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The Gross-Pitaevskii Equation (GPE)

@ One of the most important systems of non-linear partial
differential equations.
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The Gross-Pitaevskii Equation (GPE)

@ One of the most important systems of non-linear partial
differential equations.

@ It describes many non-trivial experimental features of
superfluids and supersolids.

@ However, unlike what happens in the Ginzburg-Landau
theory for superconductors, there are very few effective
analytic tools to study GPE in two or more dimensions.
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The Gross-Pitaevskii Equation (GPE)

We will consider stationary GPE in two spatial dimensions,
without external potential or chemical potential’-:

ﬁ2

—s oV +alVEV =0.

where .
V=peS=0d;+id,,

being g the coupling constant, ¥ the condensate wave function,
p is the corresponding amplitude, and S is the phase.

L. Pitaevskii and S. Stringari, Bose-Einstein Condensation and Superfluidity.
International Series of Monographs on Physics.

2 C. Barenghi and N. Parker, A Primer on Quantum Fluids. SpringerBriefs in
Physics.
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The Gross-Pitaevskii Equation (GPE)

It can be derived from the following energy-functional
h 2 g h? 1 2 g
_ 2 i 9wl = 2, [ LI eff 1vs (4
E_/rdX[ZM‘ W‘+2‘\U‘:| M/rdX|:2‘ W‘+74 |\|/|:|

2M,
Geff = ng
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GPE, complex structure and fractional vorticity

Let us consider the following first-order elliptic system in two
spatial dimensions

8Xq)‘l +ay¢2 - A(¢17¢2) ) (1)
Oy Py — Ox P2 B(®4,%2) , @)
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GPE, complex structure and fractional vorticity

Let us consider the following first-order elliptic system in two
spatial dimensions

8Xq)‘l +ay¢2 - A(¢17¢2) ) (1)
Oy —0xP2 = B(dq,Pp), (2)
Take
Ox (1) +0y(2) ,
and

9y (1) — x(2)
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GPE, complex structure and fractional vorticity

From the above first-order system, one can deduce that
Oy = &y (7) Py = &, (7) satisfy the following second-order
semilinear system of equations:

— 1.0 2 2
Ady = CiOxdo + 028y¢2 + EE (A + B ) ,
— 1.0 2 2
Ady = —Cq0x®q —Cgay¢1 —I—EE (A + B ) ,
where
0A 0B 0B 0A

G =90, T oo 7 80, 09,
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GPE, complex structure and fractional vorticity

Therefore, when C; = C> = 0, one gets

Ad; — ;a‘; (A2+B2>,

Ay — ;ai(AerBz).

In other words, one can define a “superpotential” W, which is
an analytic function of Z = ¢4 +i®, and then A and B are the
real and imaginary parts of W:

W = W(Z2), Z=o1+id,,
A = ReW, B=ImW.
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|W|* interactions

If one considers the quadratic superpotential

V2

one arrives at the following BPS system

W= Z2 .

6(])1 8‘1)2 . K

ZH 7T N (92 2
Ox + ay \@( 1 2)7
0Py 0Py

————— = V2kP1 0

8y Ox \/>H 1¥2,
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|W|* interactions

Whose solutions are automatically solutions of the GPE

- = .
—A%+gw(¢-¢)@ =0, j=1,2
- =
(@12 + (92" = & &,
Getf = K2

The energy can be rewritten as follows:

2
E- :Tw /dzx (0001 + 0,02 — AP + (8,01 — 0102 — Bf| + @ + Qo
r
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|W|* interactions

One kind of solution of the above BPS system

2V/2
p(r) = T ,
2vV2Ars —3kr

and
2v/2 cos (¢ + 6
o1(r.0) = (5tf)
2vV2Ars — 3kr
2v2 sin (4 + 6,
®o(r,0) = 53 ).
2vV/2Ars — 3kr
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The 3-vorticity Solutions for |W|* interactions
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(a) Level curves for ¢4. (b) Level curves for ¢,.

Figure: Level curves for solution the %-vorticity solution. We took
x=1and A= 1, and internal radius a = 0.3 while the external one is
R ~ 0.91 in arbitrary units.
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|W|° interactions

Let us consider the following superpotential

K 5 K 5
W o= —E_Z5— [ +idy)?

572 55/2[1 2]
Z = peS 5 Zi—pieiss,

One arrives at the following BPS system

9y + 0% _ n 3 cos(§ S)
ox oy — /5/2 P 2 7
ody 0dy K 5 5
By ox 57 p2 sm(2 S),
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|W|° interactions

The solutions of the above system are automatically solutions

of the GPE
= =\ 3 :
~00) 4+ ger (8- ®) 0, = 0, j=1,2
(@12 + (022 = & &
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|W|° interactions

The simplest topologically non-trivial solution of the BPS
system takes the form

a7 2
4v/10

wIiny

Kr)™3,

0+ Sp .

—
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|W|® interactions

If one considers the quadratic superpotential

K
w=—-2%,
V3
then one arrives at the following BPS system
6q)1 a(bz KR 3 2
— 4+ = — (3 -390
OX + 8_}/ \@( 1 3 1 2)7
a¢1 aq)Q K 2 3
1t = — ¢
dy  ox NG <3¢1 P2 2) ’
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|W|® interactions

whose solutions are automatically solutions of the GPE
- =\2 .
~00 4+ gor (¢ 8) 0 = 0, j=1.2
- =
(®1)°+ (92 = 8- 8, gor=r",

while the energy becomes

3

e_ [ oPx {i(?@)ﬂgef’(?'?)‘? ,

j=1
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|W|® interactions

The simplest topologically non-trivial solution of the above BPS
system for the |W|® self-interaction potential takes the form

p(r) = (Ar/?2 - im—r)_

=

i

0
8(9) == Z+So,

where A and S are two integration constants.
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The 3-vorticity Solutions for |W|® interactions
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Figure: Level curves for solution the %-vorticity solution. We took

x =1and A =1, and internal radius a = 0.3 while the external one is
R ~ 0.91 in arbitrary units.
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Final remarks

@ In the present work, it has been shown that a large class of
generalized GPE equations (with, for instance, the
non-linear interaction terms |W|° and |V|°)
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Final remarks

@ In the present work, it has been shown that a large class of
generalized GPE equations (with, for instance, the
non-linear interaction terms |W|° and |V|°)

@ This formalism allows the powerful analytic tools of BPS
solitons to be applied to the topologically non-trivial
configurations of GPE (usually analyzed only numerically).
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Regarding the possible experimental settings where the
predictions of these techniques could be tested, there are (at
least) two natural candidates:
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Regarding the possible experimental settings where the
predictions of these techniques could be tested, there are (at
least) two natural candidates:

@ to connect the fractional statistics with the fractional
vorticity
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Regarding the possible experimental settings where the
predictions of these techniques could be tested, there are (at
least) two natural candidates:

@ to connect the fractional statistics with the fractional
vorticity

@ the (fractional) quantum Hall effect and the supersolids, as
the experimental techniques will soon become precise
enough to test the appearance of configurations with
fractional vorticity
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From Valdivia...

“Thank you
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