
A tour through numerical methods for simulating large-scale quantum physics (classically) 

Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)     

    Tutorial: ED on a simple spin model

3. 22/10: Mean-field, Runge-Kutta 

    Tutorial: A mean-field simulation of the transverse Ising model

2. 21/10: A better ED, sparse matrices, Krylov space. Open systems. 

    Tutorial: Spin-model simulations using Krylov space

4. 23/10: How to go beyond: Matrix product states

Hands-on advanced numerical methods for 

quantum many-body dynamics

https://julialang.org/


Recap

0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

We discussed how to represent numbers as bits, and associated relative machine precisions ~1e-16

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlCzgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQKpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>

=

It’s important to use sparse matrices.

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA="></latexit>
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We describe systems with state-vectors (not only in QM). If the problem is linear (QM), an exact diagonalization of the 

Hamiltonian allows to simulate arbitrary time-evolution

In tutorial style we have seen how to construct many-body spin (or other) operators using Kronecker product functions. 

We used this to simulate dynamics in a transverse Ising spin model (which can e.g. be realized with trapped ions)



Tutorial: Constructing a Hamiltonian and simulating dynamics

Full version

Sparse version

Problem: A full diagonalization does not make use of the sparsity! 

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs="></latexit>

V̂
†
ĤV̂ = Ê , ĤV̂ = V̂ Ê , Ĥ = V̂ ÊV̂

†

V would be a full matrix!

We have to be smarter to make use of sparse matrices 

in the time-evolution! !

Much more memory and time-efficient to construct the Hamiltonian!



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>
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2 | 0i , . . . , Â
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Tutorials: Power method/implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space

Part 2: Basics for open-system simulations

System Bath



Krylov space

The goal is to compute dynamics of some initial state

… with a generally very sparse Hamiltonian

We could just use standard ODE solvers (e.g. Runge-Kutta, later), but it would be overkill, since:

It would be good to compute the matrix exponential directly

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d

dt
| i = �iĤ| i

<latexit sha1_base64="ScTe2eQMaNbpPcQGlsl8ku0Uj7U="></latexit>

| (t)i = e�iĤt | 0i

i) The problem is linear

ii) The Hamiltonian is time-independent

Problem: A matrix exponentiation turns the sparse Hamiltonian into a full matrix

<latexit sha1_base64="SABlqxERFD1yj9B52txKlmGTDYk=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZEqxuhIEKXFewDOqVk0rQNzWSG5I5Qhm79DL/ArX6BO3Er+AH+h5l2QNt6IOTknHu5N8ePBNfgOF9WbmV1bX0jv1nY2t7Z3bP3Dxo6jBVldRqKULV8opngktWBg2CtSDES+II1/dFN6jcfmNI8lPcwjlgnIAPJ+5wSMFLXxt6QAK5ib8Qgue3KCb7G5vp9d+2iU3KmwMvEzUgRZah17W+vF9I4YBKoIFq3XSeCTkIUcCrYpODFmkWEjsiAtQ2VJGC6k0x/MsEnRunhfqjMkYCn6t+OhARajwPfVAYEhnrRS8X/vHYM/atOwmUUA5N0NqgfCwwhTmPBPa4YBTE2hFDFza6YDokiFEx4c1N8RUw2aS7uYgrLpHFWcsuli7vzYqWcJZRHR+gYnSIXXaIKqqIaqiOKHtEzekGv1pP1Zr1bH7PSnJX1HKI5WJ8/C9WhZQ==</latexit>

Ĥ |Eni = En |Eni

sparse ~D elements D energy eigenstates

E.g.: Compute matrix exponential by full diagonalization

<latexit sha1_base64="U1Iumh7RGe8NRaARg0lgc8KOqLs=">AAACI3icbZDLSsNAFIYn9VbrLerSzWARXZVEtLoRCiJ0WcFeoAlhMp22QyeTMHMilNBH8DF8Arf6BO7EjQuXvofTy8K2/nDg4z/ncGb+MBFcg+N8WbmV1bX1jfxmYWt7Z3fP3j9o6DhVlNVpLGLVColmgktWBw6CtRLFSBQK1gwHt+N+85EpzWP5AMOE+RHpSd7llICxAvvU6xPAVXyDPZ1GgcR3prwBg8zACHuhIhMK7KJTcibCy+DOoIhmqgX2j9eJaRoxCVQQrduuk4CfEQWcCjYqeKlmCaED0mNtg5JETPvZ5EMjfGKcDu7GypQEPHH/bmQk0noYhWYyItDXi72x+V+vnUL32s+4TFJgkk4PdVOBIcbjdHCHK0ZBDA0Qqrh5K6Z9oggFk+HcFROMSWmci7uYwjI0zktuuXR5f1GslGcJ5dEROkZnyEVXqIKqqIbqiKIn9IJe0Zv1bL1bH9bndDRnzXYO0Zys719xy6Q6</latexit>

Ĥ =

X

n

En |Eni hEn|

On the other hand: We’re only interested in the state after applying the matrix exponential

<latexit sha1_base64="R11WNGxARYuhcwfnDm1mKX89dck="></latexit>

e�iĤt =
X

k=0

(�itĤ)k
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Maybe we only need a few 

terms in this sum?

each ~D elements in general: Full DxD matrix

<latexit sha1_base64="gy4ErBdzvZS0PupfH6KtsEtJNSg="></latexit>
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… not sparse :(



Starting from the initial state, a good idea seems to be using the following space:

Krylov space:

(here formulated in bra/ket notation, but concept is general) Aleksey Nikolaevich Krylov

(1863 - 1945)

Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

Maybe we only need a few 

terms in this sum?<latexit sha1_base64="gy4ErBdzvZS0PupfH6KtsEtJNSg="></latexit>
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<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>
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<latexit sha1_base64="+X6um4r4LFSpNjvYryRg2dxAI3A=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjOi1Y1QEMFlBfuAzjBk0kwbmmSGJCOUoR/gZ/gFbvUL3InbfoD/YWY6C9t64MLhnHO5yQliRpW27ZlVWlvf2Nwqb1d2dvf2D6qHRx0VJRKTNo5YJHsBUoRRQdqaakZ6sSSIB4x0g/Fd5nefiVQ0Ek96EhOPo6GgIcVIG8mv1twx0akbK+rbU3gLXZVwX0BsJnfufTE1Kbtu54CrxClIDRRo+dUfdxDhhBOhMUNK9R071l6KpKaYkWnFTRSJER6jIekbKhAnykvzz0zhmVEGMIykGaFhrv7dSBFXasIDk+RIj9Syl4n/ef1EhzdeSkWcaCLw/FCYMKgjmDUDB1QSrNnEEIQlNW+FeIQkwtr0t3AlkMh0k/XiLLewSjoXdadRv3q8rDUbRUNlcAJOwTlwwDVoggfQAm2AwQt4A+/gw3q1Pq0v63seLVnFzjFYgDX7BXeWo0M=</latexit>

| 0i =
X

n

cn |Eni
<latexit sha1_base64="SABlqxERFD1yj9B52txKlmGTDYk=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZEqxuhIEKXFewDOqVk0rQNzWSG5I5Qhm79DL/ArX6BO3Er+AH+h5l2QNt6IOTknHu5N8ePBNfgOF9WbmV1bX0jv1nY2t7Z3bP3Dxo6jBVldRqKULV8opngktWBg2CtSDES+II1/dFN6jcfmNI8lPcwjlgnIAPJ+5wSMFLXxt6QAK5ib8Qgue3KCb7G5vp9d+2iU3KmwMvEzUgRZah17W+vF9I4YBKoIFq3XSeCTkIUcCrYpODFmkWEjsiAtQ2VJGC6k0x/MsEnRunhfqjMkYCn6t+OhARajwPfVAYEhnrRS8X/vHYM/atOwmUUA5N0NqgfCwwhTmPBPa4YBTE2hFDFza6YDokiFEx4c1N8RUw2aS7uYgrLpHFWcsuli7vzYqWcJZRHR+gYnSIXXaIKqqIaqiOKHtEzekGv1pP1Zr1bH7PSnJX1HKI5WJ8/C9WhZQ==</latexit>

Ĥ |Eni = En |Eni

When normalizing and     

Example, let’s for a sec take the matrix to be a hermitian Hamiltonian

<latexit sha1_base64="NOP78KmtqCAMRnVIXy48QYfzeSE="></latexit>
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<latexit sha1_base64="zYp7AhIXea56UpR51OG/0AMW36k=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaL4KokVasrKUjBZQVbC20Ik+mkHTp5MHMjlJLP8Avc6he4E7d+gB/gfzhNs7CtB+ZyOPce7p3jxYIrsKxvo7Cyura+UdwsbW3v7O6Z+wdtFSWSshaNRCQ7HlFM8JC1gINgnVgyEniCPXqj22n/8YlJxaPwAcYxcwIyCLnPKQEtueZRw7XxDW641aye69rrR6Bcs2xVrAx4mdg5KaMcTdf80T6aBCwEKohSXduKwZkQCZwKlpZ6iWIxoSMyYF1NQxIw5UyyD6T4VCt97EdSvxBwpv51TEig1Djw9GRAYKgWe1Pxv143Af/amfAwToCFdLbITwSGCE/TwH0uGQUx1oRQyfWtmA6JJBR0ZnNbPElGDFKdi72YwjJpVyt2rXJ5f1Gu1/KEiugYnaAzZKMrVEd3qIlaiKIUvaBX9GY8G+/Gh/E5Gy0YuecQzcH4+gU/yJv5</latexit>

E1 > E2 > E3 > . . .

<latexit sha1_base64="L253YYX5lhjreTXszyTYkjTPwoQ="></latexit>

| ki

k | ki k
⇡ |E1i

<latexit sha1_base64="4pwU7G3Iilp7yqL+i/gJxDcrcG4=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgxWME84BkCbOT3s2wsw9meoWw5OQXeNUv8CZe/RI/wP9wkuzBJBY0FFXddHd5qRQabfvbWlvf2NzaLu2Ud/f2Dw4rR8dtnWSKQ4snMlFdj2mQIoYWCpTQTRWwyJPQ8cK7qd95AqVFEj/iOAU3YkEsfMEZGqkT0n4QUGdQqdo1ewa6SpyCVEmB5qDy0x8mPIsgRi6Z1j3HTtHNmULBJUzK/UxDynjIAugZGrMItJvPzp3Qc6MMqZ8oUzHSmfp3ImeR1uPIM50Rw5Fe9qbif14vQ//WzUWcZggxny/yM0kxodPf6VAo4CjHhjCuhLmV8hFTjKNJaGGLp1gIODG5OMsprJL2Zc2p164frqqNepFQiZySM3JBHHJDGuSeNEmLcBKSF/JK3qxn6936sD7nrWtWMXNCFmB9/QLPSJcc</latexit>

k � 1 Also: Repeated application gives the highest energy 

state! Known as power method
<latexit sha1_base64="/sAvlu+i4KNVAa6E1oGKAUySZ/k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAcmS5iddJIhs7PrTK8Qllz9Aq/6Bd7Eq//hB/gfTpI9mGhBQ1HVTXdXEEth0HW/nNzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mI2gjInWH4xj8kA2U6AvO0Er3vOvRjoIH6naLJbfszkD/Ei8jJZKh1i1+d3oRT0JQyCUzpu25Mfop0yi4hEmhkxiIGR+xAbQtVSwE46eziyf0xCo92o+0LYV0pv6eSFlozDgMbGfIcGiWvan4n9dOsH/lp0LFCYLi80X9RFKM6PR92hMaOMqxJYxrYW+lfMg042hDWtgSaDYCnNhcvOUU/pLGWdmrlC9uz0vVSpZQnhyRY3JKPHJJquSG1EidcKLIM3khr86T8+a8Ox/z1pyTzRySBTifP9g6mDc=</latexit>

c1 6= 0

<latexit sha1_base64="B787xkUmFzKg1+Y1QTnoFZFtkPA=">AAACC3icbZDLSsNAFIYn9VbrpVGXbgaL4KokotWNUHHTZQV7gTaUyXTSDp1MwsyJUEIfwSdwq0/gTtz6ED6A7+E0zcJWfzjw8Z9zOIffjwXX4DhfVmFtfWNzq7hd2tnd2y/bB4dtHSWKshaNRKS6PtFMcMlawEGwbqwYCX3BOv7kbt7vPDKleSQfYBozLyQjyQNOCRhrYJf7YwL4Ft/gDBoDu+JUnUz4L7g5VFCu5sD+7g8jmoRMAhVE657rxOClRAGngs1K/USzmNAJGbGeQUlCpr00e3yGT40zxEGkTEnAmft7IyWh1tPQN5MhgbFe7c3N/3q9BIJrL+UyToBJujgUJAJDhOcp4CFXjIKYGiBUcfMrpmOiCAWT1dIVX5EJg5nJxV1N4S+0z6turXp5f1Gp1/KEiugYnaAz5KIrVEcN1EQtRFGCntELerWerDfr3fpYjBasfOcILcn6/AFu4JoP</latexit>

Â = Ĥ

Take an initial state expanded in eigenstates:

k-th Krylov state

<latexit sha1_base64="iSDLPRW7+sy160dnRi0dp3h6z88=">AAACJnicbVDLSsNAFJ34rPUVdeHCzWARXJWkSHVZEMFlBfuANg2TySQdMpmEmYlQQr7GjQv9FXci7vwMl07bLGzrgQtnzrmXO/d4KaNSWdaXsba+sbm1Xdmp7u7tHxyaR8ddmWQCkw5OWCL6HpKEUU46iipG+qkgKPYY6XnR7dTvPREhacIf1SQlToxCTgOKkdKSa55i14Z3rj2K4DAMIXYb+tUYRa5Zs+rWDHCV2CWpgRJt1/wZ+gnOYsIVZkjKgW2lysmRUBQzUlSHmSQpwhEKyUBTjmIinXx2QAEvtOLDIBG6uIIz9e9EjmIpJ7GnO2OkxnLZm4r/eYNMBTdOTnmaKcLxfFGQMagSOE0D+lQQrNhEE4QF1X+FeIwEwkpntrDFEygiqljUvIT5hY7KXg5mlXQbdbtZbz5c1VrNMrQKOAPn4BLY4Bq0wD1ogw7AoADP4BW8GS/Gu/FhfM5b14xy5gQswPj+Bd5bpKI=</latexit>
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All high k states will be parallel to

… assuming

<latexit sha1_base64="LUpCin6SSM6xifkKIQxVBXMa2C8=">AAACFnicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rIggssK9iFtKJPJpB06jzAzEUrIV7hxob/iTty69U9cOmmzsK0HLhzOuZd77wliRrVx3W+ntLa+sblV3q7s7O7tH1QPjzpaJgqTNpZMql6ANGFUkLahhpFerAjiASPdYHKT+90nojSV4sFMY+JzNBI0ohgZKz0OJsSkt0MvG1Zrbt2dAa4SryA1UKA1rP4MQokTToTBDGnd99zY+ClShmJGssog0SRGeIJGpG+pQJxoP50dnMEzq4QwksqWMHCm/p1IEdd6ygPbyZEZ62UvF//z+omJrv2UijgxROD5oihh0EiYfw9Dqgg2bGoJworaWyEeI4WwsRktbAkUstlki1ogWZhH5S0Hs0o6F3WvUW/cX9aajSK0MjgBp+AceOAKNMEdaIE2wICDZ/AK3pwX5935cD7nrSWnmDkGC3C+fgF9IKCE</latexit>

|E1i

Krylov space



Power method <latexit sha1_base64="7WrzbHRXnrmFHJAe+nyDB6bOOpg=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxBwDIniMYBIlWcLsZDYZMjO7zMwKYdmrP+BV/8CbePU//AG/w0myB5NY0FBUddPdFcScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKRegiwppxJ2jLMcPoQK4pFwGknGF9P/c4TVZpF8t5MYuoLPJQsZAQbKz32xtSkN30v65crbtWdAa0SLycVyNHsl396g4gkgkpDONa667mx8VOsDCOcZqVeommMyRgPaddSiQXVfjo7OENnVhmgMFK2pEEz9e9EioXWExHYToHNSC97U/E/r5uYsO6nTMaJoZLMF4UJRyZC0+/RgClKDJ9Ygoli9lZERlhhYmxGC1sChW02WckG4y3HsEraF1WvVq3dXVYa9TyiIpzAKZyDB1fQgFtoQgsICHiBV3hznp1358P5nLcWnHzmGBbgfP0C6nmYqg==</latexit>

|E1i largest eigenvalue

<latexit sha1_base64="9L+myiu3AvKqyco0c+zDFzzlDg4=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQitReh4MVjRVsLbSib7aRdstmE3Y1QQsE/4FX/gTfx6l/xD/g73LY52NYHA4/3ZpiZ5yecKe0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSootGvNYdnyikDOBLc00x04ikUQ+x0c/vJn6j08oFYvFgx4n6EVkKFjAKNFGug+v3X654lSdGexV4uakAjma/fJPbxDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhIZkiF1DBYlQedns1Il9ZpSBHcTSlND2TP07kZFIqXHkm86I6JFa9qbif1431UHdy5hIUo2CzhcFKbd1bE//tgdMItV8bAihkplbbToiklBt0lnY4ksSop6UTDDucgyrpH1RdWvV2t1lpVHPIyrCCZzCObhwBQ24hSa0gMIQXuAV3qxn6936sD7nrQUrnzmGBVhfv+NCldo=</latexit>

k = 1

<latexit sha1_base64="OyQOB0/yHVxU7qGWvpzkpk+XrB8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKewGibkIAS8eI5oHJEuYncwmw87OLjO9QggBf8Cr/oE38eqv+AN+h5NkDyaxoKGo6qa7y08E1+g431ZuY3Nreye/W9jbPzg8Kh6ftHScKsqaNBax6vhEM8ElayJHwTqJYiTyBWv74e3Mbz8xpXksH3GcMC8iQ8kDTgka6SG8qfSLJafszGGvEzcjJcjQ6Bd/eoOYphGTSAXRuus6CXoTopBTwaaFXqpZQmhIhqxrqCQR095kfurUvjDKwA5iZUqiPVf/TkxIpPU48k1nRHCkV72Z+J/XTTGoeRMukxSZpItFQSpsjO3Z3/aAK0ZRjA0hVHFzq01HRBGKJp2lLb4iIcNpwQTjrsawTlqVslstV++vSvVaFlEezuAcLsGFa6jDHTSgCRSG8AKv8GY9W+/Wh/W5aM1Z2cwpLMH6+gXk2pXb</latexit>

k = 2

<latexit sha1_base64="mCbdpPMQ9lScZ6x+nBov/etHZ0U=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqxFyEgBePEc0DkiXMTnqTIbMPZmaFsAT8Aa/6B97Eq7/iD/gdTpI9mMSChqKqm+4uLxZcadv+tnJr6xubW/ntws7u3v5B8fCoqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmj26nfekKpeBQ+6nGMbkAHIfc5o9pID6Oby16xZJftGcgqcTJSggz1XvGn249YEmComaBKdRw71m5KpeZM4KTQTRTGlI3oADuGhjRA5aazUyfkzCh94kfSVKjJTP07kdJAqXHgmc6A6qFa9qbif14n0X7VTXkYJxpDNl/kJ4LoiEz/Jn0ukWkxNoQyyc2thA2ppEybdBa2eJKOUE8KJhhnOYZV0rwoO5Vy5f6qVKtmEeXhBE7hHBy4hhrcQR0awGAAL/AKb9az9W59WJ/z1pyVzRzDAqyvX+Zyldw=</latexit>

k = 3

<latexit sha1_base64="pnG6ap4hiqXmHoJgcox6UlCMDds=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQitReh4MVjRVsLbSib7aRdstmE3Y1QQsE/4FX/gTfx6l/xD/g73LY52NYHA4/3ZpiZ5yecKe0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSootGvNYdnyikDOBLc00x04ikUQ+x0c/vJn6j08oFYvFgx4n6EVkKFjAKNFGug+vnX654lSdGexV4uakAjma/fJPbxDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhIZkiF1DBYlQedns1Il9ZpSBHcTSlND2TP07kZFIqXHkm86I6JFa9qbif1431UHdy5hIUo2CzhcFKbd1bE//tgdMItV8bAihkplbbToiklBt0lnY4ksSop6UTDDucgyrpH1RdWvV2t1lpVHPIyrCCZzCObhwBQ24hSa0gMIQXuAV3qxn6936sD7nrQUrnzmGBVhfv+Gqldk=</latexit>

k = 0



Krylov space - Arnoldi iteration

Problem: The states are not orthogonal (in fact with increasing k they become more and more parallel)

