2 hot QCD with a “massive gluon”

Results:

» Clear dimensional reduction in the quark dynamics.
» There are no UV divergences.

» In D=1+1, the Dirac trace is proportional fo the quark mass: trivial chiral limit!

Pexcn 1, N2 -1 )

N, = D) g (T) me X
(%) / d271:)l2 —B /dPBdQQ.dl\g m)6(ks — p3 + q3) X
WEiEq{Ecg ?22 + E(j?; ?_ 2 lEiEjWQ - EgE__wgl np(w) Nr(1)
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IR-divergent sum-integrals to deal with, BUT:

* NLO always 1-2 orders of magnitude below the leading contribution.
= Improved convergence of the perturbative series at high T and extremely large B?

* No IR divergence -> frivial chiral limit! [strong suppression for small masses]

At the time (2013): [Blaizot, ESF & Palhares (2013)]
* No running coupling, no running mass, no bands.
* No other observables.

* No test for ultra-high B fields.

~10 years later, we revisited magnetic pQCD. Now with:

[ESF, Palhares & Restrepo (2023)]
* Running coupling, running mass & bands.

* Dependence on the choice of the renormalization scale.

* Pressure, quark condensate, strange quark number susceptibility.

 Tests for ultra-high B fields (“reached” on the lattice!). ‘ ~
: ( ) m, <1 «K+eB
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Differently from what was done in 2013, it is more convenient to perform
momentum integrals first, and leave one integral over the transverse mass and
the Matsubara sums to the end (valid for i = 0). In the LLL limit:

[ESF, Palhares & Restrepo (2023)]

NLO (exchange) contribution to the pressure:

pPUL 1 _/N?2-1\_, B dm, " Er—E,,
—Cxch :_g~< ‘ )'I’ me(qf )Z —mye T : -
Nc.' 2 2N( f 2r £y * 2r gf’gnl gn: |£z“' - gn: |(|£f - gn: | + gnl)
Er=\/oz+mg, &, = \/(m,,2 + wz)? + m}. and £,, = \/(1),2,2 + m}

|u),= =27fT and w,, = (2ny, + 1)aT

We also need (LO, quarks):

PfLrlécL _ Z( ) (x/In \/_] i ﬂ_ﬁ ,[-4
N, 22 °F Pf;ee — (N" — l) %0 (gluons)
+ IZQfB/dIJ _+_€—/}L(0pl ;tf) -
> ) gT
+In (1 + e—/iiE(O.p&:H—y_(f)}. P:()_ — _N(_. (N: - l) 144
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oP;  OPELL oPUL

el ) = — — exch
</ r¥ f> dmf dmf dmf

Chiral condensate

* Massless quarks: frue order parameter for the chiral transition.
* Light quark masses: pseudo order parameter.

* Perturbative analysis reliable only for very large T & even larger B - cannot
bring information near the phase transition or crossover.

» Nevertheless: there are lattice results for high T & B — comparison of two
first-principle calculations in this region is certainly relevant!

From magnefic pQCD

9PLLL B 2np(E,

om " (2m)* »
de;}f*h _ _lql N2 -1 qu /dmk - e_ o
om ¢ 2° 2 i :
{ m'-;‘[é' 1€ 5,, | =& (1= En)] me(E =&, 2(w,, + (1)1)3(1),3,2 + mzf((a),,2 + w;)? + (1),3,2)]}
515515;13(81 - n: |£1 - '113| + gnl )2 51531532|£, - gnzl(lgl - gn:l + gnl )
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« On the lattice, one computes the f-flavor renormalized condensate
(to eliminate additive and multiplicative divergences):

mye

r(R T f e _ |
2H(B,T) = =) (& rvr)gr — W rWrlo)

* NB: To obfain the vacuum condensate, one cannot simply take the zero-field
limit since we assumed very large fields from the oufset.

Strange quark number susceptibility R N

* Given the presence of a derivative with respect to the chemical potential,
pure vacuum terms dare excluded. —> advantage when comparing latfice
results to pQCD, even if the T range in the simulations is still far from
optimal for this purpose.
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Running

_ 4 2 InL
a,(A) =— (1L 2=
PoL Py L

= \ 4/9 |
" /4
ATE = 343%]5 MeV

Bo =11 —2N;/3, B1 = 51 — 19N4/3, L = 2In (A/As)] =2 §
m2t1 x~ 248.7 MeV

Arbitrariness in choosing the renormalization scale:

 Thermal QCD: besides quark masses, the only scale is T » mf — usual
choice: Matsubara frequency 20T with a band around it (T < A < 41T).

* In the present case, we have 3 mass scales: (eB)2, T & mg
In the literature, one can find a few different
assumptions for the form of the running coupling.

; ; N - [extension of what is done in
We choose: QCD running with [A = /(27T)? + eB By st S

Chirality 2025, Sdo Paulo, July/2025 Eduardo S. Fraga



Results for the pressure

[ESF, Palhares & Restrepo (2023)]
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Full pressure with bands
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* Bands: increasing/decreasing the central renormalization scale by a factor of 2.

* Bands ~ measure of the theoretical uncertainty of the perturbative series.

