Hands-on advanced numerical methods for
quantum many-body dynamics

A tour through numerical methods for simulating large-scale quantum physics (classically)
Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)
Tutorial: ED on a simple spin model

2.21/10: A better ED, sparse matrices, Krylov space. Open systems.
Tutorial: Spin-model simulations using Krylov space

3. 22/10: Mean-field, Runge-Kutta
Tutorial: A mean-field simulation of the transverse Ising model

4.23/10: How to go beyond: Matrix product states




Recap

We introduced a time-evolution algorithm for linear systems, based on:
Krylov space. Krylov space is a vector-space constructed from an initial
state and the evolution matrix:

span (A° [0 CIA® [0 LIAZ [t ..., A" [y )

Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos F—0.25

iterations, then diagonalizations and matrix exponentials can be performed

. . . —0.75
very efficiently on the much smaller Krylov space. This allows to easily . ———— [_1 N
simulate quantum dynamics of ~22 spins/qubits on a laptop. | 5 o2 |

2

2.5 -—0.50

We used Krylov space (Arnoldi exponentiation) to simulate correlation dynamics in long-range spin-models.

1.0r

Open system dynamics: Use full density matrix simulations or Quantum trajectories

0.5

DxD < ool
—0.5
P1,1 1,2 1,3 ] :
p= Lol [p22 [p23s by = p11,p21.p31.01,2, 022,032, 1,3, 2,3, 03,3

P3,1° P3,2° P3,3

% Y3 V3
Y1 Y2 Y3)

Master equation is linear, use Krylov space

Quantum trajectories can be easily derived and simulated using the Kraus operator formalism



This time

Part 1: Mean-field approach to spin-models

k, = f(tn: Yn)

k2 =f (tn T g,yn = gkl)
Part 2: Runge-Kutta (RK) time-evolution methods: ks — (tn + g,yn + gkz)
A swiss army knife ky = £ (t, + .y, + hiks)

h
Yn+1 =Yn + —(kl + 2ks + 2ks3 + k4)
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Tutorial: A mean-field simulation of the transverse Ising model

5.0
tJ

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)
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Mean-field approach to spin-models

So far: we only considered exact simulations on the full Hilbert space!

Now: Let’s approximate the state (reduce the effective Hilbert space size)

Gigantic Hilbert space

4 H

States within a numerical

«—

approximation

\_ J

For N spin-1/2 particles: — & € E ¢ dim(H) = dV = 2V
d=2




Mean-field approach to spin-models

ST
\ product states )

For N spin-1/2 particles: — € € E € dim(H) = dV = 2V
d=2

d
e Z Ciyin,...in 11512, . DN

11,12,..., i N=1

“Mean-field corner” of the Hilbert space: Product states only (neglect entanglement)

1 |2 N
el e

Y E= |y CI @b CT -1 gk | Ciy is

LI T

= C

Radical approximation: Number of complex amplitudes N vs. 2N



Mean-field approach to spin-models

Let’s derive equations of motion:

Strategy: Derive equation of motion for the spin components of each spin i

. 1 . . . .
pi =5 (L4 6) = (L+X67 +Vid{ +2i67)
zi(t) = (67 (1))
yi(t) = (67 (1))
zi(t) = (67 (1))
. . . . d ~ X . T ~AX
Use Heisenberg equations of motion to obtain: pr (67) =1 < [H , O } >
.. then enforce factorizations e.g. of the form: (67°67) ~ (67)(57) on the RHS
Let’s derive it for a generic two-body Hamiltonian of the form:
H:H Hz_Zb o; + — Z Vaca: ] Vyyo-yo-y_l_vzz : ]z)

bi - i = b6 +b{G} +b{Gf V¥ =0 VI¥=VI°



Mean-field approach to spin-models

A generic two-body spin-model Hamiltonian

H :H HQ—Zb o; + = Z an:A_ A VyyO'yO'y—I—VZZAZAZ)

J

bi - i = b6 +b{G} +b{Gf V¥ =0 VIU=VI

Single-body terms:
—&;;:i[ﬁl,&;;,] —ibY. [6Y,, 6% ] + ibZ, [62,, 6% ] = 2bY. 6%, — 2b% 6V

using: (X,y,z) =(1,2,3)

Factorization is trivial zi(t) = 18 (t) O ya(t) = 6 ()T z(t) = (& (t)] 6 6 = 21 Z |Ebyéy

— Xy, = 207 2,,, — 207y, Levi-Civita tensor
33 =Ll =i =1
(331 = 2 = [23 = —1

0 otherwise



Mean-field approach to spin-models

A generic two-body spin-model Hamiltonian

A 1
H=H +H,=Y b; o; + 5 > (VE6T6T +VP6Y6Y 4+ V,776767)
i %]

bi - i = b6 +b{G} +b{Gf V¥ =0 VIU=VI
Single-body terms:

Remark: These are identical to fully classical spin equations (alternative derivation)

Poisson bracket for spin-dynamics

, oH . ;
Om = {Om, Hc} =2 Z LedsyYm GBC Ho(Tm, Ymy 2m) = 05T + 07, Ym + 07, 2m,
3 m
, oH oH
Xm = {Xm,Hc} = 2€xyzZmWC + 2€xzyYm 8zr: = 2ZmbY, — 2ymbp, J
m
p (x,y,2) = (1,2,3)
Eym = —2b 2m + 2b6Tm Levi-Civita tensor
Other equations: (exercise) 33 = [5lo = 63 = 1
d y [s31 = Lido = [2ds = —1

0 otherwise



Mean-field approach to spin-models

A

e . 1 bi - oi = bj67 + b{6; +bi&7
H :H1+H2:szaz+§z VwmAfE"CB_l_Vyyo-yo-y_l_V,z,ZAzAz)

vt ] aa __
Vii- =0 V59 = Vi
Two-body terms:
d NS
acm =1 |:H2,0-mi|
i A A A
=5 > VI¥Ien,.omle) + > VoY (oY, ZVZZ (62,67 +ZV§§ 62, 6% ]
J i
== Viy(=0n67 —6jon) = Vai(6m65 +5567)
J J
Vii O

§ mj9mY; E: mjmO using: (xy,z) = (1,2,3)

Factorization: x;(t) = & (¢) 0 y;(¢t) = @ (t) O 2 (¢t) = @ (¢)[ G G = 21 Z Igbyﬁy
— YY z Y 27 =y v Levi-Civita tensor
=23 2 e
(331 = [ado = 513 = —
ZZ i) ~um(2D_ Vi)

; 0 otherwise



Mean-field approach to spin-models

A

H = Zb o+~ va“”’“’” +VIY6Y6Y + V76767)

J

Two-body terms:

J J
ggom T e 2 Vmjrp tam 2 Vg7 (exercise)
] j
d
%zm = —Tm (2 Z Vr?%/yj) + Um (2 Z Vrin(}(xj) (exercise)
1 j

d A=t U L7
— X, X2y, 2 ijyj —Vm 2 ijzj

j/4 J \

“mean-field” || Y “mean-field”

The mean-fields created by the other spins lead to a classical precession of spin m

bi - o = bXGX +bY8Y + b?5?

Vi~ =0

aa

_ aua
=V}



Mean-field approach to spin-models

A

H = H, Zb o+ - ZVWW +VAY6Y6Y + V376767

J

bi - o = XX + bYGY + bZ6?

Vi =0 ng?u — Vj(fu

Two-body terms:

d g et
qiXm ~ Zm 2 | Vini¥i —Ym 2 | Vo2
J J
d I_I XX I_I 7 l
Eym ~ —Zm 2 ij rj +ITm 2 ijzj
J J
d
im = —em(2 ) Vi) + um (2 ) Vira;
i j

Remark: Note that all equations can also again be derived from the full classical ansatz, e.g.

oH
Om = {Om, Hc} =2~ Lh,Ym GBC He(zi,yi, i) = ) Vi 2z
8 " ij

. 0H: | 0H:
Tm = 2lekyym 0zm 2Lelzm 0y, (x,¥,2) = (1,2,3)
— 9 1 DI%I 4 I%I |:_| _ %l I%! J Levi-Civita tensor
— ymi | im <J | mjici — ~ Ym | mj (3 = Glo = Gy = 1
Z ’ ’ (331 = [ido = [2l3 = —

0 otherwise



Mean-field approach to spin-models

A

L 1 ot bi - o7 = b3} + by G} +bio]
_ _ o = TT AT AT Y A ZZAZAZ
H=H;+Hy=) b; o;+ > > (VE6r67 +VEIY6Y6Y +V,276767) yuu Jau _
i ij " o gt
Full equation of motion for classical spin-components:
d LI L 1| | L | L 1|
gpXm = Zm 20, +2  VUy; +y, —2b;,—2 V27
g / / precession due to external
— Yy = Zm( —2b% — 2 Z V%?xj) + X,, (ben + 2 Z Vﬂi? zj) fields and mean-fields of
dt F F other spins
d
Z77m ::Cm(—Zb,Yn ZZV%i/yj) +ym(2b),r(n +22Véj(xj)

Remark: Here all was derived for Pauli matrices, for spin operators, in the literature one often finds equations for
spin-components:

1

X
Sm — _Xm

warning ... many funny factors of two!