Arnoldi iteration: Create an orthonormal basis from the Krylov vectors (using improved/modified Gram-Schmidt)

Walter Edwin Arnoldi

(American engineer/mathematician)

(1917 - 1995)

<latexit sha1_base64="mSdS/yjKtHjA6t2hesz5OpRJPqE=">AAACLHicbZDLSsNAFIYnXmu9RV26GSyCq5qIVjdCwY3LCvYCTQiT6bQdOrkwcyKUNK/hY/gEbvUJ3Ii41Odw2mbRiz8M/HznHM6Z348FV2BZn8bK6tr6xmZhq7i9s7u3bx4cNlSUSMrqNBKRbPlEMcFDVgcOgrViyUjgC9b0B3fjevOJScWj8BGGMXMD0gt5l1MCGnmm5QwYpE6suGdlGN9iPAvOsTOaA87IM0tW2ZoILxs7NyWUq+aZP04noknAQqCCKNW2rRjclEjgVLCs6CSKxYQOSI+1tQ1JwJSbTn6W4VNNOrgbSf1CwBM6O5GSQKlh4OvOgEBfLdbG8L9aO4HujZvyME6AhXS6qJsIDBEex4Q7XDIKYqgNoZLrWzHtE0ko6DDntviS6IAynYu9mMKyaVyU7Ur56uGyVK3kCRXQMTpBZ8hG16iK7lEN1RFFz+gVvaF348X4ML6M72nripHPHKE5Gb9/D9ioKg==</latexit>

| 0i = | 0i /k | 0i k (normalization just in case)

1st iteration

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

Krylov space:

(here formulated in bra/ket notation, but concept is general)

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

ith - iteration

<latexit sha1_base64="/culKj4AiS7lYTomBcqT4DWjpIQ="></latexit>

h1,1 ⌘ h 0| 1i | 1i ⌘ | 1i � h1,1 | 0i
<latexit sha1_base64="oHjBmkJl/0OBwlrVn+20sukPo/o="></latexit>

h2,1 ⌘ k | 1i k | 1i ⌘ | 1i /h2,1

<latexit sha1_base64="4wR4V47yQuhsEf6oL7YnIfGw2SY="></latexit>

h1,i ⌘ h 0| ii | ii ⌘ | ii � h1,i | 0i
<latexit sha1_base64="YMCUEhKJxy4q0I686f1lAXfHE08="></latexit>

h2,i ⌘ h 1| ii | ii ⌘ | ii � h2,i | 1i

<latexit sha1_base64="ONgu5th3Bq+DF7ce+2yy09RydHI=">AAACI3icbZDJSgNBEIZ74hbjNurRS2MQPYUZkegx4sVjBLNAJoSeTiVp0rPYXRMIQx7Bx/AJvOoTeBMvHjz6HnYW0CQWNPz8fxVV/fmxFBod59PKrKyurW9kN3Nb2zu7e/b+QVVHieJQ4ZGMVN1nGqQIoYICJdRjBSzwJdT8/s04rw1AaRGF9ziMoRmwbig6gjM0Vss+9fqAqRdr0XJH1IOHRAyo12NIr+lv5Ixadt4pOJOiy8KdiTyZVbllf3vtiCcBhMgl07rhOjE2U6ZQcAmjnJdoiBnvsy40jAxZALqZTj40oifGadNOpMwLkU7cvxMpC7QeBr7pDBj29GI2Nv/LGgl2rpqpCOMEIeTTRZ1EUozomA5tCwUc5dAIxpUwt1LeY4pxNAzntviKGTxjLu4ihWVRPS+4xULx7iJfKs4IZckROSZnxCWXpERuSZlUCCeP5Jm8kFfryXqz3q2PaWvGms0ckrmyvn4A1r6lBw==</latexit>

| 1i ⌘ Â | 0i

Notation:
<latexit sha1_base64="0Guno8bA8YM0kqGR7GNRAJIE1C8=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWME84BkCbOT3mTM7Ow60xsIIRe/wKt+gTfx6p/4Af6Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODqumzjVHGo8lrFuBsyAFApqKFBCM9HAokBCIxjcTv3GELQRsXrAUQJ+xHpKhIIztFK9DU+pGHYKRbfkzkBXiZeRIslQ7RR+2t2YpxEo5JIZ0/LcBP0x0yi4hEm+nRpIGB+wHrQsVSwC449n107ouVW6NIy1LYV0pv6dGLPImFEU2M6IYd8se1PxP6+VYnjjj4VKUgTF54vCVFKM6fR12hUaOMqRJYxrYW+lvM8042gDWtgSaDYAnNhcvOUUVkn9suSVS+X7q2KlnCWUI6fkjFwQj1yTCrkjVVIjnDySF/JK3pxn5935cD7nrWtONnNCFuB8/QJ1eZeT</latexit>

⌘

means “define”

… as in code:

<latexit sha1_base64="DCLCSA8K9IkRqp7lQeusB/9M0OA="></latexit>

hi,i ⌘ h i�1| ii | ii ⌘ | ii � hi+1,i | i�1i
<latexit sha1_base64="rQz6H35Y71I0GbN18+LT6WOr/C8="></latexit>

hi+1,1 ⌘ k | ii k | ii ⌘ | ii /hi+1,1

modified GS:  

use already updated state

<latexit sha1_base64="x9J1JEWXTGuV7C/bd+DCgsGwzaU=">AAACJ3icbZDJSgNBEIZ7XGPcoh69NAZBEMOMSPQY8eIxglkgE0JPp5I06VnsrgmEYR7Cx/AJvOoTeBM9evA97CygSSxo+Pn/Kqr68yIpNNr2p7W0vLK6tp7ZyG5ube/s5vb2qzqMFYcKD2Wo6h7TIEUAFRQooR4pYL4noeb1b0Z5bQBKizC4x2EETZ91A9ERnKGxWrlTtw+YuJEWLZFSFx5iMaBujyG9pr9RIs6cNG3l8nbBHhddFM5U5Mm0yq3ct9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhZMB80M1k/KmUHhunTTuhMi9AOnb/TiTM13roe6bTZ9jT89nI/C9rxNi5aiYiiGKEgE8WdWJJMaQjQrQtFHCUQyMYV8LcSnmPKcbRcJzZ4ilmEI24OPMUFkX1vOAUC8W7i3ypOCWUIYfkiJwQh1ySErklZVIhnDySZ/JCXq0n6816tz4mrUvWdOaAzJT19QODeKb2</latexit>

| ii ⌘ Â | i�1i



Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

(exercise: show)

Qi is a projection matrix to the Krylov basis

The iteration can be written in the matrix form:
What is the matrix h?

Example: i=1

<latexit sha1_base64="lZ4MdyLsVAvsvthFOTiFkA/+ypY="></latexit>

Â(| 0i) =
�

| 0i | 1i
�

✓

h1,1

h2,1

◆

<latexit sha1_base64="sjY7Bdn3LOpibevvmYuI0az/E2o="></latexit>

| 1i =
⇣

Â | 0i � h1,1 | 0i
⌘

/h2,1

<latexit sha1_base64="CxQ9SayEAAPtdzroJuqODRXREMw="></latexit>

Â | 0i = h1,1 | 0i+ h2,1 | 1i

after i iterations, we have i+1 

orthogonal vectors, i.e. we have the 

“semi-unitary” matrix

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

�

| 0i | 1i . . . | ii
�

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D ⇥ (i+ 1)

<latexit sha1_base64="VfVBwxdR50F2cCBOPcmLA6HaezQ=">AAACCHicbVBLSgNBFHzjN8Zf1KWbxiBEhDAjGl0G3LiMYD6QjKGn05M06fnQ/UYIQy7gCdzqCdyJW2/hAbyHnWQWJrHgQVH1HvUoL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJ34zSeutIjCBxzF3A1oPxS+YBSN9FgS584Z6aAIuCaiWyjaZXsKskycjBQhQ61b+On0IpYEPEQmqdZtx47RTalCwSQf5zuJ5jFlQ9rnbUNDamLcdPr1mJwapUf8SJkJkUzVvxcpDbQeBZ7ZDCgO9KI3Ef/z2gn6N24qwjhBHrJZkJ9IghGZVEB6QnGGcmQIZUqYXwkbUEUZmqLmUjxFhxzHphdnsYVl0rgoO5Xy1f1lsVrJGsrBMZxACRy4hircQQ3qwEDBC7zCm/VsvVsf1udsdcXKbo5gDtbXL2nomZk=</latexit>

(i+ 1)⇥ i

<latexit sha1_base64="JMBKMZI36yxge1HfYAuoAeNLXZ4="></latexit>

hi =

0

B

B

B

B

B

@

h1,1 h1,2 . . . h1,i

h2,1 h2,2 . . . h2,i

0 h3,2 . . . h3,i

.

.

.
.
.
.

. . .
.
.
.

0 0 . . . hi+1,i

1

C

C

C

C

C

A

<latexit sha1_base64="Fx+uigel1CuCwzYEvhbONw+bS9Q=">AAACM3icbVDLSsNAFJ3UV62vqks3g0UQhJKItm6EihuXLdgHNCFMppN26OTBzI1QQj7Fz/AL3OoHiDvRpf9gkhaxrQcGDuecy71znFBwBbr+phVWVtfWN4qbpa3tnd298v5BRwWRpKxNAxHInkMUE9xnbeAgWC+UjHiOYF1nfJv53QcmFQ/8e5iEzPLI0OcupwRSyS7XzREBfINNj8DIceNWYsc8wdfzwpmR/AqjPGGXK3pVz4GXiTEjFTRD0y5/mYOARh7zgQqiVN/QQ7BiIoFTwZKSGSkWEjomQ9ZPqU88pqw4/2CCT1JlgN1Aps8HnKt/J2LiKTXxnDSZXakWvUz8z+tH4F5ZMffDCJhPp4vcSGAIcNYWHnDJKIhJSgiVPL0V0xGRhELa6dwWR5Ixg6wXY7GFZdI5rxq16mXrotKozRoqoiN0jE6Rgeqoge5QE7URRY/oGb2gV+1Je9c+tM9ptKDNZg7RHLTvHwmKq9Y=</latexit>

ÂQi = Qi+1hi

Upper Hessenberg form

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

ith - iteration
<latexit sha1_base64="4wR4V47yQuhsEf6oL7YnIfGw2SY="></latexit>

h1,i ⌘ h 0| ii | ii ⌘ | ii � h1,i | 0i
<latexit sha1_base64="YMCUEhKJxy4q0I686f1lAXfHE08="></latexit>

h2,i ⌘ h 1| ii | ii ⌘ | ii � h2,i | 1i

<latexit sha1_base64="DCLCSA8K9IkRqp7lQeusB/9M0OA="></latexit>

hi,i ⌘ h i�1| ii | ii ⌘ | ii � hi+1,i | i�1i
<latexit sha1_base64="rQz6H35Y71I0GbN18+LT6WOr/C8="></latexit>

hi+1,1 ⌘ k | ii k | ii ⌘ | ii /hi+1,1

<latexit sha1_base64="x9J1JEWXTGuV7C/bd+DCgsGwzaU=">AAACJ3icbZDJSgNBEIZ7XGPcoh69NAZBEMOMSPQY8eIxglkgE0JPp5I06VnsrgmEYR7Cx/AJvOoTeBM9evA97CygSSxo+Pn/Kqr68yIpNNr2p7W0vLK6tp7ZyG5ube/s5vb2qzqMFYcKD2Wo6h7TIEUAFRQooR4pYL4noeb1b0Z5bQBKizC4x2EETZ91A9ERnKGxWrlTtw+YuJEWLZFSFx5iMaBujyG9pr9RIs6cNG3l8nbBHhddFM5U5Mm0yq3ct9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhZMB80M1k/KmUHhunTTuhMi9AOnb/TiTM13roe6bTZ9jT89nI/C9rxNi5aiYiiGKEgE8WdWJJMaQjQrQtFHCUQyMYV8LcSnmPKcbRcJzZ4ilmEI24OPMUFkX1vOAUC8W7i3ypOCWUIYfkiJwQh1ySErklZVIhnDySZ/JCXq0n6816tz4mrUvWdOaAzJT19QODeKb2</latexit>

| ii ⌘ Â | i�1i

<latexit sha1_base64="x39qgc0zo0NOHbsp0LDxwX6egTc=">AAACPXicbZDLSsNAFIYn9VbrLerSzWARXIVEpLoRCm5ctmAv0MQwM5m0QycXZiZCCXkLn8aNC30JH8CduNWlSZuFaf1h4Oc753DO/DjmTCrTfNdqa+sbm1v17cbO7t7+gX541JdRIgjtkYhHYoiRpJyFtKeY4nQYC4oCzOkAT2+L+uCRCsmi8F7NYuoEaBwynxGkcuTqhh0gNcF+2s3clGUPtofGVQRv4ALg1MpcvWka5lxw1VilaYJSHVf/sb2IJAENFeFIypFlxspJkVCMcJo17ETSGJEpGtNRbkMUUOmk839l8CwnHvQjkb9QwTn9O5GiQMpZgPPO4kK5XCvgf7VRovxrJ2VhnCgaksUiP+FQRbAICXpMUKL4LDeICJbfCskECURUHmVlCxZoSlVWZTjiXhGVtRzMqulfGFbLaHUvm+1WGVodnIBTcA4scAXa4A50QA8Q8ASewSt40160D+1T+1q01rRy5hhUpH3/Ajj8sL4=</latexit>

Q
†
i
Qi = 1

Krylov space - Arnoldi iteration



<latexit sha1_base64="mcVVvFYb2DR6M0cqc0rnIqjHRk0="></latexit>

h̃i =

0

B

B

B

B

B

@

h1,1 h1,2 . . . h1,i

h2,1 h2,2 . . . h2,i

0 h3,2 . . . h3,i

.

.

.
.
.
.

. . .
.
.
.

0 0 . . . hi+1,i

1

C

C

C

C

C

A

Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

The iteration can be written in the matrix form:

<latexit sha1_base64="Fx+uigel1CuCwzYEvhbONw+bS9Q=">AAACM3icbVDLSsNAFJ3UV62vqks3g0UQhJKItm6EihuXLdgHNCFMppN26OTBzI1QQj7Fz/AL3OoHiDvRpf9gkhaxrQcGDuecy71znFBwBbr+phVWVtfWN4qbpa3tnd298v5BRwWRpKxNAxHInkMUE9xnbeAgWC+UjHiOYF1nfJv53QcmFQ/8e5iEzPLI0OcupwRSyS7XzREBfINNj8DIceNWYsc8wdfzwpmR/AqjPGGXK3pVz4GXiTEjFTRD0y5/mYOARh7zgQqiVN/QQ7BiIoFTwZKSGSkWEjomQ9ZPqU88pqw4/2CCT1JlgN1Aps8HnKt/J2LiKTXxnDSZXakWvUz8z+tH4F5ZMffDCJhPp4vcSGAIcNYWHnDJKIhJSgiVPL0V0xGRhELa6dwWR5Ixg6wXY7GFZdI5rxq16mXrotKozRoqoiN0jE6Rgeqoge5QE7URRY/oGb2gV+1Je9c+tM9ptKDNZg7RHLTvHwmKq9Y=</latexit>

ÂQi = Qi+1hi

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

�

| 0i | 1i . . . | ii
�

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D ⇥ (i+ 1)

<latexit sha1_base64="0wK7Wjr9uz0zQLWNo0x+a7AJuMA="></latexit>

Â ⇡ Qih̃iQ
†
i

<latexit sha1_base64="K/yipckAurXRJjku7lt1LLsoIPI="></latexit>

Qi+1 =

�

| 0i | 1i . . . | ii | i+1i
�

Terminating means:
<latexit sha1_base64="6+qdGOtfE0DsMa5u/KbuBPcqQtE=">AAACSnicbZDLSgMxFIYztd7qrerSTbAIglBmxNtScONKFOwF2mHIpGfa0MyF5IxYhr6Vj+EL6FZ9AXfixkwtalsPBP585z+c5PcTKTTa9pNVmCvOLywuLZdWVtfWN8qbW3Udp4pDjccyVk2faZAighoKlNBMFLDQl9Dw+xd5v3EHSos4usVBAm7IupEIBGdokFe+ou2QYc8Pspuhl4kDZ/gDejkwV5YkKr6f9BmMQnYg+zWPsFeu2FV7VHRWOGNRIeO69spv7U7M0xAi5JJp3XLsBN2MKRRcwrDUTjUkjPdZF1pGRiwE7Wajfw/pniEdGsTKnAjpiP6dyFio9SD0jTN/pp7u5fC/XivF4MzNRJSkCBH/XhSkkmJM8xBpRyjgKAdGMK6EeSvlPaYYRxP1xBZfsT5gnoszncKsqB9WnZPq8c1R5fxknNAS2SG7ZJ845JSck0tyTWqEkwfyTF7Iq/VovVsf1ue3tWCNZ7bJRBWKXwgotfA=</latexit>

Qi+1hi ⇡ Qih̃i

Then:

What is the matrix h?

The matrix h is an approximation of the matrix A in (the much smaller) Krylov space!

<latexit sha1_base64="pLB9jP4P56sStFEq+mylp185n5o=">AAACP3icbZBNS8NAEIY3ftbvqkcvi0XwVBIR9aj04rEFq4WmlMl2YpduPtidiCXkB/kz/AVe7Q8Qb+LVm0lbQVtfWHh5ZoaZfb1YSUO2PbIWFpeWV1ZLa+sbm1vbO+XdvVsTJVpgU0Qq0i0PDCoZYpMkKWzFGiHwFN55g1pRv3tAbWQU3tAwxk4A96H0pQDKUbdcc/tA/Iq7AVDf89NG1k1lxl2IYx09zmGSqofpD+1nY9wtV+yqPRafN87UVNhU9W75ze1FIgkwJKHAmLZjx9RJQZMUCrN1NzEYgxjAPbZzG0KAppOOP5vxo5z0uB/p/IXEx/T3RAqBMcPAyzuLM81srYD/1doJ+RedVIZxQhiKySI/UZwiXiTHe1KjIDXMDQgt81u56IMGQXm+f7Z4GgZIRS7ObArz5vak6pxVTxunlcuzaUIldsAO2TFz2Dm7ZNeszppMsCf2wl7ZyHq23q0P63PSumBNZ/bZH1lf3yHQshA=</latexit>

ÂQi ⇡ Qih̃i

<latexit sha1_base64="LwiJuRU7i035RPil57Dbmq6RuoE="></latexit>

h̃i ⇡ Q
†
i
ÂQi

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

ith - iteration

<latexit sha1_base64="4wR4V47yQuhsEf6oL7YnIfGw2SY="></latexit>

h1,i ⌘ h 0| ii | ii ⌘ | ii � h1,i | 0i
<latexit sha1_base64="YMCUEhKJxy4q0I686f1lAXfHE08="></latexit>

h2,i ⌘ h 1| ii | ii ⌘ | ii � h2,i | 1i

<latexit sha1_base64="DCLCSA8K9IkRqp7lQeusB/9M0OA="></latexit>

hi,i ⌘ h i�1| ii | ii ⌘ | ii � hi+1,i | i�1i
<latexit sha1_base64="rQz6H35Y71I0GbN18+LT6WOr/C8="></latexit>

hi+1,1 ⌘ k | ii k | ii ⌘ | ii /hi+1,1

<latexit sha1_base64="x9J1JEWXTGuV7C/bd+DCgsGwzaU=">AAACJ3icbZDJSgNBEIZ7XGPcoh69NAZBEMOMSPQY8eIxglkgE0JPp5I06VnsrgmEYR7Cx/AJvOoTeBM9evA97CygSSxo+Pn/Kqr68yIpNNr2p7W0vLK6tp7ZyG5ube/s5vb2qzqMFYcKD2Wo6h7TIEUAFRQooR4pYL4noeb1b0Z5bQBKizC4x2EETZ91A9ERnKGxWrlTtw+YuJEWLZFSFx5iMaBujyG9pr9RIs6cNG3l8nbBHhddFM5U5Mm0yq3ct9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhZMB80M1k/KmUHhunTTuhMi9AOnb/TiTM13roe6bTZ9jT89nI/C9rxNi5aiYiiGKEgE8WdWJJMaQjQrQtFHCUQyMYV8LcSnmPKcbRcJzZ4ilmEI24OPMUFkX1vOAUC8W7i3ypOCWUIYfkiJwQh1ySErklZVIhnDySZ/JCXq0n6816tz4mrUvWdOaAzJT19QODeKb2</latexit>

| ii ⌘ Â | i�1i

<latexit sha1_base64="x39qgc0zo0NOHbsp0LDxwX6egTc=">AAACPXicbZDLSsNAFIYn9VbrLerSzWARXIVEpLoRCm5ctmAv0MQwM5m0QycXZiZCCXkLn8aNC30JH8CduNWlSZuFaf1h4Oc753DO/DjmTCrTfNdqa+sbm1v17cbO7t7+gX541JdRIgjtkYhHYoiRpJyFtKeY4nQYC4oCzOkAT2+L+uCRCsmi8F7NYuoEaBwynxGkcuTqhh0gNcF+2s3clGUPtofGVQRv4ALg1MpcvWka5lxw1VilaYJSHVf/sb2IJAENFeFIypFlxspJkVCMcJo17ETSGJEpGtNRbkMUUOmk839l8CwnHvQjkb9QwTn9O5GiQMpZgPPO4kK5XCvgf7VRovxrJ2VhnCgaksUiP+FQRbAICXpMUKL4LDeICJbfCskECURUHmVlCxZoSlVWZTjiXhGVtRzMqulfGFbLaHUvm+1WGVodnIBTcA4scAXa4A50QA8Q8ASewSt40160D+1T+1q01rRy5hhUpH3/Ajj8sL4=</latexit>

Q
†
i
Qi = 1

after i iterations, we have i+1 

orthogonal vectors, i.e. we have the 

“semi-unitary” matrix

Krylov space - Arnoldi iteration



Krylov space:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

�

| 0i | 1i . . . | ii
�

<latexit sha1_base64="abfJGuzdoMMwsdBWJZGynIWXoPs=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQEcKMaHQZ0IXLCOYDyRB6Om+SJj0fu98IIeQAnsCtnsCduPUYHsB72ElmYRILHhRV71GP8mIpNNr2t5VZWV1b38hu5ra2d3b38vsHdR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGNxO/8QRKiyh8wGEMbsB6ofAFZ2gk97aNIgBNi+LMOe3kC3bJnoIuEyclBZKi2sn/tLsRTwIIkUumdcuxY3RHTKHgEsa5dqIhZnzAetAyNGQmyh1Nnx7TE6N0qR8pMyHSqfr3YsQCrYeBZzYDhn296E3E/7xWgv61OxJhnCCEfBbkJ5JiRCcN0K5QwFEODWFcCfMr5X2mGEfT01yKp9gAcGx6cRZbWCb185JTLl3eXxQq5bShLDkix6RIHHJFKuSOVEmNcPJIXsgrebOerXfrw/qcrWas9OaQzMH6+gXZ+ZlK</latexit>

D ⇥ (i+ 1)

The idea is to now do exact diagonalization of the small matrix and then to transform it back to the full space:

Remark: For hermitian matrices, e.g.                the matrix h is even only tri-

diagonal. Then the iteration to obtain h is even simpler, it’s called Lanczos 

iteration. It’s very useful to compute a few eigenvalues and eigenstates of very 

large sparse Hamiltonians.

