
A tour through numerical methods for simulating large-scale quantum physics (classically) 

Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)     

    Tutorial: ED on a simple spin model

3. 22/10: Mean-field, Runge-Kutta 

    Tutorial: A mean-field simulation of the transverse Ising model

2. 21/10: A better ED, sparse matrices, Krylov space. Open systems. 

    Tutorial: Spin-model simulations using Krylov space

4. 23/10: How to go beyond: Matrix product states

Hands-on advanced numerical methods for 

quantum many-body dynamics



Recap

Master equation is linear, use Krylov space
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We introduced a time-evolution algorithm for linear systems, based on: 

Krylov space. Krylov space is a vector-space constructed from an initial 

state and the evolution matrix:
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Eigenvectors need to be made orthonormal, using Arnoldi or Lanczos 

iterations, then diagonalizations and matrix exponentials can be performed 

very efficiently on the much smaller Krylov space. This allows to easily 

simulate quantum dynamics of ~22 spins/qubits on a laptop.

Open system dynamics: Use full density matrix simulations or Quantum trajectories

Quantum trajectories can be easily derived and simulated using the Kraus operator formalism

We used Krylov space (Arnoldi exponentiation) to simulate correlation dynamics in long-range spin-models.



This time
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Part 1:  Mean-field approach to spin-models

Part 2: Runge-Kutta (RK) time-evolution methods: 

A swiss army knife

Tutorial: A mean-field simulation of the transverse Ising model

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)
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Mean-field approach to spin-models

So far: we only considered exact simulations on the full Hilbert space!
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H
Gigantic Hilbert space

States within a numerical 

approximation

Now: Let’s approximate the state (reduce the effective Hilbert space size)

For N spin-1/2 particles: É

1 N
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dim(H) = d
N = 2N

<latexit sha1_base64="+lZnG/bd45NrMEnghzB+wBThERg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVC9CwYvHCqYttKFsNpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTBHqk4QnqhdiTTmT1DfMcNpLFcUi5LQbTu7mfveJKs0S+WimKQ0EHkkWM4KNlfwI3aLGsFpz6+4CaJ14BalBgfaw+jWIEpIJKg3hWOu+56YmyLEyjHA6qwwyTVNMJnhE+5ZKLKgO8sWxM3RhlQjFibIlDVqovydyLLSeitB2CmzGetWbi/95/czEN0HOZJoZKslyUZxxZBI0/xxFTFFi+NQSTBSztyIyxgoTY/Op2BC81ZfXSadR95r15sNVrdUs4ijDGZzDJXhwDS24hzb4QIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AWdfjb4=</latexit>

d = 2



Mean-field approach to spin-models
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For N spin-1/2 particles: É

1 N

“Mean-field corner” of the Hilbert space: Product states only (neglect entanglement)
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dim(H) = d
N = 2N

<latexit sha1_base64="+lZnG/bd45NrMEnghzB+wBThERg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVC9CwYvHCqYttKFsNpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTBHqk4QnqhdiTTmT1DfMcNpLFcUi5LQbTu7mfveJKs0S+WimKQ0EHkkWM4KNlfwI3aLGsFpz6+4CaJ14BalBgfaw+jWIEpIJKg3hWOu+56YmyLEyjHA6qwwyTVNMJnhE+5ZKLKgO8sWxM3RhlQjFibIlDVqovydyLLSeitB2CmzGetWbi/95/czEN0HOZJoZKslyUZxxZBI0/xxFTFFi+NQSTBSztyIyxgoTY/Op2BC81ZfXSadR95r15sNVrdUs4ijDGZzDJXhwDS24hzb4QIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AWdfjb4=</latexit>

d = 2

<latexit sha1_base64="KuTPNQfISHcHKf2UOM90QUtD6GQ="></latexit>

ci1,i2,...,iN → c
[1]
i1
c
[2]
i2
, . . . , c

[N ]
iN

<latexit sha1_base64="dkfQfpM21aBRbLy4alvq5G5evyw="></latexit>

|ω→ =
d∑

i1,i2,...,iN=1

ci1,i2,...,iN |i1, i2, . . . iN →

<latexit sha1_base64="sMKjkMYhVA7mAs9zq5DFX416+KY="></latexit>

|ω→ ↑ |ε1→ ↓ |ε2→ ↓ · · · ↓ |εN →

Radical approximation: Number of complex amplitudes
<latexit sha1_base64="Jkl6oIBybx6JoDFlZHIKWLOTVek=">AAACKXicbVA9TwJBEN3Db/xCLbXYSEysyB0xSGliY0UwESUBJHvLABv2PtydI5LLNf4aEyv9J3Zq63+wdoErBHzJJG/fm8nsPDeUQqNtf1qZpeWV1bX1jezm1vbObm5v/1YHkeJQ44EMVN1lGqTwoYYCJdRDBcxzJdy5g8uxfzcEpUXg3+AohJbHer7oCs7QSO3cUYU2HyLWoU2ER4yHupCkQvG+0s7l7YI9AV0kTkryJEW1nftpdgIeeeAjl0zrhmOH2IqZQsElJNlmpCFkfMB60DDUZx7oVjy5IqEnRunQbqBM+Ugn6t+JmHlajzzXdHoM+3reG4v/eY0Iu+VWLPwwQvD5dFE3khQDOo6EdoQCjnJkCONKmL9S3meKcTTBzWxxvWT2rdgAMMmaoJz5WBbJbbHglAql67P8RTmNbJ0ckmNyShxyTi7IFamSGuHkiTyTV/JmvVjv1of1NW3NWOnMAZmB9f0LQiqmvA==</latexit>

N vs. 2
N

product states



Strategy: Derive equation of motion for the spin components of each spin  i

Let’s derive it for a generic two-body Hamiltonian of the form:

<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i

<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

Mean-field approach to spin-models

Let’s derive equations of motion:

<latexit sha1_base64="G7BD5LoguJCX5QXIAuc9BRQniPU="></latexit>

⇢̂i =
1

2
(1 + ri · �̂) = (1 + xi�̂

x
i + yi�̂

y
i + zi�̂

z
i )

Use Heisenberg equations of motion to obtain: 

<latexit sha1_base64="aqhmOUXNZVIS2q2oRfdiTPJ3+ds="></latexit>

d
dt

h�̂x
i i = i

Dh

Ĥ, �̂x
i

iE

… then enforce factorizations e.g. of the form:
<latexit sha1_base64="PqVnTEcy2OImmDPlYh/MQibUYy8="></latexit>

h�̂x
i �̂

y
i i ⇡ h�̂x

i ih�̂
y
i i

<latexit sha1_base64="TAM09yueQVoBDcGzgDN9jngk3e4="></latexit>

xi(t) ⌘ h�̂x
i (t)i

yi(t) ⌘ h�̂y
i (t)i

zi(t) ⌘ h�̂z
i (t)i

on the RHS



A generic two-body spin-model Hamiltonian

<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i

<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Single-body terms:

<latexit sha1_base64="PHMtC+HxFWAtfNQwdV8Tyofo8n8="></latexit>

⇥

�̂↵
, �̂�⇤

= 2i

X

�

✏↵�� �̂�

using:

Levi-Civita tensor

<latexit sha1_base64="PmY809hbpLPY4/xpV0mczO9xKA4=">AAACHnicbVDLSsNAFJ3UV62vVJduBovQQihJlepGKLhxWcE+oA1lMp20QycPZiZqDPkUwZX+iTtxqz/i2mmbhW09cOFw7rmcy3FCRoU0zW8tt7a+sbmV3y7s7O7tH+jFw7YIIo5JCwcs4F0HCcKoT1qSSka6ISfIcxjpOJPr6b5zT7iggX8n45DYHhr51KUYSSUN9GL50YiNpwq8gmXLqBlnlYFeMqvmDHCVWBkpgQzNgf7THwY48ogvMUNC9CwzlHaCuKSYkbTQjwQJEZ6gEekp6iOPCDuZvZ7CU6UMoRtwNb6EM/XvRYI8IWLPUU4PybFY2DkcTYhMl/1T43/+XiTdSzuhfhhJ4uN5uBsxKAM47QYOKSdYslgRhDlV/0M8RhxhqRpcTPbSgirKWq5llbRrVaterd+elxr1rLI8OAYnoAwscAEa4AY0QQtg8ACewSt40160d+1D+5xbc1p2cwQWoH39AkHQoDI=</latexit>

(x, y, z) = (1, 2, 3)

<latexit sha1_base64="Qu5WYPlBXI3rU44dAtg8Y55TwyU=">AAACQXicbZDLSgMxFIYzXmu9VV26CRbBVZlMS3UjFNy4rGAv0A4lk562oZkLSUYow7yITyO40jfwEdyJCzduTC+g03og8PGf/3BOfi8SXGnbfrPW1jc2t7ZzO/ndvf2Dw8LRcVOFsWTQYKEIZdujCgQPoKG5FtCOJFDfE9DyxjfTfusBpOJhcK8nEbg+HQZ8wBnVRuoVKl2IFBcGE+KUU3yNf4UycbKCUyZTgfQKRbtkzwqvAllAES2q3it8dfshi30INBNUqQ6xI+0mVGrOBKT5bqwgomxMh9AxGFAflJvMfpfic6P08SCU5gUaz9S/Ewn1lZr4nnH6VI9UpudJOgadLvunxv/8nVgPrtyEB1GsIWDz5YNYYB3iaXy4zyUwLSYGKJPc3I/ZiErKtAk5u9lP8yYoshzLKjSdEqmWqneVYs1ZRJZDp+gMXSCCLlEN3aI6aiCGHtETekGv1rP1bn1Yn3PrmrWYOUGZsr5/AKQOry0=</latexit>

✏123 = ✏312 = ✏231 = 1
<latexit sha1_base64="WG2H9EhsDNpzMcDZwbQfjDMXTgs=">AAACQnicbZDLSgMxFIYz9VbrrerSTbAIbiyTqVY3QsGNywr2Am0pmfS0Dc1cSDJCGeZJfBrBlT6Br+BOBFcuTNsBbeuBwMd//sM5+d1QcKVt+83KrKyurW9kN3Nb2zu7e/n9g7oKIsmgxgIRyKZLFQjuQ01zLaAZSqCeK6Dhjm4m/cYDSMUD/16PQ+h4dODzPmdUG6mbv2hDqLgwGJcckuBr/CuQkjMvOKQ0Ec5IN1+wi/a08DKQFAoorWo3/9XuBSzywNdMUKVaxA51J6ZScyYgybUjBSFlIzqAlkGfeqA68fR7CT4xSg/3A2mer/FU/TsRU0+psecap0f1UM31XElHoJNF/8T4n78V6f5VJ+Z+GGnw2Wx5PxJYB3iSH+5xCUyLsQHKJDf3YzakkjJtUp7f7CU5ExRZjGUZ6k6RlIvlu/NCxUkjy6IjdIxOEUGXqIJuURXVEEOP6Am9oFfr2Xq3PqzPmTVjpTOHaK6s7x8ln69k</latexit>