Mean-field approach to spin-models

Full equation of motion for classical spin-components:

d L L | | L | | I |

aXm:Z 2by + 2 | Vygy‘7 + Vo _ben_z | Vﬂijzﬂ
J

Ym = Zm (= 207, —2Zv ) + X (207, +2) V277

J

%Zm_ggm — 20, — 2ZVr¥,Jy, +ym (205, +2 ) Virkaj)

i ' 2 1 7. —
Equations for our transverse Ising model: H = = Jij a7 0'; + h, a7
1F] )
T — \J YY — Y z zzZ J
=V, =0 by =b> =0 Vit = Jij = 7—¢
i = Jl
d L —7" |
£:13m = —Ym 2 | VmijZi
g J
— zz .\ __
Then: —Um = Tm (2 EJ: ViZ 2j) — 2zmbx
d
_Zm — Zymhx

dt

precession due to external

fields and mean-fields of
other spins

7z - Interactions ->
precession in x-y plane

field I x ->
precession in y-z plane



Mean-field approach to spin-models

Mean-field equations for transverse Ising model:

d L | I—Zzl |

2 ¥m = —Um 2 V5iZi

y J

7 Ym = Tm (2 E Vrfﬁzj) — 22mhx
q J

dt |

We now reduced the problem to a set of only 3N coupled equations!

Question: ldea to make use of even less memory?

zi(t) = (Gi ())
yi(t) = (6Y ()
zi(t) = (67 (1))

n

... but we pay a price: I. We made a strong approximation, II. The equations are now non-linear

For example, the two-point correlations will now be trivial:

Ci; = [B 67 F [ U8 (3 [ 08 (3 (& I8 (3 0

Y L)
o

&)

10.0
*0.2
7.5 r0-1

tJ
o

5
-—0.4
[ ]
—0.5
0.0
0 5

10 15 20



This time

Part 1: Mean-field approach to spin-models

k, = f(tn: Yn)

k2 =f (tn T g,yn = gkl)
Part 2: Runge-Kutta (RK) time-evolution methods: ks — (tn + g,yn + gkz)
A swiss army knife ky = £ (t, + .y, + hiks)

h
Yn+1 =Yn + —(kl + 2ks + 2ks3 + k4)

v

6

] 1

© © © o

~ ()] w B
222888888

= | | I
o © © b
o o oo
ol T T T
o [@ec0e 0 e 0000000
— 902000
an eeeccooe
<

Tutorial: A mean-field simulation of the transverse Ising model

5.0
tJ

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)

\2
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Runge-Kutta Methods

A general class of standard methods for initial value problems (“Swiss army knife” )

y(...) “exact"
y(t) = f(t, y(1)) y(tn) = yn Find: yn+1=y(tn +h) “numerical
Yn approximation”
Yo Y1 h
Time-discretization: I I . >
to T t2 t3
Note: This includes linear Schrodinger equation, but also non-linear problems ( X1 \
X2
Schrédinger equation mean-field equations :
d .~ '
— |y F —iH |yl XN
at Y1
— : y2
Fty®)=A-y(t) F(Ey (1) = AY(®) - y(b) y=|"
YN
Z1
Z2
\ZN )

Carl David Tolmé Runge  Martin Kutta
(1856-1927) (1867—1944)



Runge-Kutta Methods: 1st order - explicit Euler

yO)=f(tyt)  y(ts)=yn Find: Yn+1 =y(tn +h)

Let’s find a method from Taylor expansion of  y(t)

. h? |
y(ta +h) = y(tn) + hy(tn) + =-F(ta) + - = y(ta) + hf (tn, yn) + O(h°)
A
y(t)
Ynt1 R Yn + hf(tn,Yn)
“explicit Euler method”
i i >
th  ln+1 t
Not a good method for several reasons
Error is large O(hz) 4

“error grows in

... need tiny h Solution is often same direction”
not stable! S




Runge-Kutta Methods: 1st order

yt)=f(t,yt) yt)=yn Find: yn+1=y(tn +h)

... very simple example (Rabi oscillations) ) 0 Q° d . 1 g
. H= o y 200 —iH|yl Wo) = e}
Q
19)
h = 0.05 Q=1
steps = 200
Compute:
psi = [1;0]
ne(t) = | i(t)|edt ne = zeros(steps+1)
ne[l] = abs(psi[2])”2
for tt = 1l:steps
Exact: psi = rk1(H, psi, h)
Ne(t) = sin”(tQ) ne[tt+1] = abs(psil2])”2
end
function rk1(H, y, h)
Explicit Euler method: Yni1 & Yn + hf(tn, Yn) y 4= h ok (=1im .k H % y)

return y
“explicit Euler method” end




Runge-Kutta Methods: 1st order
Find: yn+1 =Yy(tnh +h)

