Hands-on advanced numerical methods for
quantum many-body dynamics

A tour through numerical methods for simulating large-scale quantum physics (classically)
Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)
Tutorial: ED on a simple spin model

2.21/10: A better ED, sparse matrices, Krylov space. Open systems.
Tutorial: Spin-model simulations using Krylov space

3. 22/10: Mean-field, Runge-Kutta
Tutorial: A mean-field simulation of the transverse Ising model

4.23/10: How to go beyond: Matrix product states



https://julialang.org/

Recap

We discussed how to represent numbers as bits, and associated relative machine precisions ~le-16

0r10000000001011000000000000000000000000/00000/000

We describe systems with state-vectors (not only in QM). If the problem is linear (QM), an exact diagonalization of the
Hamiltonian allows to simulate arbitrary time-evolution

In tutorial style we have seen how to construct many-body spin (or other) operators using Kronecker product functions.
We used this to simulate dynamics in a transverse Ising spin model (which can e.g. be realized with trapped ions)
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It’s important to use sparse matrices.



Tutorial: Constructing a Hamiltonian and simulating dynamics

Full version

julia> @time begin; sm = [0 1; @ @]; sxs, szs = build_spin_ops(sm, 10); H = build_hamiltonian(1l, 3, 1, sxs, szs); end;

0.830853 seconds (821 allocations: 1.397 GiB, 48.33% gc time)

Sparse version

julia> @time begin; sxs, szs = build_sparse_spin_ops(sparse([@ 1; @ @]), 10); H = build_sparse_hamiltonian(l, 3, 1, sxs, szs); end;

0.007831 seconds (2.78 k allocations: 10.354 MiB, 59.62% gc time)

Much more memory and time-efficient to construct the Hamiltonian!

Problem: A full diagonalization does not make use of the sparsity!
VIHV=F < HV=VE <  H=VEV!
V would be a full matrix!

We have to be smarter to make use of sparse matrices \ L~
in the time-evolution!



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

span (A% o) , A [o) , A% ko) , .., A" [aio)

Tutorials: Power method/implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space
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Part 2: Basics for open-system simulations

»  System Bath



Krylov space

The goal 1s to compute dynamics of some initial state

%|¢> = —iH 1) (1)) = o~ iH! [400) ... with a generally very sparse Hamiltonian

We could just use standard ODE solvers (e.g. Runge-Kutta, later), but it would be overkill, since:

i) The problem is linear
ii) The Hamiltonian is time-independent

It would be good to compute the matrix exponential directly

Problem: A matrix exponentiation turns the sparse Hamiltonian into a full matrix

E.g.: Compute matrix exponential by full diagonalization

HIB) = En|B))  H=Y E,|E)(E| e t=3" _”ﬂ Ze B | B, (E,|
’\ n \ k=0

sparse ~D elements D energy eigenstates cach ~D elements in general: Full DxD matrix

.. not sparse :(

On the other hand: We’re only interested in the state after applying the matrix exponential

AN

i —itH Ak Mayb ly need
o Ht‘¢0>:Z( ) ‘¢0> Zﬁ‘¢0> ay e.W€.07’lyl’l€€ afew

terms in this sum?




Krylov space

Maybe we only need a few
~ ~ terms in this sum?
e [1ho) = Z Il [tho) = m [%0)
k=0 ' k=0

Starting from the initial state, a good 1dea seems to be using the following space:

Krylov space: Spall (1210 %0) »1211 [%0) »1212 vo) ;- - - az‘im_l W0>>

(here formulated in bralket notation, but concept is general) Aleksey Nikolaevich Krylov
(1863 - 1945)

Krylov wrote about 300 papers and books. They span a wide range of topics, including shipbuilding, magnetism,
artillery, mathematics, astronomy, and geodesy.

Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

A A

Example, let’s for a sec take the matrix to be a hermitian Hamiltonian A = H

Take an initial state expanded in eigenstates:

o) =Y cnlEn)  HI|E,) =FE,|E,) Ei>FE;>E;>...

n

k-th Krylov state  |1hy) = H* |[1po) =Y ~cn B | Ey)
" All high k states will be parallel to |E1)

Also: Repeated application gives the highest energy
state! Known as power method

When normalizing and £ > 1 [Ve) B,
T~

1L 2129 ...assuming Ci # 0



Power method

N ‘ E1> largest eigenvalue
- . k=3
julia> ev = eigvecs(H)[:, end] L — 9
1024-element Vector{Floatb64}: L —1
0.4369482662387492
0.18017016480571899 k=0
0.11301797958241558 >