✏321 = ✏132 = ✏213 = �1

Factorization is trivial

0 otherwise

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

<latexit sha1_base64="+/xdC4OwNBSJ93AEQZPRVXfR810="></latexit>

d
dt

�̂
x
m = i

h

Ĥ1, �̂x
m

i

= iby
m [�̂y

m, �̂x
m] + ibz

m [�̂z
m, �̂x

m] = 2by
m�̂

z
m � 2bz

m�̂
y
m

<latexit sha1_base64="3BstLxnYeEY5Um0WeK6yb2yI4m0="></latexit>

d
dt

xm = 2by
m

zm � 2bz
m

ym

Mean-field approach to spin-models

<latexit sha1_base64="d434b+KM/l6vJPdD+VYKK8uGo7k="></latexit>

xi(t) ⌘ h�̂x
i (t)i yi(t) ⌘ h�̂y

i (t)i zi(t) ⌘ h�̂z
i (t)i



A generic two-body spin-model Hamiltonian

<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i

<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Single-body terms:

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

Mean-field approach to spin-models

Levi-Civita tensor
<latexit sha1_base64="Qu5WYPlBXI3rU44dAtg8Y55TwyU=">AAACQXicbZDLSgMxFIYzXmu9VV26CRbBVZlMS3UjFNy4rGAv0A4lk562oZkLSUYow7yITyO40jfwEdyJCzduTC+g03og8PGf/3BOfi8SXGnbfrPW1jc2t7ZzO/ndvf2Dw8LRcVOFsWTQYKEIZdujCgQPoKG5FtCOJFDfE9DyxjfTfusBpOJhcK8nEbg+HQZ8wBnVRuoVKl2IFBcGE+KUU3yNf4UycbKCUyZTgfQKRbtkzwqvAllAES2q3it8dfshi30INBNUqQ6xI+0mVGrOBKT5bqwgomxMh9AxGFAflJvMfpfic6P08SCU5gUaz9S/Ewn1lZr4nnH6VI9UpudJOgadLvunxv/8nVgPrtyEB1GsIWDz5YNYYB3iaXy4zyUwLSYGKJPc3I/ZiErKtAk5u9lP8yYoshzLKjSdEqmWqneVYs1ZRJZDp+gMXSCCLlEN3aI6aiCGHtETekGv1rP1bn1Yn3PrmrWYOUGZsr5/AKQOry0=</latexit>

✏123 = ✏312 = ✏231 = 1
<latexit sha1_base64="WG2H9EhsDNpzMcDZwbQfjDMXTgs=">AAACQnicbZDLSgMxFIYz9VbrrerSTbAIbiyTqVY3QsGNywr2Am0pmfS0Dc1cSDJCGeZJfBrBlT6Br+BOBFcuTNsBbeuBwMd//sM5+d1QcKVt+83KrKyurW9kN3Nb2zu7e/n9g7oKIsmgxgIRyKZLFQjuQ01zLaAZSqCeK6Dhjm4m/cYDSMUD/16PQ+h4dODzPmdUG6mbv2hDqLgwGJcckuBr/CuQkjMvOKQ0Ec5IN1+wi/a08DKQFAoorWo3/9XuBSzywNdMUKVaxA51J6ZScyYgybUjBSFlIzqAlkGfeqA68fR7CT4xSg/3A2mer/FU/TsRU0+psecap0f1UM31XElHoJNF/8T4n78V6f5VJ+Z+GGnw2Wx5PxJYB3iSH+5xCUyLsQHKJDf3YzakkjJtUp7f7CU5ExRZjGUZ6k6RlIvlu/NCxUkjy6IjdIxOEUGXqIJuURXVEEOP6Am9oFfr2Xq3PqzPmTVjpTOHaK6s7x8ln69k</latexit>

✏321 = ✏132 = ✏213 = �1

Remark: These are identical to fully classical spin equations (alternative derivation)

Poisson bracket for spin-dynamics

<latexit sha1_base64="jF9/jxl8Faa3qpEn2UXii3zhuNM="></latexit>

↵̇m = {↵m, HC} = 2

X

�

✏↵���m
@HC

@�m

<latexit sha1_base64="PmY809hbpLPY4/xpV0mczO9xKA4=">AAACHnicbVDLSsNAFJ3UV62vVJduBovQQihJlepGKLhxWcE+oA1lMp20QycPZiZqDPkUwZX+iTtxqz/i2mmbhW09cOFw7rmcy3FCRoU0zW8tt7a+sbmV3y7s7O7tH+jFw7YIIo5JCwcs4F0HCcKoT1qSSka6ISfIcxjpOJPr6b5zT7iggX8n45DYHhr51KUYSSUN9GL50YiNpwq8gmXLqBlnlYFeMqvmDHCVWBkpgQzNgf7THwY48ogvMUNC9CwzlHaCuKSYkbTQjwQJEZ6gEekp6iOPCDuZvZ7CU6UMoRtwNb6EM/XvRYI8IWLPUU4PybFY2DkcTYhMl/1T43/+XiTdSzuhfhhJ4uN5uBsxKAM47QYOKSdYslgRhDlV/0M8RhxhqRpcTPbSgirKWq5llbRrVaterd+elxr1rLI8OAYnoAwscAEa4AY0QQtg8ACewSt40160d+1D+5xbc1p2cwQWoH39AkHQoDI=</latexit>

(x, y, z) = (1, 2, 3)

<latexit sha1_base64="Km1ij0hqFgHhuACI0gir5XUCSfI="></latexit>

ẋm = {xm, HC} = 2✏xyzzm
@HC

@ym
+ 2✏xzyym

@HC

@zm
= 2zmby

m � 2ymbz
m

<latexit sha1_base64="bLMzT/fTWEByq0Vd2RAM+I5UjmM="></latexit>

HC(xm, ym, zm) = bxmxm + bymym + bzmzm

0 otherwise

Other equations:

<latexit sha1_base64="+kLbh9+9cauqUm7q7Wabp/O8DjA="></latexit>

d

dt
ym = �2bx

mzm + 2bz
mxm

(exercise)
<latexit sha1_base64="6fZG04BAllIXdXdwW/f0p772EYM="></latexit>

d

dt
zm = 2bx

mym � 2by
mxm



<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i
<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Two-body terms:

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

<latexit sha1_base64="PHMtC+HxFWAtfNQwdV8Tyofo8n8="></latexit>

⇥

�̂↵
, �̂�⇤

= 2i

X

�

✏↵�� �̂�

using:

Levi-Civita tensor

<latexit sha1_base64="PmY809hbpLPY4/xpV0mczO9xKA4=">AAACHnicbVDLSsNAFJ3UV62vVJduBovQQihJlepGKLhxWcE+oA1lMp20QycPZiZqDPkUwZX+iTtxqz/i2mmbhW09cOFw7rmcy3FCRoU0zW8tt7a+sbmV3y7s7O7tH+jFw7YIIo5JCwcs4F0HCcKoT1qSSka6ISfIcxjpOJPr6b5zT7iggX8n45DYHhr51KUYSSUN9GL50YiNpwq8gmXLqBlnlYFeMqvmDHCVWBkpgQzNgf7THwY48ogvMUNC9CwzlHaCuKSYkbTQjwQJEZ6gEekp6iOPCDuZvZ7CU6UMoRtwNb6EM/XvRYI8IWLPUU4PybFY2DkcTYhMl/1T43/+XiTdSzuhfhhJ4uN5uBsxKAM47QYOKSdYslgRhDlV/0M8RhxhqRpcTPbSgirKWq5llbRrVaterd+elxr1rLI8OAYnoAwscAEa4AY0QQtg8ACewSt40160d+1D+5xbc1p2cwQWoH39AkHQoDI=</latexit>

(x, y, z) = (1, 2, 3)

<latexit sha1_base64="Qu5WYPlBXI3rU44dAtg8Y55TwyU=">AAACQXicbZDLSgMxFIYzXmu9VV26CRbBVZlMS3UjFNy4rGAv0A4lk562oZkLSUYow7yITyO40jfwEdyJCzduTC+g03og8PGf/3BOfi8SXGnbfrPW1jc2t7ZzO/ndvf2Dw8LRcVOFsWTQYKEIZdujCgQPoKG5FtCOJFDfE9DyxjfTfusBpOJhcK8nEbg+HQZ8wBnVRuoVKl2IFBcGE+KUU3yNf4UycbKCUyZTgfQKRbtkzwqvAllAES2q3it8dfshi30INBNUqQ6xI+0mVGrOBKT5bqwgomxMh9AxGFAflJvMfpfic6P08SCU5gUaz9S/Ewn1lZr4nnH6VI9UpudJOgadLvunxv/8nVgPrtyEB1GsIWDz5YNYYB3iaXy4zyUwLSYGKJPc3I/ZiErKtAk5u9lP8yYoshzLKjSdEqmWqneVYs1ZRJZDp+gMXSCCLlEN3aI6aiCGHtETekGv1rP1bn1Yn3PrmrWYOUGZsr5/AKQOry0=</latexit>

✏123 = ✏312 = ✏231 = 1
<latexit sha1_base64="WG2H9EhsDNpzMcDZwbQfjDMXTgs=">AAACQnicbZDLSgMxFIYz9VbrrerSTbAIbiyTqVY3QsGNywr2Am0pmfS0Dc1cSDJCGeZJfBrBlT6Br+BOBFcuTNsBbeuBwMd//sM5+d1QcKVt+83KrKyurW9kN3Nb2zu7e/n9g7oKIsmgxgIRyKZLFQjuQ01zLaAZSqCeK6Dhjm4m/cYDSMUD/16PQ+h4dODzPmdUG6mbv2hDqLgwGJcckuBr/CuQkjMvOKQ0Ec5IN1+wi/a08DKQFAoorWo3/9XuBSzywNdMUKVaxA51J6ZScyYgybUjBSFlIzqAlkGfeqA68fR7CT4xSg/3A2mer/FU/TsRU0+psecap0f1UM31XElHoJNF/8T4n78V6f5VJ+Z+GGnw2Wx5PxJYB3iSH+5xCUyLsQHKJDf3YzakkjJtUp7f7CU5ExRZjGUZ6k6RlIvlu/NCxUkjy6IjdIxOEUGXqIJuURXVEEOP6Am9oFfr2Xq3PqzPmTVjpTOHaK6s7x8ln69k</latexit>

✏321 = ✏132 = ✏213 = �1

0 otherwise

<latexit sha1_base64="ifR26bhtvbDBDqbyBUjWDhvLggg="></latexit>

d
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�̂x
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Ĥ2, �̂x
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i
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yy
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i [�̂

y
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X

j

V zz
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m, �̂x
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j +
X

i

V zz
mj �̂z
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m]

1

A

<latexit sha1_base64="4AT807SyQtfstTvvaqWmiwO3vw0="></latexit>

= �

X

j

V
yy

mj(��̂
z
m�̂

y

j � �̂
y

j �̂
z
m)�

X

j

V
zz
mj(�̂

y
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z
j + �̂

z
j �̂

y
m)

<latexit sha1_base64="opM2wo5bNuPf4hZ+fpWKiZK5sdM="></latexit>

= 2
X

j

V yy

mj �̂
z
m�̂

y

j � 2
X

j

V zz
mj �̂

y
m�̂

z
j

<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

Factorization:
<latexit sha1_base64="d434b+KM/l6vJPdD+VYKK8uGo7k="></latexit>

xi(t) ⌘ h�̂x
i (t)i yi(t) ⌘ h�̂y

i (t)i zi(t) ⌘ h�̂z
i (t)i

<latexit sha1_base64="iAdQhSskw0ZE4wMthCwUnw6Q2ac="></latexit>

d

dt
xm ⇡ 2

X

j

V
yy

mjh�̂z
mih�̂y

j i � 2
X

j

V zz
mjh�̂y

mih�̂z
j i

= zm
�

2
X

j

V
yy

mjyj
�

� ym
�

2
X

j

V zz
mjzj

�

Mean-field approach to spin-models



<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i
<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Two-body terms:

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

The mean-fields created by the other spins lead to a classical precession of spin m

<latexit sha1_base64="s3EIEXEf7ti7jqYrqOpQVDrcOqU="></latexit>

d
dt

xm ⇡ zm
�
2

X

j

V yy

mjyj
�
� ym

�
2

X

j

V zz
mjzj

�

Why is it called “mean-field”?