yO) =f(tyt)  yt.)=yn
o function rki1(H, y, h)
Explicit Euler method: Yni1 = Yn + hf(tn,Yn) y += h .% (=1im .% H % y)
return y
“explicit Euler method” end
. o A 0 QO d . 1 lg)
simpl ample (Rabi oscillations H = — —1 —
very simple example ( 1 oscillations) a 0 dtNJE: 1H‘L|J[ |L|J0> 0 |6>
Ne(t) = | GA(t)|eT]f
1.5F
== [xact ﬁ Fundamental problem:
QO Explicit Euler ﬁ s 9 Norm keeps increasing!
1.0 S s 0 .
= % (c)ao;" \© 8',' "-‘% |L|Jn—|—1> — |L|Jn> —1hH ’Lpn>
o5 ¢ 0% § % N DaalbenDE @O0 @2,
g 8 4 Y g g
; W %j % ¢
(@)
0.0 j W | W
. 2.9 5.0 7.5 10.0
tQ2



Runge-Kutta Methods: 2nd order - Midpoint

yit) =f(tyt)  y)=yn Find: yn+1=7y(th +h)

Let’s find a better method:

11
Yn+1:Yn+hf tn+§»§()’n+}’n—|—1)

“take slope at middle point”

Then, in exact Taylor expansion, the error is

— h1 ‘ o+ 1
W1 = Yt + 1) = Y(t) = hf tn+ 5,5 ) +Y(ini) 2
(exercise)

Implicit, meaning: The right hand-side has already the
solution at n+1, so one generally needs to resolve the
equation for the n+1 value or use some iteration.

This is called “implicit midpoint method”



Runge-Kutta Methods: 2nd order - Midpoint

yO)=f(tyt)  y(ts)=yn Find: Yn+1 =y(tn +h)

11 e
Voil =YyYn+hf t,+ 5’ i(yn + Vi) “implicit midpoint method”

Zero order iteration gives: v

1 +
Ynit1 & Ynt+hf (tn + ann> Ky = Yn T Y+l

[ -—

h 1
— %yn"'zf tn"'iayn

2

Explicit Euler estimate for mid-point

/

h
k1 = Yn + §f(tn + yn)

h
yn+1 ~ yn + hf(tn + 5; kl)

“explicit midpoint method”




Runge-Kutta Methods: 2nd order - Midpoint
O =Ftyt) yt)=yn  Find: Y1 =y(ta+h)
very simple example (Rabi oscillations) H = g (g %NJ = —iH NJ[ |Wo) = é :‘Z i
Ne(t) = | L(t)|e ¥
1.00 = h
...... Exact :.AO. kl =Yn + §f(tn + yn)
@ Explicit midpoint |3 [ h
075 [ = . i Y1 & Yo + (L, + =, k)
S T .
= 0.50 - .’ ’. : H 0 .- “explicit midpoint method”
zw . : .: ... 3 .: :
S S A
0:25 1 .: Q; ‘.’ .0. :' :. .: function rk2e(H, y, h)
}' s ¢ VoS X s k1 =y .+ (h/2) .k (-1im .% H % y)
0.00 F | V | V | b | y += h .x% (-1im .x H x k1)
2.5 5.0 7.5 10.0 return y
t{) end



Runge-Kutta Methods: 2nd order - Midpoint

Find: yn+1 =Yy(tnh +h)

y(t.) =yn

y(t) = f(t,y(1))

h{) = 0.05

N (t) — sin”(tQ)

A\ =

Comparisons

“explicit midpoint”

“explicit Euler”

100

75

25

0.0

oooooooooo
00
1 1
<t &\ (@) (&N
() - (@) )
() () ) 0_
\Y

75

25

0.0

04 r

50
t$)
Stable!

10.0

5.0
2



Runge-Kutta Methods: 4th order

In practice often the most convenient method

kl — f(tn1 Yn)

h h
k2 =T (tn—|_ §1Yn"|_ §k1>

h h
k3 =T (tn+ E1Yn_|_ §k2>

k, =f (t, +h,y, + hks)

h N
Ynil1 = ¥Yn —+ g(kl —|—2k2 —|—2k3 —|—k4) tln >

“4th order Runge-Kutta” th _|_ —

Remarks:

_ Local error Gli1 = O(R°)
- Note: n-th order = n function evaluations ... higher order pays off!