0.10193006487917656

julia> vec_it = rand(1024); vec_it ./= norm(vec_1it); abs(vec_it' * ev)AZ
0.198870268912662

julia> vec_it = H * vec_it; vec_it ./= norm(vec_it); abs(vec_it' * ev)AZ
0.39109496162542984

julia> vec_it = H * vec_1it; vec_it ./= norm(vec_it); abs(vec_it' * ev)A2

0.9970319044046937



Krylov space - Arnoldi iteration

Krylov space: span (1210 Wo> 71211 W0> 71212 WO> y oo 7121m_1 W0>>

(here formulated in bralket notation, but concept is general)

Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

Arnoldi iteration: Create an orthonormal basis from the Krylov vectors (using improved/modified Gram-Schmidt)

|¢o> — |¢o> / H Wo> H (normalization just in case)
. - Walter Edwin Arnoldi
(‘¢1> — A ’¢O> Ist iteration \ (American engineer/mathematician)
(1917 - 1995)
hi1 = (Yolr) 1) = |¥1) — haa [vo)
. hop = [0 [ Y1) = [¢1) /han y

Notation: =

r|¢1> — A |¢z’—1> ith - iteration \
hii = <¢O’¢i>* V) = i) — hi
ho i = Wl!%? } i) = |¥i) — haji[11) - # not ==
hii = (i1le) i) = [Wi) — higaa Y1) * modified GS:

k hivia = || |0 || |s) = [W4) Jhiv1a J use already updated state

means “define”

¢0> ...as in code:




Krylov space - Arnoldi iteration

Krylovspace:  span (A o) , A o) , A tho) , ..., A" [yho))

;) = A1) after i iterations, we have i+1
orthogonal vectors, i.e. we have the
hii = (Wols)  [s) = i) — hai [wo) s

“semi-unitary’ matrix
hai = (V1li)  [¥i) = i) — hai i)

Q; = (Jto) Y1) .. |¥w)
hii = (Wi—1|¥i)  [¥i) = [¥i) = higri [Yie1)
hivig = 1) | [¥a) = |¥i) [hivaa Dx(i+1) QIQ;=1
Qi 1s a projection matrix to the Krylov basis
The iteration can be written in the matrix form:
What is the matrix h?
AQZ = Q;11h; (exercise: show)
(hl,l hl,g hl,i \
h271 hg)g “ e hg,@' Example: i=1
h, = O hza ... D3, X
S 1) = (Albo) = hua 60) /ha
0 0 A (FER .
\ o ) Alvo) = h11 |Yo) + b2 [91)
(1+1) x i

A(lgo)) = (Ito)  |v1)) (Z;)

Y

Upper Hessenberg form



Krylov space - Arnoldi iteration

Krylovspace:  span (A o) , A o) , A tho) , ..., A" [yho))

;) = A1) after i iterations, we have i+1
orthogonal vectors, i.e. we have the
hui = (oltd) i) = i) — hai [tho) e unitany” mani:
hoi = (Y1lvi)  |ti) = |¥s) — hai |¥1)
Q; = (\¢0> [W1) .. W%»
hii = (Wimalthi) i) = [¥i) — higi[iz1)
hivia = 1) | i) = [Wa) [hivaa Dx(i+1) QfQi=1
What is the matrix h?
The iteration can be written in the matrix form:
AQ,L = Qi—i—lhi (hl,l h1’2 ... hl,z’ \
ha1 haa2 ...  hay
. o . flz — 0 hg,g ce hg,z'
Terminating means: Qit1 = (WO> W}> e va) M) . :
Qi+1h; = Q;h; \ 8 0—— hz+1,z)

A ~

Then: AQ; =~ Q;h; h; ~ QIAQZ A szlej

The matrix h 1s an approximation of the matrix A in (the much smaller) Krylov space!



Krylov space - Arnoldi iteration

Krylovspace:  span ((A° [tho) . A [vi0) , A2 [abo) , .., A™ " [tho))

;) = A1) after i iterations, we have i+1
orthogonal vectors, i.e. we have the
hus = (dolts) 1) = i) — i [tho) ’

“semi-unitary’” matrix
hoi = (P1ls) (i) = [¥i) — hayi [¢h1)

hii = <¢z—1|¢z> Vi) = |¥i) — hig1,i [Yio1)
hivia = [V | (i) = i) [hivaa D x (i+1) QIQZ- =1

Q; = (|vo) |¢1) ... |¥a)

The matrix h is an approximation of the matrix A in (the much smaller) Krylov space /C !