* Case (ii) has no band by construction, since A is fixed.
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Results for the renormalized light chiral condensate
[ESF, Palhares & Restrepo (2023)]
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» Lattice data from D’Elia et al (2022).

» The width of the band for case (iii) basically diverges (not shown in the
figures), case (iv) has a wide band that also diverges at some point for
the susceptibility, and case (v) is always well behaved.
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Results for the strange quark number suscepfibility
[ESF, Palhares & Restrepo (2023)]
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* Same qualitative behavior for the
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Cold & dense QCD case [ESF, Palhares & Restrepo (2024)]

» In the complementary scenario (T=0, nonzero density), the sum-integrals
and distributions become simpler. At the end, we find:

PELL +B)? B [d
N :_Z(q s In /X7 qf /(p (uf —E)O(us — E)
C f‘
( |E — \/pz - mzf.xf = mzf/quB
qsB)? qrB [Pr dp, - " '
— —Z ;;[2 Xf ll] + Z f / ﬂf - E)
fo- Pr = \/ ;4} — m}
(¢7B)* (¢rB) ps+ Pr
- —Z '2;2 [xpIn /x| + Z 4;_ psPp — m,r log o
f f :
priL 1 N2 -1 B dm - dp.d dk
—;;‘“h = —Egz ( éN )m} (qun ) / X mye *—r/ P: q 2n)o(k, — p,. + q.)
1 @ 2(E + (1)) 1
Ous—Ey)O(us — Eq) — 4 -E,) -
wE,E, {EE - ? (ky p)OUs — Eq) [(E_ -w)(E, + w)] (y 2 E, + (1)}

ng KL p, L veb

- > tension of what is done in
A — \/ 2 = ?B [ex
( 'u-f) ki in-medium field theory]
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Results for the pressure

[ESF, Palhares & Restrepo (2024)]
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* For high B: two-loop contribution represents a correction of only a few

percent.

* Even for much smaller fields (B ~ 10!8 Gauss), possibly attainable in the core

of magnetars, the exchange contribution remains quite small.

* On the other hand, RG running effects are always relevant and also affect

the leading ferm via the running of the mass.
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* For high B, one can build a pQCD-based simple analytic model for the EoS of
cold and dense QM that could be used, phenomenologically, fo describe
magnetars.
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+P
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7 l'nf

0.0040 — T T T T T T T 1.02 T T
— o, = 0.336 — a, = 0.336

- 19
0.0035 ' s A= \/(‘2}&]2 teB, a, 101 B =10 (j —_— A= \/(2/‘:'7 +eB 7]

0.0030F " [Preee)chiral

=100 G

3 i,
= 0.0025 F
\/

i 0.0020 F

ce

«“~ 0.0015|
~
0.0010

0.0005 |

0.0000 ’l. VR 1’ ..... ] v

PR B Rr SR S ST S|
04 0.5 0.6 0.7 0.8

w [GeV] p [GeV]

[ESF, Palhares & Restrepo (2024)]

* NB: of course, we are pushing magnefic pQCD away from its region of validity. This
pressure should be matched onto a low-density pressure for the description of a hybrid
magneftar.
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Constraints on quark magnetars from pQCD at very large B
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Final remarks

> Magnetic thermal/dense pQCD with physical quark masses indicates that loop
corrections are subdominant in the pressure for large B. The NLO ferm is comparatively
very small.

> Window of applicability is still narrow, but results obtained from a clean first
principle calculation that can be systematically improved & controlled.

> Results for the chiral condensate & strange quark number susceptibility compared fo
recent lattice QCD data away from the chiral transition. Even if still out of the region
of validity, pQCD results seem to be in the same ballpark, which is encouraging.

> It would be great to have lattice results at even higher B (and T)!
> For huge values of B, one can build a pQCD-inspired analytic model in the case of

cold magnetic pQCD. Might be relevant for magnetar microphysics and can be used to
constrain models.
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Back up slides

Chirality 2025, Sao Paulo, July/2025 Eduardo S. Fraga



Summary of a very long story:

> Usual chiral models (PQM, PNJL, ...): do not capture the behavior of the critical line.

> Introducing a B dependence in their parameters does not help. [Esk Mintz & Schaffner-Bielich (2013)]
(other tentatives in the same direction alleged success, but either failed fo satisfy physical
conditions or had T. turning up after some point)

> Including the actual running of the couplings of such chiral models with a scale that is B-
and T-dependent didnt help either [endrodi & ESF (unpublished tests in 2014)].

> Implementing (by hand) a "QCD-inspired running” that is B- and T-dependent [see e.g.
Farias et al. (2014, 2016)] or including some B- and T-dependent dressing [see e.g. Ayala et al.
(2015)] seems to do a good job for describing the behavior of T.(B) (even though, with some
slightly different features as compared tfo lattice results) and condensates as one optimizes
the model parameters. More on this later.

> Although artificially included, this points to a possible relevant role of asymptotic freedom
in the phenomenon of inverse magnetic catalysis. And makes this description at least a good
fit for several lattice results.