- In practice n=4 is convenient: e.g. 100 steps for plots, typical timescales ~10, time-step ~0.1 ideal



Runge-Kutta Methods: 4th order

yO =f(ty®) yt)=yn  Find: yoe1=y(tn+h)
kq :f(tn Yn) function rk4(H, y, h)
H H h2 = h/2
ko =T (tn+_1Yn+_k1> imH = -1im .x H
2 2 kl = imH * y
h h k2 = imH *x (y .+ h2 .x k1)
ks=T|ta+5.¥n + ke k3 = imH % (y .+ h2 .* k2)
k4 = imH x (y .+ h .* k3)
ke =T (t, +h,yn +hks) y += (h/6) ok (KL .+ 2 .% K2 .+ 2 .% K3 .+ k4)
h t
Yn+1 =¥n + = (ki + 2ka + 2ks + ky) rerm Y
) end
4th order Runge-Kutta Lox10-7 | ﬁ%
2.0x10° "
... very simple example (Rabi oscillations) b 0 E
—2.0x10° " p
A = n,(t) — sin” (1) p
—4.0%x10° " 2
OiO 215 510 715 ld.O



Runge-Kutta Methods: Sanity checks

... very simple example (Rabi oscillations)

A\ =

Error at time fixed time, compare methods:

10”

10

Al

10 10

10—15

- 0 Q  d A _ 1 g)

H= ( | ENJE:—IHNJ[ Wo) = e}
N (t) — sin”(tQ)

tQZBg sin(tQ) = 1

"
"
@

"
"
[

Explicit Euler, RK1
e Fxplicit midpoint, RK2
RK4

L whynot? x h?

10



This time

Part 1: Mean-field approach to spin-models

k, = f(tn: Yn)

k2 =f (tn T g,yn = gkl)
Part 2: Runge-Kutta (RK) time-evolution methods: ks — (tn + g,yn + gkz)
A swiss army knife ky = £ (t, + .y, + hiks)

h
Yn+1 =Yn + —(kl + 2ks + 2ks3 + k4)
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Tutorial: A mean-field simulation of the transverse Ising model

5.0
tJ

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)
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Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

¢ J
Long-range transverse Ising model:  Hrr = 3 Ji6767 +he 3 67 Ji = 57—
i< :
d ==
%xm = —Ym 2 ijzj
j

d o

g = S (2 Z Viizi) = 2zmhx y(t) = f(t,y(t) 2

d j

—Zy = ? mhx

dt y

Initial state:  [|¢g) = |44 ... J) Observable: spin-z magnetization M,

|l
EY
=N



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

. J
Long-range transverse Ising model: Hrpp = Z Jij0; 05 + hy Z ot Jij = isje
1<J )
d LI (zl\ ( 8 \
£xm = —UYm 2 VmijZi 2
g ] : :
q j Y1 0
dt 4 y=| . y(t=0)=
YN 0
Z1 —1
Initial state:  [|¢g) = |44 ... J) Z5 1
\2n / \-1/



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

ELCY

—Im = —  2i

dat= ™" AT ; mj~J function f_tising(Y, Vij, hx, N)
d

— = rm (2 Vi) —22-h xran = 1:N

dtym m( EJ: m J) me yran = (N+1): (2xN)

d N zran = (2N+1):(3%N)

—Zy = 2Ym Ny

dt™ ™

dY = Vector{Float64}(undef, 3xN)

@views mfs = Vij *x Y[zran] # vector of mean-fields
@views dY[xran] = - mfs .x Y[yran]

@views dY[yran] = mfs .x Y[xran] - hx .x Y[zran]
@views dY[zran] = hx .x Y[yran]

Field, following from matrix
multiplication

@views for pointer arithmetics return 2 .x dY

end



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

. J
Long-range transverse Ising model: Hrpp = Z Jij0; 05 + hy Z ot Jij = isje
1<J )
ki =F(t,,y,

o T

%:Um — —Ym j mj ~i ko =T (tn + 5 Vn T §k1>

d — ZZ

%ym —ZCm(sz:ijZj) — 22mhyx ks =°F (tn+g,yn+gk2)

d

qiZm = 2Ymhe ky =T (t, +h,y, + hks)

h
Yntl =Yn + g(kl + 2ks + 2ks + ky)



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

function rk4_tising(Y, Vij, hx, dt, N)

n H f(Y) = f_tising(Y, Vij, hx, N)
ko =* (tn + 5 Yn T §k1> dt2 = dt/2
N h k1l = f(Y)
ko = F t, — v, —k k2 = f(Y .+ dt2 .*x k1)
3 ( —|—2y +2 2) k3 = f(Y .+ dt2 .x k2)
- kd = F(Y .+ dt .* k3)
k, =T (t, +h,y, + hks) Y += (dt/6) .% (K1 .+ 2 .% K2 .+ 2 .x k3 .+ kd)
h
Ynt1 =Yn + g(kl + 2ko + 2k3 + k4) return Y

end



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

J

Long-range transverse Ising model: Hrpp = Z Jij0; 05 + hy Z ot Jij = isje
1<J )

Initial state:  |1pg) = |44 ... 1) Observable: spin-z magnetization ~—m, =  (57)



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step

3. Compute and plot observable dynamics

function main()