The idea is to now do exact diagonalization of the small matrix and then to transform it back to the full space:

H,D K
A Qz 7 A
O+ o—®~

~ ~ h171 h1,2 0 0 ce
Remark: For hermitian matrices, e.g. A = H the matrix h is even only tri- (hg,l hoo haz 0 ... \
diagonal. Then the iteration to obtain h is even simpler, it’s called Lanczos h,=| 0 hs2 Na2 hso
- . ) - . 0 0 hasz hags
iteration. It’s very useful to compute a few eigenvalues and eigenstates of very T

large sparse Hamiltonians. \ 5 5 : L )



Tutorial: Arnoldi iteration

Goal: compute e_iﬁt |¢o> = eAt |¢0>

oA # Compute approximation to exp(A)xpsi@
‘rz) = Alhi—1) \ # ... with m Krylov basis states
hl,i — <¢0‘¢z> |¢Z> — |¢Z> _ hl,z‘ |¢0> function arnoldi_exp(A, psi@, m)
hai = (Y1) |i) = [vs) — ha |¢1) D = length(psi0)
h’i,i — <¢2_1‘¢Z> ‘¢2> — ‘¢z> — hz.Jrl,Z. ‘wi—1> Q = similar(A, D, m) # the projection matrix
h = zeros(eltype(A), m, m) # Krylov projection of A
ulwl,l = [l 1) = [vi) [hit1a y
Q[:,1] = psi® # assumed normalized
for ii = 1:(m-1)

Qi = (lvo) I|v1) .o |¥a) (Psi_i = AXQL:,1i] ™
for jj = 1:ii

hi(jj,ii]l = Ql:,3j1" * psi_i
For the matrix exponential applied to  |1p) psi_i —= h[jj,iil .* Q[:,jjl
end
... approximation is formally h[ii+1, ii] = norm(psi_1i)

i . @:,iim = psi_i ./ hlii+1, iil)
€ ‘¢O> ~ Qe an ‘¢O> end

... but since |¥0) is the first row in an , and \ # now return the matrix exponential

all other rows are orthogonal, we just need to return Q * exp(h)[:,1]
take the first column of eh

end



Tutorial: Arnoldi iteration

Test with a random Hamiltonian PA[

A= —1AtH
D = 1000; m = 20
H = rand(ComplexF64, D,D); H += H'

A=-1im .x 0.1 .x H
psi® = rand(ComplexF64, D); psi® ./= norm(psi0@)
@time psi_ed = exp(A)*xpsi0d

@time psi_krylov = arnoldi_exp(A, psi@, m)
@show abs(psi_ed' x psi_krylov)”2

0.676812 seconds (16 allocations: 91.584 MiB)
0.007632 seconds (831 allocations: 12.931 MiB)

abs(psi_ed' * psi_krylov) A 2 = 0.9999999999999936

Krylov approximation is already exact up to
machine precision with m ~ 20. Speed-up of
two orders of magnitude. For sparse matrices
even more!

When does it go bad?

julia> psi_krylov = arnoldi_exp(A, psi@, 20); abs(psi_ed' * psi_krylov)A2
.000000000000004

julia> psi_krylov = arnoldi_exp(A, psi@, 10); abs(psi_ed' * psi_krylov)A2
.0000013088710726

julia> psi_krylov = arnoldi_exp(A, psi@, 4); abs(psi_ed' * psi_krylov)A2
.1542019279919236

Smaller dt:

julia> A = -1im * 0.01 * HJ}

julia> psi_krylov = arnoldi_exp(A, psi@, 20); abs(psi_ed' * psi_krylov)A2
0.9999999999999991

julia> psi_krylov = arnoldi_exp(A, psi@, 10); abs(psi_ed' * psi_krylov)A2
1.0

julia> psi_krylov = arnoldi_exp(A, psi@, 4); abs(psi_ed' * psi_krylov)A2
1.0000653363523324




Krylov space - Arnoldi iteration

Test with a random Hamiltonian H A= —iAtH

10

10—15

1 —F

—10 [

F = | (o (M QumePQf, 1ho)

A larger “time-step” will need a larger Krylov
space dimension.