<latexit sha1_base64="s3EIEXEf7ti7jqYrqOpQVDrcOqU="></latexit>

d
dt

xm ⇡ zm
�
2

X

j

V yy

mjyj
�
� ym

�
2

X

j

V zz
mjzj

�

“mean-field” “mean-field”
<latexit sha1_base64="QYDyiaH+MeBw+3rMzt8FBROr9m4=">AAACFnicbZBNS8NAEIY3ftb6VfXoZbEInkoiUj0WvHisYD8gDWWznbRLd7NhdyPUkJ8heNJ/4k28evWPeHbb5mBbBwZe3nmHGZ4w4Uwb1/121tY3Nre2Szvl3b39g8PK0XFby1RRaFHJpeqGRANnMbQMMxy6iQIiQg6dcHw7nXceQWkm4wczSSAQZBiziFFirOX3EqII58DxU79SdWvurPCq8ApRRUU1+5Wf3kDSVEBsKCda+56bmCAjyjDKIS/3Ug0JoWMyBN/KmAjQQTZ7Ocfn1hngSCrbscEz9+9GRoTWExHapCBmpBdmoSJjMPlyfhr8L++nJroJMhYnqYGYzo9HKcdG4ikTPGAKqOETKwhVzP6P6ciCocaSW7ws8rIF5S1jWRXty5pXr9Xvr6qNeoGshE7RGbpAHrpGDXSHmqiFKJLoGb2iN+fFeXc+nM95dM0pdk7QQjlfv5hwoDg=</latexit>

k z<latexit sha1_base64="t11HqX2Dk4fBmWSudXppnSFWFH8=">AAACFnicbZBNS8NAEIY39avWr6pHL4tF8FQSkeqx4MVjBfsBbSib7aRdupsNuxshhPwMwZP+E2/i1at/xLPbNgfbOjDw8s47zPAEMWfauO63U9rY3NreKe9W9vYPDo+qxycdLRNFoU0ll6oXEA2cRdA2zHDoxQqICDh0g+ndbN59AqWZjB5NGoMvyDhiIaPEWKs/iIkinAPH6bBac+vuvPC68ApRQ0W1htWfwUjSREBkKCda9z03Nn5GlGGUQ14ZJBpiQqdkDH0rIyJA+9n85RxfWGeEQ6lsRwbP3b8bGRFapyKwSUHMRC/NAkWmYPLV/Cz4X76fmPDWz1gUJwYiujgeJhwbiWdM8IgpoIanVhCqmP0f04kFQ40lt3xZ5BULylvFsi46V3WvUW88XNeajQJZGZ2hc3SJPHSDmugetVAbUSTRM3pFb86L8+58OJ+LaMkpdk7RUjlfv5bIoDc=</latexit>

k y

(exercise)

Mean-field approach to spin-models

<latexit sha1_base64="AKrvVg0OatYqQ7IxiK8bXCTG/Bw="></latexit>

d

dt
ym ⇡ �zm

�
2

X

j

V xx
mjxj

�
+ xm

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="nAtgl8umXy59E8eaWw2w7ohc8H0="></latexit>

d

dt
zm ⇡ �xm

�

2
X

j

V
yy

mjyj
�

+ ym
�

2
X

j

V xx
mjxj

�

(exercise)



<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i
<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Two-body terms:

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

Remark: Note that all equations can also again be derived from the full classical ansatz, e.g.

Levi-Civita tensor
<latexit sha1_base64="Qu5WYPlBXI3rU44dAtg8Y55TwyU=">AAACQXicbZDLSgMxFIYzXmu9VV26CRbBVZlMS3UjFNy4rGAv0A4lk562oZkLSUYow7yITyO40jfwEdyJCzduTC+g03og8PGf/3BOfi8SXGnbfrPW1jc2t7ZzO/ndvf2Dw8LRcVOFsWTQYKEIZdujCgQPoKG5FtCOJFDfE9DyxjfTfusBpOJhcK8nEbg+HQZ8wBnVRuoVKl2IFBcGE+KUU3yNf4UycbKCUyZTgfQKRbtkzwqvAllAES2q3it8dfshi30INBNUqQ6xI+0mVGrOBKT5bqwgomxMh9AxGFAflJvMfpfic6P08SCU5gUaz9S/Ewn1lZr4nnH6VI9UpudJOgadLvunxv/8nVgPrtyEB1GsIWDz5YNYYB3iaXy4zyUwLSYGKJPc3I/ZiErKtAk5u9lP8yYoshzLKjSdEqmWqneVYs1ZRJZDp+gMXSCCLlEN3aI6aiCGHtETekGv1rP1bn1Yn3PrmrWYOUGZsr5/AKQOry0=</latexit>

✏123 = ✏312 = ✏231 = 1
<latexit sha1_base64="WG2H9EhsDNpzMcDZwbQfjDMXTgs=">AAACQnicbZDLSgMxFIYz9VbrrerSTbAIbiyTqVY3QsGNywr2Am0pmfS0Dc1cSDJCGeZJfBrBlT6Br+BOBFcuTNsBbeuBwMd//sM5+d1QcKVt+83KrKyurW9kN3Nb2zu7e/n9g7oKIsmgxgIRyKZLFQjuQ01zLaAZSqCeK6Dhjm4m/cYDSMUD/16PQ+h4dODzPmdUG6mbv2hDqLgwGJcckuBr/CuQkjMvOKQ0Ec5IN1+wi/a08DKQFAoorWo3/9XuBSzywNdMUKVaxA51J6ZScyYgybUjBSFlIzqAlkGfeqA68fR7CT4xSg/3A2mer/FU/TsRU0+psecap0f1UM31XElHoJNF/8T4n78V6f5VJ+Z+GGnw2Wx5PxJYB3iSH+5xCUyLsQHKJDf3YzakkjJtUp7f7CU5ExRZjGUZ6k6RlIvlu/NCxUkjy6IjdIxOEUGXqIJuURXVEEOP6Am9oFfr2Xq3PqzPmTVjpTOHaK6s7x8ln69k</latexit>

✏321 = ✏132 = ✏213 = �1

<latexit sha1_base64="PmY809hbpLPY4/xpV0mczO9xKA4=">AAACHnicbVDLSsNAFJ3UV62vVJduBovQQihJlepGKLhxWcE+oA1lMp20QycPZiZqDPkUwZX+iTtxqz/i2mmbhW09cOFw7rmcy3FCRoU0zW8tt7a+sbmV3y7s7O7tH+jFw7YIIo5JCwcs4F0HCcKoT1qSSka6ISfIcxjpOJPr6b5zT7iggX8n45DYHhr51KUYSSUN9GL50YiNpwq8gmXLqBlnlYFeMqvmDHCVWBkpgQzNgf7THwY48ogvMUNC9CwzlHaCuKSYkbTQjwQJEZ6gEekp6iOPCDuZvZ7CU6UMoRtwNb6EM/XvRYI8IWLPUU4PybFY2DkcTYhMl/1T43/+XiTdSzuhfhhJ4uN5uBsxKAM47QYOKSdYslgRhDlV/0M8RhxhqRpcTPbSgirKWq5llbRrVaterd+elxr1rLI8OAYnoAwscAEa4AY0QQtg8ACewSt40160d+1D+5xbc1p2cwQWoH39AkHQoDI=</latexit>

(x, y, z) = (1, 2, 3)

0 otherwise

<latexit sha1_base64="jF9/jxl8Faa3qpEn2UXii3zhuNM="></latexit>

↵̇m = {↵m, HC} = 2

X

�

✏↵���m
@HC

@�m

<latexit sha1_base64="7D0NrHrdv9N/jGMhIUMd+1DqHXU="></latexit>

HC({xi, yi, zi}) =
X

ij

V zz
ij zizj

<latexit sha1_base64="NfiXrX4DsFHSvEgm+THYb0Z27MY="></latexit>

ẋm = 2✏xzyym
@HC

@zm
+ 2✏xyzzm

@HC

@ym

= �2ym
1
2

� X

i

V zz
imzj +

X

j

V zz
mjzi

�
= �ym

�
2

X

j

V zz
mj

�

Mean-field approach to spin-models

<latexit sha1_base64="s3EIEXEf7ti7jqYrqOpQVDrcOqU="></latexit>

d
dt

xm ⇡ zm
�
2

X

j

V yy

mjyj
�
� ym

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="AKrvVg0OatYqQ7IxiK8bXCTG/Bw="></latexit>

d

dt
ym ⇡ �zm

�
2

X

j

V xx
mjxj

�
+ xm

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="nAtgl8umXy59E8eaWw2w7ohc8H0="></latexit>

d

dt
zm ⇡ �xm

�

2
X

j

V
yy

mjyj
�

+ ym
�

2
X

j

V xx
mjxj

�



<latexit sha1_base64="G2wqdqxy66vwMBg3bw58hQ138kQ=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh4MZlBfuANoab6aQdOpmEmYlQQsCvEVzpn7gTXfoTrp0+Frb1wOUezj2XO3OChDOlHefLKqysrq1vFDdLW9s7u3v2/kFTxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8Gc9bj1QqFot7PUqoF0FfsJAR0Eby7aPmQ9YFngwAT1vuZ4zl+Bo7vl12Ks4EeJm4M1JGM9R9+6fbi0kaUaEJB6U6rpNoLwOpGeE0L3VTRRMgQ+jTjqECIqq8bPKHHJ8apYfDWJoSGk/UvxsZREqNosA4I9ADNTcLJAypzhf9Y+N//k6qwysvYyJJNRVkejxMOdYxHoeEe0xSovnIECCSmfdjMgAJRJso5y9HeckE5S7Gskya5xW3WqneXZRr1VlkRXSMTtAZctElqqFbVEcNRNATekav6M16sd6tD+tzai1Ys51DNAfr+xcsjaYi</latexit>

V ↵↵
ii = 0

<latexit sha1_base64="J2Ko8k7rrEXfmPp4lfFrEj3sCtU="></latexit>

bi · �i = bx
i �̂x

i + by
i �̂y

i + bz
i �̂z

i
<latexit sha1_base64="MPlLwHO7MU0D+GBPSCGfAmLZqmA="></latexit>

Ĥ = Ĥ1 + Ĥ2 =

X

i

bi · �i +
1

2

X

ij

�

V xx
ij �̂x

i �̂x
j + V yy

ij �̂y

i �̂y

j + V zz
ij �̂z

i �̂z
j

�

Full equation of motion for classical spin-components:

<latexit sha1_base64="dypvVqilbXlKlKljnFEENzko/hs=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiJS3QgFNy4r2Ae0MdxMJ+20k0mYmQgl5DPc+CtuXCjitjv/xuljoa0HLvdwzr3M3BMknCntON/Wyura+sZmYau4vbO7t28fHDZUnEpC6yTmsWwFoChngtY105y2EkkhCjhtBsPbid98olKxWDzoUUK9CHqChYyANpJvnzf8jA3yx6wDPOkDnrUc32BjDNiS4dslp+xMgZeJOyclNEfNt8edbkzSiApNOCjVdp1EexlIzQinebGTKpoAGUKPtg0VEFHlZdPDcnxqlC4OY2lKaDxVf29kECk1igIzGYHuq0VvIv7ntVMdXnsZE0mqqSCzh8KUYx3jSUq4yyQlmo8MASKZ+SsmfZBAtMmyaEJwF09eJo2LslspV+4vS9XKPI4COkYn6Ay56ApV0R2qoToi6Bm9onf0Yb1Yb9an9TUbXbHmO0foD6zxDyXyoHE=</latexit>

V ↵↵
ij = V ↵↵

ji

precession due to external 

fields and mean-fields of 

other spins

Remark: Here all was derived for Pauli matrices, for spin operators, in the literature one often finds equations for 

spin-components:

<latexit sha1_base64="HnQEde+hwiuDyVceiL47nHBwPhg=">AAACJHicbZDLSsNAFIYnXmu9RV24cDNYBFclKVLdCAU3LivYC7SxTKYn7dCZJMxMxBLyNIIrfRN34sKNj+HaaZuFbT0w8POf/3DOfH7MmdKO82WtrK6tb2wWtorbO7t7+/bBYVNFiaTQoBGPZNsnCjgLoaGZ5tCOJRDhc2j5o5tJv/UIUrEovNfjGDxBBiELGCXaWD37WD089QS+xt1AEpq6WVrJsHF6dskpO9PCy8LNRQnlVe/ZP91+RBMBoaacKNVxnVh7KZGaUQ5ZsZsoiAkdkQF0jAyJAOWl0w9k+Mw4fRxE0rxQ46n7dyIlQqmx8E1SED1Ucz1fkhHobDE/Cf6X7yQ6uPJSFsaJhpDOlgcJxzrCE0K4zyRQzcdGECqZuR/TITF0tOE4v1lkRQPKXcSyLJqVslstV+8uSrVqjqyATtApOkcuukQ1dIvqqIEoytAzekVv1ov1bn1Yn7PoipXPHKG5sr5/AbR4pN8=</latexit>

sx
m =

1

2
xm

Mean-field approach to spin-models

warning … many funny factors of two!

<latexit sha1_base64="kWJw/lzT/TmyFnDmpnRQ+oIe2Rk="></latexit>

d
dt

xm = zm
�
2bym + 2

X

j

V yy

mjyj
�

+ ym
�

� 2bzm � 2
X

j

V zz
mjzj

�

<latexit sha1_base64="woyjseXwJWcRTXVWiSVaqXzvomc="></latexit>

d
dt

ym = zm
�

� 2bxm � 2
X

j

V xx
mjxj

�

+ xm

�

2bzm + 2
X

j

V zz
mjzj

�

<latexit sha1_base64="cM8MCfWlMhiYZNDNDLg2t7olpG8="></latexit>

d

dt
zm = xm

�

� 2by
m � 2

X

j

V
yy

mjyj
�

+ ym
�

2bx
m + 2

X

j

V xx
mjxj

�



Full equation of motion for classical spin-components:

precession due to external 

fields and mean-fields of 

other spins

Then:

<latexit sha1_base64="9wEoT8WoVirMxhwP6jZfy/M80uU=">AAACKnicbVDLSsNAFJ3UV62vqEsRBovgqiQi1Y1QcOOygn1AW8NkOmnHziRhZiINISu/RnClf+KuuPUbXDtpI9jWAwPnnnsu985xQ0alsqyJUVhZXVvfKG6WtrZ3dvfM/YOmDCKBSQMHLBBtF0nCqE8aiipG2qEgiLuMtNzRTdZvPREhaeDfqzgkPY4GPvUoRkpLjnncdBL6mD4k43EKr+FvFcdZZTlm2apYU8BlYuekDHLUHfO72w9wxImvMENSdmwrVL0ECUUxI2mpG0kSIjxCA9LR1EecyF4y/UYKT7XSh14g9PMVnKp/JxLEpYy5q50cqaGc67kCjYhKF/2Z8T9/J1LeVS+hfhgp4uPZci9iUAUwywn2qSBYsVgThAXV90M8RAJhpdOc38zTkg7KXoxlmTTPK3a1Ur27KNeqeWRFcAROwBmwwSWogVtQBw2AwTN4AW/g3Xg1PoyJ8TmzFox85hDMwfj6Ae85p5I=</latexit>

V xx
ij = V yy

ij = 0

Equations for our transverse Ising model:

<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

Mean-field approach to spin-models

<latexit sha1_base64="VOHka5RUkckfPVq4CMaZpn19wrk=">AAACHnicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhEKblxWsA9oa5hMJ+3QmUmYmSgx5FMEV/on7sSt/ohrJ20WtvXA5R7OPZd7OX7EqNKO822trK6tb2yWtsrbO7t7+3bloK3CWGLSwiELZddHijAqSEtTzUg3kgRxn5GOP7nO550HIhUNxZ1OIjLgaCRoQDHSRvLsiu/x+wRewbw/me54dtWpOVPAZeIWpAoKND37pz8MccyJ0JghpXquE+lBiqSmmJGs3I8ViRCeoBHpGSoQJ2qQTl/P4IlRhjAIpSmh4VT9u5EirlTCfePkSI/V3MyXaEJ0tujPjf/5e7EOLgcpFVGsicCz40HMoA5hng0cUkmwZokhCEtq/od4jCTC2iQ4f5lnZROUuxjLMmmf1dx6rX57Xm3Ui8hK4Agcg1PgggvQADegCVoAg0fwDF7Bm/VivVsf1ufMumIVO4dgDtbXL5yFoZc=</latexit>

by
m

= bz
m

= 0

<latexit sha1_base64="GFd4x8/b+wEoelEnPYdWm5YewQk="></latexit>

V zz
ij = Jij =

J

|i� j|↵

<latexit sha1_base64="To9+VPNS/FSTw5kOalBFO17ni2E="></latexit>

Ĥ =
1

2

X

i 6=j

Jij �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="bb7wzag/a4mnpGLiBwCJ1BGSCVs=">AAACFnicbVC7SgNBFJ2NrxhfUUubwSBYhV2RaCMEbCwjmAds1mV2MpsMmccyMysJSz5DsNI/sRNbW3/E2kmyhUk8cOFw7rmcy4kSRrVx3W+nsLa+sblV3C7t7O7tH5QPj1papgqTJpZMqk6ENGFUkKahhpFOogjiESPtaHg73befiNJUigczTkjAUV/QmGJkrORHIX8cwRs4CEdhueJW3RngKvFyUgE5GmH5p9uTOOVEGMyQ1r7nJibIkDIUMzIpdVNNEoSHqE98SwXiRAfZ7OUJPLNKD8ZS2REGztS/FxniWo95ZJ0cmYFe2EUKDYmZLPunxv/8fmri6yCjIkkNEXgeHqcMGgmnncAeVQQbNrYEYUXt/xAPkELY2OYWk/mkZIvylmtZJa2Lqler1u4vK/VaXlkRnIBTcA48cAXq4A40QBNgIMEzeAVvzovz7nw4n3NrwclvjsECnK9fvJqftQ==</latexit>

b
x

m
= hx

<latexit sha1_base64="kWJw/lzT/TmyFnDmpnRQ+oIe2Rk="></latexit>

d
dt

xm = zm
�
2bym + 2

X

j

V yy

mjyj
�

+ ym
�

� 2bzm � 2
X

j

V zz
mjzj

�

<latexit sha1_base64="woyjseXwJWcRTXVWiSVaqXzvomc="></latexit>

d
dt

ym = zm
�

� 2bxm � 2
X

j

V xx
mjxj

�

+ xm

�

2bzm + 2
X

j

V zz
mjzj

�

<latexit sha1_base64="cM8MCfWlMhiYZNDNDLg2t7olpG8="></latexit>

d

dt
zm = xm

�

� 2by
m � 2

X

j

V
yy

mjyj
�

+ ym
�

2bx
m + 2

X

j

V xx
mjxj

�

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

zz - interactions -> 

precession in x-y plane

field || x ->  

precession in y-z plane



We now reduced the problem to a set of only 3N coupled equations!

Mean-field equations for transverse Ising model:

<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

Mean-field approach to spin-models

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

… but we pay a price: I. We made a strong approximation, II. The equations are now non-linear

<latexit sha1_base64="TAM09yueQVoBDcGzgDN9jngk3e4="></latexit>

xi(t) ⌘ h�̂x
i (t)i

yi(t) ⌘ h�̂y
i (t)i

zi(t) ⌘ h�̂z
i (t)i

!

For example, the two-point correlations will now be trivial:

<latexit sha1_base64="oRtzIwBf+2zFVkYBsBS2mp6w1Mw="></latexit>

Ci,j = h�̂z
i �̂

z
j i � h�̂z

i ih�̂z
j i = h�̂z

i ih�̂z
j i � h�̂z

i ih�̂z
j i = 0 <latexit sha1_base64="0+A0TJClA4bvabWAODUfhqswglQ=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHiOYByRJmJ51kyOzsMjMrhCXgD3jVP/AmXv0Vf8DvcJLswSQWNBRV3XR3BbHg2rjut5NbW9/Y3MpvF3Z29/YPiodHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqd+8wmV5pF8NOMY/ZAOJO9zRo2VHm6I2y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiFnVumRfqRsSUNm6t+JlIZaj8PAdobUDPWyNxX/89qJ6V/7KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNZ2FLoOgIzaRgg/GWY1gljYuyVylX7i9L1UoWUR5O4BTOwYMrqMId1KAODAbwAq/w5jw7786H8zlvzTnZzDEswPn6BWkPlYw=</latexit>

= 0

"

Question: Idea to make use of even less memory?