# exact simulation
Sz_ed = sparse_ti_simulation(N, 1, alpha, hx, dt, steps

N =10

J=1 plt = scatter(tran, sum(Sz_ed; dims=2), labels="ED")

hx =1 xlabel! (L"tJ")

alpha = 3 title!(L" \sum_i \langle \hat \sigma”~z_i \rangle")
display(plt)

dt = 0.1 return nothing

tran = 0:dt:10 r
steps = length(tran)

# Build coupling matrix

Jij = Matrix{Float64}(undef, N, N) Play with field, analogy of optical Bloch
for 11 = 1:N equations (rest of system acts as bath)

Jijlii,ii] = 0.0 ... weakly “driven system” more interesting.
for jj = (ii+1):N

Jijlii,jjl = J/(jj-ii)~alpha
Jijljj,ii]l = Jijlii,jjl
end
end




Tutorial: A mean-field simulation for the transverse Ising model

2. Construct a function for a RK4 time-step
3. Compute and plot observable dynamics

1. Design a state vector and construct a function for the RHS of the non-linear equation

end

# initial state
Y = [zeros(2xN); —ones(N)]

Sz_mf = Matrix{Float64}(undef, steps, N)
for tt = 1l:steps
Sz mf[tt, :]1 .= Y[(2 *x N + 1):end] # evaluate
Y = rkd4_tising(Y, Jij, hx, dt, N) # evolve
end

plt = plot()

scatter!(tran, sum(Sz_ed; dims=2), labels="ED")
plot!(tran, sum(Sz_mf; dims=2), labels="MF")
xlabel! (L"tJ")

title!(L" \sum_i \langle \hat \sigma”z_i \rangle")
display(plt)

return nothing

Play with field, low fields -> MF exact!

-8.0

-85

-9.0

-9.5

—-10.0

o =3,h, =0.5J
>(a7)

1

1 1 1 1
0.0 2.5 5.0 7.5 10.0
tJ




Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation
2. Construct a function for a RK4 time-step
3. Compute and plot observable dynamics

end

# initial state
Y = [zeros(2xN); —ones(N)]

Sz_mf = Matrix{Float64}(undef, steps, N)
for tt = 1l:steps
Sz mf[tt, :]1 .= Y[(2 *x N + 1):end] # evaluate
Y = rkd4_tising(Y, Jij, hx, dt, N) # evolve
end

plt = plot()

scatter!(tran, sum(Sz_ed; dims=2), labels="ED")
plot!(tran, sum(Sz_mf; dims=2), labels="MF")
xlabel! (L"tJ")

title!(L" \sum_i \langle \hat \sigma”z_i \rangle")
display(plt)

return nothing

Play with field, low fields -> MF exact!

a=3h, =01J

AR
> (67)
i
-9.95
\
-9.96 |-
-9.97 |
-9.98 }‘
!
\
-9.99 ; b
@ ED
V ——— MF
-10.00 F , , ; .
0.0 2.5 5.0 7.5 10.0

tJ

Why? Low excitation, interactions not very
important!

Question: Other limit, where MF becomes
good?



Tutorial: A mean-field simulation for the transverse Ising model

1. Design a state vector and construct a function for the RHS of the non-linear equation
2. Construct a function for a RK4 time-step
3. Compute and plot observable dynamics

end

# initial state
Y = [zeros(2xN); —ones(N)]

Sz_mf = Matrix{Float64}(undef, steps, N)
for tt = 1l:steps
Sz mf[tt, :]1 .= Y[(2 *x N + 1):end] # evaluate
Y = rkd4_tising(Y, Jij, hx, dt, N) # evolve
end

plt = plot()

scatter!(tran, sum(Sz_ed; dims=2), labels="ED")
plot!(tran, sum(Sz_mf; dims=2), labels="MF")
xlabel! (L"tJ")

title!(L" \sum_i \langle \hat \sigma”z_i \rangle")
display(plt)

return nothing

Question: Other limit, where MF becomes
good?

Strong drive, of course, but also ... alpha small!

a=05hx=J
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; > ] .
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Tutorial: A mean-field simulation for the transverse Ising model

. J
Long-range transverse Ising model: Hrp = Z Jij0;05 + hy Z o Jij = =
- . i -]
1<) 7
Initial state: |Yg) = |44 ... 1) Observable: spin-z magnetization Mz = (57 )
I
(60)

a=05nhx=J
-94
-9.5 ' ‘
~9.6 | 8 & : ‘._
-9.7 / 7
~9.8 | J A

T
-9.9 ' p—
MF
-10.0 | q ) ) |
0.0 2.5 5.0 7.5 10.0
tJ

Note: The mean-field approximation is quite good in low-excitation regimes, and for “high connectivity”?