This makes sense, remember:

Ry —itH)k Ak Mavb ] d
o Ht|¢0>zz( ) |¢0>EZﬂWO> aybe we only need a few
k=0

k! terms in this sum?
k=0

The longer I evolve, the “more Hilbert space” I need



Krylov space - Arnoldi iteration

Remark: The implementation on the right is very
simple, we did not implement any stopping
condition and didn’t discuss any (smart) error
estimation

There are many implementations out there, e.g.
KrylovKit for Julia (or ExpoKit), etc.

using KrylovKit

psi, info = exponentiate(A, 1.0, psioQ;
krylovdim=m, tol=le-12)

# Compute approximation to exp(A)xpsi@

# ...

with m Krylov basis states

function arnoldi_exp(A, psi@, m)

end

D = length(psi®)

Q = similar(A, D, m) # the projection matrix
h = zeros(eltype(A), m, m) # Krylov projection of A

Q[:,1] = psi@ # assumed normalized
for ii = 1:(m-1)
psi_i = AxQ[:,ii]
for jj = 1:ii
hljj,ii]l = Q[:,jjl" * psi_i
psi_i -= h[jj,ii]l .x Q[:,jj]
end
h[ii+1l, ii] = norm(psi_i)
Ql:,ii+1] = psi_i ./ h[ii+1, ii]
end

# now return the matrix exponential
return Q x exp(h)[:,1]



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

span (A% o) , A [o) , A% ko) , .., A" [aio)

Tutorials: Power method/implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space
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Part 2: Basics for open-system simulations

»  System Bath



Tutorial: Spin-model simulations using Krylov space

1. Construct the sparse Hamiltonian
2. Prepare initial state

3. Compute dynamics with Arnoldi exponentiation

4. Plot observable dynamics (also correlation functions)

Long-range transverse Ising model: H T = Z Ji, ;070 ; + h, Z a; Jii =
1<J )
Initial state: This time different Yo) =TT =1L M) ..

Néel state

Look also at correlations: Cij = (0707) —(07)(07)

i =gl



Tutorial: Spin-model simulations using Krylov space

A J
Long-range transverse Ising model: Hyr = g Ji 07 0;-’ + h, E o Ji; = W
1<J ) J
# Step 3: Function doing the time evolution from Néel state Néel state
function sparse_ti_simulation(N, J, alpha, hx, dt, steps) ‘@b0> — ‘ifrijrijr ...>

sm = sparse([0 1; 0 0])

sxs, szs = build_sparse_spin_ops(sm, N) Lo , _ _ _ ]
julia> include("ti_model_simulation_sparse.jl");

H = build_sparse_hamiltonian(J, alpha, hx, sxs, szs) C o , L ,
julia> psi = sparse_ti_simulation(10,1,3,1,0.1,101);

# initial state oo _ _

psi = zeros(ComplexF64, 2°N) julia> findall(C abs.(psi) .> 0)

psi[l] = 1.0 # the all zero state lgi;ement Vector{Intb4}:

for ii = 1:2:N
psi = sxs[ii] * psi
end julia> bitstring(342-1)

"0000000000000000000000000000000000000000V000000000000000101010101"

return psi

A a—
n—1 [f 0 o )
So, better idea? unsigned integer decomposition into n bits m — d; 2" —
8 8 p i =
1=0
N/2—1 M+1 _ 1
24 : - 0 1 2 M r
MNee] = E 2 geometric series! S =r"4+r +r°+---+r S = 1
/’" _
i=0 r =4
julia> div(4Acld(10,2) - 1, 3)
4]\7/2 . 1 341
MNeel = 3 julia> div(4Acld(9,2) - 1, 3)

341




Tutorial: Spin-model simulations using Krylov space

. J
Long-range transverse Ising model: Hrp = g Jij0;05 + hy E o Jij = W
1< ) J
Néel state
# Step 3: Function doing the time evolution from Néel state
function sparse_ti_simulation(N, J, alpha, hx, dt, steps) ‘@00> — LLT¢:F$T\--->

sm = sparse([0 1; @ 0])
sxs, szs = build_sparse_spin_ops(sm, N)

H = build_sparse_hamiltonian(J, alpha, hx, sxs, szs)

# initial state

psi = zeros(ComplexF64, 2~N)

mneel = div(4”~cld(N,2) - 1, 3) + 1
psi[mneel] = 1.0 # the Néel state




Tutorial: Spin-model simulations using Krylov space

J

Long-range transverse Ising model: Hyr = g Ji 07 6;-’ + h, E o Ji; = W
1<J )

for tt = 1l:steps
println("Step $tt/$steps — norm(psi) = $(norm(psi))")

for 11 = 1:N

out_sz[tt, ii] = psi' x szs[ii] * psi
end
psi, _ = exponentiate(H, -1im % dt, psi;

krylovdim = 20, tol = le-12)

end

Step 96/101 - norm(psi) = 0.9999999999999976

Step 97/101 norm(psi) 0.9999999999999974

return out sz Step 98/101 - norm(psi) = 0.9999999999999974
- Step 99/101 - norm(psi) = 0.9999999999999976