This time

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Part 1:  Mean-field approach to spin-models

Part 2: Runge-Kutta (RK) time-evolution methods: 

A swiss army knife

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)

<latexit sha1_base64="sMKjkMYhVA7mAs9zq5DFX416+KY="></latexit>

|ω→ ↑ |ε1→ ↓ |ε2→ ↓ · · · ↓ |εN →

<latexit sha1_base64="ct1885Jm2XA2QK1ujWl7R00xl3c=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRLx0WXBTZcV7APSUCbTSTt0HmFmIpSQnb/gVvfuxK0/4tYvcdJmYVsPDBzOuZd75oQxo9q47rdT2tjc2t4p71b29g8Oj6rHJ10tE4VJB0smVT9EmjAqSMdQw0g/VgTxkJFeOL3P/d4TUZpK8WhmMQk4GgsaUYyMlfwBR2aCEUtb2bBac+vuHHCdeAWpgQLtYfVnMJI44UQYzJDWvufGJkiRMhQzklUGiSYxwlM0Jr6lAnGig3QeOYMXVhnBSCr7hIFz9e9GirjWMx7ayTyiXvVy8T/PT0zUCFIq4sQQgReHooRBI2H+fziiimDDZpYgrKjNCvEEKYSNbWnpSsizii3FW61gnXSv6t5t/ebhutZsFPWUwRk4B5fAA3egCVqgDToAAwlewCt4c56dd+fD+VyMlpxi5xQswfn6Ben7mAQ=</latexit>

H

Tutorial: A mean-field simulation of the transverse Ising model



A general class of standard methods for initial value problems (“Swiss army knife” )

Runge-Kutta Methods

Note: This includes linear Schrödinger equation, but also non-linear problems

Schrödinger equation

<latexit sha1_base64="TKvCddwpqn7u770f8JVG2HS3B50=">AAACHXicbVDLSgMxFM3UV62vqks3wSK0IGVGanUjVNy4rGAf0Cklk2ba0MyD5I5QhvkRN/6KGxeKuHAj/o2ZtvhoPRA4nHMuufc4oeAKTPPTyCwtr6yuZddzG5tb2zv53b2mCiJJWYMGIpBthygmuM8awEGwdigZ8RzBWs7oKvVbd0wqHvi3MA5Z1yMDn7ucEtBSL19xi3CMbY/A0HHjcVKEUglffAuXCbZpP4CfhA4kvXzBLJsT4EVizUgBzVDv5d/tfkAjj/lABVGqY5khdGMigVPBkpwdKRYSOiID1tHUJx5T3XhyXYKPtNLHbiD18wFP1N8TMfGUGnuOTqZLqnkvFf/zOhG4592Y+2EEzKfTj9xIYAhwWhXuc8koiLEmhEqud8V0SCShoAvN6RKs+ZMXSfOkbFXLpzeVQq06qyOLDtAhKiILnaEaukZ11EAU3aNH9IxejAfjyXg13qbRjDGb2Ud/YHx8AY0soPo=</latexit>

f(t,y(t)) = A · y(t)

mean-field equations

<latexit sha1_base64="CUTZcXwT3EMIX4l20fS08fsE0WM=">AAACLHicbVDLSgMxFM3UV62vqks3wSK0IGVGtLoRKt24rGAf0Cklk2ba0MyD5I5QhvkgN/6KIC4s4tbvMG0HH60HAodz7iH3HicUXIFpTozMyura+kZ2M7e1vbO7l98/aKogkpQ1aCAC2XaIYoL7rAEcBGuHkhHPEazljGpTv/XApOKBfw/jkHU9MvC5yykBLfXyNbcIp9j2CAwdNx4nRSiV8PW3cJMUFzyb9gP4CWgt6eULZtmcAS8TKyUFlKLey7/Y/YBGHvOBCqJUxzJD6MZEAqeCJTk7UiwkdEQGrKOpTzymuvHs2ASfaKWP3UDq5wOeqb8TMfGUGnuOnpwuqRa9qfif14nAverG3A8jYD6df+RGAkOAp83hPpeMghhrQqjkeldMh0QSCrrfnC7BWjx5mTTPylalfHF3XqhW0jqy6AgdoyKy0CWqoltURw1E0SN6Rm9oYjwZr8a78TEfzRhp5hD9gfH5BQsrpuU=</latexit>

f(t,y(t)) = A(y(t)) · y(t)

Time-discretization:

<latexit sha1_base64="wFGeswcBabFs33hbUODE8Icna3U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqV/eXlXotj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwO4jZk=</latexit>

t0
<latexit sha1_base64="4AYM/dkGG5V4pNn7dixlZifzHCU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqV/eXlXotj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwU8jZo=</latexit>

t1
<latexit sha1_base64="n4vCsjZdwA/NIaWSrU76kn+ASOw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KknR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA/ar/VLZrbhzkFXi5aQMORr90ldvELM04gqZpMZ0PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+anTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2hC85ZdXSata8WqVq/vLcr2Wx1GAUziDC/DgGupwBw1oAoMhPMMrvDnSeXHenY9F65qTz5zAHzifPwbAjZs=</latexit>

t2
<latexit sha1_base64="RQX35DiL1DIXIUTdlKT/PP2jDo0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6iB4DXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK99g/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1a9fLuolKv5XEU4QiO4RQ8uII63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsIRI2c</latexit>

t3 <latexit sha1_base64="KptmuqjovK3sleGr9N17z6n49Qk=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVo8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rv7q/rDUbRR1lOIFTOAcPrqEJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/EMjsA=</latexit>. . .

<latexit sha1_base64="uGmTpFP5xuVSsFHy9BYBsoGmAHY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XzkjuoNt+kugP4SryQNKNEZ1T/9cUJMTIUmHCs19NxUBzmWmhFO5zXfKJpiMsMTOrRU4JiqIF9knqMzq4xRlEj7hEYL9edGjmOlsji0k0VGteoV4n/e0OjoJsiZSI2mgiwPRYYjnaCiADRmkhLNM0swkcxmRWSKJSba1lSzJXirX/5LehdNr9W8ur9stFtlHVU4gVM4Bw+uoQ130IEuEEjhCV7g1THOs/PmvC9HK065cwy/4Hx8AyoHkb4=</latexit>

y0
<latexit sha1_base64="HYm4YruFEmi2PRKX+8RVgumkd4g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XzkjeoNt+kugP4SryQNKNEZ1T/9cUJMTIUmHCs19NxUBzmWmhFO5zXfKJpiMsMTOrRU4JiqIF9knqMzq4xRlEj7hEYL9edGjmOlsji0k0VGteoV4n/e0OjoJsiZSI2mgiwPRYYjnaCiADRmkhLNM0swkcxmRWSKJSba1lSzJXirX/5LehdNr9W8ur9stFtlHVU4gVM4Bw+uoQ130IEuEEjhCV7g1THOs/PmvC9HK065cwy/4Hx8AyuLkb8=</latexit>

y1
<latexit sha1_base64="p3zvoF+iiUgRaWWaLer8Tz9ToDo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetXLduCrXqnkcBTiFM7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDzZ2M6g==</latexit>

h

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

<latexit sha1_base64="oxrgHlekpMQP8rymGwRzqUWUzgM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiWl0W3LisYB/QhjKZTtqhk0mYmSgl9lPcuFDErV/izr9x0mahrQcGDufewz1z/JgzpR3n2yqsrW9sbhW3Szu7e/sHdvmwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpPNOw9UKhaJez2NqRfikWABI1gbaWCX+yHWYz9Ip7NqfxhpdTawK07NmQOtEjcnFcjRHNhfxkiSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq78dKQ6Vmoa+2cyCquVZJv436yU6uPZSJuJEU0EWh4KEIx2hrAc0ZJISzaeGYCKZyYrIGEtMtGmrZEpwl7+8StrnNbdeu7y7qDTqeR1FOIYTqIILV9CAW2hCCwg8wjO8wpv1ZL1Y79bHYrVg5Z4j+APr8wdCXJP5</latexit>

y(. . . )

<latexit sha1_base64="FyoX4fRdDs1bLk9z5hkf1eMHnM4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKJPppB06mYR5CCH0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvlVNbWNza3qtu1nd29/YP64VFPJUYS2iUJT+QgxIpyJmhXM83pIJUUxyGn/XB2W/j9RyoVS8SDzlIaxHgiWMQI1lby/RjraRjl2XwkRvWG23QXQH+JV5IGlOiM6p/+OCEmpkITjpUaem6qgxxLzQin85pvFE0xmeEJHVoqcExVkC8yz9GZVcYoSqR9QqOF+nMjx7FSWRzaySKjWvUK8T9vaHR0E+RMpEZTQZaHIsORTlBRABozSYnmmSWYSGazIjLFEhNta6rZErzVL/8lvYum12pe3V822q2yjiqcwCmcgwfX0IY76EAXCKTwBC/w6hjn2Xlz3pejFafcOYZfcD6+AYf/kfw=</latexit>yn

“exact"

“numerical 

approximation”

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AYJrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBofmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d
dt

| i = �iĤ| i

Carl David Tolmé Runge

(1856-1927)

Martin Kutta 

(1867–1944)

<latexit sha1_base64="dSjAH+RO0Pk6ElYG5aHcRMCMIkQ="></latexit>

y =
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Runge-Kutta Methods: 1st order - explicit Euler

Let’s find a method from Taylor expansion of

<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ⇡ yn + hf(tn,yn)

“explicit Euler method”

Error is large

๏ Not a good method for several reasons

<latexit sha1_base64="+7/z8ngngkk1oocodYDOxP4g/0E=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRo8BLx4jmAcka5idzCZDZh/M9AbCkv/w4EXFq//i0b9xNtmDJhYMFFXddE15sRQabfvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWK8SaLZKQ6HtVcipA3UaDknVhxGniSt73xXea3J1xpEYWPOI25G9BhKHzBKBrpqRdQHHl+Op1V8IL0S2W7as9BVomTkzLkaPRLX71BxJKAh8gk1brr2DG6KVUomOSzYi/RPKZsTIe8a2hIA67ddJ56Rs6NMiB+pMwLkczV3xspDbSeBp6ZzFLqZS8T//O6Cfq3birCOEEessUhP5EEI5JVQAZCcYZyaghlSpishI2oogxNUaYDZ/nHq6R1WXVq1euHq3K9lrdRgFM4gwo4cAN1uIcGNIGBgmd4hTdrYr1Y79bHYnTNyndO4A+szx94bpIY</latexit>

y(t)

<latexit sha1_base64="hJTFd/Z8GpjE23FEIYzp27jBdAw="></latexit>

y(tn + h) = y(tn) + hẏ(tn) +
h2

2
ÿ(tn) + · · · = y(tn) + hf(tn,yn) +O(h2)

<latexit sha1_base64="WGU8UapUGcksQE5DlblKX9cWjDA=">AAAB+HicbVDLTgIxFL2DL8TXqEs3jcQEN2SGKLokceNOTOSRwEg6pUBDpzNpOyQ44U9cuFHj1j9x6d/YgVkoeJImJ+fcm3t6/IgzpR3n28qtrW9sbuW3Czu7e/sH9uFRU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Cb1WxMqFQvFg55G1AvwULABI1gbqWfb3QDrEcE8uZuVRo+V855ddMrOHGiVuBkpQoZ6z/7q9kMSB1RowrFSHdeJtJdgqRnhdFboxopGmIzxkHYMFTigykvmyWfozCh9NAileUKjufp7I8GBUtPAN5NpTrXspeJ/XifWg2svYSKKNRVkcWgQc6RDlNaA+kxSovnUEEwkM1kRGWGJiTZlmQ7c5R+vkmal7FbLl/cXxVo1ayMPJ3AKJXDhCmpwC3VoAIEJPMMrvFlP1ov1bn0sRnNWtnMMf2B9/gA5rpL/</latexit>

O(h2)

… need tiny h Solution is often 

not stable!