Well-known: Mean-field works good in higher dimension, worst-case: 1D with nearest-neighbor couplings



This time

Part 1: Mean-field approach to spin-models

k, = f(tn: Yn)

k2 =f (tn T g,yn = gkl)
Part 2: Runge-Kutta (RK) time-evolution methods: ks — (tn + g,yn + gkz)
A swiss army knife ky = £ (t, + .y, + hiks)

h
Yn+1 =Yn + —(kl + 2ks + 2ks3 + k4)

v

6

] 1

© © © o

~ ()] w B
222888888

- | |
o © © b
o o oo
ol T T T
o [@ec0e 0 e 0000000
— 902000
an eeeccooe
<

Tutorial: A mean-field implementation for the transverse Ising model

5.0
tJ

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)

\2
0000 = =i (£ 4V 00+ a0 O ) i




One-pager: GP equation

Dilute bosonic gas (N particles) with contact interactions:

A2
L1 (I 4 ILI\ — p— + V (X
Bosonic field | d b — i F 4 glds G V (X) 1= om TV
operator: At 7 [1] T I%¥xFx ¥x
~— $2(X)
Classical mean-field approximation for the quantum field: ¢1(x)
R @o()

x = D én(X)an = go(X)ao +;‘/a/n ~ VNeo(x) = $(x)
n >0

7 Almost all particles are in

the lowest trapped state
Bosonic field operators for trapped states

= St == (v o0 g o) wixo

2m

Time-dependent Gross-Pitaevskii equation!

A non-linear equation for a classical field Y (X, 1) describing a
condensate of many particles

Lev Pitaevskii
(1926-1991) (1933-2022)

This 1s equivalent to saying the many-body . N
system remains in a product state: O(X1, X2, .01 XN) = ® Po(Xi)
=1

(alternative derivation)



GP equation - Numerical considerations

For a continuous space, we need to introduce a discretization

2m 2m  Ox? m a-0 a2
M grid points
-ttt
0 a4 . L L box-length
grid spacing a = M M > 1

Then the matrix of the kinetic energy is:

-1 0 -1 L2
. -1 0 -1 —4),
T . . + fonst. ... acting on ... [
ma _
_1 O _1 I"pl 1—1 ~
-1 0 -1 Was
1

Note: Kinetic energy is nearest-neighbor hopping on a grid with amplitude J =

2ma?

Indeed, the physics in continuous space is identical to lattice physics H = —J Z () (1+1]+|1+1)(i])




GP equation - Numerical considerations

Remark: Same physics on a real lattice: Bose-Hubbard model | e.g.realized in optical lattices

free space (artificial grid)

a— 0 S WA/MAW

A =Fo+ 3 [ axdldl6.6,

Hilbert space size: N particles on M sites:

Examples:
M =N = 16 D~3x10° ~5GB
_ |
p MEN-1) M=100N=5 D~1x105 =15GB
(M — 1)IN!

M=20N=20 D=7x10 =10°GB

U
—

—~

... in the mean-field approximation: State-vector size isonly D = N

PN —1
We can treat huge systems! Was

... but we pay a price: I. We made a strong approximation, II. The equations are now non-linear



Runge-Kutta Methods: 4th order applied to GP

0000 = =i (v 00+ ol R ) wix g

A

Hiq

function gprk4(H1, g, psi, h)
function f ... applies the whole

function f(psi) / RHS of the GP equation

return -1im .*x (H1 * psi + g .* abs.(psi).”2 .x psi)

end
h2 = h/2
ki1 = f(psi)

k2 = f(psi .+ h2 .x k1)

k3 = f(psi .+ h2 .x k2)

k4 = f(psi .+ h .* k3)

psi += (h/6) .x (k1 .+ 2 .* k2 .+ 2 .x k3 .+ k4)

return psi
end



Runge-Kutta Methods: 4th order applied to GP

- 1 Solving it with RK4
d (P _ — _
W) = =i (;—m +V (x) +g|w<x,t)|2) b)) I T gmar = hJ =002
1001 grid points
periodic boundaries
Initial trap:  V; = 1.2 < 107° x j?
First: Start from ground state ... we do this by evolving in imaginary time (will see how that works later)

0.020

Q
|
-

0.015

|il°

No interactions,
0.010 we just prepare a standard
Gaussian wave-packet

Standard OM for ¢=0
0.005 - ( OM for g=0)

0.000 ] k

—400 —200 0 200 400




Runge-Kutta Methods: 4th order applied to GP

- 1 Solving it with RK4
d (P — = =
) =i (% +V 00 + glu(x, t)Iz) Vet T ez =1 hJ =002
1001 grid points

periodic boundaries

We remove the trap  V; = ()

... and kick the system! This can be done by applying a phase-gradient {; — L|Jiei(k"")i

time = 0, norm =1.000000000

\ 0.020
— g=0
0.015 |
12
[l ka = 0.2r
0.010 Standard evolution of
quantum wave-packet with

diffusion.