Step 100/101 - norm(psi) = 0.9999999999999976

Step 101/101 - norm(psi) = 0.9999999999999976

end 0.088565 seconds (23.70 k allocations: 75.769 MiB, 14.91% gc time)
julia> include("ti_model_simulation_sparse.jl"); @time info = sparse_ti_simulation(10, 1, 3, 1, 0.1, 101);.
- norm(psi) = 0.
Step 101/101 - norm(psi) = 0.9999999999996511
I)lajf VVlt}l E(Ij/l()V'(ilIIl 0.131281 seconds (42.79 k allocations: 115.634 MiB, 10.65% gc time)

julia> |
m=10 (slower)

Step 101/101 - norm(psi) = 1.001604676019396
Warning: expintegrate did not reach sufficiently small error after 100 iterations:
* total error = 7.82e-04
* number of operations = 300

fail- m_2 @ KrylovKit .julia/packages/KrylovKit/MLULm/src/matrixfun/expintegrator.jl:278

0.648713 seconds (406.09 kiallocations: 549.648 MiB, 11.75% gc time)

julia> include("ti_model_simulation_sparse.jl"); @time info = sparse_ti_simulation(10, 1, 3, 1, 0.1, 101);



Tutorial:

1

Long-range transverse Ising model: Hrp = g Jij0;05 + hy E o Jij =
1<J )

Switch also dense code to Neel, compare runtimes up to N=11, push up to N=18

#println("Step $tt/$steps — norm(psi) = $(norm(psi))")
@time out_sz = sparse_ti_simulation(N, J, alpha, hx, dt, steps)

A = =1im % dt x H;

# initial state

psi = zeros(ComplexF64, 2”N)
Compare own AI'IlOldi mneel = div(4~cld(N,2) - 1, 3) + 1

psilmneel] = 1.0 # the Néel state
out_sz = zeros(Float64, steps, N)
out_szsz = zeros(Float64, steps, N-4)

for tt = 1l:steps
#println("Step $tt/$steps — norm(psi) = $(norm(psi))")

for ii = 1:N
out_sz[tt, ii] = psi' *x szs[ii] * psi

end

for cc = 4:N
out_szsz[tt, cc - 3] = psi' * szs[3] *x szs[cc] % psi'
out_szsz[tt, cc - 3] —-= out_sz[3] * out_sz[cc]

end

#psi = arnoldi_exp(A, psi, 20)

i —jl°




Tutorial: Spin-model simulations using Krylov space

. J
Evolution of local spin-z component Hrp = Z Ji,j0;07 + hy Z of  Jij = W hy =4J
’ ; t—=7]
N = 22 spins ’
a=3 short-range a=1 long-range
10.0 1.00 10.0 1.00
D> 7
(07
0.75 0.75
7.5 -0.50 7.5 -0.50
-0.25 -0.25
2 5.0 -0 2 5.0 -0
- —0.25 L 0.25
2.5 -—0.50 2.9 -—0.50
I—o.75 10-75
e | 00 HEEEEESEN—— .

0.0

For the short range case, correlation build-up
leads to local mixed states. For example, for
sufficiently long times, the reduced density

matrices will become fully mixed.

pi = trji(|1(1)) (P(1)]) = (1(/)2 192)

A /\Z

tr(p;o;) ~ 0
t>J!

5} 10 15 20

?

In the long-range case,
dynamics is more collective

a =170

1<J

Hri=J)Y 6767 +hy Y 67



Tutorial: Spin-model simulations using Krylov space

1. Construct the sparse Hamiltonian
2. Prepare initial state

3. Compute dynamics with Arnoldi exponentiation

4. Plot observable dynamics (also correlation functions)

Long-range transverse Ising model: H T = Z Ji, ;070 ; + h, Z a; Jii =
1<J )
Initial state: This time different Yo) =TT =1L M) ..