<latexit sha1_base64="B787xkUmFzKg1+Y1QTnoFZFtkPA=">AAACC3icbZDLSsNAFIYn9VbrpVGXbgaL4KokotWNUHHTZQV7gTaUyXTSDp1MwsyJUEIfwSdwq0/gTtz6ED6A7+E0zcJWfzjw8Z9zOIffjwXX4DhfVmFtfWNzq7hd2tnd2y/bB4dtHSWKshaNRKS6PtFMcMlawEGwbqwYCX3BOv7kbt7vPDKleSQfYBozLyQjyQNOCRhrYJf7YwL4Ft/gDBoDu+JUnUz4L7g5VFCu5sD+7g8jmoRMAhVE657rxOClRAGngs1K/USzmNAJGbGeQUlCpr00e3yGT40zxEGkTEnAmft7IyWh1tPQN5MhgbFe7c3N/3q9BIJrL+UyToBJujgUJAJDhOcp4CFXjIKYGiBUcfMrpmOiCAWT1dIVX5EJg5nJxV1N4S+0z6turXp5f1Gp1/KEiugYnaAz5KIrVEcN1EQtRFGCntELerWerDfr3fpYjBasfOcILcn6/AFu4JoP</latexit>

Â = Ĥ

<latexit sha1_base64="NIkhBgXVz9T02dMpbXxcZ2IAwbo="></latexit>

hi =

0

B

B

B

B

B

@

h1,1 h1,2 0 0 . . .

h2,1 h2,2 h2,3 0 . . .

0 h3,2 h3,2 h3,2 . . .

0 0 h4,3 h4,3 . . .

.

.

.
.
.
.

.

.

.
.
.
.

. . .

1

C

C

C

C

C

A

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

ith - iteration
<latexit sha1_base64="4wR4V47yQuhsEf6oL7YnIfGw2SY="></latexit>

h1,i ⌘ h 0| ii | ii ⌘ | ii � h1,i | 0i
<latexit sha1_base64="YMCUEhKJxy4q0I686f1lAXfHE08="></latexit>

h2,i ⌘ h 1| ii | ii ⌘ | ii � h2,i | 1i

<latexit sha1_base64="DCLCSA8K9IkRqp7lQeusB/9M0OA="></latexit>

hi,i ⌘ h i�1| ii | ii ⌘ | ii � hi+1,i | i�1i
<latexit sha1_base64="rQz6H35Y71I0GbN18+LT6WOr/C8="></latexit>

hi+1,1 ⌘ k | ii k | ii ⌘ | ii /hi+1,1

<latexit sha1_base64="x9J1JEWXTGuV7C/bd+DCgsGwzaU=">AAACJ3icbZDJSgNBEIZ7XGPcoh69NAZBEMOMSPQY8eIxglkgE0JPp5I06VnsrgmEYR7Cx/AJvOoTeBM9evA97CygSSxo+Pn/Kqr68yIpNNr2p7W0vLK6tp7ZyG5ube/s5vb2qzqMFYcKD2Wo6h7TIEUAFRQooR4pYL4noeb1b0Z5bQBKizC4x2EETZ91A9ERnKGxWrlTtw+YuJEWLZFSFx5iMaBujyG9pr9RIs6cNG3l8nbBHhddFM5U5Mm0yq3ct9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhZMB80M1k/KmUHhunTTuhMi9AOnb/TiTM13roe6bTZ9jT89nI/C9rxNi5aiYiiGKEgE8WdWJJMaQjQrQtFHCUQyMYV8LcSnmPKcbRcJzZ4ilmEI24OPMUFkX1vOAUC8W7i3ypOCWUIYfkiJwQh1ySErklZVIhnDySZ/JCXq0n6816tz4mrUvWdOaAzJT19QODeKb2</latexit>

| ii ⌘ Â | i�1i

<latexit sha1_base64="x39qgc0zo0NOHbsp0LDxwX6egTc=">AAACPXicbZDLSsNAFIYn9VbrLerSzWARXIVEpLoRCm5ctmAv0MQwM5m0QycXZiZCCXkLn8aNC30JH8CduNWlSZuFaf1h4Oc753DO/DjmTCrTfNdqa+sbm1v17cbO7t7+gX541JdRIgjtkYhHYoiRpJyFtKeY4nQYC4oCzOkAT2+L+uCRCsmi8F7NYuoEaBwynxGkcuTqhh0gNcF+2s3clGUPtofGVQRv4ALg1MpcvWka5lxw1VilaYJSHVf/sb2IJAENFeFIypFlxspJkVCMcJo17ETSGJEpGtNRbkMUUOmk839l8CwnHvQjkb9QwTn9O5GiQMpZgPPO4kK5XCvgf7VRovxrJ2VhnCgaksUiP+FQRbAICXpMUKL4LDeICJbfCskECURUHmVlCxZoSlVWZTjiXhGVtRzMqulfGFbLaHUvm+1WGVodnIBTcA4scAXa4A50QA8Q8ASewSt40160D+1T+1q01rRy5hhUpH3/Ajj8sL4=</latexit>

Q
†
i
Qi = 1

after i iterations, we have i+1 

orthogonal vectors, i.e. we have the 

“semi-unitary” matrix

Krylov space - Arnoldi iteration

The matrix h is an approximation of the matrix A in (the much smaller) Krylov space       !
<latexit sha1_base64="mcF/Ufcymw21VoEZZZs8e6nk93g=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwVRKR2mXBjeCmgn1AGspketMOnUzCzEQoIXt/wK3+gTtx62/4A36HkzYL23pg4HDOvdwzx485U9q2v63SxubW9k55t7K3f3B4VD0+6aookRQ6NOKR7PtEAWcCOpppDv1YAgl9Dj1/epv7vSeQikXiUc9i8EIyFixglGgjuYOQ6AklPL3PhtWaXbfnwOvEKUgNFWgPqz+DUUSTEISmnCjlOnasvZRIzSiHrDJIFMSETskYXEMFCUF56Txyhi+MMsJBJM0TGs/VvxspCZWahb6ZzCOqVS8X//PcRAdNL2UiTjQIujgUJBzrCOf/xyMmgWo+M4RQyUxWTCdEEqpNS0tXfEmmoLOKKcZZrWGddK/qTqPeeLiutZpFRWV0hs7RJXLQDWqhO9RGHURRhF7QK3qznq1368P6XIyWrGLnFC3B+voF57mZyg==</latexit>

K

<latexit sha1_base64="6ePxGZzyEPnhjjki0ien9zBILQg=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRKR2mXBjcsW7AOaUCbTm3boZBJmJkIJ+QB/wK3+gTtx62f4A36HkzYL23rgwuGce7mH48ecKW3b31Zpa3tnd6+8Xzk4PDo+qZ6e9VSUSApdGvFIDnyigDMBXc00h0EsgYQ+h74/u8/9/hNIxSLxqOcxeCGZCBYwSrSRXDckeuoHaScbsVG1ZtftBfAmcQpSQwXao+qPO45oEoLQlBOlho4day8lUjPKIau4iYKY0BmZwNBQQUJQXrrInOEro4xxEEkzQuOF+vciJaFS89A3m3lGte7l4n/eMNFB00uZiBMNgi4fBQnHOsJ5AXjMJFDN54YQKpnJiumUSEK1qWnliy/JDHRWMcU46zVskt5N3WnUG53bWqtZVFRGF+gSXSMH3aEWekBt1EUUxegFvaI369l6tz6sz+VqySpuztEKrK9fs/SaOg==</latexit>

Qi

<latexit sha1_base64="vP1ko1OBeptoEsS9Xu++nhN6sHE=">AAACCXicbVDLSsNAFJ34rPVVdelmsAgupCQitcuCLrqsYB/QxnIznbRDJ5MwMxFKyBf4A271D9yJW7/CH/A7nLRZ2NYDFw7n3Ms9HC/iTGnb/rbW1jc2t7YLO8Xdvf2Dw9LRcVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON7nN/M4TlYqF4kFPI+oGMBLMZwS0kR77AegxAZ400kt8NyiV7Yo9A14lTk7KKEdzUPrpD0MSB1RowkGpnmNH2k1AakY4TYv9WNEIyARGtGeogIAqN5mlTvG5UYbYD6UZofFM/XuRQKDUNPDMZpZSLXuZ+J/Xi7VfcxMmolhTQeaP/JhjHeKsAjxkkhLNp4YAkcxkxWQMEog2RS188SRMqE6LphhnuYZV0r6qONVK9f66XK/lFRXQKTpDF8hBN6iOGqiJWoggiV7QK3qznq1368P6nK+uWfnNCVqA9fULRZCadQ==</latexit>

H, D
<latexit sha1_base64="WqWBcg/p4EreeHck2OKAX62tYSE=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwISURqV0W3AhuKtgHtLFMppN26GQSZm6EEvIF/oBb/QN34tav8Af8DidtFrb1wIXDOfdyD8eLBNdg299WYW19Y3OruF3a2d3bPygfHrV1GCvKWjQUoep6RDPBJWsBB8G6kWIk8ATreJObzO88MaV5KB9gGjE3ICPJfU4JGOmxHxAYUyKSu/QC80G5YlftGfAqcXJSQTmag/JPfxjSOGASqCBa9xw7AjchCjgVLC31Y80iQidkxHqGShIw7Saz1Ck+M8oQ+6EyIwHP1L8XCQm0ngae2cxS6mUvE//zejH4dTfhMoqBSTp/5McCQ4izCvCQK0ZBTA0hVHGTFdMxUYSCKWrhi6fIhEFaMsU4yzWskvZl1alVa/dXlUY9r6iITtApOkcOukYNdIuaqIUoUugFvaI369l6tz6sz/lqwcpvjtECrK9fhVyanQ==</latexit>

K, i
<latexit sha1_base64="ZEG3qTL/YhFeOFR+l1USHsbSjww=">AAACInicbZBLSgNBEIZ7fBtfUZduGoPgKsyIRJeKG5cKJhEyMdR0KqZJz0zTXSOGYU7gNbyAW72BO3EluPYcdmIWvn5o+Pmriqr+Iq2kJd9/86amZ2bn5hcWS0vLK6tr5fWNhk0zI7AuUpWaywgsKplgnSQpvNQGIY4UNqPByajevEFjZZpc0FBjO4brRPakAHJRp7wTgtYmveV5aGKOxVUe9oH4ccHDAVIeais7ftEpV/yqPxb/a4KJqbCJzjrlj7CbiizGhIQCa1uBr6mdgyEpFBalMLOoQQzgGlvOJhCjbefj7xR8xyVd3kuNewnxcfp9IofY2mEcuc4YqG9/10bhf7VWRr3Ddi4TnREm4mtRL1OcUj5iw7vSoCA1dAaEke5WLvpgQJAj+GNLZMDhKUoOTPAbw1/T2KsGtWrtfL9ydDhBtMC22DbbZQE7YEfslJ2xOhPsjj2wR/bk3XvP3ov3+tU65U1mNtkPee+fV9Wkkw==</latexit>

⇡ e
Â | 0i

<latexit sha1_base64="54yHsqgwtU8dols5xFH6qnNXbdQ=">AAACInicbVDLSsNAFJ34rPUV7dLNYBFclUSkuiy4cdmCfUATw8xk0g6dPJiZCCHkW9y40F9xJ64EP8SlkzYL23rgwuGce7mHgxPOpLKsL2Njc2t7Z7e2V98/ODw6Nk9OBzJOBaF9EvNYjDCSlLOI9hVTnI4SQVGIOR3i2V3pD5+okCyOHlSWUDdEk4gFjCClJc9sOCFSUxzkvcLLWfHo+GjimU2rZc0B14ldkSao0PXMH8ePSRrSSBGOpBzbVqLcHAnFCKdF3UklTRCZoQkdaxqhkEo3n4cv4IVWfBjEQk+k4Fz9e5GjUMosxHqzjCpXvVL8zxunKrh1cxYlqaIRWTwKUg5VDMsmoM8EJYpnmiAimM4KyRQJRJTua+kLFmhGVbGs4Zj7ha7KXi1mnQyuWna71e5dNzvtqrQaOAPn4BLY4AZ0wD3ogj4gIAPP4BW8GS/Gu/FhfC5WN4zqpgGWYHz/AtKjpWk=</latexit>

Q
†
i

<latexit sha1_base64="p67KYPYZWpsjSIagb2No0/h83m0=">AAACI3icbZDLSsNAFIYn9VbrLV52bgaL4EJKIlJdVty4rGAv0JQymU7boZNMmDkRasi7uHGhr+JO3LjwPVw6abOwrT8c+PnPOZzD50eCa3CcL6uwsrq2vlHcLG1t7+zu2fsHTS1jRVmDSiFV2yeaCR6yBnAQrB0pRgJfsJY/vs36rUemNJfhA0wi1g3IMOQDTgmYqGcfeSMC+OYce2MGiRdp3nPSnl12Ks5UeNm4uSmjXPWe/eP1JY0DFgIVROuO60TQTYgCTgVLS16sWUTomAxZx9iQBEx3k+n3KT41SR8PpDIVAp6mfzcSEmg9CXwzGRAY6cVeFv7X68QwuO4mPIxiYCGdHRrEAoPEGQrc54pREBNjCFXc/IrpiChCwQCbu+IrYvCk85kvRT9D5S6CWTbNi4pbrVTvL8u1ag6tiI7RCTpDLrpCNXSH6qiBKHpCz+gVvVkv1rv1YX3ORgtWvnOI5mR9/wLafaTL</latexit>

Â, | 0i
<latexit sha1_base64="AoEsTa4OLys3p4CDJtQk3DWrnkY=">AAACE3icbVDLSsNAFJ3UV62vqODGzWARXEhJRGqXBTcuK9gHtKFMppN26OTBzE2hxHyGP+BW/8CduPUD/AG/w0kbwbYeuHA4517u4biR4Aos68sorK1vbG4Vt0s7u3v7B+bhUUuFsaSsSUMRyo5LFBM8YE3gIFgnkoz4rmBtd3yb+e0Jk4qHwQNMI+b4ZBhwj1MCWuqbJz2fwMj1klF6iX/5JO2bZatizYBXiZ2TMsrR6JvfvUFIY58FQAVRqmtbETgJkcCpYGmpFysWETomQ9bVNCA+U04yy5/ic60MsBdKPQHgmfr3IiG+UlPf1ZtZQrXsZeJ/XjcGr+YkPIhiYAGdP/JigSHEWRl4wCWjIKaaECq5zorpiEhCQVe28MWVZMwgLeli7OUaVknrqmJXK9X763K9lldURKfoDF0gG92gOrpDDdREFD2iZ/SCXo0n4814Nz7mqwUjvzlGCzA+fwAACp6m</latexit>

h,v

<latexit sha1_base64="HzzV2tR1cTyP3xGNqw1WxL6OMHw=">AAACHXicbZDLSsNAFIYnXmu9RV26GSyCq5KI1C4LblxWsBdoYplMT9qhkwszk0IJ2foavoBbfQN34lZ8AZ/DSRvEtv4w8PGfczhnfi/mTCrL+jLW1jc2t7ZLO+Xdvf2DQ/PouC2jRFBo0YhHousRCZyF0FJMcejGAkjgceh445u83pmAkCwK79U0Bjcgw5D5jBKlrb6JU0cEGLKHFDsBUSPPT0dZ9suTrG9WrKo1E14Fu4AKKtTsm9/OIKJJAKGinEjZs61YuSkRilEOWdlJJMSEjskQehpDEoB009lPMnyunQH2I6FfqPDM/TuRkkDKaeDpzvxCuVzLzf9qvUT5dTdlYZwoCOl8kZ9wrCKcx4IHTABVfKqBUMH0rZiOiCBU6fAWtniCjEFlZR2MvRzDKrQvq3atWru7qjTqRUQldIrO0AWy0TVqoFvURC1E0SN6Ri/o1Xgy3ox342PeumYUMydoQcbnDz8Ioww=</latexit>

e
h
v



For the matrix exponential applied to
<latexit sha1_base64="0C41v3wOHyszh/ddGFxS3NTmK1Q=">AAACBnicbZDLSsNAFIZPvNZ6q7p0M1gEVyURrS4LblxWsBdoQplMJ+3QyWSYmQgldO8TuNUncCdufQ0fwPdw0mZhW3848POfcziHL5ScaeO6387a+sbm1nZpp7y7t39wWDk6buskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTju/yfueJKs0S8WgmkgYxHgoWMYKNjXx/TE3mS8367rRfqbo1dya0arzCVKFQs1/58QcJSWMqDOFY657nShNkWBlGOJ2W/VRTickYD2nPWoFjqoNs9vMUndtkgKJE2RIGzdK/GxmOtZ7EoZ2MsRnp5V4e/tfrpSa6DTImZGqoIPNDUcqRSVAOAA2YosTwiTWYKGZ/RWSEFSbGYlq4Eips8eRcvGUKq6Z9WfPqteuHq2qjXhAqwSmcwQV4cAMNuIcmtICAhBd4hTfn2Xl3PpzP+eiaU+ycwIKcr18KmJoX</latexit>

| 0i

… approximation is formally
<latexit sha1_base64="lCIhF0El+ky9ry7oSywFoteSDZI="></latexit>

e
Â | 0i ⇡ Qme

hQ†
m | 0i

… but since        is the first row in        , and 

all other rows are orthogonal, we just need to 

take the first column of      

<latexit sha1_base64="0C41v3wOHyszh/ddGFxS3NTmK1Q=">AAACBnicbZDLSsNAFIZPvNZ6q7p0M1gEVyURrS4LblxWsBdoQplMJ+3QyWSYmQgldO8TuNUncCdufQ0fwPdw0mZhW3848POfcziHL5ScaeO6387a+sbm1nZpp7y7t39wWDk6buskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTju/yfueJKs0S8WgmkgYxHgoWMYKNjXx/TE3mS8367rRfqbo1dya0arzCVKFQs1/58QcJSWMqDOFY657nShNkWBlGOJ2W/VRTickYD2nPWoFjqoNs9vMUndtkgKJE2RIGzdK/GxmOtZ7EoZ2MsRnp5V4e/tfrpSa6DTImZGqoIPNDUcqRSVAOAA2YosTwiTWYKGZ/RWSEFSbGYlq4Eips8eRcvGUKq6Z9WfPqteuHq2qjXhAqwSmcwQV4cAMNuIcmtICAhBd4hTfn2Xl3PpzP+eiaU+ycwIKcr18KmJoX</latexit>

| 0i
<latexit sha1_base64="llP9mYBdhiWv03W2brdazxnw0Yk=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUS0uiy4cdmCfUATw2QyaYfOJGFmIpaQf/AL3OoXuBO3/oIf4H84abOwrQcuHM65l3s4fsKoVJb1baytb2xubVd2qrt7+weH5lGtJ+NUYNLFMYvFwEeSMBqRrqKKkUEiCOI+I31/clv4/UciJI2jezVNiMvRKKIhxUhpyTNrDkdq7IdZJ/f4gxOgEfTMutWwZoCrxC5JHZRoe+aPE8Q45SRSmCEph7aVKDdDQlHMSF51UkkShCdoRIaaRogT6Waz7Dk800oAw1joiRScqX8vMsSlnHJfbxZJ5bJXiP95w1SFN25GoyRVJMLzR2HKoIphUQQMqCBYsakmCAuqs0I8RgJhpeta+OILNCEq173Yyy2skt5Fw242rjqX9VazbKgCTsApOAc2uAYtcAfaoAsweAIv4BW8Gc/Gu/FhfM5X14zy5hgswPj6Bd2CnJ4=</latexit>