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

“error grows in 

same direction”

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)



<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ⇡ yn + hf(tn,yn)

“explicit Euler method”

… very simple example (Rabi oscillations)
<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓
0 ⌦

⌦ 0

◆ <latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
| i = �iĤ| i

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

| 0i =
✓

1
0

◆ <latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

Compute:

Explicit Euler method:

Exact:
<latexit sha1_base64="RpIFqXj+xq1WWLzSXVvFEeU/eSs=">AAACFHicbVDJSgNBEO2JW4zbqBfBS2MQkkuYEbeLEPDizQhmgSSGnk4ladLTM3TXCCHEz/ALvOoXeBOv3v0A/8POctDog4LHe1VU1QtiKQx63qeTWlhcWl5Jr2bW1jc2t9ztnYqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXYr96DNiJStziIoRmyrhIdwRlaqeXuqRbkME8vaMMIdXeUw8Z1CF2Wb7lZr+BNQP8Sf0ayZIZSy/1qtCOehKCQS2ZM3fdibA6ZRsEljDKNxEDMeJ91oW6pYiGY5nDywYgeWqVNO5G2pZBO1J8TQxYaMwgD2xky7Jl5byz+59UT7Jw3h0LFCYLi00WdRFKM6DgO2hYaOMqBJYxrYW+lvMc042hD+7Ul0KwPOLK5+PMp/CWVo4J/Wji5Oc4WT2cJpck+OSA54pMzUiRXpETKhJMH8kSeyYvz6Lw6b877tDXlzGZ2yS84H98ZO52l</latexit>

ne(t) = sin2(t⌦)

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | h (t)|ei |2

<latexit sha1_base64="MB+m+2avKcqhuJ33XGYrPWaJihU=">AAACI3icbVDLSsNAFJ3UV62PRl26GSyCq5KIVpcFN+6sYB/QhDKZ3rZDZ5I4MymU0C9xa7/Gnbhx4acITtss7OPAhcM593LvPUHMmdKO823ltrZ3dvfy+4WDw6Pjon1y2lBRIinUacQj2QqIAs5CqGumObRiCUQEHJrB8GHmN0cgFYvCFz2OwRekH7Ieo0QbqWMXvScBfYI9eE3YCLsdu+SUnTnwOnEzUkIZah371+tGNBEQasqJUm3XibWfEqkZ5TApeImCmNAh6UPb0JAIUH46P3yCL43Sxb1Imgo1nqv/J1IilBqLwHQKogdq1ZuJG71AkiHoTVY70b17P2VhnGgI6eKGXsKxjvAsINxlEqjmY0MIlcy8gemASEK1iXF5iZgUTF7uajrrpHFddivl2+ebUrWSJZdH5+gCXSEX3aEqekQ1VEcUJegNvaOpNbU+rE/ra9Gas7KZM7QE6+cPYpSkFQ==</latexit>

⌦ ⌘ 1

|gi
<latexit sha1_base64="opnZD8VSC9Oc0kJs8JYVK7hZ7XY=">AAACEnicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZcFNy4r2Ae0Q8mkmTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaoIbZOYx6oXYE05k7RtmOG0lyiKRcBpN4juZn73iSrNYvlopgn1BR5LFjKCjZW6g4iabJwPqzW37s6B1olXkBoUaA2rP4NRTFJBpSEca9333MT4GVaGEU7zyiDVNMEkwmPat1RiQbWfzePm6MIqIxTGyj5p0Fz9u5FhofVUBHZSYDPRq95M/NcLRL78V9jet5LGhLd+xmSSGirJIkyYcmRiNOsHjZiixPCpJZgoZu9BZIIVJsa2WLFFeau1rJPOVd27rnsPjVqzUVRWhjM4h0vw4AaacA8taAOBCJ7hFd6cF+fd+XA+F6Mlp9g5hSU4X7/cIJ7C</latexit>

|ei
<latexit sha1_base64="Ls1LQqTj6Mp4uHnZJHAQrm4rdA0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNa0GXBjcsK9gHtUDLpnTZMkhmSjFCG+QjBlf6JO3HrD/gjrk3bWdjWA4GTc+6Fc0+QcKaN6347pY3Nre2d8m5lb//g8Kh6fNLRcaootGnMY9ULiAbOJLQNMxx6iQIiAg7dILqb+d0nUJrF8tFME/AFGUsWMkqMlbqDCEwG+bBac+vuHHideAWpoQKtYfVnMIppKkAayonWfc9NjJ8RZRjlkFcGqYaE0IiMoW+pJAK0n83j5vjCKiMcxso+afBc/buREaH1VAR2UhAz0aveTPzXC0S+/FfE3reSxoS3fsZkkhqQdBEmTDk2MZ71g0dMATV8agmhitl7MJ0QRaixLVZsUd5qLeukc1X3ruveQ6PWbBSVldEZOkeXyEM3qInuUQu1EUURekav6M15cd6dD+dzMVpyip1TtATn6xfYzp7A</latexit>

<latexit sha1_base64="i0IZLczIP2i5PEQFOWI9sVvJHvI=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL96MYB6QLGF20psMOzO7zMwKYcnJL/CqX+BNvPolfoD/4STZg0ksaCiquunuChLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFYUmjXmsOgHRwJmEpmGGQydRQETAoR1Et1O//QRKs1g+mnECviBDyUJGibFSu3cvYEhK/XLFrboz4FXi5aSCcjT65Z/eIKapAGkoJ1p3PTcxfkaUYZTDpNRLNSSERmQIXUslEaD9bHbuBJ9ZZYDDWNmSBs/UvxMZEVqPRWA7BTEjvexNxf+8bmrCGz9jMkkNSDpfFKYcmxhPf8cDpoAaPraEUMXsrZiOiCLU2IQWtgSKRGAmNhdvOYVV0rqoerXq1cNlpV7LEyqiE3SKzpGHrlEd3aEGaiKKIvSCXtGb8+y8Ox/O57y14OQzx2gBztcvRHaXZQ==</latexit>

⌦

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

Runge-Kutta Methods: 1st order



Runge-Kutta Methods: 1st order

<latexit sha1_base64="mkT8WBkzqoEZmPC6zhwNyjfUd98=">AAACKXicbVDLSsNAFJ3UV62vqks3g0WoVEoiWl0W3LisYB/QhDCZTtqhk0mYmYgh5Hfc+CtuFBR16484bbOwrQcuHM65l3vv8SJGpTLNL6Owsrq2vlHcLG1t7+zulfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1xjcTv/tAhKQhv1dJRJwADTn1KUZKS265aQdIjTw/TTI35TUrgzaKIhE+wjkjgzU4gn5Vufzsr8NP3XLFrJtTwGVi5aQCcrTc8ps9CHEcEK4wQ1L2LTNSToqEopiRrGTHkkQIj9GQ9DXlKCDSSaefZvBEKwPoh0IXV3Cq/p1IUSBlEni6c3KkXPQm4n9eP1b+tZNSHsWKcDxb5McMqhBOYoMDKghWLNEEYUH1rRCPkEBY6XBLOgRr8eVl0jmvW4365d1FpdnI4yiCI3AMqsACV6AJbkELtAEGT+AFvIMP49l4NT6N71lrwchnDsEcjJ9f/wCnBg==</latexit>

yn+1 ⇡ yn + hf(tn,yn)

“explicit Euler method”

… very simple example (Rabi oscillations)

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓
0 ⌦

⌦ 0

◆ <latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
| i = �iĤ| i

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

| 0i =
✓

1
0

◆ <latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

Explicit Euler method:

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | h (t)|ei |2

Fundamental problem: 

Norm keeps increasing!

<latexit sha1_base64="Djm/ZCOJBxkzIPSBp1aJw1etDCI="></latexit>

| n+1i = | ni � ihĤ | ni

<latexit sha1_base64="Cdq5m5JlW34BR5NEU/XaLc4NiiI="></latexit>

h n+1| n+1i = h n| ni + h2 h n| Ĥ2 | ni

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)



Runge-Kutta Methods: 2nd order - Midpoint

Let’s find a better method:

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h
2

Then, in exact Taylor expansion, the error is

<latexit sha1_base64="VJOpHdyTD1SpEt2uILwdho1Czdw="></latexit>

yn+1 ⇡ yn + hf

✓
tn +

1

2
,
1

2
(yn + yn+1)

◆

“take slope at middle point”

<latexit sha1_base64="SJnQlnWj3aINUzUrWPcERlfn+3c="></latexit>

✏n+1 ⌘ y(tn + h) � y(tn) � hf

✓
tn +

h

2
,

1
2

(y(tn) + y(tn+1))
◆

= · · · = 0 + O(h3)

(exercise)

This is called “implicit midpoint method”
Implicit, meaning: The right hand-side has already the 

solution at n+1, so one generally needs to resolve the 

equation for the n+1 value or use some iteration.

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)



Zero order iteration gives:

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h
2

<latexit sha1_base64="e6C3KRUjNQ+J/BWZ0rvnWFbibAg="></latexit>

k1 = yn +
h
2

f(tn + yn)

yn+1 ⇡ yn + hf(tn +
h
2

, k1)

Explicit Euler estimate for mid-point

<latexit sha1_base64="LnpLvSB8ep67C7TawZXLE6A/Jec=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRnR6rLgxmUF+4B2LJk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOkoUoS0S8Uh1A6wpZ5K2DDOcdmNFsQg47QSTm9zvPFKlWSTvzTSmvsAjyUJGsLHSQ9oX2IyDMJ1k2cAbVKpuzZ0BLROvIFUo0BxUvvrDiCSCSkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KJBdV+OkudoVOrDFEYKfukQTP190aKhdZTEdjJPKRe9HLxP6+XmPDaT5mME0MlmR8KE45MhPIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eu3y7qLaqBd1lOAYTuAMPLiCBtxCE1pAQMEzvMKb8+S8OO/Ox3x0xSl2juAPnM8f43iSvQ==</latexit>

k1

“explicit midpoint method”

<latexit sha1_base64="VJOpHdyTD1SpEt2uILwdho1Czdw="></latexit>

yn+1 ⇡ yn + hf

✓
tn +

1

2
,
1

2
(yn + yn+1)

◆

<latexit sha1_base64="175TEEpKaZcxJ/wpTi4Urt6EyR4="></latexit>

yn+1 ⇡ yn + hf

✓

tn +
1
2
,yn

◆ <latexit sha1_base64="MA8VdFoHoVbChXL3WoffDInk8Vo="></latexit>

k1 ⌘

yn + yn+1

2
⇡ yn +

h

2
f

✓
tn +

1
2
,yn

◆

“implicit midpoint method”

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

Runge-Kutta Methods: 2nd order - Midpoint



<latexit sha1_base64="e6C3KRUjNQ+J/BWZ0rvnWFbibAg="></latexit>

k1 = yn +
h
2

f(tn + yn)

yn+1 ⇡ yn + hf(tn +
h
2

, k1)

“explicit midpoint method”

… very simple example (Rabi oscillations)