Néel state

Look also at correlations: Cij = (0707) —(07)(07)

i =gl



Tutorial: Spin-model simulations using Krylov space

J

Long-range transverse Ising model: Hyp = Z Ji 07 (}5 + h, Z o Ji; = W

1<J )

For correlation:  C; ; = (6767) — (67 )(07)

C3.3+d
out_szsz = zeros(Float64, steps, N-3)

for tt = 1l:isteps
println("Step $tt/$steps — norm(psi) = $(norm(psi))")

for i1 = 1:N
out_sz[tt, ii] = psi' * szs[ii] * psi
end
for cc = 4:N
out_szsz[tt, cc - 3] = psi' % szs[3] * szs[cc] * psi
out_szsz[tt, cc - 3] —= out_sz[tt, 3] % out_sz[tt, cc]
end

return out_sz, out_szsz

@time out_sz, out_szsz = sparse_ti_simulation(N, J, alpha, hx, dt, steps)



Tutorial: Spin-model simulations using Krylov space

A J
Evolution of local spin-z component Hri = E Ji,j0;07 + hy g o Jij = —| T
9 Z R ]
: i<j i
N = 22 spins ’
_ Az az AZ\ /AZ
Ci,j = (0; 0j> - <Ui><0j>
a=3  short-range C3344 log,0(|C3.314])
10.0 T 10.0
I0.2 I-l
! —2
7.5t 0.1 75t
L0 -—3
L 0.1 4
2 507 2 507
-—0.2 -9
-—0.3 0
2.5t 95|
—0.4 7
—0.5 I_8
0.0 - 0.0 L : . .
0 5 10 15 20 0 5 10 15 20
d d

There is a spreading out in a “light-cone”.
The two-spin correlations become very small over long-distances.



Tutorial: Spin-model simulations using Krylov space

. J
Evolution of two-spin correlations Hrp = Z Ji,j0;07 + hy Z o Jij = W
— ; t—]
N = 22 spins = ‘
Ciy = (0765) — (67)(55)

a=1 long-range (33,4

10.0 f 10.0 f
- I
0.1

10g1o<|03,3+d\)

75 7.5t |
_0 2
L—0.1 -3

E 5.0 f E 5.0}

__02 __4
L—0.3

257 2.5 | -—5

_—
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For long-range couplings: complicated interplay light-cone vs. all-to all

Complex information spreading physics as competition between long and short-range terms ... further reading:

P. Calabrese and J. Cardy, J. Stat. Mech, PO4010 (2005)

J. Eisert, M. van den Worm, S. R. Manmana, M. Kastner, Phys. Rev. Lett. 111, 260401 (2013)

J. Schachenmayer, B. P. Lanyon, C. F. Roos, A. J. Daley, Phys. Rev. X 3, 031015 (2013)

Z.-X.Gong, M. Foss-Feig, Fernando G.S. L. Branddo, and A. V. Gorshkov, Phys. Rev. Lett. 119 050501 (2017)
L. Cevolani, J. Despres, G. Carleo, L. Tagliacozzo, L. Sanchez-Palencia, Phys. Rev. B 98, 024302 (2018)

I. Frérot, P. Naldesi, and T. Roscilde, Phys. Rev. Lett. 120, 050401 (2018), ....



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

span (A% o) , A [o) , A% ko) , .., A" [aio)

Tutorials: Power method/ implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space
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Part 2: Basics for open-system simulations

»  System Bath



Lindblad master equations - Review

Here we will focus on Lindblad master equations: We have a System and a large bath:

. ® _— A K "
drive (Atom) (EM modes)
Ps 0 I

Example: Consider an atom coupled to the electromagnetic vacuum modes 9)

Effectively a Lindblad master equation describes the dynamics of the system only (the bath is traced out), the system
needs to be described by a density matrix ps

Several approximations on the way:

For the atomic decay problem: Dipole approximation, Rotating wave
approximation, Markov approximation, ...

E.g. for a single decaying atom  “Optical Bloch equations” [ = g&— Lindblad jump operators
d . A A A S I e :
aps = —1i {HOA, ,05} + 5 (—0 0 ps —pso o + 20 pso ) ... decay of atom with rate I'

Free atomic Hamiltonian (e.g. with drive)



Lindblad master equations - Review

General form of Lindblad master equation

dt
n
Alternative equivalent forms
non-trace preserving
3 — 3 — ] AT 7 d ~ . A~ N l N A A R A
Heff — HS lanLn aps = —1 (Heﬂ‘,OS _pSHeTff) +Z2L?7PSL;[7
n

AN )

effective non-hermitian Hamiltonian recycling term (fixes trace)

In fact, the Lindblad form is the simplest way to write a linear evolution equation which is trace preserving

cyclic invariance of trace



Lindblad master equations - Review

The right hand side of the master equation is just a function of the density matrix (“super-operator”)

We can simply define a statevector of matrix elements, and implement the super-operator as function

d . :
Yy = [P1,17,02,17,03,17 ey P1,2, 01,25 - - -]T %PS — E(PS) A Y(t) = f(Y(t))

... we could plug this into ODE solver!