Q†
m

<latexit sha1_base64="BYohtDcdSUWHzGMzrxrl6Zm+KV0=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVpcFNy4r2Ac0sUymN+3QySTMTIQa8hN+gVv9Anfi1j/wA/wPkzYL23rgwuGce7mH40WcKW1Z30ZpZXVtfaO8Wdna3tndM/cP2iqMJYUWDXkoux5RwJmAlmaaQzeSQAKPQ8cb3+R+5xGkYqG415MI3IAMBfMZJTqT+uZR4sgAQ/qQOAHRI89PRmnaN6tWzZoCLxO7IFVUoNk3f5xBSOMAhKacKNWzrUi7CZGaUQ5pxYkVRISOyRB6GRUkAOUm0/QpPs2UAfZDmY3QeKr+vUhIoNQk8LLNPKJa9HLxP68Xa//aTZiIYg2Czh75Mcc6xHkVeMAkUM0nGSFUsiwrpiMiCdVZYXNfPEnGoPNe7MUWlkn7vGbXa5d3F9VGvWiojI7RCTpDNrpCDXSLmqiFKHpCL+gVvRnPxrvxYXzOVktGcXOI5mB8/QJRTJ4F</latexit>

e
h

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkBKRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5YwroW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>

. . .

<latexit sha1_base64="4wR4V47yQuhsEf6oL7YnIfGw2SY="></latexit>

h1,i ⌘ h 0| ii | ii ⌘ | ii � h1,i | 0i
<latexit sha1_base64="YMCUEhKJxy4q0I686f1lAXfHE08="></latexit>

h2,i ⌘ h 1| ii | ii ⌘ | ii � h2,i | 1i

<latexit sha1_base64="DCLCSA8K9IkRqp7lQeusB/9M0OA="></latexit>

hi,i ⌘ h i�1| ii | ii ⌘ | ii � hi+1,i | i�1i
<latexit sha1_base64="rQz6H35Y71I0GbN18+LT6WOr/C8="></latexit>

hi+1,1 ⌘ k | ii k | ii ⌘ | ii /hi+1,1

<latexit sha1_base64="x9J1JEWXTGuV7C/bd+DCgsGwzaU=">AAACJ3icbZDJSgNBEIZ7XGPcoh69NAZBEMOMSPQY8eIxglkgE0JPp5I06VnsrgmEYR7Cx/AJvOoTeBM9evA97CygSSxo+Pn/Kqr68yIpNNr2p7W0vLK6tp7ZyG5ube/s5vb2qzqMFYcKD2Wo6h7TIEUAFRQooR4pYL4noeb1b0Z5bQBKizC4x2EETZ91A9ERnKGxWrlTtw+YuJEWLZFSFx5iMaBujyG9pr9RIs6cNG3l8nbBHhddFM5U5Mm0yq3ct9sOeexDgFwyrRuOHWEzYQoFl5Bm3VhDxHifdaFhZMB80M1k/KmUHhunTTuhMi9AOnb/TiTM13roe6bTZ9jT89nI/C9rxNi5aiYiiGKEgE8WdWJJMaQjQrQtFHCUQyMYV8LcSnmPKcbRcJzZ4ilmEI24OPMUFkX1vOAUC8W7i3ypOCWUIYfkiJwQh1ySErklZVIhnDySZ/JCXq0n6816tz4mrUvWdOaAzJT19QODeKb2</latexit>

| ii ⌘ Â | i�1i

<latexit sha1_base64="3FlWOsE7t2fNRvT7AJM00audZck="></latexit>

Qi =

�

| 0i | 1i . . . | ii
�

<latexit sha1_base64="5IhDAyGKFay8Jg4basnRvEb15Ik="></latexit>

e
�iĤt | 0i = e

Ât | 0iGoal: compute

Tutorial: Arnoldi iteration



Krylov approximation is already exact up to 

machine precision with m ~ 20. Speed-up of 

two orders of magnitude. For sparse matrices 

even more! 

<latexit sha1_base64="GNkwSNrNOhEBIDL6+yymD+zpiBs=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgJccI5gHJEnons8mY2dllplcIIRe/wKt+gTfx6p/4Af6Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumDjVjNdZLGPdCsBwKRSvo0DJW4nmEAWSN4Ph3dRvPnFtRKwecJRwP4K+EqFggFZqdAaAtNotFN2SOwNdJV5GiiRDrVv46fRilkZcIZNgTNtzE/THoFEwySf5Tmp4AmwIfd62VEHEjT+eXTuh51bp0TDWthTSmfp3YgyRMaMosJ0R4MAse1PxP6+dYnjrj4VKUuSKzReFqaQY0+nrtCc0ZyhHlgDTwt5K2QA0MLQBLWwJNAw5Tmwu3nIKq6RxWfLKpev7q2KlnCWUI6fkjFwQj9yQCqmSGqkTRh7JC3klb86z8+58OJ/z1jUnmzkhC3C+fgGhNpcN</latexit>

Ĥ

<latexit sha1_base64="L2oefwX64PzM05Wn5mz+ieJ1Zb4=">AAACH3icbVBLSgNBFOzx/zfq0k1jENwYZkSjGyGiC5cKxgQyIbzpvCRNej50vxHCkAN4DE/gVk/gTtx6AO9hT8zCGAsaiqp6vNcVJEoact1PZ2Z2bn5hcWl5ZXVtfWOzsLV9b+JUC6yKWMW6HoBBJSOskiSF9UQjhIHCWtC/zP3aA2oj4+iOBgk2Q+hGsiMFkJVahaLfA+IX/Jxnh5mvQy6H3L9CRcCJj7zroU25JXcEPk28MSmyMW5ahS+/HYs0xIiEAmManptQMwNNUigcrvipwQREH7rYsDSCEE0zG31myPet0uadWNsXER+pvycyCI0ZhIFNhkA989fLxf+8Rkqds2YmoyQljMTPok6qOMU8b4a3pUZBamAJCC3trVz0QIMg29/ElkBDHynvxfvbwjS5Pyp55dLJ7XGxUh43tMR22R47YB47ZRV2zW5YlQn2yJ7ZC3t1npw35935+InOOOOZHTYB5/MbEE+h0g==</latexit>

Â = �i�tĤ

When does it go bad?

Smaller dt:

Test with a random Hamiltonian

Tutorial: Arnoldi iteration



<latexit sha1_base64="Z6e3wDDwRUWYGMctlIl6rRsoZDg="></latexit>

F = | h 0| (e
Â)†QmehQ†

m | 0i |
2

<latexit sha1_base64="9/y9tKEIpk8D2+6J0XcB3nveLsc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hVnR6EUI6MFjBPOAZAmzk04yZPbBzKwQltz8Aq/6Bd7Eqz/iB/gfTpI9mMSChqKqm+4uP5ZCG0q/nZXVtfWNzdxWfntnd2+/cHBY11GiONZ4JCPV9JlGKUKsGWEkNmOFLPAlNvzh7cRvPKHSIgofzShGL2D9UPQEZ8ZKzTtyQ1xKaadQpCU6BVkmbkaKkKHaKfy0uxFPAgwNl0zrlktj46VMGcEljvPtRGPM+JD1sWVpyALUXjq9d0xOrdIlvUjZCg2Zqn8nUhZoPQp82xkwM9CL3kT8z2slpnftpSKME4Mhny3qJZKYiEyeJ12hkBs5soRxJeythA+YYtzYiOa2+IoN0YxtLu5iCsukfl5yy6XLh4tipZwllINjOIEzcOEKKnAPVagBBwkv8ApvzrPz7nw4n7PWFSebOYI5OF+/ISqWog==</latexit>

D = 1000

A larger “time-step” will need  a larger Krylov 

space dimension.

<latexit sha1_base64="HY2gwqz9Mrme3+2gXa4/zNm+4GA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZEosuAIC4jmA8kQ3jTeZM06fnY3SOEIQfwBG71BO7ErcfwAN7DnmQWJrHgQVH1Hq8oLxZcadv+tlZW19Y3Ngtbxe2d3b390sFhU0WJZNhgkYhk2wOFgofY0FwLbMcSIfAEtrzRTea3nlAqHoUPehyjG8Ag5D5noI3kOufdAPSQgUhvJ71S2a7YU9Bl4uSkTHLUe6Wfbj9iSYChZgKU6jh2rN0UpOZM4KTYTRTGwEYwwI6hIQSo3HQaekJPjdKnfiTNhJpO1b8XKQRKjQPPbGYR1aKXif95nUT7127KwzjRGLLZIz8RVEc0a4D2uUSmxdgQYJKbrJQNQQLTpqe5L56EEeqsF2exhWXSvKg41Ur1/rJcq+YNFcgxOSFnxCFXpEbuSJ00CCOP5IW8kjfr2Xq3PqzP2eqKld8ckTlYX780Apol</latexit>

1� F

<latexit sha1_base64="GNkwSNrNOhEBIDL6+yymD+zpiBs=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV3R6DHgJccI5gHJEnons8mY2dllplcIIRe/wKt+gTfx6p/4Af6Hk2QPJrGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumDjVjNdZLGPdCsBwKRSvo0DJW4nmEAWSN4Ph3dRvPnFtRKwecJRwP4K+EqFggFZqdAaAtNotFN2SOwNdJV5GiiRDrVv46fRilkZcIZNgTNtzE/THoFEwySf5Tmp4AmwIfd62VEHEjT+eXTuh51bp0TDWthTSmfp3YgyRMaMosJ0R4MAse1PxP6+dYnjrj4VKUuSKzReFqaQY0+nrtCc0ZyhHlgDTwt5K2QA0MLQBLWwJNAw5Tmwu3nIKq6RxWfLKpev7q2KlnCWUI6fkjFwQj9yQCqmSGqkTRh7JC3klb86z8+58OJ/z1jUnmzkhC3C+fgGhNpcN</latexit>

Ĥ

<latexit sha1_base64="L2oefwX64PzM05Wn5mz+ieJ1Zb4=">AAACH3icbVBLSgNBFOzx/zfq0k1jENwYZkSjGyGiC5cKxgQyIbzpvCRNej50vxHCkAN4DE/gVk/gTtx6AO9hT8zCGAsaiqp6vNcVJEoact1PZ2Z2bn5hcWl5ZXVtfWOzsLV9b+JUC6yKWMW6HoBBJSOskiSF9UQjhIHCWtC/zP3aA2oj4+iOBgk2Q+hGsiMFkJVahaLfA+IX/Jxnh5mvQy6H3L9CRcCJj7zroU25JXcEPk28MSmyMW5ahS+/HYs0xIiEAmManptQMwNNUigcrvipwQREH7rYsDSCEE0zG31myPet0uadWNsXER+pvycyCI0ZhIFNhkA989fLxf+8Rkqds2YmoyQljMTPok6qOMU8b4a3pUZBamAJCC3trVz0QIMg29/ElkBDHynvxfvbwjS5Pyp55dLJ7XGxUh43tMR22R47YB47ZRV2zW5YlQn2yJ7ZC3t1npw35935+InOOOOZHTYB5/MbEE+h0g==</latexit>

Â = �i�tĤTest with a random Hamiltonian

This makes sense, remember:

Maybe we only need a few 

terms in this sum?

<latexit sha1_base64="gy4ErBdzvZS0PupfH6KtsEtJNSg="></latexit>

e�iĤt | 0i =
X

k=0

(�itĤ)k

k!
| 0i ⌘

X

k=0

Âk

k!
| 0i

The longer I evolve, the “more Hilbert space” I need

Krylov space - Arnoldi iteration



Remark: The implementation on the right is very 

simple, we did not implement any stopping 

condition and didn’t discuss any (smart) error 

estimation

There are many implementations out there, e.g. 

KrylovKit for Julia (or ExpoKit), etc.

Krylov space - Arnoldi iteration



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

Tutorials: Power method/implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space

Part 2: Basics for open-system simulations

System Bath



Tutorial: Spin-model simulations using Krylov space

Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

1. Construct the sparse Hamiltonian

2. Prepare initial state

3. Compute dynamics with Arnoldi exponentiation

4. Plot observable dynamics (also correlation functions)

Initial state: This time different
<latexit sha1_base64="OMb6s7hEpP96OcAMcvbZxzRO0V4="></latexit>

| 0i = |#"#" . . .i = |#i ⌦ |"i ⌦ |#i ⌦ |"i . . .

Néel state

Look also at correlations:
<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂
z
j i



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

Néel state
<latexit sha1_base64="CxqwXnFHMMLyRPvJShEoH0lyiYo=">AAACTXicjVDLSgMxFM3UR2t9VV26CRbBVZkRrW6EghuXLdgHtEPJpGkNzWSG5I6lDPNdfoZrFy7VL3AnYtqZhW1deCDk5Nx7uDfHCwXXYNsvVm5tfWMzX9gqbu/s7u2XDg5bOogUZU0aiEB1PKKZ4JI1gYNgnVAx4nuCtb3x7azefmRK80DewzRkrk9Gkg85JWCkfqnRGzOIe6HmfTvBNzh9DoKJJEoFk14Upvc/FGwk0Em/VLYr9hx4lTgZKaMM9X7pzRhp5DMJVBCtu44dghsTBZwKlhR7kWYhoWMyYl1DJfGZduP51xN8apQBHgbKHAl4rv52xMTXeup7ptMn8KCXazPxr1o3guG1G3MZRsAkTQcNI4EhwLMc8YArRkFMDSFUcbMrpg9EEQom7YUpniIm1FkuznIKq6R1XnGqlcvGRblWzRIqoGN0gs6Qg65QDd2hOmoiip7QK3pHH9az9Wl9Wd9pa87KPEdoAbn8D5HPuEc=</latexit>

| 0i = |#"#"#" . . .i

So, better idea? unsigned integer decomposition into n bits !
<latexit sha1_base64="A2WdjFotrQqArBBam6q2OAHaTPQ=">AAACGnicbVDLSsNAFJ3UV62vqEtBBovgxpIUqW4KBTcuK9gHtGmYTCft0JlJmJkIJWTnZ/gFbvUL3IlbN36A/2HSZmFbD1w4nHMv997jhYwqbVnfRmFtfWNzq7hd2tnd2z8wD4/aKogkJi0csEB2PaQIo4K0NNWMdENJEPcY6XiT28zvPBKpaCAe9DQkDkcjQX2KkU4l1zzlsA77KuJuTOtWMojFpZ3AoUthdRDTxDXLVsWaAa4SOydlkKPpmj/9YYAjToTGDCnVs61QOzGSmmJGklI/UiREeIJGpJdSgThRTjz7I4HnqTKEfiDTEhrO1L8TMeJKTbmXdnKkx2rZy8T/vF6k/RsnpiKMNBF4vsiPGNQBzEKBQyoJ1myaEoQlTW+FeIwkwjqNbmGLJ9GE6CwXezmFVdKuVuxapXZ/VW7U8oSK4AScgQtgg2vQAHegCVoAgyfwAl7Bm/FsvBsfxue8tWDkM8dgAcbXL0wgoHU=</latexit>

m =

n�1X

i=0

di2
i

geometric series!

<latexit sha1_base64="4XsZviSNoivrYlkj17hX/GpgaFU="></latexit>

mNeel =

N/2�1X

i=0

2
2i

<latexit sha1_base64="qa+V7+8rrxhKPn7yt1OY8xVoFQQ=">AAACHXicbVDLSgMxFM3UV62vUZduokUQhDJTpLoRCm7cCBXtA9qxZNJMG5p5kNwRytC1n+EXuNUvcCduxQ/wP0yns7CtF3I4OfcebnLcSHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+hwlhSVqehCGXLJYoJHrA6cBCsFUlGfFewpju8mvSbj0wqHgb3MIqY45N+wD1OCWipax7e4UssHyx8qtFOsayx0wtBpbebrlm0SlZaeJHYGSmirGpd80e7aeyzAKggSrVtKwInIRI4FWxc6MSKRYQOSZ+1NQ2Iz5STpF8Z42Ot9LAXSn0CwKn615EQX6mR7+pJn8BAzfcm4n+9dgzehZPwIIqBBXS6yIsFhhBPcsE9LhkFMdKEUMn1WzEdEEko6PRmtriSDBmMdS72fAqLpFEu2ZVS5fasWK1kCeXRATpCJ8hG56iKrlEN1RFFT+gFvaI349l4Nz6Mz+lozsg8+2imjK9fKT+e/g==</latexit>

S = r
0
+ r

1
+ r

2
+ · · ·+ r

M

<latexit sha1_base64="KcTKpRBQMTbOdTbKniYBkU4ZS+c=">AAACF3icbZDLSgMxFIYzXmu9jbrsJlgEQVomItWNUHDjRqhoL9DWkkkzbWgmMyQZoQyz8DF8Arf6BO7ErUsfwPcw087Ctv4Q+PnPOZyTzw05U9pxvq2l5ZXVtfXcRn5za3tn197bb6ggkoTWScAD2XKxopwJWtdMc9oKJcW+y2nTHV2l9eYjlYoF4l6PQ9r18UAwjxGsTdSzC3fwEnY8iUksH+KbE5TAEkRJLEso6dlFp+xMBBcNykwRZKr17J9OPyCRT4UmHCvVRk6ouzGWmhFOk3wnUjTEZIQHtG2swD5V3XjyiQQemaQPvUCaJzScpH8nYuwrNfZd0+ljPVTztTT8r9aOtHfRjZkII00FmS7yIg51AFMisM8kJZqPjcFEMnMrJENsiGjDbWaLK/GI6pQLmqewaBqnZVQpV27PitVKRigHCuAQHAMEzkEVXIMaqAMCnsALeAVv1rP1bn1Yn9PWJSubOQAzsr5+AQo1nqc=</latexit>