> On the other hand, MUCH simpler descriptions seemed to capture essential features of
lattice results for the behavior of Tc(B) soon after they appeared...
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[ESF & Palhares (2012)]

surprisingly good
qualitative resulfs -
puzzling, hard to
justify by itself.

/ Lets try something else \

From my perspective:

failure of effective chiral models...

i

- [Palhares (2012); Blaizot, ESF & Palhares (2013)]

[ESF, Noronha & Palhares (2013)] QCD in that limit!
good qualitative results - Systematic & controllable
QCD in that limit! But approximations, but...
hard to get more ;
quantitative or improve... .needs really high B

fields! Actually, needs

Already at the time of / m, K 1T K \/"BI

my old slide...
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* We show results for a few representative choices and discuss their
implications for our observables.

* Although we have our preference for the most physical choice, we believe
that, ultimately, this must be settled by direct comparison to lattice QCD
simulations.

* We consider the following cases:

(i) A fixed value of as = 0.336 (iii) Same as previous, but with A = 2aT
[ignore running] [Karmakar et al (2019)]

(iv) QCD running with usual

(ii) The running [Ayala et al (2018)]
oL thermal chéice (A = 2rT)

@, (A2) [ignore effect from B on the running scale]
as(leBl) = : S —
1 + (B /4 )as(A2) h‘l(r\%)
(v) QCD running with
as(A?)|(usual MSbar one-loop running) - ,
A = +/(2rT)? +¢B
A =15 GeV

[extension of what is done in

[Motivation: provide an understanding of in-medium field theory]

inverse magnetic catalysis]
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Results for the running coupling [ESF, Palhares & Restrepo (2023)]
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o3 e, e e : 03f e 1 | B: as simply grows while the
o TR paf T ] | @nergy density is also increasing.
0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 Then:
T [GeV] T [GeV]
T T T T T T T T T T T T T i T * R 4
A f_: ](l.:‘:‘G‘\: - T — 0.3 GeV 1 sk — (_: ]n...3.:‘6‘\f . T — 0.6 GeV Pe'r‘furbaflve- calculations
—= K =2aT, a,(|eB]) A —-= K =2aT, a,(|eB)) A mear"ngless FOT' h|gh B
05 A=27T, a, B 05F == A=2aT, «
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* In cases (iv) & (v), «s exhibits the same qualitative (usual for QCD) behavior.

* Quantitative difference because in case (v) B contributes to the running scale
on an equal footing with respect fo the femperature.
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Results for the running strange quark mass  [esF. Palhares & Restrepo (2023)]
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* Quark mass increase with B probably related fo the original motivation of running
choices like cases (ii) & (iii) — frying to encode magnetic catalysis & inverse magnetic
catalysis in the properties of the running of the strong coupling.

* We believe that only cases (iv) & (v) provide a physical description of the running
coupling & running quark mass.

* Since it can also be fested by direct comparison to lattice data, we keep all cases in our
results for the pressure, chiral condensate & strange quark number susceptibility.
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» Cases (ii) & (iii): much poorer convergence; becomes worse as one
increases B.

* Compatible with the somewhat unphysical behavior observed in their
running os & ms.

s Cases (iv) & (v): well behaved.

* Contribution from the exchange very small for the physical cases, even
for huge B fields.
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Lattice has already provided a great deal of info on the

phase diagram (and essentially on all thermodynamic

observables):

Inl I 1l I [

universe
|

0.2 0.4 0.6
eB (GeVv?)

So, are we done??
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[Bali et al (2012)]
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[Bali et al (2014)]

Eduardo S. Fraga




Well, we would like fo have some analytical understanding, too,
which could provide new insights. Actually, it all started with
effective models (before lattice QCD) but...

Expected phase diagram

Restored chiral symmetry,

From the first papers: deconfinement

* Deconfining:
Agasian & Fedorov (2008)

ition

ral transl
Ch\r_— _ - Broken chiral
— symmetry,

deconfinement

—_—

[

* Chiral:
ESF & Mizher (2008)

€confip;
ntmmg transition

Temperature, T

Broken chiral symmetry,
confinement

Magnetic field, eB

[Mizher, Chernodub & ESF (2010)]
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[Ruggeri & Gatto (2010)]

P-QM

A. J. Mizher et al, arXiv:1004.2712

1.1] With vacuum corrections

[ 300 T T T T T T 1 1 4
1.0 : w= (Chiral transition

i Deconfinement transition _

= Expected magnetic field generated in the LHC
09 /7
~ /

08! . . L 2 sk 7 -

0 5 10 15 20 | = s

2 -~ ’
eB/m,
- T
— -t
200 " 1 | " 1 M 1 N
Excellent agreement 0 10 20 30 40 50
eB(m, )

So, all model predictions were basically
wrong, except for T=0... (several came
afterwards giving similar results, long list).

Clearly, effective chiral models were (are!)
missing some crucial ingredient(s)!
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FIG. 1. Running coupling (top) and strange quark mass (bottom) as functions of the chemical potential for eB = 1 GeV? (left) and
eB = 9 GeV? (right). The bands correspond to changes in the central scale by a factor of 2. For these plots u = u, = pg4 = p, assuming
symmetric matter.
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