However, the master equation is also linear!

We can write it like y(t) = f(y(t) = A-y(t) (next slide)

Solution: y(t) = etAy(O)

If we construct the (sparse) matrix representing the whole “Liouvillian” matrix
A, we can also use our Krylov space method again!



Numerics: Density matrix as state-vector

How to construct the super-operator matrix? One possibility ...

D x D

P11 4P1,2 4P1,3 -
,5 = | P21 ) P22 /P23 Y= (,01,17,02,1,P3,1,p1,2,P2,2,p3,2,p1,3,,02,3,,03,3)
P3,1" P3,2° P3.3
yi ya ya
(Y1 y2 Ys)
pij S Yo v=_—-1)D+1

A 1B A,B

Now consider an operator A o ’
Kronecker product definition: A B = | A21B A22B

A 0 0 Y1
(1® A)y =0 4 o yo | = A (y1 Yo y3) = /Alﬁ Multiplication from left side
0 0 A/ \ys
D? x D?
Equally, it’s easy to show (exercise)
(BT @ 1)y = pB (BT @ A)y = ApB
Multiplication from right side Multiplication from left and right side

Liouvillian matrix can be fully constructed with Kronecker products!



Numerics: Density matrix as state-vector

P1,1

T
= | P2, 1f; ﬁ — Yy = ,01,1,,02,1,,03,1,,01,2,;02,2,P3,2>,01,37,02,37103,3)
p3,1" pP3,2° P3,3

“Column-major
rho = reshape(y, 2N, 2”N) y = rho[:] # memory ordering fits order in Julia”

1@ Ay = Ap (BT 1)y = pB (BT ® A)y = ApB

Then:  Hop = Hsg—1Y LiL, 25 :—i(ﬁe by — P Eﬂ) 2%, pglLi
ft S zn: n=n dt,OS ffP5 = PSHeft +Z Pt element-wise

/ ! \ / conjugate

~i|(@® He) ~ (Hig ©1) |y A
2(L;;®Ln)y

Heff = H ’\
for nn = 1:N
Heff —= 1im .x (gam/2) .x (sms[nn]' % sms[nn]) idD = sparse(I, 2”N, 2”N)
end
Example: rA = -1im .x (kron(idD, Heff) - kron(conj.(Heff), idD))ﬂ

i - /56_ for nn = 1:N
K 27 A += gam .* kron(sms[nn], sms[nn]) # sigmas are real

Lend J




Numerics: Density matrix as state-vector

. : A o ) J
Evolution of local spin-z component Hrp = Z Ji,j0;07 + hy Z of  Jij = W hy =4J
B . i<j i
N = 11 spins 0 =3 I‘:z
2
10.0 1.00
1.0 r
— — 5
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7.5 -0.50 0.5
~0.25
= 5.0 -0 E 0.0
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—0.5 F
B+c) -—0.50
i—O.?S
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1
Remark: The Liouvillian matrix construction is not ideal, an alternative, expand in Pauli basis
4 /\071,2,3 _ ) ’\Z.C A,‘,y A:g;
A o OATI o AT ~ATN e B {]17” 9i,9i,9i } Advantage: The “Bloch” state
P= Z Tirsi,in 01 @01 & - Oy AN AMm vectors are real!
{in}=1 tr (67'6;") = 6nm -

Remark: Since we keep the exact full density matrix, we’re now limited to ~half the size than before :(



More general framework: Kraus operators and quantum trajectories

A more general framework for describing sub-system dynamics:

System Bath
Most minimalistic form:
Qubit 1 = System 9s)
[/] ‘¢out>
Qubit 2 = Bath 0)

We consider an initial product state |¥in) = |¥s) ®|0)  (The two qubits never interacted with each other)

Combined system still a pure state  |thout) = U |tin) “reversible process, no information lost”



More general framework: Kraus operators and quantum trajectories

General quantum operation /%" = £(p'2) Mapping of any density matrix to another one
P pg"

One can think of 1t as ... .

l€o) Du
/

Some state of a bath

(p3) Z EpptE] Operator sum representation Kraus operators
Ey = (ex| U |eo)
= Z (x| U(p8 @ leo) (eol)UT |ex) (operators acting on system)
k

in general: non-unitary, non-hermitian

Only condition on Kraus operators (quantum operations preserve the trace)

tl‘g Am =1 = Ztl‘ (Ek Ho B ) Ztr (ETEk Am) o Z EAkEA']]; =1

k

Vs ,
see e.g. Nielsen & Chuang



More general framework: Kraus operators and quantum trajectories

Quantum trajectories = Natural stochastic interpretation!