S =
rM+1

� 1

r � 1<latexit sha1_base64="4nQcdK/s5Wq4r5xeDza42WaXr6k=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHiOYByRJmJ51kyOzsMjMrhCX4BV71C7yJV7/FD/A/nCR7MIkFDUVVN91dQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj26nffEKleSQfzThGP6QDyfucUWOlB3Vz2S2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiFnVumRfqRsSUNm6t+JlIZaj8PAdobUDPWyNxX/89qJ6V/7KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNZ2FLoOgIzcTm4i2nsEoaF2WvUq7cX5aqlSyhPJzAKZyDB1dQhTuoQR0YDOAFXuHNeXbenQ/nc96ac7KZY1iA8/ULZ0uV0g==</latexit>

r = 4
<latexit sha1_base64="qQkRXndCur8fbOaotaiGs8VSlvs=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAKbqwztVQ3QsGNq1LBXqCtJZOeaUOTmSHJCGWYF/AxfAK3+gTuxKXufQ/Ty8JWfwj8/OcczsnnhpwpbdufVmppeWV1Lb2e2djc2t7J7u7VVRBJCjUa8EA2XaKAMx9qmmkOzVACES6Hhju8HtcbDyAVC/w7PQqhI0jfZx6jRJuomz0S3bgtBa4A8ARf4bYnCY2L93HlrJDgU+wk8XnSzebsvD0R/mucmcmhmard7He7F9BIgK8pJ0q1HDvUnZhIzSiHJNOOFISEDkkfWsb6RIDqxJPfJPjYJD3sBdI8X+NJ+nsiJkKpkXBNpyB6oBZr4/C/WivS3mUnZn4YafDpdJEXcawDPEaDe0wC1XxkDKGSmVsxHRDDQxuAc1tcSYagx1ycRQp/Tb2Qd0r50m0xVy7NCKXRATpEJ8hBF6iMblAV1RBFj+gZvaBX68l6s96tj2lryprN7KM5WV8/UKSifA==</latexit>

mNeel =
4
N/2

� 1

3

Tutorial: Spin-model simulations using Krylov space



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

Néel state
<latexit sha1_base64="CxqwXnFHMMLyRPvJShEoH0lyiYo=">AAACTXicjVDLSgMxFM3UR2t9VV26CRbBVZkRrW6EghuXLdgHtEPJpGkNzWSG5I6lDPNdfoZrFy7VL3AnYtqZhW1deCDk5Nx7uDfHCwXXYNsvVm5tfWMzX9gqbu/s7u2XDg5bOogUZU0aiEB1PKKZ4JI1gYNgnVAx4nuCtb3x7azefmRK80DewzRkrk9Gkg85JWCkfqnRGzOIe6HmfTvBNzh9DoKJJEoFk14Upvc/FGwk0Em/VLYr9hx4lTgZKaMM9X7pzRhp5DMJVBCtu44dghsTBZwKlhR7kWYhoWMyYl1DJfGZduP51xN8apQBHgbKHAl4rv52xMTXeup7ptMn8KCXazPxr1o3guG1G3MZRsAkTQcNI4EhwLMc8YArRkFMDSFUcbMrpg9EEQom7YUpniIm1FkuznIKq6R1XnGqlcvGRblWzRIqoGN0gs6Qg65QDd2hOmoiip7QK3pHH9az9Wl9Wd9pa87KPEdoAbn8D5HPuEc=</latexit>

| 0i = |#"#"#" . . .i

Tutorial: Spin-model simulations using Krylov space



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

Play with Krylov dim

m=10 (slower)

fail: m=2

Tutorial: Spin-model simulations using Krylov space



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

Switch also dense code to Neel, compare runtimes up to N=11, push up to N=18

Compare own Arnoldi

Tutorial: 



Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 22 spins

<latexit sha1_base64="IfpP5ObSk0rjRtmesF4ceuhJHy4=">AAACG3icbVDLSgNBEJz1GeMr6tGDg0HwFHbF11Hw4jGCUSEbQ++kkwyZnV1meoUYcvQz/AKv+gXexKsHP8D/cBJzMIkFDUVVN91dUaqkJd//8mZm5+YXFnNL+eWV1bX1wsbmtU0yI7AiEpWY2wgsKqmxQpIU3qYGIY4U3kSd84F/c4/GykRfUTfFWgwtLZtSADmpXtgJFeiWQh62gXhoZSuGurx74KEZ6vVC0S/5Q/BpEoxIkY1Qrhe+w0Yishg1CQXWVgM/pVoPDEmhsJ8PM4spiA60sOqohhhtrTd8pM/3nNLgzcS40sSH6t+JHsTWduPIdcZAbTvpDcT/vGpGzdNaT+o0I9Tid1EzU5wSPkiFN6RBQarrCAgj3a1ctMGAIJfd2JbIQAep73IJJlOYJtcHpeC4dHR5WDw7HiWUY9tsl+2zgJ2wM3bByqzCBHtkz+yFvXpP3pv37n38ts54o5ktNgbv8wfBEqHh</latexit>

h�̂z

i
i

<latexit sha1_base64="ZoFcBvkVJwb7dnlB2ES4Ca+lwe4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKez6iF6EgBePEcwDkxB6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyaxoKGo6qa7y48E18Z1v53Myura+kZ2M7e1vbO7l98/qOkwVgyrLBShavigUXCJVcONwEakEAJfYN0f3k78+hMqzUP5YEYRtgPoS97jDIyVHlsgogHQG3reyRfcojsFXSZeSgokRaWT/2l1QxYHKA0ToHXTcyPTTkAZzgSOc61YYwRsCH1sWiohQN1OpheP6YlVurQXKlvS0Kn6dyKBQOtR4NvOAMxAL3oT8T+vGZvedTvhMooNSjZb1IsFNSGdvE+7XCEzYmQJMMXtrZQNQAEzNqS5Lb6CIZqxzcVbTGGZ1M6KXql4eX9RKJfShLLkiByTU+KRK1Imd6RCqoQRSV7IK3lznp1358P5nLVmnHTmkMzB+foF8jKYRg==</latexit>

↵ = 3 short-range

For the short range case, correlation build-up 

leads to local mixed states. For example, for 

sufficiently long times, the reduced density 

matrices will become fully mixed.
<latexit sha1_base64="AAWVYAzzf5LLureZyMVnpUoC1C0="></latexit>

⇢̂i = trj 6=i(| (t)i h (t)|) ⇡

✓

1/2 0
0 1/2

◆

<latexit sha1_base64="N+XaGZ3i0qCF1ocOrhlZM4h6BEs=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRi9CwIvHCOaByRJ6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyZa0FBUddPdFcSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQLQKLjEuuFGYCtWCGEgsBmMbqZ+8xGV5pG8N+MY/RAGkvc5A2Olhw6IeAj0mnrdYsktuzPQv8TLSIlkqHWL351exJIQpWECtG57bmz8FJThTOCk0Ek0xsBGMMC2pRJC1H46u3hCT6zSo/1I2ZKGztTfEymEWo/DwHaGYIZ62ZuK/3ntxPSv/JTLODEo2XxRPxHURHT6Pu1xhcyIsSXAFLe3UjYEBczYkBa2BApGaCY2F285hb+kcVb2KuWLu/NStZIllCdH5JicEo9ckiq5JTVSJ4xI8kxeyKvz5Lw5787HvDXnZDOHZAHO5w/vBJhE</latexit>

↵ = 1

<latexit sha1_base64="YDmw5QtEONVvjpih0eB5/p8vkx0=">AAACK3icbZDLSgMxFIYz3q23qks3wSLops6It6XgxqWCtUKnDmfStA1NJkNyRqxDH8PH8Anc6hO4Utz6HqaXhbX+EPj4zzmckz9OpbDo+x/e1PTM7Nz8wmJhaXllda24vnFjdWYYrzAttbmNwXIpEl5BgZLfpoaDiiWvxp3zfr16z40VOrnGbsrrClqJaAoG6KyouJ+HRlE0vd2wDUhD09aRoEO2oqXg7jESezSENDX6gfpRseSX/YHoJAQjKJGRLqPid9jQLFM8QSbB2lrgp1jPwaBgkvcKYWZ5CqwDLV5zmIDitp4PPtajO85p0KY27iVIB+7viRyUtV0Vu04F2LZ/a33zv1otw+ZpPRdJmiFP2HBRM5MUNe2nRBvCcIay6wCYEe5WytpggKHLcmxLbKDDsedyCf6mMAk3B+XguHx0dVg6Ox4ltEC2yDbZJQE5IWfkglySCmHkibyQV/LmPXvv3qf3NWyd8kYzm2RM3vcPbkmn0w==</latexit>

tr(⇢̂i�̂
z

i
) ⇡ 0

<latexit sha1_base64="InAF/1aFgpkpAy+r/JQMYzWrcBM=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0lEq8uCG3FVwT6giWUynaRDJ5MwcyOU0L1f4Fa/wJ249Tf8AP/DSduFbT1w4XDOvZzL8RPBNdj2t1VYWV1b3yhulra2d3b3yvsHLR2nirImjUWsOj7RTHDJmsBBsE6iGIl8wdr+8Cb3209MaR7LBxglzItIKHnAKQEjuYDdMMR3j9mZM+6VK3bVngAvE2dGKmiGRq/84/ZjmkZMAhVE665jJ+BlRAGngo1LbqpZQuiQhKxrqCQR0142+XmMT4zSx0GszEjAE/XvRUYirUeRbzYjAgO96OXif143heDay7hMUmCSToOCVGCIcV4A7nPFKIiRIYQqbn7FdEAUoWBqmkvxFRkyyHtxFltYJq3zqlOrXt5fVOq1WUNFdISO0Sly0BWqo1vUQE1EUYJe0Ct6s56td+vD+pyuFqzZzSGag/X1C4JTmSQ=</latexit>

t � J
�1

long-range

In the long-range case, 

dynamics is more collective

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="jQU7jvA9ob6O2c8sQuH3M8Wgvqc="></latexit>

↵ = 0

<latexit sha1_base64="GQzDmblYbfkwPTTfss27FR0iFAU="></latexit>

ĤTI = J

X

i<j

�̂
z
i �̂

z
j + hx

X

i

�̂
x
i

Tutorial: Spin-model simulations using Krylov space



Tutorial: Spin-model simulations using Krylov space

Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

1. Construct the sparse Hamiltonian

2. Prepare initial state

3. Compute dynamics with Arnoldi exponentiation

4. Plot observable dynamics (also correlation functions)

Initial state: This time different
<latexit sha1_base64="OMb6s7hEpP96OcAMcvbZxzRO0V4="></latexit>

| 0i = |#"#" . . .i = |#i ⌦ |"i ⌦ |#i ⌦ |"i . . .

Néel state

Look also at correlations:
<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂
z
j i



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

For correlation: 

<latexit sha1_base64="AF1ZSutoFJsP4M/Tvg8gKcT91zs=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiCUhKr1WWhG5cV7EPaUCaTSTt0JgkzN0IJXfoFbvUL3IlbP8QP8D+ctF3Y1gMXDufcy733eLHgGmz721pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2h7RTPCQNYCDYO1YMSI9wVresJb5rSemNI/CBxjFzJWkH/KAUwJGeqz10vJF+dwf9wpFu2RPgJeJMyNFNEO9V/jp+hFNJAuBCqJ1x7FjcFOigFPBxvluollM6JD0WcfQkEim3XRy8BifGsXHQaRMhYAn6t+JlEitR9IznZLAQC96mfif10kguHVTHsYJsJBOFwWJwBDh7Hvsc8UoiJEhhCpubsV0QBShYDKa2+IpMmSQ5eIsprBMmpclp1K6vr8qViuzhHLoGJ2gM+SgG1RFd6iOGogiiV7QK3qznq1368P6nLauWLOZIzQH6+sXPRGX5Q==</latexit>

C3,3+d

<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂
z
j i

Tutorial: Spin-model simulations using Krylov space



<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂
z
j i

There is a spreading out in a “light-cone”.  

The two-spin correlations become very small over long-distances.

<latexit sha1_base64="ZoFcBvkVJwb7dnlB2ES4Ca+lwe4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKez6iF6EgBePEcwDkxB6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyaxoKGo6qa7y48E18Z1v53Myura+kZ2M7e1vbO7l98/qOkwVgyrLBShavigUXCJVcONwEakEAJfYN0f3k78+hMqzUP5YEYRtgPoS97jDIyVHlsgogHQG3reyRfcojsFXSZeSgokRaWT/2l1QxYHKA0ToHXTcyPTTkAZzgSOc61YYwRsCH1sWiohQN1OpheP6YlVurQXKlvS0Kn6dyKBQOtR4NvOAMxAL3oT8T+vGZvedTvhMooNSjZb1IsFNSGdvE+7XCEzYmQJMMXtrZQNQAEzNqS5Lb6CIZqxzcVbTGGZ1M6KXql4eX9RKJfShLLkiByTU+KRK1Imd6RCqoQRSV7IK3lznp1358P5nLVmnHTmkMzB+foF8jKYRg==</latexit>

↵ = 3 short-range
<latexit sha1_base64="AF1ZSutoFJsP4M/Tvg8gKcT91zs=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiCUhKr1WWhG5cV7EPaUCaTSTt0JgkzN0IJXfoFbvUL3IlbP8QP8D+ctF3Y1gMXDufcy733eLHgGmz721pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2h7RTPCQNYCDYO1YMSI9wVresJb5rSemNI/CBxjFzJWkH/KAUwJGeqz10vJF+dwf9wpFu2RPgJeJMyNFNEO9V/jp+hFNJAuBCqJ1x7FjcFOigFPBxvluollM6JD0WcfQkEim3XRy8BifGsXHQaRMhYAn6t+JlEitR9IznZLAQC96mfif10kguHVTHsYJsJBOFwWJwBDh7Hvsc8UoiJEhhCpubsV0QBShYDKa2+IpMmSQ5eIsprBMmpclp1K6vr8qViuzhHLoGJ2gM+SgG1RFd6iOGogiiV7QK3qznq1368P6nLauWLOZIzQH6+sXPRGX5Q==</latexit>

C3,3+d
<latexit sha1_base64="jEx++QlJ31qI/hbPfIcctvyc9Pw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARKkpJrFaXhW5cVrAPaEOYTCZ16GQSZiZCSfMXfoFb/QJ34tYf8AP8D6ePhW09cOFwzr2cy/FiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By0ZJQKTJo5YJDoekoRRTpqKKkY6sSAo9Bhpe4P62G8/ESFpxB/UMCZOiPqcBhQjpSXXPOqxqO+mtpWVRnU3rVxUzv1sdOaaRatsTQCXiT0jRTBDwzV/en6Ek5BwhRmSsmtbsXJSJBTFjGSFXiJJjPAA9UlXU45CIp108n8GT7XiwyASeriCE/XvRYpCKYehpzdDpB7lojcW//O6iQpunZTyOFGE42lQkDCoIjguA/pUEKzYUBOEBdW/QvyIBMJKVzaX4gk0ICrTvdiLLSyT1mXZrpav76+KteqsoTw4BiegBGxwA2rgDjRAE2AwAi/gFbwZz8a78WF8TldzxuzmEMzB+PoFObadNw==</latexit>

log10(|C3,3+d|)

Evolution of local spin-z component

N = 22 spins

Tutorial: Spin-model simulations using Krylov space



Evolution of two-spin correlations
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 22 spins
<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂
z
j i

<latexit sha1_base64="AF1ZSutoFJsP4M/Tvg8gKcT91zs=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiCUhKr1WWhG5cV7EPaUCaTSTt0JgkzN0IJXfoFbvUL3IlbP8QP8D+ctF3Y1gMXDufcy733eLHgGmz721pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2h7RTPCQNYCDYO1YMSI9wVresJb5rSemNI/CBxjFzJWkH/KAUwJGeqz10vJF+dwf9wpFu2RPgJeJMyNFNEO9V/jp+hFNJAuBCqJ1x7FjcFOigFPBxvluollM6JD0WcfQkEim3XRy8BifGsXHQaRMhYAn6t+JlEitR9IznZLAQC96mfif10kguHVTHsYJsJBOFwWJwBDh7Hvsc8UoiJEhhCpubsV0QBShYDKa2+IpMmSQ5eIsprBMmpclp1K6vr8qViuzhHLoGJ2gM+SgG1RFd6iOGogiiV7QK3qznq1368P6nLauWLOZIzQH6+sXPRGX5Q==</latexit>

C3,3+d
<latexit sha1_base64="jEx++QlJ31qI/hbPfIcctvyc9Pw=">AAACEnicbVDLSsNAFJ3UV62vqODGzWARKkpJrFaXhW5cVrAPaEOYTCZ16GQSZiZCSfMXfoFb/QJ34tYf8AP8D6ePhW09cOFwzr2cy/FiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By0ZJQKTJo5YJDoekoRRTpqKKkY6sSAo9Bhpe4P62G8/ESFpxB/UMCZOiPqcBhQjpSXXPOqxqO+mtpWVRnU3rVxUzv1sdOaaRatsTQCXiT0jRTBDwzV/en6Ek5BwhRmSsmtbsXJSJBTFjGSFXiJJjPAA9UlXU45CIp108n8GT7XiwyASeriCE/XvRYpCKYehpzdDpB7lojcW//O6iQpunZTyOFGE42lQkDCoIjguA/pUEKzYUBOEBdW/QvyIBMJKVzaX4gk0ICrTvdiLLSyT1mXZrpav76+KteqsoTw4BiegBGxwA2rgDjRAE2AwAi/gFbwZz8a78WF8TldzxuzmEMzB+PoFObadNw==</latexit>

log10(|C3,3+d|)
<latexit sha1_base64="N+XaGZ3i0qCF1ocOrhlZM4h6BEs=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRi9CwIvHCOaByRJ6J51kyOzsMjMrhCVXv8CrfoE38ep/+AH+h5NkDyZa0FBUddPdFcSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQLQKLjEuuFGYCtWCGEgsBmMbqZ+8xGV5pG8N+MY/RAGkvc5A2Olhw6IeAj0mnrdYsktuzPQv8TLSIlkqHWL351exJIQpWECtG57bmz8FJThTOCk0Ek0xsBGMMC2pRJC1H46u3hCT6zSo/1I2ZKGztTfEymEWo/DwHaGYIZ62ZuK/3ntxPSv/JTLODEo2XxRPxHURHT6Pu1xhcyIsSXAFLe3UjYEBczYkBa2BApGaCY2F285hb+kcVb2KuWLu/NStZIllCdH5JicEo9ckiq5JTVSJ4xI8kxeyKvz5Lw5787HvDXnZDOHZAHO5w/vBJhE</latexit>

↵ = 1 long-range

Complex information spreading physics as competition between long and short-range terms … further reading:

P. Calabrese and J. Cardy, J. Stat. Mech, P04010 (2005) 

J. Eisert, M. van den Worm, S. R. Manmana, M. Kastner, Phys. Rev. Lett. 111, 260401 (2013)

J. Schachenmayer, B. P. Lanyon, C. F. Roos, A. J. Daley, Phys. Rev. X 3, 031015 (2013)

Z.-X. Gong, M. Foss-Feig, Fernando G. S. L. Brandão, and A. V. Gorshkov, Phys. Rev. Lett. 119 050501 (2017)

L. Cevolani, J. Despres, G. Carleo, L. Tagliacozzo, L. Sanchez-Palencia, Phys. Rev. B 98, 024302 (2018) 

I. Frérot, P. Naldesi, and T. Roscilde, Phys. Rev. Lett. 120, 050401 (2018), ….

For long-range couplings: complicated interplay light-cone vs. all-to all

Tutorial: Spin-model simulations using Krylov space



This time

Part 1: Krylov space: Evolution with sparse Hamiltonians

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

Tutorials: Power method/ implement an Arnoldi iteration

Tutorial: Spin-model simulations using Krylov space

Part 2: Basics for open-system simulations

System Bath



Lindblad master equations - Review

Here we will focus on Lindblad master equations: We have a System and a large bath:

System 

(Atom)

Bath 

(EM modes)
Laser 

drive

|gi
<latexit sha1_base64="opnZD8VSC9Oc0kJs8JYVK7hZ7XY=">AAACEnicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZcFNy4r2Ae0Q8mkmTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaoIbZOYx6oXYE05k7RtmOG0lyiKRcBpN4juZn73iSrNYvlopgn1BR5LFjKCjZW6g4iabJwPqzW37s6B1olXkBoUaA2rP4NRTFJBpSEca9333MT4GVaGEU7zyiDVNMEkwmPat1RiQbWfzePm6MIqIxTGyj5p0Fz9u5FhofVUBHZSYDPRq95M/NcLRL78V9jet5LGhLd+xmSSGirJIkyYcmRiNOsHjZiixPCpJZgoZu9BZIIVJsa2WLFFeau1rJPOVd27rnsPjVqzUVRWhjM4h0vw4AaacA8taAOBCJ7hFd6cF+fd+XA+F6Mlp9g5hSU4X7/cIJ7C</latexit>

|ei
<latexit sha1_base64="Ls1LQqTj6Mp4uHnZJHAQrm4rdA0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNa0GXBjcsK9gHtUDLpnTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaootGnMY9ULiAbOJLQNMxx6iQIiAg7dILqb+d0nUJrF8tFME/AFGUsWMkqMlbqDCEwG+bBac+vuHHideAWpoQKtYfVnMIppKkAayonWfc9NjJ8RZRjlkFcGqYaE0IiMoW+pJAK0n83j5vjCKiMcxso+afBc/buREaH1VAR2UhAz0aveTPzXC0S+/FfE3reSxoS3fsZkkhqQdBEmTDk2MZ71g0dMATV8agmhitl7MJ0QRaixLVZsUd5qLeukc1X3ruveQ6PWbBSVldEZOkeXyEM3qInuUQu1EUURekav6M15cd6dD+dzMVpyip1TtATn6xfYzp7A</latexit>