<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
| i = �iĤ| i

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

| 0i =
✓

1
0

◆ <latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

<latexit sha1_base64="jqdSaq5SA/bgn16qTHwbTxiZcbw=">AAACG3icbZDJSgNBEIZ7XGPcoh492BgEvYQZcbsIAS8eI5gFMmPo6VS0SU/P0F0jhEmOPoZP4FWfwJt49eAD+B52loNRf2j4+auKqv7CRAqDrvvpzMzOzS8s5pbyyyura+uFjc2aiVPNocpjGetGyAxIoaCKAiU0Eg0sCiXUw+7FsF6/B21ErK6xl0AQsVslOoIztFGrsKNasI8H9Jz2/VCzLmDmJ0bYqA+D/s1hq1B0S+5I9K/xJqZIJqq0Cl9+O+ZpBAq5ZMY0PTfBIGMaBZcwyPupgYTxLruFprWKRWCCbPSRAd2zSZt2Ym2fQjpKf05kLDKmF4W2M2J4Z37XhuF/tWaKnbMgEypJERQfL+qkkmJMh1RoW2jgKHvWMK6FvZXyO6YZR8tuassY0sBy8X5T+GtqhyXvpHR8dVQsn0wI5cg22SX7xCOnpEwuSYVUCScP5Ik8kxfn0Xl13pz3ceuMM5nZIlNyPr4Byc+hTg==</latexit>

ne(t) = | h (t)|ei |2

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓
0 ⌦

⌦ 0

◆

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

Runge-Kutta Methods: 2nd order - Midpoint



Comparisons
<latexit sha1_base64="YNZz90wqeD6kF8aXe654hSLR3wM=">AAACCXicbVBLSgNBEO3xG+Mv6tJNYxBchRkx0Y0QcOPOCOYDyRh6OjVJk+6eobtHCENO4AXc6g3ciVtP4QU8h51kFibxQVGP96qo4gUxZ9q47rezsrq2vrGZ28pv7+zu7RcODhs6ShSFOo14pFoB0cCZhLphhkMrVkBEwKEZDG8mfvMJlGaRfDCjGHxB+pKFjBJjpcdB505An+Br7JbccrdQtG0KvEy8jBRRhlq38NPpRTQRIA3lROu258bGT4kyjHIY5zuJhpjQIelD21JJBGg/nX49xqdW6eEwUrakwVP170ZKhNYjEdhJQcxAL3oT8T+vnZjwyk+ZjBMDks4OhQnHJsKTCHCPKaCGjywhVDH7K6YDogg1Nqi5K4EiQzDjvA3GW4xhmTTOS16lVL6/KFYrWUQ5dIxO0Bny0CWqoltUQ3VEkUIv6BW9Oc/Ou/PhfM5GV5xs5wjNwfn6BX8GmVk=</latexit>

h⌦ = 0.05
<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

� ⌘ ne(t) � sin2(t⌦)

“explicit Euler” “explicit midpoint”

Stable!

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

Runge-Kutta Methods: 2nd order - Midpoint



Runge-Kutta Methods: 4th order

In practice often the most convenient method

Remarks:

- Local error
<latexit sha1_base64="6CE2ylnkIBTel8mkjs30fxQhZmI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQEcqM2OpGKLhxZwX7gE4tmTRtQzOZIckIZZgPcOOvuHGhiFs/wJ1/Y6btQlsPBA7nnEvuPV7ImdK2/W1llpZXVtey67mNza3tnfzuXkMFkSS0TgIeyJaHFeVM0LpmmtNWKCn2PU6b3ugq9ZsPVCoWiDs9DmnHxwPB+oxgbaRuvuDSUDFuaCxOnARdItfHekgwj2+SYjy8LyfHJmWX7AnQInFmpAAz1Lr5L7cXkMinQhOOlWo7dqg7MZaaEU6TnBspGmIywgPaNlRgn6pOPDkmQUdG6aF+IM0TGk3U3xMx9pUa+55JppuqeS8V//Pake5fdGImwkhTQaYf9SOOdIDSZlCPSUo0HxuCiWRmV0SGWGKiTX85U4Izf/IiaZyWnEqpfHtWqFZmdWThAA6hCA6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx/TaMaazezDH1ifP7YJmrw=</latexit>

✏n+1 = O(h5)

- In practice n=4 is convenient: e.g. 100 steps for plots, typical timescales ~10, time-step ~0.1 ideal

- Note: n-th order = n function evaluations … higher order pays off!

“4th order Runge-Kutta”

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="AKAwpjeZ4HuHBpqCcehnQdr5fLw=">AAACDHicbZDLSsNAFIYn9VbrpVGXbgaLIAglKVpdFty4rGAv0IYymU7aoZNJmDkRSsgr+AJu9Q3ciVvfwRfwOZy2WdjWHw78/OcczuHzY8E1OM63VdjY3NreKe6W9vYPDsv20XFbR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+5m/U7T0xpHslHmMbMC8lI8oBTAiYa2GUYyMt+oAhNx1laywZ2xak6c+F14+amgnI1B/ZPfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHrGShIy7aXzxzN8bpIhDiJlSgKep383UhJqPQ19MxkSGOvV3iz8r9dLILj1Ui7jBJiki0NBIjBEeEYBD7liFMTUGEIVN79iOiaGAhhWS1d8RSYMspIB465iWDftWtWtV68friqNeo6oiE7RGbpALrpBDXSPmqiFKErQC3pFb9az9W59WJ+L0YKV75ygJVlfv1pem5U=</latexit>

tn +
h
2

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)



“4th order Runge-Kutta”

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

… very simple example (Rabi oscillations)

<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

� ⌘ ne(t) � sin2(t⌦)

<latexit sha1_base64="YGeOGUZtL+NYY2cHzeCV1UbH5BU=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahbsqMaHUjFNy4rGAf0JaSSTNtaCYzJBlhGLpz46+4caGIW3/BnX9jph1QWw8EDuecS+49bsiZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eUwWRJLRBAh7ItosV5UzQhmaa03YoKfZdTlvu+Dr1W/dUKhaIOx2HtOfjoWAeI1gbqV887PpYj1wviSdl3Rcn6Ar9KH0TKNkVewq0SJyMlCBDvV/87A4CEvlUaMKxUh3HDnUvwVIzwumk0I0UDTEZ4yHtGCqwT1Uvmd4xQcdGGSAvkOYJjabq74kE+0rFvmuS6Y5q3kvF/7xOpL3LXsJEGGkqyOwjL+JIBygtBQ2YpETz2BBMJDO7IjLCEhNtqiuYEpz5kxdJ87TiVCvnt2elWjWrIw8HcARlcOACanADdWgAgQd4ghd4tR6tZ+vNep9Fc1Y2sw9/YH18A7N1mS8=</latexit>

y(tn) = yn Find:
<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t))
<latexit sha1_base64="YgGocCZBBV02NcLMfKHw9IieBdI=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiVQklEq8uCG5cV7AOaEibTSTt0MgkzEzGEfIQbf8WNC0XcunDn3zhps6itBy4czrmXe+/xIkalsqwfY2V1bX1js7RV3t7Z3ds3Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN7nffSBC0pDfqyQigwCNOPUpRkpLrlmDToDU2PPTJHNTXrMz6KAoEuHjnFFVLq+Nz1yzYtWtKeAysQtSAQVarvntDEMcB4QrzJCUfduK1CBFQlHMSFZ2YkkihCdoRPqachQQOUinT2XwVCtD6IdCF1dwqs5PpCiQMgk83ZkfKhe9XPzP68fKvx6klEexIhzPFvkxgyqEeUJwSAXBiiWaICyovhXiMRIIK51jWYdgL768TDrndbtRv7y7qDQbRRwlcAxOQBXY4Ao0wS1ogTbA4Am8gDfwbjwbr8aH8TlrXTGKmSPwB8bXL35nnnE=</latexit>

yn+1 ⇡ y(tn + h)

Runge-Kutta Methods: 4th order



Runge-Kutta Methods: Sanity checks

<latexit sha1_base64="1RMT6jcp3jMwp3+b0Im39BYK5wg=">AAACMHicbZDLSgMxFIYz3q23qks3wSK4scxIsd0IgpsuK1hb6JSSyWTaYJIZkjNCGedRfAlfwa3udSW69ClMaxe9eCDw8//ncE6+IBHcgOt+OEvLK6tr6xubha3tnd294v7BnYlTTVmTxiLW7YAYJrhiTeAgWDvRjMhAsFZwfz3KWw9MGx6rWxgmrCtJX/GIUwLW6hWrfqQJzcI8CyF/9BPDfU1UXzB8ic8yX0vMc+wPCOA6no57xZJbdseFF4U3ESU0qUav+O2HMU0lU0AFMabjuQl0M6KBU8Hygp8alhB6T/qsY6UikpluNv5gjk+sE+Io1vYpwGN3eiIj0pihDGynJDAw89nI/C/rpBDVuhlXSQpM0b9FUSowxHhEC4dcMwpiaAWhmttbMR0QSwws05ktgcwLFoo3j2BR3J2XvYty5aZSuqpN8GygI3SMTpGHqugK1VEDNRFFT+gFvaI359l5dz6dr7/WJWcyc4hmyvn5BahSqjM=</latexit>

d

dt
| i = �iĤ| i

<latexit sha1_base64="ZtpSyz5n51I3ICsgRJtmXq5D4G8="></latexit>

| 0i =
✓

1
0

◆ <latexit sha1_base64="3jiwFe7psBdrl89vDAGSlFA0llQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMplO2iGTSZi5EUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTwTX6Djf1tr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHDu9zvPDGleSwfcZIwLyIjyQNOCRqp0w8ZZqPpoFJ1as4M9ipxC1KFAs1B5ac/jGkaMYlUEK17rpOglxGFnAo2LfdTzRJCQzJiPUMliZj2stm5U/vcKEM7iJUpifZM/TuRkUjrSeSbzojgWC97ufif10sxuPUyLpMUmaTzRUEqbIzt/Hd7yBWjKCaGEKq4udWmY6IIRZPQwhZfEZNMnou7nMIqaV/W3Hrt+uGq2qgXCZXgFM7gAly4gQbcQxNaQCGEF3iFN+vZerc+rM9565pVzJzAAqyvX10cmBU=</latexit>

|gi
<latexit sha1_base64="+s8JrloneEZwIsamHsSDfJCmq6g=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJaXRbcuKxgH9CGMpnetEMmkzAzEUroyi9wq1/gTtz6JX6A/+GkzcK2HrhwOOde7r3HTzhT2nG+rbX1jc2t7dJOeXdv/+CwcnTcVnEqKbZozGPZ9YlCzgS2NNMcu4lEEvkcO354l/udJ5SKxeJRTxL0IjISLGCUaCN1+iHqDKeDStWpOTPYq8QtSBUKNAeVn/4wpmmEQlNOlOq5TqK9jEjNKMdpuZ8qTAgNyQh7hgoSofKy2blT+9woQzuIpSmh7Zn6dyIjkVKTyDedEdFjtezl4n9eL9XBrZcxkaQaBZ0vClJu69jOf7eHTCLVfGIIoZKZW206JpJQbRJa2OJLYpLJc3GXU1gl7cuaW69dP1xVG/UioRKcwhlcgAs30IB7aEILKITwAq/wZj1b79aH9TlvXbOKmRNYgPX1C1nsmBM=</latexit>

|ei

<latexit sha1_base64="8b/83ko51Q26fUev/E6ZPI0pWec=">AAACKXicbVDLSgMxFM3UVx1foy7dBIviqsyIVjdCxU13VrAP6JSSSW/b0ExmSDJiGfo9LvwWF9342vojpg9EWw8ETs65l3vvCWLOlHbdDyuztLyyupZdtzc2t7Z3nN29qooSSaFCIx7JekAUcCagopnmUI8lkDDgUAv6N2O/9gBSsUjc60EMzZB0BeswSrSRWs613yMal/AVtv0AukykcUi0ZI9D28XH2L8NoUt8354So7jjD4j2T13Lybl5dwK8SLwZyaEZyi1n5LcjmoQgNOVEqYbnxrqZEqkZ5TC0/URBTGifdKFhqCAhqGY6OXWIj4zSxp1Imic0nqi/O1ISKjUIA1Np9uupeW8s/uc1Et25bKZMxIkGQaeDOgnHOsLj3HCbSaCaDwwhVDKzK6Y9IgnVJl2TgTd/8SKpnua9Qv787ixXLMzSyKIDdIhOkIcuUBGVUBlVEEVP6AW9ojfr2RpZ79bntDRjzXr20R9YX9/tR6Td</latexit>