4s) ) Pt = E(pi2)

U
Aln Z Ek /\11’1
o) D)y

outcome k

Quantum trajectories: Stochastically evolve a sample state from the density matrix, according to the rule:

E1 4s) //p1  with probability py = (s|ElE1|¢s)
Randomly pick: Wgc ]> =

|¢S>/\/pm with probability p,, = (¥s|El En|bs)

g Zpk—Ek ws) sl Bl=€(2)



More general framework: Kraus operators and quantum trajectories

Example: from Lindblad master equation above (with single jump operator)
H. = Hg —iLth L hg = —i (Heffﬁs _ ﬁsﬂjﬁ) 42l pglt

It’s a Markovian master equation ... so how do Kraus operators look like?

Integrate over small time-step: At — 0

ps(t+ At) = ps(t) — AL (Honps(t filg ) + 2AtLps(t) L'
— (1 — iH.gAt) ps(t) (1 + 1HT At + V2ALL ps(t) V2ALLT + O(At?)

A /

Eq Ex Elps(t + At)] ZEkPS

Note: Markovian approximation in Master equation is now quite intuitive

ps(t + At) hs(t + 2A1) ps(t + 3At)

ps(t)

U U U U

e0) D‘X e0) M DX e0) D9(

Beyond Markov




Quantum trajectories

Evolution of local spin-z component H T = Ji 07 (3;? + h, Z of  Jij =
_ . i< i
N = 11 spins Q=3 I‘:%

Reminder - full density matrix:

1.0
am—— ) — 5
—— ) — 6
0.5
& 0.0}
—10 ) | 1 1 l
0.0 2.9 5.0 7.5 10.0

t)



Quantum trajectories

Evolution of local spin-z component

N = 11 spins 0 =3 I‘:%

Trajectories:

Hrp = Z Ji.j

G0t ) 0T Sy = e he =
1




Quantum trajectories

Evolution of local spin-z component Hpp = Ji 07 5‘5 + h, Z of  Jij =
_ . i< i
N = 11 spins Q=3 I‘:z
2
Trajectories:
Ny = 100

—1.0 ; . . .
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t$2



Quantum trajectories

. . - s . J
Evolution of local spin-z component Hri = Ji,j0;07 + hy Z of  Jij = i
~ . i<j i
N = 11 spins Q=3 I‘:z
2
Trajectories:
N; = 1000

—1.0 ; ,

0.0 2.9 5.0 7.5 10.0
t$2

Remark: This only works for simple observables. For correlations that are small, many trajectories needed.
Statistical error bars only decrease as 1/+/ Ny

On the other hand: Many trajectories are easy to compute on clusters, since the method parallelizes trivially!



Recap

We introduced a time-evolution algorithm for linear systems, based on:
Krylov space. Krylov space is a vector-space constructed from an initial
state and the evolution matrix:

1.00
l0.75
7.5 ~0.50

span (A° o) , A1 [0} , 42 [o) ..., A" o))

5.0 Lo

tJ

Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos F-0.25

iterations, then diagonalizations and matrix exponentials can be performed

. . . —0.75
very efficiently on the much smaller Krylov space. This allows to easily . ———— [_1 N
simulate quantum dynamics of ~22 spins/qubits on a laptop. | 5 o2 |

2

2.5 -—0.50

We used Krylov space (Arnoldi exponentiation) to simulate correlation dynamics in long-range spin-models.

1.0r

Open system dynamics: Use full density matrix simulations or Quantum trajectories

0.5

D x D T oo

—0.5

P1,1 1,2 1,3
pP=|P21 /P22 P23 7Y — (p1,1,,02,1,,03,1,,01,2,/02,2,,03,2,,01,3,,02,3,,03,3) S
P3,1° P3,2° P3,3

(Y1 Y2 YS)

yi ya ya

Master equation is linear, use Krylov space

Quantum trajectories can be easily derived and simulated using the Kraus operator formalism