�
<latexit sha1_base64="pSxEbgLyEQ0cJc8uDH5W9h1S5Ig=">AAACEXicbVDLSgMxFM3UV62vqks3g0VwVWa0oMuCLlxWsA9oh5JJ77SxSWZI7gil9B8EV/on7sStX+CPuDZtZ2FbDwTOPedeODlhIrhBz/t2cmvrG5tb+e3Czu7e/kHx8Khh4lQzqLNYxLoVUgOCK6gjRwGtRAOVoYBmOLyZ+s0n0IbH6gFHCQSS9hWPOKNopUbnFgTSbrHklb0Z3FXiZ6REMtS6xZ9OL2apBIVMUGPavpdgMKYaORMwKXRSAwllQ9qHtqWKSjDBeJZ24p5ZpedGsbZPoTtT/16MqTRmJEO7KSkOzLI3Ff/1QjlZnDUdAi6lweg6GHOVpAiKzcNEqXAxdqf1uD2ugaEYWUKZ5vY/LhtQTRnaEgu2KH+5llXSuCj7l2X/vlKqVrLK8uSEnJJz4pMrUiV3pEbqhJFH8kxeyZvz4rw7H87nfDXnZDfHZAHO1y+BYp3/</latexit>

⌦
<latexit sha1_base64="PMkvbwQ8vq3QZmEKF1HwS7LV/8I=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjO1oMuCG3dWsK3QDuVOeqeNTWaGJCOU0n8QXOmfuBO3foE/4tq0nYVtPRA495x74eQEieDauO63k1tb39jcym8Xdnb39g+Kh0dNHaeKYYPFIlYPAWgUPMKG4UbgQ6IQZCCwFQyvp37rCZXmcXRvRgn6EvoRDzkDY6Vm51ZiH7rFklt2Z6CrxMtIiWSod4s/nV7MUomRYQK0bntuYvwxKMOZwEmhk2pMgA2hj21LI5Co/fEs7YSeWaVHw1jZFxk6U/9ejEFqPZKB3ZRgBnrZm4r/eoGcLM4KhmiW0pjwyh/zKEkNRmweJkwFNTGd1kN7XCEzYmQJMMXtfygbgAJmbIkFW5S3XMsqaVbK3kW5clct1apZZXlyQk7JOfHIJamRG1InDcLII3kmr+TNeXHenQ/nc76ac7KbY7IA5+sXgDWd/w==</latexit>

�
<latexit sha1_base64="PNjbQXyI9VZkPB4c2oNjQO/tSoE=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjO1oMuCC11WsK3QDuVOetvGJjNDkhHK0H8QXOmfuBO3foE/4tq0nYVtPRA495x74eQEseDauO63k1tb39jcym8Xdnb39g+Kh0dNHSWKYYNFIlIPAWgUPMSG4UbgQ6wQZCCwFYyup37rCZXmUXhvxjH6EgYh73MGxkrNzg1ICd1iyS27M9BV4mWkRDLUu8WfTi9iicTQMAFatz03Nn4KynAmcFLoJBpjYCMYYNvSECRqP52lndAzq/RoP1L2hYbO1L8XKUitxzKwmxLMUC97U/FfL5CTxVnBCM1SGtO/8lMexonBkM3D9BNBTUSn9dAeV8iMGFsCTHH7H8qGoIAZW2LBFuUt17JKmpWyd1Gu3FVLtWpWWZ6ckFNyTjxySWrkltRJgzDySJ7JK3lzXpx358P5nK/mnOzmmCzA+foFdhed+Q==</latexit>

Example: Consider an atom coupled to the electromagnetic vacuum modes

Several approximations on the way:

“Optical Bloch equations”

For the atomic decay problem: Dipole approximation, Rotating wave 

approximation, Markov approximation, …

Lindblad jump operatorsE.g. for a single decaying atom

<latexit sha1_base64="OJGTXjWlKjXnV2rsxMAS7ziEz04="></latexit>

⇢̂s

Effectively a Lindblad master equation describes the dynamics of the system only (the bath is traced out), the system 

needs to be described by a density matrix
<latexit sha1_base64="OJGTXjWlKjXnV2rsxMAS7ziEz04="></latexit>
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�

<latexit sha1_base64="m7quDZ4ciA2+nD65qMEu8zyKu+k="></latexit>
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�

<latexit sha1_base64="TaaWtId5r/jGrG0ILzHJ8TXUV3A="></latexit>

Free atomic Hamiltonian (e.g. with drive)

… decay of atom with rate
<latexit sha1_base64="KKLbyHEMIgCWYD2mynmbjxORD0w=">AAACAHicbVDLSgNBEJz1GeMr6tHLYhA8hV3R6DHgQY8RzAOSJfROOsmYmdllZlYISy5+gVf9Am/i1T/xA/wPJ8keTGJBQ1HVTXdXGHOmjed9Oyura+sbm7mt/PbO7t5+4eCwrqNEUazRiEeqGYJGziTWDDMcm7FCECHHRji8mfiNJ1SaRfLBjGIMBPQl6zEKxkr19i0IAZ1C0St5U7jLxM9IkWSodgo/7W5EE4HSUA5at3wvNkEKyjDKcZxvJxpjoEPoY8tSCQJ1kE6vHbunVum6vUjZksadqn8nUhBaj0RoOwWYgV70JuJ/XisxvesgZTJODEo6W9RLuGsid/K622UKqeEjS4AqZm916QAUUGMDmtsSKhiiGdtc/MUUlkn9vOSXS5f3F8VKOUsoR47JCTkjPrkiFXJHqqRGKHkkL+SVvDnPzrvz4XzOWlecbOaIzMH5+gUDkpdL</latexit>

�

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
⇢̂S = L(⇢̂S) = �i

h

ĤS , ⇢̂

i

+
X

⌘

⇣

2L̂⌘⇢̂SL̂
†
⌘
� L̂†

⌘
L̂⌘⇢̂S � ⇢̂SL̂

†
⌘
L̂⌘

⌘



General form of Lindblad master equation

Alternative equivalent forms

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
⇢̂S = L(⇢̂S) = �i

h

ĤS , ⇢̂

i

+
X

⌘

⇣

2L̂⌘⇢̂SL̂
†
⌘
� L̂†

⌘
L̂⌘⇢̂S � ⇢̂SL̂

†
⌘
L̂⌘

⌘

<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥe↵ = ĤS � i

X

⌘

L̂
†
⌘
L̂⌘

effective non-hermitian Hamiltonian
recycling term (fixes trace)

non-trace preserving

In fact, the Lindblad form is the simplest way to write a linear evolution equation which is trace preserving

<latexit sha1_base64="6ZUvBmoY/+lEmddIZkMod3UNmrU="></latexit>

tr



d

dt
⇢̂S

�

= tr {L(⇢̂S)}
<latexit sha1_base64="eyY8UA9lCJ/3nLrpEBXNvPiKYzw="></latexit>

=

X

⌘

tr

⇣

2L̂⌘⇢̂SL̂
†
⌘

⌘

� tr

⇣

L̂
†
⌘
L̂⌘⇢̂S

⌘

� tr

⇣

⇢̂SL̂
†
⌘
L̂⌘

⌘

= 0

cyclic invariance of trace

<latexit sha1_base64="uMdHGfgMbG5RKtxruUUuKLXPDcQ="></latexit>

d

dt
⇢̂S = �i

⇣

Ĥe↵ ⇢̂S � ⇢̂SĤ
†
e↵

⌘

+

X

⌘

2L̂⌘⇢̂SL̂
†
⌘

Lindblad master equations - Review



The right hand side of the master equation is just a function of the density matrix (“super-operator”)

We can simply define a statevector of matrix elements, and implement the super-operator as function

<latexit sha1_base64="QihD7hdGVraLND3GdXc9I0bDr0I="></latexit>

d

dt
⇢̂S = L(⇢̂S) = �i

h

ĤS , ⇢̂

i

+
X

⌘

⇣

2L̂⌘⇢̂SL̂
†
⌘
� L̂†

⌘
L̂⌘⇢̂S � ⇢̂SL̂

†
⌘
L̂⌘

⌘

<latexit sha1_base64="6u+xMJcsnk8L1JUZbnCTt96NyYA="></latexit>

d

dt
⇢̂S = L(⇢̂S)

<latexit sha1_base64="cW53zJBxizQXNFW7FoKhxxbCwsc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjtpiSi1Y1QcOOygn1AG8pkOmmHTh7M3Agl5A/c+CtuXCji1q07/8ZJG1BbDwwczrn3zr3HjQRXYFlfxtLyyuraemGjuLm1vbNr7u23VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nbH15nfvmdS8TC4g0nEHJ8MA+5xSkBLffOkNwgh6fkERq6XTNK0DBV8hb3yj6SVSt8sWVVrCrxI7JyUUI5G3/zUg2nsswCoIEp1bSsCJyESOBUsLfZixSJCx2TIupoGxGfKSab3pPhYKwPshVK/APBU/d2REF+pie/qymxLNe9l4n9eNwbv0kl4EMXAAjr7yIsFhhBn4eABl4yCmGhCqOR6V0xHRBIKOsKiDsGeP3mRtE6rdq16fntWqtfyOAroEB2hMrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfVa6ZOQ9B+gPjI9vDR2b/A==</latexit>

ẏ(t) = f(y(t))
<latexit sha1_base64="kwO1+9Tg4xgBnbVM9es8qVD6TY4=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJRsuAjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFVkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNs4pfrVzcnZdr1TyOAjpCx+gU+egS1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM32pNv</latexit>

,

However, the master equation is also linear!

… we could plug this into ODE solver!

We can write it like
<latexit sha1_base64="t9w0TSSKdQHdogaJchxNszkzemw=">AAACMHicbZBLS8NAEMc3Pmt9VT16WSxCvZREtHoRKh70WME+oClls920SzcPdidCCPlIXvwoelFQxKufwk1b0bYODPz5zQwz83dCwRWY5quxsLi0vLKaW8uvb2xubRd2dhsqiCRldRqIQLYcopjgPqsDB8FaoWTEcwRrOsOrrN68Z1LxwL+DOGQdj/R97nJKQKNu4druBZDYHoGB4yZxmpbgCF9gt/SLNMnQD7hMsU31EJ7q6BaKZtkcBZ4X1kQU0SRq3cKT3kwjj/lABVGqbZkhdBIigVPB0rwdKRYSOiR91tbSJx5TnWT0cIoPNelhN5A6fcAj+nciIZ5SsefozuxINVvL4H+1dgTueSfhfhgB8+l4kRsJDAHO3MM9LhkFEWtBqOT6VkwHRBIK2uO8NsGafXleNI7LVqV8entSrFYmduTQPjpAJWShM1RFN6iG6oiiB/SM3tC78Wi8GB/G57h1wZjM7KGpML6+AUQUqRQ=</latexit>

ẏ(t) = f(y(t)) = A · y(t) (next slide)

If we construct the (sparse) matrix representing the whole “Liouvillian” matrix 

A, we can also use our Krylov space method again!

Solution:
<latexit sha1_base64="CYiQUMwRyWXdLhzvlYCnfOEMWLY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtpiRSqhuh4sZlBfuAppbJdNIOnTyYuRFCyAe48VfcuFDErR/gzr9x0mahrQcGDuecy9x7nFBwBab5baysrq1vbBa2its7u3v7pYPDjgoiSVmbBiKQPYcoJrjP2sBBsF4oGfEcwbrO9Drzuw9MKh74dxCHbOCRsc9dTgloaVgqxxWo4kuc2NLDLL1PMGDbIzBx3OQqTeOKWcU6ZdbMGfAysXJSRjlaw9KXPQpo5DEfqCBK9S0zhEFCJHAqWFq0I8VCQqdkzPqa+sRjapDMjknxqVZG2A2kfj7gmfp7IiGeUrHn6GS2p1r0MvE/rx+BezFIuB9GwHw6/8iNBIYAZ83gEZeMgog1IVRyvSumEyIJBd1fUZdgLZ68TDpnNatRq9/Wy81GXkcBHaMTVEEWOkdNdINaqI0oekTP6BW9GU/Gi/FufMyjK0Y+c4T+wPj8AfWEmaQ=</latexit>

y(t) = etAy(0)

<latexit sha1_base64="bPJtxJcFt7KGWDbx0P1XEFNn11o="></latexit>

y = [⇢1,1, ⇢2,1, ⇢3,1, . . . , ⇢1,2, ⇢1,2, . . . ]
T

Lindblad master equations - Review



Numerics: Density matrix as state-vector

How to construct the super-operator matrix? One possibility …

<latexit sha1_base64="QY6K7Fc3tcuW1efXIvAxrgNDfQc="></latexit>

⇢̂ =

0

@

⇢1,1 ⇢1,2 ⇢1,3

⇢2,1 ⇢2,2 ⇢2,3

⇢3,1 ⇢3,2 ⇢3,3

1

A ! y =

�

⇢1,1, ⇢2,1, ⇢3,1, ⇢1,2, ⇢2,2, ⇢3,2, ⇢1,3, ⇢2,3, ⇢3,3

�T

Now consider an operator

<latexit sha1_base64="PsKRgJ2w3ssxDB3zGDRUgQ/YM8U=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8Bc/AYwTwkWcLsZDYZMrO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANlyLiDRQoeTvRnKpA8lYwup35rSeujYijBxwn3Fd0EIlQMIpWeqx1UShuSK1XLLlldw6ySryMlCBDvVf86vZjlioeIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSyNq1/iT+cFTcmaVPgljbStCMld/T0yoMmasAtupKA7NsjcT//M6KYY3/kRESYo8YotFYSoJxmT2PekLzRnKsSWUaWFvJWxINWVoMyrYELzll1dJ86LsVcpX95elaiWLIw8ncArn4ME1VOEO6tAABgqe4RXeHO28OO/Ox6I152Qzx/AHzucPKpmP+A==</latexit>

D ⇥D

<latexit sha1_base64="EeszAaX/+k+O0HbzUU3dNIheXLE=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIETHsikYvQkAPHiOYByRLmJ3MJmNmZ5eZ2UBc8iVePCji1U/x5t84eRw0WtBQVHXT3eXHnCntOF9WZml5ZXUtu57b2Nzazts7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrid8YUqlYJO71KKZeiHuCBYxgbaSOnR+iK1R8OHGP0A06RqxjF5ySMwX6S9w5KcAc1Y792e5GJAmp0IRjpVquE2svxVIzwuk4104UjTEZ4B5tGSpwSJWXTg8fo0OjdFEQSVNCo6n6cyLFoVKj0DedIdZ9tehNxP+8VqKDSy9lIk40FWS2KEg40hGapIC6TFKi+cgQTCQztyLSxxITbbLKmRDcxZf/kvppyS2Xzu/OCpXyPI4s7MMBFMGFC6jALVShBgQSeIIXeLUerWfrzXqftWas+cwe/IL18Q24LpCD</latexit>

v = (j � 1)D + i

<latexit sha1_base64="fWhxeDEJFX+MOEDoAXMgXIUeYUs="></latexit>

Â⌦ B̂ =

0

B

@

A1,1B̂ A1,2B̂ . . .

A2,1B̂ A2,2B̂ . . .

.

.

.
.
.
.

1

C

A

<latexit sha1_base64="pyOQCG1kcbcMz2qdLfAMCy8RO1E=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclZmi1WVBFy4r2Ae005LJpG1oJhmSjFCGfoB/4FZ/wJ249TPc+yGm7Sxs64ELh3Pu5VxOEHOmjet+O2vrG5tb27md/O7e/sFh4ei4oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBmMbqd+84kqzaR4NOOY+hEeCNZnBBsrde+6ZdQxLKIaWdorFN2SOwNaJV5GipCh1iv8dEJJkogKQzjWuu25sfFTrAwjnE7ynUTTGJMRHtC2pQLbID+dfT1B51YJUV8qO8Kgmfr3IsWR1uMosJsRNkO97E3F/7x2Yvo3fspEnBgqyDyon3BkJJpWgEKmKDF8bAkmitlfERlihYmxRS2kBIHk4cTW4i2XsEoa5ZJXKV09XBarlaygHJzCGVyAB9dQhXuoQR0IKHiBV3hznp1358P5nK+uOdnNCSzA+foF6zGZRg==</latexit>

D
2
⇥D

2

<latexit sha1_base64="y8+96yDY41SZV7wayBomQz9jsSE="></latexit>

(1 ⌦ Â)y =

0

@

Â 0 0

0 Â 0

0 0 Â

1

A

0

@

y1

y2

y3

1

A = Â
�

y1 y2 y3

�

= Â⇢̂

<latexit sha1_base64="a2QTrcbC1kKRJZbSD0GyK6JJ5xc="></latexit>

�

y1 y2 y3

�

Multiplication from left side

<latexit sha1_base64="EA5vgCqA9Lb9wGJCGlEWsesL57Q=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjx4rGC/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2R1SJDe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSuX9xflWjWPowDHcAJn4MEV1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8Ae0xjq4=</latexit>

Â

Equally, it’s easy to show

<latexit sha1_base64="rqZhktWjl9kPtLm7WGDvwPoer9A="></latexit>

(B̂T
⌦ 1)y = ⇢̂B̂

(exercise)

Multiplication from right side

<latexit sha1_base64="yzmAANM+8gaKieAF/UI9hCmkj6U="></latexit>

(B̂T
⌦ Â)y = Â⇢̂B̂

Multiplication from left and right side

<latexit sha1_base64="EPS0C5LwljNBOfxduQEY3dVyPfM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRLR6rLgxmWFvqBNy8xk0g6dZMLMRAghH+AfuNUfcCdu/Qz3foiTNgvbeuDC4Zx7uYeDI86Utu1vq7SxubW9U96t7O0fHB5Vj0+6SsSS0A4RXMg+RopyFtKOZprTfiQpCjCnPTy7z/3eE5WKibCtk4i6AZqEzGcEaSONhgHSU+ynSTZ2Ru1xtWbX7TngOnEKUgMFWuPqz9ATJA5oqAlHSg0cO9JuiqRmhNOsMowVjRCZoQkdGBqigCo3nafO4IVRPOgLaSbUcK7+vUhRoFQSYLOZp1SrXi7+5w1i7d+5KQujWNOQLB75MYdawLwC6DFJieaJIYhIZrJCMkUSEW2KWvqCseBeZmpxVktYJ92rutOo3zxe15qNoqAyOAPn4BI44BY0wQNogQ4gQIIX8ArerGfr3fqwPherJau4OQVLsL5+AbSYmmE=</latexit>

y
T

1

<latexit sha1_base64="hDlXr4uMARnkeagv+l8hj5pT5Vk=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJSlaXRbcuKzQF7RpmZlM2qGTmTAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uGgiFGlHefb2tjc2t7ZLe2V9w8Oj44rJ6ddJWKJSQcLJmQfQUUY5aSjqWakH0kCQ8RID83uc7/3RKSigrd1EhEvhBNOA4qhNtJoGEI9RUGaZOP6qD2uVJ2aM4e9TtyCVEGB1rjyM/QFjkPCNWZQqYHrRNpLodQUM5KVh7EiEcQzOCEDQzkMifLSeerMvjSKbwdCmuHanqt/L1IYKpWEyGzmKdWql4v/eYNYB3deSnkUa8Lx4lEQM1sLO6/A9qkkWLPEEIglNVltPIUSYm2KWvqCkGB+ZmpxV0tYJ916zW3Ubh6vq81GUVAJnIMLcAVccAua4AG0QAdgIMELeAVv1rP1bn1Yn4vVDau4OQNLsL5+AbYwmmI=</latexit>

y
T

2

<latexit sha1_base64="mcPKrA9hRVyJ5fM7UEMhoJv9Naw=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSuKjuiy4cVmhL2jTMjOZtEMnkzAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uHgiDOlbfvbWlvf2NzaLu2Ud/f2Dw4rR8cdFcaS0DYJeSh7GCnKmaBtzTSnvUhSFGBOu3h6n/vdJyoVC0VLJxF1AzQWzGcEaSMNBwHSE+ynSTa6GrZGlapds2eAq8QpSBUUaI4qPwMvJHFAhSYcKdV37Ei7KZKaEU6z8iBWNEJkisa0b6hAAVVuOkudwXOjeNAPpRmh4Uz9e5GiQKkkwGYzT6mWvVz8z+vH2r9zUyaiWFNB5o/8mEMdwrwC6DFJieaJIYhIZrJCMkESEW2KWviCcci9zNTiLJewSjqXNadeu3m8rjbqRUElcArOwAVwwC1ogAfQBG1AgAQv4BW8Wc/Wu/Vhfc5X16zi5gQswPr6BbfImmM=</latexit>

y
T

3

<latexit sha1_base64="tfG7tr0kZz7NVGQqUiHaa0ZXr/4=">AAACJXicbVDLSsNAFJ34fht16WawCCJSEtHqUnDjwkUFq4UmhMlk0o5OMnHmplJC/8G/8A/c6g+4E8GVGz/EaZuFWg9cOJxzL/feE2aCa3CcD2ticmp6ZnZufmFxaXll1V5bv9IyV5Q1qBRSNUOimeApawAHwZqZYiQJBbsOb08H/nWXKc1legm9jPkJaac85pSAkQJ711MdGRR876aPvbucRNg7ZzEo3u4AUUrel2ov6AZ2xak6Q+Bx4pakgkrUA/vLiyTNE5YCFUTrlutk4BdEAaeC9Re8XLOM0FvSZi1DU5Iw7RfDn/p42ygRjqUylQIeqj8nCpJo3UtC05kQ6Oi/3kD8z2vlEB/7BU+zHFhKR4viXGCQeBAQjrhiFETPEEIVN7di2iGKUDAx/toShlJEfROL+zeEcXK1X3Vr1cOLg8pJrQxoDm2iLbSDXHSETtAZqqMGougBPaFn9GI9Wq/Wm/U+ap2wypkN9AvW5zcWy6Yw</latexit>

⇢i,j , yv

Kronecker product definition:

Liouvillian matrix can be fully constructed with Kronecker products!