0.005

L JAR

400 —200 0 200 400



Runge-Kutta Methods: 4th order applied to GP

- 1 Solving it with RK4
d (P — = =
) =i (% +V 00 + glu(x, t)Iz) Vet T ez =1 hJ =002
1001 grid points

periodic boundaries

We kick it stronger

... and kick the system! This can be done by applying a phase-gradient j — L|Jiei(ka)i

time = (0. norm =1.000000000

0.020 |
g=_0
5 0.015
[ ka = 0.4
ORI Stronger kick! Faster
standard evolution of
0.005 F quantum wave-packet with
diffusion.
0.000 J K

400 —200 0 200 400



Runge-Kutta Methods: 4th order applied to GP

d

pr (X, 1) :—i(

lﬁZ
2m

P V) + gl t>|2) x.

Initial trap:  V; = 1.2 < 107° x j?

And first we compute the ground state.

|il°

0.020

0.015

0.010

0.005

0.000

~ 2ma?

Solving it with RK4
hd = 0.02

1001 grid points

periodic boundaries

... we do this by evolving in imaginary time (will
see how that works later)

—400

—200

0

200

400

g=095J

Interactions on!
Much broader classical field
for the BEC

Potential takes form of
inverted trap -> Result in
Thomas-Fermi approximation/!



Runge-Kutta Methods: 4th order applied to GP

- 1 Solving it with RK4
d (P — = =
) =i (% +V 00 + glu(x, t)Iz) Vet T ez =1 hJ =002
1001 grid points

periodic boundaries

We remove the trap  V; = ()

... and kick the system! This can be done by applying a phase-gradient {; — L|Jiei(k"")i

\ 0.020 -

time = (., norm =1.000000000

g=095J
5 0015
3] ka = 0.27
0.010 1 Similar evolution as non-
interacting case. Just
0.005 F diffusion. But condensate
field keeps the Thomas-
Fermi shape (BEC is stable)

e 0 200 00



Runge-Kutta Methods: 4th order applied to GP

Tt (X, 1) :—i(

pf\2
— +V
2m+

(x) + gl (x t>|2) x.

We kick it stronger

J =

Solving it with RK4
hd = 0.02

1001 grid points

ll
[N

2ma?

periodic boundaries

... and kick the system! This can be done by applying a phase-gradient j — L|Jiei(ka)i

time = (. norm =1.000000000

0.020

0.015

[l

0.010 |

0.005

g=095J
ka = 0.4m
Our BEC get’s destroyed!

This is known as dynamical
instability!

0.000

—400

—200

0

200

400



Runge-Kutta Methods: 4th order applied to GP

- 1 Solving it with RK4
d (P — = =
W) = =i (% +V () + glw(x, t)|2) b)) I T gmar = hJ =002
1001 grid points

periodic boundaries

We kick it stronger

... and kick the system! This can be done by applying a phase-gradient j — L|Jiei(ka)i

time — (. norm =1.000000000

0.020
g=>5J
0.015 | \
. 2 ° y e
;] W WYO‘}%“ 1S "eﬁ\‘o\ ka = 0.4
1o - - Ll 1S
0.010 YYO\)\e {076(“ L0 W oEC get’s destroyed!
A 2PV 6‘03‘0\(
mea‘(\’ﬁ ‘\\ cOm This is known as dynamical
0.005 e \D We W instability!
W \ See e.g.
0.000 : L : New J. Phys. 12, 025014 (2010)

400 =200 0 200 400



Recap

Not all quantum problems are linear. Also in quantum mechanics, when making e.g. a mean-field approximation (e.g.
a product state approximation for spin models, or in the Gross-Pitaevskii equations for ultra-cold bosonic gases) the
problem becomes non-linear. However the state-space drastically decreases in this case (from exponential to linear
growth with system size). The model is essentially equivalent to “classical spins”, entanglement is neglected.

4

H

Runge-Kutta methods are a general tool to simulate
dynamics of linear and non-linear problems. Formally
derived from Taylor expansions using multiple steps. In
particular the 4-th order method is a good compromise
(stable, small error for reasonable time-step).

As example mean-field problem we showed how to simulate
dynamics of a transverse Ising model in mean-field and
compared to exact results. Generally mean-field works well
in low-excitation regimes and for high connectivity

k; = f(tm Yn)

h h
kg =f <tn+ §,yn+ —k1>

2
h h
k3 =T (tn+ §aYn+ §k2>

ky, =f (t, +h,y, + hks)

h
Yo+l =Yn + g(kl + 2ks + 2ks3 + ky)

y(t)