<latexit sha1_base64="rqZhktWjl9kPtLm7WGDvwPoer9A="></latexit>

(B̂T
⌦ 1)y = ⇢̂B̂

<latexit sha1_base64="yzmAANM+8gaKieAF/UI9hCmkj6U="></latexit>

(B̂T
⌦ Â)y = Â⇢̂B̂

<latexit sha1_base64="opNS4BN6XqSOFSpOmgp1lzWXhfg="></latexit>

(1 ⌦ Â)y = Â⇢̂

<latexit sha1_base64="QY6K7Fc3tcuW1efXIvAxrgNDfQc="></latexit>

⇢̂ =

0

@

⇢1,1 ⇢1,2 ⇢1,3

⇢2,1 ⇢2,2 ⇢2,3

⇢3,1 ⇢3,2 ⇢3,3

1

A ! y =

�

⇢1,1, ⇢2,1, ⇢3,1, ⇢1,2, ⇢2,2, ⇢3,2, ⇢1,3, ⇢2,3, ⇢3,3

�T

Then:
<latexit sha1_base64="Y8lcvuP2aLivKhDEvZ/fNJrSimU="></latexit>

Ĥe↵ = ĤS � i

X

⌘

L̂
†
⌘
L̂⌘

<latexit sha1_base64="uMdHGfgMbG5RKtxruUUuKLXPDcQ="></latexit>

d

dt
⇢̂S = �i

⇣

Ĥe↵ ⇢̂S � ⇢̂SĤ
†
e↵

⌘

+

X

⌘

2L̂⌘⇢̂SL̂
†
⌘

<latexit sha1_base64="Z7bOP67gzk15mA23Sv0UgWvIP+s="></latexit>

�i
h

(1 ⌦ Ĥe↵)� (Ĥ⇤

e↵
⌦ 1)

i

y

element-wise 

conjugate

<latexit sha1_base64="qDJq51UTDLFnPlImlvqN+18mO54="></latexit>

2(L̂⇤

⌘
⌦ L̂⌘)y

z

Example:
<latexit sha1_base64="FlzqrErTfqJ8xQJYQGvt4q2XV90="></latexit>

L̂⌘ =

r

�

2
�̂
�

⌘

“Column-major 

order in Julia”

Numerics: Density matrix as state-vector



Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

↵ = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

� =
J

2

Remark: Since we keep the exact full density matrix, we’re now limited to ~half the size than before :(

Remark: The Liouvillian matrix construction is not ideal, an alternative, expand in Pauli basis

<latexit sha1_base64="B9id92puBaJHpesLJEnAlbrfzhg="></latexit>

⇢̂ =

4X

{in}=1

ri1,i2,...,iN �̂
r1
1

⌦ �̂
r2
1

⌦ . . . �̂
rN
N

Advantage: The “Bloch” state 

vectors are real!

<latexit sha1_base64="YWw8/MEzTlwDLr2DAJKEUUCTJBk="></latexit>

�̂
0,1,2,3

i = {1i, �̂
x
i , �̂

y

i , �̂
z
i }

<latexit sha1_base64="Xt2kAaV4CdoQ1NXobS8S1ngmCMo="></latexit>

tr (�̂n
i �̂

m
i ) = �n,m

Numerics: Density matrix as state-vector



More general framework: Kraus operators and quantum trajectories

A more general framework for describing sub-system dynamics:

System Bath

Most minimalistic form:

<latexit sha1_base64="URQ9hiBxRprniJLe2/7L0dzPxA0=">AAACEHicbZDLSsNAFIYn9VbrLV52bgaL4KokUqrLghuXFWwrNCFMppN26OTCzIlQQ17CJ3CrT+BO3PoGPoDv4aTNwrb+cODnP+dwDp+fCK7Asr6Nytr6xuZWdbu2s7u3f2AeHvVUnErKujQWsXzwiWKCR6wLHAR7SCQjoS9Y35/cFP3+I5OKx9E9TBPmhmQU8YBTAjryzBNnwiBzEsW9zJEhjlPIc8+sWw1rJrxq7NLUUamOZ/44w5imIYuACqLUwLYScDMigVPB8pqTKpYQOiEjNtA2IiFTbjb7PsfnOhniIJa6IsCz9O9GRkKlpqGvJ0MCY7XcK8L/eoMUgms341GSAovo/FCQCgwxLlDgIZeMgphqQ6jk+ldMx0QSChrYwhVfEo2p4GIvU1g1vcuG3Wq07pr1drMkVEWn6AxdIBtdoTa6RR3URRQ9oRf0it6MZ+Pd+DA+56MVo9w5Rgsyvn4BaWKeEg==</latexit>

| outi
<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

Combined system still a pure state
<latexit sha1_base64="WBmKuSmClybUYzYrdElCIAOB5cw=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARXJVEpLoRCm5cVjBtoQlhMp22QyeTMHMilJDn8DF8Arf6BC4EcSe+htPLwrYeGPj5/3M4Z74oFVyD43xYpbX1jc2t8nZlZ3dv/8A+PGrpJFOUeTQRiepERDPBJfOAg2CdVDESR4K1o9HtJG8/MqV5Ih9gnLIgJgPJ+5wSMFZou/6IQe6nmoe5r2KcZFAU+Ab7QwLYw0spl0UR2lWn5kwLrwp3LqpoXs3Q/vZ7Cc1iJoEKonXXdVIIcqKAU8GKip9plhI6IgPWNVKSmOkgn36twGfG6eF+osyTgKfu34mcxFqP48h0xgSGejmbmP9l3Qz610HOZZoBk3S2qJ8JDAmecMI9rhgFMTaCUMXNrZgOiSIUDM2FLZEihtKEi7tMYVW0LmpuvVa/v6w2LueEyugEnaJz5KIr1EB3qIk8RNETekGv6M16tt6tT+tr1lqy5jPHaKGsn1+4pKmo</latexit>

| outi = Û | ini “reversible process, no information lost”

Qubit 1 = System

Qubit 2 = Bath

<latexit sha1_base64="eXZqe9euurXjHspuDUxAFZYQisA=">AAACG3icbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBTSybzaZdutmE3Y1QQv6HFw/6V7yJVw/+E49u2xxs6wsDL+/MMMPjJ5wpbdvfVmltfWNzq7xd2dnd2z+oHh51VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOuPb6b97hOVisXiQU8S6kV4KFjICNYmekTumOrMTRQb3OdoUK3ZdXsmtGqcwtSgUGtQ/XGDmKQRFZpwrFTfsRPtZVhqRjjNK26qaILJGA9p31iBI6q8bPZ1js5MEqAwlqaERrP070aGI6UmkW8mI6xHark3Df/r9VMdXnsZE0mqqSDzQ2HKkY7RFAEKmKRE84kxmEhmfkVkhCUm2oBauOJLbPjki5kf8yA3qJxlMKumc1F3GvXG3WWteVlAK8MJnMI5OHAFTbiFFrSBgIRneIU368V6tz6sz/loySp2jmFB1tcvO7+ieQ==</latexit>

| Si

<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i

<latexit sha1_base64="FHZIv32cEcgbjO9NyAr38FsPv3U="></latexit>

| ini = | Si ⌦ |0iWe consider an initial product state                                        (The two qubits never interacted with each other)



General quantum operation

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="LiVmx4bTLjC/uhqR1LlCCINX2wY=">AAACJHicbVDLSsNAFJ3UV62vqLhyM1gEVyWRUl0W3LisaB/QxDKZTtqhk0yYuRFKyMe4caG/4k5cuPE7XJq0WdjWAxcO59zLuRwvElyDZX0ZpbX1jc2t8nZlZ3dv/8A8POpoGSvK2lQKqXoe0UzwkLWBg2C9SDESeIJ1vclN7nefmNJchg8wjZgbkFHIfU4JZNLAPHHGBLCjxnJw/5g4KsAyhnRgVq2aNQNeJXZBqqhAa2D+OENJ44CFQAXRum9bEbgJUcCpYGnFiTWLCJ2QEetnNCQB024yez/F55kyxL5U2YSAZ+rfi4QEWk8DL9sMCIz1speL/3n9GPxrN+FhFAML6TzIjwUGifMu8JArRkFMM0Ko4tmvmI6JIhSyxhZSPEUmDNJFzZNimFdlLxezSjqXNbtRa9zVq816UVoZnaIzdIFsdIWa6Ba1UBtRlKBn9IrejBfj3fgwPuerJaO4OUYLML5/Ab5/pdc=</latexit>

⇢̂
out

S

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

<latexit sha1_base64="Kz0Px90hihsdFvrh2+Cw5du828Q=">AAACI3icbVDLSsNAFJ34rPVVHzs3g0VwVRIp1WXBjcuK9gFNDZPJtBk6mQkzN0IN/Rc3LvRX3IkbF/6HS9M2C9t64MLhnHs5l+PHghuw7S9rZXVtfWOzsFXc3tnd2y8dHLaMSjRlTaqE0h2fGCa4ZE3gIFgn1oxEvmBtf3g98duPTBuu5D2MYtaLyEDyPqcEMskrHbshAezqUHl3D6mrI8zl2CuV7Yo9BV4mTk7KKEfDK/24gaJJxCRQQYzpOnYMvZRo4FSwcdFNDIsJHZIB62ZUkoiZXjr9fozPMiXAfaWzkYCn6t+LlETGjCI/24wIhGbRm4j/ed0E+le9lMs4ASbpLKifCAwKT6rAAdeMghhlhFDNs18xDYkmFLLC5lJ8TYYMxvOar0QwqcpZLGaZtC4qTq1Su62W69W8tAI6QafoHDnoEtXRDWqgJqLoCT2jV/RmvVjv1of1OVtdsfKbIzQH6/sXusilTA==</latexit>

⇢̂
in

S

Some state of a bath

<latexit sha1_base64="2y4r8omo32voVaK0pE/kv+yP6uM="></latexit>

⇢̂
out

S = E(⇢̂inS ) Mapping of any density matrix to another one

One can think of it as …

Operator sum representation

<latexit sha1_base64="vyYa3UmqNjOb6c8L603AVR+u7n0="></latexit>

=
X

k

hek| Û(⇢̂inS ⌦ |e0i he0|)Û
† |eki

<latexit sha1_base64="fdxS1E0pu7yg6rGY/qW3/Dn2oG8="></latexit>

Êk ⌘ hek| Û |e0i

Kraus operators

(operators acting on system)

Only condition on Kraus operators (quantum operations preserve the trace)

<latexit sha1_base64="/Zkwv7q1D1wMke4nQTXSyOgWRqQ="></latexit>

trE(⇢̂inS ) = 1 =
X

k

tr
⇣

Êk⇢̂
in

S Ê
†
k

⌘

=
X

k

tr
⇣

Ê
†
k
Êk⇢̂

in

S

⌘

<latexit sha1_base64="q+vlDeUDleFIPa4tdmUIJJvW1io="></latexit>

E(⇢̂inS ) =
X

k

Êk⇢̂
in

S Ê
†
k

<latexit sha1_base64="tiB02lj6qcsWI9B0Td6ypQn5nM8=">AAACOnicbZA9SwNBEIb3/IzfUUubxSAIQriToDaCIIJlBJMIufOY3dskS/Y+2J0TwpEf4a+xsdCfYWsnthaW3iUpTPSFhYd3ZpjZlyVKGrTtN2tufmFxabm0srq2vrG5Vd7eaZo41Vw0eKxifcfACCUj0UCJStwlWkDIlGix/mVRbz0IbWQc3eIgEV4I3Uh2JAfMLb98RF2Thn6fuj1AevUL7t0AuvScuiFgj7HMGfrlil21R6J/wZlAhUxU98vfbhDzNBQRcgXGtB07QS8DjZIrMVx1UyMS4H3oinaOEYTCeNnoU0N6kDsB7cQ6fxHSkft7IoPQmEHI8s7iQjNbK8z/au0UO2deJqMkRRHx8aJOqijGtEiIBlILjmqQA3At81sp74EGjnmOU1uYhr7A4bTHYhUUUTmzwfyF5nHVOame3NQqF7VJaCWyR/bJIXHIKbkg16ROGoSTR/JEXsir9Wy9Wx/W57h1zprM7JIpWV8/7D+tWw==</latexit>X

k

ÊkÊ
†
k
= 1<latexit sha1_base64="5wiGpkuOhCn5cOYNQ6aZEUUKz+8=">AAACHnicbVC7SgNBFJ2NrxgfWbW0WQyCVdiVEC0DNhYWEcwDkiXMTu4mQ2Z3lpm7Sgj5EhsL/RU7sdU/sXSSbGESD1w4nHMv53KCRHCNrvtt5TY2t7Z38ruFvf2Dw6J9dNzUMlUMGkwKqdoB1SB4DA3kKKCdKKBRIKAVjG5mfusRlOYyfsBxAn5EBzEPOaNopJ5d7N5BiIoPhkiVkk89u+SW3TmcdeJlpEQy1Hv2T7cvWRpBjExQrTuem6A/oQo5EzAtdFMNCWUjOoCOoTGNQPuT+eNT59wofSeUykyMzlz9ezGhkdbjKDCbEcWhXvVm4n9eJ8Xw2p/wOEkRYrYIClPhoHRmLTh9roChGBtCmeLmV4cNqaIMTVdLKYGiI8DpshZI0Z+aqrzVYtZJ87LsVcvV+0qpVslKy5NTckYuiEeuSI3ckjppEEZS8kxeyZv1Yr1bH9bnYjVnZTcnZAnW1y+L1KOy</latexit>

,

in general: non-unitary, non-hermitian

<latexit sha1_base64="I8VD8nLrB94mrlQ6emAQK6Nol/M=">AAACFnicbVDJSgNBEO1xjXEb9aaXxiB4CjMSoseAF48RzQKZMdR0OkmTnoXuGiEMAT/DL/CqX+BNvHr1A/wPO8vBJD4oeLxXRVW9IJFCo+N8Wyura+sbm7mt/PbO7t6+fXBY13GqGK+xWMaqGYDmUkS8hgIlbyaKQxhI3ggG12O/8ciVFnF0j8OE+yH0ItEVDNBIbfvY68YKpKReH5B6qh+37x4yT4V01LYLTtGZgC4Td0YKZIZq2/7xOjFLQx4hk6B1y3US9DNQKJjko7yXap4AG0CPtwyNIOTazyY/jOiZUTrUHGMqQjpR/05kEGo9DAPTGQL29aI3Fv/zWil2r/xMREmKPGLTRd1UUozpOBDaEYozlENDgClhbqWsDwoYmtjmtgQKBhzHubiLKSyT+kXRLRfLt6VCpTRLKEdOyCk5Jy65JBVyQ6qkRhh5Ii/klbxZz9a79WF9TltXrNnMEZmD9fULwxSfwQ==</latexit>

8⇢̂S

More general framework: Kraus operators and quantum trajectories

see e.g. Nielsen & Chuang



Quantum trajectories = Natural stochastic interpretation!

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="eXZqe9euurXjHspuDUxAFZYQisA=">AAACG3icbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBTSybzaZdutmE3Y1QQv6HFw/6V7yJVw/+E49u2xxs6wsDL+/MMMPjJ5wpbdvfVmltfWNzq7xd2dnd2z+oHh51VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOuPb6b97hOVisXiQU8S6kV4KFjICNYmekTumOrMTRQb3OdoUK3ZdXsmtGqcwtSgUGtQ/XGDmKQRFZpwrFTfsRPtZVhqRjjNK26qaILJGA9p31iBI6q8bPZ1js5MEqAwlqaERrP070aGI6UmkW8mI6xHark3Df/r9VMdXnsZE0mqqSDzQ2HKkY7RFAEKmKRE84kxmEhmfkVkhCUm2oBauOJLbPjki5kf8yA3qJxlMKumc1F3GvXG3WWteVlAK8MJnMI5OHAFTbiFFrSBgIRneIU368V6tz6sz/loySp2jmFB1tcvO7+ieQ==</latexit>

| Si

outcome k

<latexit sha1_base64="cn1BWLPQDX6gzdGH6zNcf22heqc="></latexit>

| 
[k]
S
i =

8

>

<

>

:

Ê1 | Si /
p
p1 with probability p1 = h S |Ê

†
1Ê1| Si

. . .

Êm | Si /
p
pm with probability pm = h S |Ê

†
mÊm| Si

<latexit sha1_base64="QVE22wZl7EjKNgqzIc6TpPM17Fk=">AAACDnicbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZcOOyor1AEsNkOmmHTCZhZiKW0HfwCdzqE7gTt76CD+B7OGmzsK0/HPj5zzmcwxekjEplWd9GZW19Y3Orul3b2d3bPzAP6z2ZZAKTLk5YIgYBkoRRTrqKKkYGqSAoDhjpB9F10e8/EiFpwu/VJCVejEachhQjpSPfrLsRUbmbSurfPeRO5E2nvtmwmtZMcNXYpWmAUh3f/HGHCc5iwhVmSErHtlLl5UgoihmZ1txMkhThCI2Ioy1HMZFePvt9Ck91MoRhInRxBWfp340cxVJO4kBPxkiN5XKvCP/rOZkKr7yc8jRThOP5oTBjUCWwAAGHVBCs2EQbhAXVv0I8RgJhpXEtXAkE0pAKLvYyhVXTO2/arWbr9qLRvigJVcExOAFnwAaXoA1uQAd0AQZP4AW8gjfj2Xg3PozP+WjFKHeOwIKMr1+syp0f</latexit>

| 
[k]
S
i

<latexit sha1_base64="wTnwLUQDyVnCYgxZULrjnUOq5Gg="></latexit>

⇢̂outS ⇡
X

k

pk
1

pk
Êk | Si h S | Ê

†
k
= E(⇢̂inS )

<latexit sha1_base64="2y4r8omo32voVaK0pE/kv+yP6uM="></latexit>

⇢̂
out

S = E(⇢̂inS )

<latexit sha1_base64="q+vlDeUDleFIPa4tdmUIJJvW1io="></latexit>

E(⇢̂inS ) =
X

k

Êk⇢̂
in

S Ê
†
k

Randomly pick:

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

More general framework: Kraus operators and quantum trajectories

Quantum trajectories: Stochastically evolve a sample state from the density matrix, according to the rule:



Example: from Lindblad master equation above (with single jump operator)

It’s a Markovian master equation … so how do Kraus operators look like?

Integrate over small time-step:
<latexit sha1_base64="OYFN1uyF7uEHU+fxHrUK71OFSbM=">AAACG3icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAC8sI5gOSGPb25pIlex/szgnhuP9hY6F/xU5sLfwnlm6SK0zig4HHezPMzHNjKTTa9rdVWFvf2Nwqbpd2dvf2D8qHRy0dJYpDk0cyUh2XaZAihCYKlNCJFbDAldB2xzdTv/0ESosofMBJDP2ADUPhC87QSI+9W5DIKNIeRtQelCt21Z6BrhInJxWSozEo//S8iCcBhMgl07rr2DH2U6ZQcAlZqZdoiBkfsyF0DQ1ZALqfzq7O6JlRPOpHylSIdKb+nUhZoPUkcE1nwHCkl72p+J/XTdC/7qcijBOEkM8X+Ymk5sVpBNQTCjjKiSGMK2FupXzEFONoglrY4io2BswWNTeSXmaicpaDWSWti6pTq9buLyv1yzy0Ijkhp+ScOOSK1MkdaZAm4USRZ/JK3qwX6936sD7nrQUrnzkmC7C+fgEgUaHQ</latexit>

�t ! 0

<latexit sha1_base64="IRDzfavuSpLKXjxDwJjIvWUZa9I="></latexit>

d

dt
⇢̂S = �i

⇣

Ĥe↵ ⇢̂S � ⇢̂SĤ
†
e↵

⌘

+ 2L̂⇢̂SL̂
†

<latexit sha1_base64="cnoDa8bv8oHMRa6e3s+tI9yxNwM="></latexit>

Ĥe↵ = ĤS � iL̂
†
L̂

<latexit sha1_base64="NnpO/Q2+79a2KgdjqmGmDsotL3o="></latexit>

⇢̂S(t+�t) = ⇢̂S(t)� i�t

⇣

Ĥe↵ ⇢̂S(t)� ⇢̂S(t)Ĥ
†
e↵

⌘

+ 2�tL̂⇢̂S(t)L̂
†

= (1 � iĤe↵�t) ⇢̂S(t) (1 + iĤ†
e↵
�t) +

p

2�tL̂ ⇢̂S(t)
p

2�tL̂
† +O(�t

2)

<latexit sha1_base64="YvoszSPdVBJzDm7DJofTMGPtdR4="></latexit>

Ê0

<latexit sha1_base64="oyMRas9PuqyKXFmQVYcemD9fe4c="></latexit>

Ê1

<latexit sha1_base64="AFX419CopPzyxbljikLJnK3au5c="></latexit>

E [⇢̂S(t+�t)] =
X

k

Êk ⇢̂S(t) Ê
†
k

Note: Markovian approximation in Master equation is now quite intuitive

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

<latexit sha1_base64="RMQ/3lIDzW0JMFiH7L8hzfUJOVM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNQY8kXjxi4gIJbMjs0Asjs4/M9JqQDRe/wKt+gTfj1T/xA/wPB9iDgJV0UqnqTneXn0ih0ba/rcLG5tb2TnG3tLd/cHhUPj5p6ThVHFwey1h1fKZBighcFCihkyhgoS+h7Y9vZ377CZQWcfSAkwS8kA0jEQjO0Eit3oghdfvlil2156DrxMlJheRo9ss/vUHM0xAi5JJp3XXsBL2MKRRcwrTUSzUkjI/ZELqGRiwE7WXza6f0wigDGsTKVIR0rv6dyFio9ST0TWfIcKRXvZn4n9dNMbjxMhElKULEF4uCVFKM6ex1OhAKOMqJIYwrYW6lfMQU42gCWtriKzYGnJpcnNUU1knrqurUq/X7WqVRyxMqkjNyTi6JQ65Jg9yRJnEJJ4/khbySN+vZerc+rM9Fa8HKZ07JEqyvX7WZlxk=</latexit>

Û

<latexit sha1_base64="10wU8QeKpPjPvfixkb5hTRFFKms=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsJu3STTbsboQS8iu8eNC/4k28evWfeHTT5mBbHww83pthZp4Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVIpEUOlRwIfseUcBZBB3NNId+LIGEHoeeN73N/d4TSMVE9KBnMbghGUcsYJRoIz0Op6BTGNnZqFqz6/YceJ04BamhAu1R9WfoC5qEEGnKiVIDx461mxKpGeWQVYaJgpjQKRnDwNCIhKDcdH5whi+M4uNASFORxnP170RKQqVmoWc6Q6InatXLxf+8QaKDGzdlUZxoiOhiUZBwrAXOv8c+k0A1nxlCqGTmVkwnRBKqTUZLWzxJTDbZsuYJ7udROavBrJPuVd1p1pv3jVqrUYRWRmfoHF0iB12jFrpDbdRBFIXoGb2iN+vFerc+rM9Fa8kqZk7REqyvX7B7oKE=</latexit>

|e0i

<latexit sha1_base64="IJLjfJQbxi8PTdAyd04NATPVmes=">AAACG3icbVC7SgNBFJ31GeMramkzGITYhF0J0TJgYxnRPCCJYXZ2NjtkdmaZuSuEsP9hY6G/Yie2Fv6JpZNHYRIPXDiccy/ncvxEcAOu++2srW9sbm3ndvK7e/sHh4Wj46ZRqaasQZVQuu0TwwSXrAEcBGsnmpHYF6zlD28mfuuJacOVfIBRwnoxGUgeckrASo/diADu6kj170tw0S8U3bI7BV4l3pwU0Rz1fuGnGyiaxkwCFcSYjucm0BsTDZwKluW7qWEJoUMyYB1LJYmZ6Y2nX2f43CoBDpW2IwFP1b8XYxIbM4p9uxkTiMyyNxH/8zophNe9MZdJCkzSWVCYCgwKTyrAAdeMghhZQqjm9ldMI6IJBVvUQoqvyZBBtqj5SgSZrcpbLmaVNC/LXrVcvasUa5V5aTl0is5QCXnoCtXQLaqjBqJIo2f0it6cF+fd+XA+Z6trzvzmBC3A+foFoHGiHA==</latexit>

⇢̂S(t)

<latexit sha1_base64="iDh2u47A0VKgTLJzS/MlUb8emUc=">AAACJnicbVA9SwNBEN3zM8avqIWFzWIQFCHciahlQAtLRROFXAhzm4lZsnd77M4JIdyvsbHQv2InYufPsHQTUxj1wcDjvRlm5kWpkpZ8/92bmp6ZnZsvLBQXl5ZXVktr63WrMyOwJrTS5jYCi0omWCNJCm9TgxBHCm+i3unQv7lHY6VOrqmfYjOGu0R2pAByUqu0GXaBeGi6unW1S/vhGSoCTnutUtmv+CPwvyQYkzIb46JV+gzbWmQxJiQUWNsI/JSaAzAkhcK8GGYWUxA9uMOGownEaJuD0QM533FKm3e0cZUQH6k/JwYQW9uPI9cZA3Xtb28o/uc1MuqcNAcySTPCRHwv6mSKk+bDNHhbGhSk+o6AMNLdykUXDAhymU1siQz0kPJJLdKqnbuogt/B/CX1g0pwVDm6PCxXD8ehFdgW22a7LGDHrMrO2QWrMcFy9sCe2LP36L14r97bd+uUN57ZYBPwPr4Aq2ulrA==</latexit>

⇢̂S(t+�t)
<latexit sha1_base64="vBPWECwffxxKR43h6RUXYchcWWE=">AAACJ3icbVA9SwNBEN3z2/gVtRFsFoMQEcJdELUUtLBUNImQC2FuMzFL9m6P3TkhhPhrbCz0r9iJlv4LSzcxhVEfDDzem2FmXpQqacn3372p6ZnZufmFxdzS8srqWn59o2p1ZgRWhFba3ERgUckEKyRJ4U1qEOJIYS3qng792h0aK3VyTb0UGzHcJrItBZCTmvmtsAPEQ9PRzasi7ZfDM1QEnPaa+YJf8kfgf0kwJgU2xkUz/xm2tMhiTEgosLYe+Ck1+mBICoWDXJhZTEF04RbrjiYQo230Rx8M+K5TWrytjauE+Ej9OdGH2NpeHLnOGKhjf3tD8T+vnlH7uNGXSZoRJuJ7UTtTnDQfxsFb0qAg1XMEhJHuVi46YECQC21iS2SgizSY1CKtWgMXVfA7mL+kWi4Fh6XDy4PCycE4tAW2zXZYkQXsiJ2wc3bBKkywe/bAntiz9+i9eK/e23frlDee2WQT8D6+ACqcpeg=</latexit>

⇢̂S(t+ 2�t)
<latexit sha1_base64="jA3njb1M5XIeyDLMD1DyphArKxI=">AAACJ3icbVA9SwNBEN3z2/gVtRFsFoOgCOFORS0FLSwVTSLkQpjbTMySvdtjd04IIf4aGwv9K3aipf/C0k1MYaIPBh7vzTAzL0qVtOT7H97E5NT0zOzcfG5hcWl5Jb+6VrY6MwJLQittbiOwqGSCJZKk8DY1CHGksBK1z/p+5R6NlTq5oU6KtRjuEtmUAshJ9fxG2ALioWnp+vUO7R2E56gIOO3W8wW/6A/A/5JgSApsiMt6/itsaJHFmJBQYG018FOqdcGQFAp7uTCzmIJowx1WHU0gRlvrDj7o8W2nNHhTG1cJ8YH6e6ILsbWdOHKdMVDLjnt98T+vmlHzpNaVSZoRJuJnUTNTnDTvx8Eb0qAg1XEEhJHuVi5aYECQC21kS2SgjdQb1SKtGj0XVTAezF9S3i8GR8Wjq8PC6eEwtDm2ybbYDgvYMTtlF+ySlZhgD+yRPbMX78l79d6895/WCW84s85G4H1+AyxPpek=</latexit>

⇢̂S(t+ 3�t) <latexit sha1_base64="62z5BA2z5Hhl3roXFCkYP80PFXY=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXBjcsKTltoh5LJZNrQTDIkd4QyzDe4caG/4k7c+gP+iUvTx8K2HggczrmHe3PCVHADrvvtlDY2t7Z3yruVvf2Dw6Pq8UnbqExT5lMllO6GxDDBJfOBg2DdVDOShIJ1wvHd1O88MW24ko8wSVmQkKHkMacErOT3IwVmUK25dXcGvE68BamhBVqD6o/N0SxhEqggxvQ8N4UgJxo4Fayo9DPDUkLHZMh6lkqSMBPks2MLfGGVCMdK2ycBz9S/iZwkxkyS0E4mBEZm1ZuK/3m9DOLbIOcyzYBJOl8UZwKDwtOf44hrRkFMLCFUc3srpiOiCQXbz9KWUJMxg2JZC5WICluVt1rMOmlf1b1GvfFwXWteL0orozN0ji6Rh25QE92jFvIRRRw9o1f05rw4786H8zkfLTmLzClagvP1C6MUnwM=</latexit>

. . .

Beyond Markov

More general framework: Kraus operators and quantum trajectories



Quantum trajectories

Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

↵ = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

� =
J

2

Reminder - full density matrix:



Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

↵ = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

� =
J

2

Trajectories:
<latexit sha1_base64="kbusPk3zWycC/KoQN7OM9dz1slE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAekCxhdjJJhszOrjO9QljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6gHHMfdDOlCiLxhFK7Xuukiuied2iyW37M5AlomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJJoZMYHlM2ogPetlTRkBs/nd07ISdW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhMnyc9oTlDObaEMi3srYQNqaYMbUQFG4K3+PIyaZyVvUr54v68VK1kceThCI7hFDy4hCrcQg3qwEDCM7zCm/PovDjvzse8NedkM4fwB87nD0Fjjsc=</latexit>

Nt = 10

Quantum trajectories



Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

↵ = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

� =
J

2

Trajectories:
<latexit sha1_base64="Vt24WCfcQnndbZUEvJU/D1aS/A4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAekixhdjJJhszsLjO9QljyFV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughksR8joKlLwVa05VIHkzGN1M/eYT10ZE4QOOY+4rOghFXzCKVnq86yK5Jp7rdoslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/8pPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb1K+eL+vFStZHHk4QiO4RQ8uIQq3EIN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AGxFI8B</latexit>

Nt = 100

Quantum trajectories



Evolution of local spin-z component
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i� j|↵

N = 11 spins

<latexit sha1_base64="ngg9s8nyDUDASlj4/wpAXYfFiSE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIt4imAekCxhdjKbDJl9MNMrhiUnv8CrfoE38eqX+AH+h5NkDyaxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHSUKMbrLJKRanlUcylCXkeBkrdixWngSd70hjcTv/nIlRZR+ICjmLsB7YfCF4yikZqD7hO5JnfdYsku21OQZeJkpAQZat3iT6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nZ47JidG6RE/UqZCJFP170RKA61HgWc6A4oDvehNxP+8doL+lZuKME6Qh2y2yE8kwYhMfic9oThDOTKEMiXMrYQNqKIMTUJzWzxFhxzHJhdnMYVl0jgrO5Xyxf15qVrJEsrDERzDKThwCVW4hRrUgcEQXuAV3qxn6936sD5nrTkrmzmEOVhfv8+4lxw=</latexit>

hx = J

<latexit sha1_base64="lBJcza2HbTY2hunpcmJCHxzYvt4="></latexit>

↵ = 3

<latexit sha1_base64="doOSQgMLMVJ6SJMaliLEJ/23MnE="></latexit>

� =
J

2

Trajectories:
<latexit sha1_base64="2Ll5HP+RqCgmvgPcYDxJ2lgOo6U=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIsniWAemCxhdjJJhszOLjO9QljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6gHHMfdDOlCiLxhFKz3edZFcE8913W6x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46eziyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYken7pCc0ZyjHllCmhb2VsCHVlKENqWBD8BZfXiaNs7JXKV/cn5eqlSyOPBzBMZyCB5dQhVuoQR0YKHiGV3hzjPPivDsf89ack80cwh84nz8hBo87</latexit>

Nt = 1000

Remark: This only works for simple observables. For correlations that are small, many trajectories needed. 

Statistical error bars only decrease as
<latexit sha1_base64="MM/9+jqXb8eIckH75z1Ecm2gcE4=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuaiJaXRbcuJIK9gFtLJPJpB06mcSZG6GE/IcbF/or7sStC//EpZO2C9t64MLhnHs5l+PFgmuw7W9raXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWp7RDPBJWsAB8HasWIk9ARrecPr3G89MaV5JO9hFDM3JH3JA04JGOnBOU27+lFBetuDLOuVynbFHgMvEmdKymiKeq/00/UjmoRMAhVE645jx+CmRAGngmXFbqJZTOiQ9FnHUElCpt10/HWGj43i4yBSZiTgsfr3IiWh1qPQM5shgYGe93LxP6+TQHDlplzGCTBJJ0FBIjBEOK8A+1wxCmJkCKGKm18xHRBFKJiiZlI8RYYMslnNi4SfV+XMF7NImmcVp1q5uDsv16rT0groEB2hE+SgS1RDN6iOGogihZ7RK3qzXqx368P6nKwuWdObAzQD6+sX44ei3w==</latexit>

1/
p

Nt

On the other hand: Many trajectories are easy to compute on clusters, since the method parallelizes trivially!

Quantum trajectories



Recap

Master equation is linear, use Krylov space

<latexit sha1_base64="QY6K7Fc3tcuW1efXIvAxrgNDfQc="></latexit>

⇢̂ =

0

@

⇢1,1 ⇢1,2 ⇢1,3

⇢2,1 ⇢2,2 ⇢2,3

⇢3,1 ⇢3,2 ⇢3,3

1

A ! y =

�

⇢1,1, ⇢2,1, ⇢3,1, ⇢1,2, ⇢2,2, ⇢3,2, ⇢1,3, ⇢2,3, ⇢3,3

�T

<latexit sha1_base64="PsKRgJ2w3ssxDB3zGDRUgQ/YM8U=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8Bc/AYwTwkWcLsZDYZMrO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANlyLiDRQoeTvRnKpA8lYwup35rSeujYijBxwn3Fd0EIlQMIpWeqx1UShuSK1XLLlldw6ySryMlCBDvVf86vZjlioeIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSyNq1/iT+cFTcmaVPgljbStCMld/T0yoMmasAtupKA7NsjcT//M6KYY3/kRESYo8YotFYSoJxmT2PekLzRnKsSWUaWFvJWxINWVoMyrYELzll1dJ86LsVcpX95elaiWLIw8ncArn4ME1VOEO6tAABgqe4RXeHO28OO/Ox6I152Qzx/AHzucPKpmP+A==</latexit>

D ⇥D

<latexit sha1_base64="a2QTrcbC1kKRJZbSD0GyK6JJ5xc="></latexit>

�

y1 y2 y3

�

<latexit sha1_base64="EPS0C5LwljNBOfxduQEY3dVyPfM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRLR6rLgxmWFvqBNy8xk0g6dZMLMRAghH+AfuNUfcCdu/Qz3foiTNgvbeuDC4Zx7uYeDI86Utu1vq7SxubW9U96t7O0fHB5Vj0+6SsSS0A4RXMg+RopyFtKOZprTfiQpCjCnPTy7z/3eE5WKibCtk4i6AZqEzGcEaSONhgHSU+ynSTZ2Ru1xtWbX7TngOnEKUgMFWuPqz9ATJA5oqAlHSg0cO9JuiqRmhNOsMowVjRCZoQkdGBqigCo3nafO4IVRPOgLaSbUcK7+vUhRoFQSYLOZp1SrXi7+5w1i7d+5KQujWNOQLB75MYdawLwC6DFJieaJIYhIZrJCMkUSEW2KWvqCseBeZmpxVktYJ92rutOo3zxe15qNoqAyOAPn4BI44BY0wQNogQ4gQIIX8ArerGfr3fqwPherJau4OQVLsL5+AbSYmmE=</latexit>

y
T

1

<latexit sha1_base64="hDlXr4uMARnkeagv+l8hj5pT5Vk=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJSlaXRbcuKzQF7RpmZlM2qGTmTAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uGgiFGlHefb2tjc2t7ZLe2V9w8Oj44rJ6ddJWKJSQcLJmQfQUUY5aSjqWakH0kCQ8RID83uc7/3RKSigrd1EhEvhBNOA4qhNtJoGEI9RUGaZOP6qD2uVJ2aM4e9TtyCVEGB1rjyM/QFjkPCNWZQqYHrRNpLodQUM5KVh7EiEcQzOCEDQzkMifLSeerMvjSKbwdCmuHanqt/L1IYKpWEyGzmKdWql4v/eYNYB3deSnkUa8Lx4lEQM1sLO6/A9qkkWLPEEIglNVltPIUSYm2KWvqCkGB+ZmpxV0tYJ916zW3Ubh6vq81GUVAJnIMLcAVccAua4AG0QAdgIMELeAVv1rP1bn1Yn4vVDau4OQNLsL5+AbYwmmI=</latexit>

y
T

2

<latexit sha1_base64="mcPKrA9hRVyJ5fM7UEMhoJv9Naw=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSuKjuiy4cVmhL2jTMjOZtEMnkzAzEULIB/gHbvUH3IlbP8O9H+KkzcK2HrhwOOde7uHgiDOlbfvbWlvf2NzaLu2Ud/f2Dw4rR8cdFcaS0DYJeSh7GCnKmaBtzTSnvUhSFGBOu3h6n/vdJyoVC0VLJxF1AzQWzGcEaSMNBwHSE+ynSTa6GrZGlapds2eAq8QpSBUUaI4qPwMvJHFAhSYcKdV37Ei7KZKaEU6z8iBWNEJkisa0b6hAAVVuOkudwXOjeNAPpRmh4Uz9e5GiQKkkwGYzT6mWvVz8z+vH2r9zUyaiWFNB5o/8mEMdwrwC6DFJieaJIYhIZrJCMkESEW2KWviCcci9zNTiLJewSjqXNadeu3m8rjbqRUElcArOwAVwwC1ogAfQBG1AgAQv4BW8Wc/Wu/Vhfc5X16zi5gQswPr6BbfImmM=</latexit>

y
T

3

We introduced a time-evolution algorithm for linear systems, based on: 

Krylov space. Krylov space is a vector-space constructed from an initial 

state and the evolution matrix:

<latexit sha1_base64="tFo19LRysCx699sK2IiLv84qw/A="></latexit>

span

⇣

Â0 | 0i , Â
1 | 0i , Â

2 | 0i , . . . , Â
m�1 | 0i

⌘

Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos 

iterations, then diagonalizations and matrix exponentials can be performed 

very efficiently on the much smaller Krylov space. This allows to easily 

simulate quantum dynamics of ~22 spins/qubits on a laptop.

Open system dynamics: Use full density matrix simulations or Quantum trajectories

Quantum trajectories can be easily derived and simulated using the Kraus operator formalism

We used Krylov space (Arnoldi exponentiation) to simulate correlation dynamics in long-range spin-models.