Ĥ =

✓
0 ⌦

⌦ 0

◆
… very simple example (Rabi oscillations)

<latexit sha1_base64="qSBRe3bWXiIzRe217XK78Ls2aOY=">AAACInicbVDLSgNBEJz1/Tbq0ctgUOLBsCu+jgE9eDOCUSEbQ++kE4fMzq4zvUII+QM/wy/wql/gTTwJXv0PJzEHXwUNRVU33V1RqqQl33/zRkbHxicmp6ZnZufmFxZzS8vnNsmMwIpIVGIuI7CopMYKSVJ4mRqEOFJ4EbUP+/7FLRorE31GnRRrMbS0bEoB5KR6biM8QkXAQ7zJ5C3XdSzQJt/ioZX6artA4UmMLdis5/J+0R+A/yXBkOTZEOV67iNsJCKLUZNQYG018FOqdcGQFAp7M2FmMQXRhhZWHdUQo611B//0+LpTGryZGFea+ED9PtGF2NpOHLnOGOja/vb64n9eNaPmQa0rdZoRavG1qJkpTgnvh8Mb0qAg1XEEhJHuVi6uwYAgF+GPLZGBNlLP5RL8TuEvOd8uBnvF3dOdfGlvmNAUW2VrrMACts9K7JiVWYUJdsce2CN78u69Z+/Fe/1qHfGGMyvsB7z3T6n2oy0=</latexit>

� ⌘ ne(t) � sin2(t⌦)

Error at time fixed time, compare methods:

<latexit sha1_base64="n5kIaxJ9OjoHFN6w41BppDIn32Y=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpWt0IBTfurGAf0IQymU7aoTOTMDMRSghu/BU3LhRx61e482+ctllo64ELh3Pu5d57gphRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD3x2w9EKhqJez2Oic/RQNCQYqSN1LMPtHfLyQDBK3gKvVAinHoxzdJq1rPLTsWZAi4SNydlkKPRs7+8foQTToTGDCnVdZ1Y+ymSmmJGspKXKBIjPEID0jVUIE6Un05fyOCxUfowjKQpoeFU/T2RIq7UmAemkyM9VPPeRPzP6yY6vPRTKuJEE4Fni8KEQR3BSR6wTyXBmo0NQVhScyvEQ2Ry0Ca1kgnBnX95kbSqFbdWOb87K9dreRxFcAiOwAlwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD+3ilns=</latexit>

t⌦ = 3
⇡

2

<latexit sha1_base64="RtWYvxUcXppOgXqBeXhbK2cByYU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi1WXBjcsK9gHTsWTSTBuaSUJyRyiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEWnALvv/tFdbWNza3itulnd29/YPy4VHLqsxQ1qRKKNOJiWWCS9YEDoJ1tGEkjQVrx6Pbmd9+YsZyJR9grFmUkoHkCacEnBR2tVEaFB4+Br1yxa/6c+BVEuSkgnI0euWvbl/RLGUSqCDWhoGvIZoQA5wKNi11M8s0oSMyYKGjkqTMRpP5yVN85pQ+TpRxTwKeq783JiS1dpzGbjIlMLTL3kz8zwszSG6iCZc6Aybp4qMkE9iFnOXHfW4YBTF2hFDD3a2YDokhFFxLJVdCsBx5lbQuqkGtenV/WanX8jqK6ASdonMUoGtUR3eogZqIIoWe0St688B78d69j8Vowct3jtEfeJ8/6tOQ/Q==</latexit>

/ h
1

<latexit sha1_base64="F69LIJ5xt+4XJoaS7hgeP1i7YmY=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRkf1WXBjcsK9gHtWDJppg3NJCHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59xL7jmR4sxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTyFQT2iCSS92OsKGcCdqwzHLaVpriJOK0FY1up37riWrDpHiwY0XDBA8EixnB1kmdrtJSWYmGjxe9Utmv+DOgZRLkpAw56r3SV7cvSZpQYQnHxnQCX9kww9oywumk2E0NVZiM8IB2HBU4oSbMZidP0KlT+iiW2j1h0Uz9vZHhxJhxErnJBNuhWfSm4n9eJ7XxTZgxoVJLBZl/FKccuZDT/KjPNCWWjx3BRDN3KyJDrDGxrqWiKyFYjLxMmueVoFq5ur8s16p5HQU4hhM4gwCuoQZ3UIcGEJDwDK/w5lnvxXv3PuajK16+cwR/4H3+AO3bkP8=</latexit>

/ h
3

<latexit sha1_base64="V/hCyuQ8G6vCNF1Tu0YdPlFydcU=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmx1WXBjcsK9gHtWDJppg3NJCHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59xL7jmR4sxY3//21tY3Nre2CzvF3b39g8PS0XHLyFQT2iSSS92JsKGcCdq0zHLaUZriJOK0HY1vZ377iWrDpHiwE0XDBA8FixnB1kndntJSWYlGj9V+qexX/DnQKglyUoYcjX7pqzeQJE2osIRjY7qBr2yYYW0Z4XRa7KWGKkzGeEi7jgqcUBNm85On6NwpAxRL7Z6waK7+3shwYswkidxkgu3ILHsz8T+vm9r4JsyYUKmlgiw+ilOOXMhZfjRgmhLLJ45gopm7FZER1phY11LRlRAsR14lrctKUKtU76/K9VpeRwFO4QwuIIBrqMMdNKAJBCQ8wyu8edZ78d69j8XompfvnMAfeJ8/8OORAQ==</latexit>

/ h
5

why not?
<latexit sha1_base64="pwQqtsfrVm9MtLRM4XAUQMPA7gQ=">AAAB8nicbVBNTwIxFHyLX4hfqEcvjcTEE9klih5JvHjERJBkWUm3dKGh2zZt14QQfoYXDxrj1V/jzX9jgT0oOEmTycx76ZuJFWfG+v63V1hb39jcKm6Xdnb39g/Kh0dtIzNNaItILnUnxoZyJmjLMstpR2mK05jTh3h0M/Mfnqg2TIp7O1Y0SvFAsIQRbJ0UdpWWyko0fKz1yhW/6s+BVkmQkwrkaPbKX92+JFlKhSUcGxMGvrLRBGvLCKfTUjczVGEywgMaOipwSk00mZ88RWdO6aNEaveERXP198YEp8aM09hNptgOzbI3E//zwswm19GECZVZKsjioyTjyIWc5Ud9pimxfOwIJpq5WxEZYo2JdS2VXAnBcuRV0q5Vg3r18u6i0qjndRThBE7hHAK4ggbcQhNaQEDCM7zCm2e9F+/d+1iMFrx85xj+wPv8AexXkP4=</latexit>

/ h
2

<latexit sha1_base64="Fvn7UyuPO4/A4iRaXX2VNxVxdN4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqxuh4MadFewDmlgm00k7dGYSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77wliRpV2nG9rZXVtfWOzsFXc3tnd27cPDtsqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOPrqd95JFLRSNzrNCY+R0NBQ4qRNlLfLnmKiodaRXu3nAzRKbyCbt8uO1VnBrhM3JyUQY5m3/7yBhFOOBEaM6RUz3Vi7WdIaooZmRS9RJEY4TEakp6hAnGi/Gx2/ASeGGUAw0iaEhrO1N8TGeJKpTwwnRzpkVr0puJ/Xi/R4aWfUREnmgg8XxQmDOoITpOAAyoJ1iw1BGFJza0Qj5BEWJu8iiYEd/HlZdKuVd169fzurNyo53EUwBE4BhXgggvQADegCVoAgxQ8g1fwZj1ZL9a79TFvXbHymRL4A+vzB3ryk1U=</latexit>

sin2(t⌦) = 1



This time

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Part 1:  Mean-field approach to spin-models

Part 2: Runge-Kutta (RK) time-evolution methods: 

A swiss army knife

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)

<latexit sha1_base64="sMKjkMYhVA7mAs9zq5DFX416+KY="></latexit>

|ω→ ↑ |ε1→ ↓ |ε2→ ↓ · · · ↓ |εN →

<latexit sha1_base64="ct1885Jm2XA2QK1ujWl7R00xl3c=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRLx0WXBTZcV7APSUCbTSTt0HmFmIpSQnb/gVvfuxK0/4tYvcdJmYVsPDBzOuZd75oQxo9q47rdT2tjc2t4p71b29g8Oj6rHJ10tE4VJB0smVT9EmjAqSMdQw0g/VgTxkJFeOL3P/d4TUZpK8WhmMQk4GgsaUYyMlfwBR2aCEUtb2bBac+vuHHCdeAWpgQLtYfVnMJI44UQYzJDWvufGJkiRMhQzklUGiSYxwlM0Jr6lAnGig3QeOYMXVhnBSCr7hIFz9e9GirjWMx7ayTyiXvVy8T/PT0zUCFIq4sQQgReHooRBI2H+fziiimDDZpYgrKjNCvEEKYSNbWnpSsizii3FW61gnXSv6t5t/ebhutZsFPWUwRk4B5fAA3egCVqgDToAAwlewCt4c56dd+fD+VyMlpxi5xQswfn6Ben7mAQ=</latexit>

H

Tutorial: A mean-field simulation of the transverse Ising model



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i � j|↵

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

Initial state: 

<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6lk/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

ẏ(t) = f(t,y(t)) ?

<latexit sha1_base64="kzKIiK+xLz5su53B4m7lMeTDCg0=">AAACT3icbZDLSgMxFIYz9dbWW9Wlm2ARXJUZkSqIUHDjsoK9QFuGTJppQzOZITljKcM8jE/j1i59EleKaTuL3g4Evvz/OSTn9yLBNdj2t5Xb2d3bP8gXiodHxyenpbPzpg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1v9DzzW+9MaR7KN5hErBeQgeQ+pwSM5JYeuyMGSTfS3LVT/IQX1344lkSpcIxXEfSSkLqlsl2x54U3wcmgjLKqu6VfM03jgEmggmjdcewIeglRwKlgabEbaxYROiID1jEoScB0L5kvmeJro/SxHypzJOC5ujyRkEDrSeCZzoDAUK97M3Gr5ylilt5mdWLwH3oJl1EMTNLFH/xYYAjxLEzc54pREBMDhCpu1sB0SBShYCJffSRIiyYvZz2dTWjeVpxqpfp6V65Vs+Ty6BJdoRvkoHtUQy+ojhqIog/0ib7Q1JpaP9ZfLmvNWRlcoJXKFf4BLVC1qw==</latexit>

| 0i = |## . . . #i Observable: spin-z magnetization
<latexit sha1_base64="TLcyJcImTSZPVRni/cDcfdC/zqw="></latexit>

mz =
X

i

h�̂z
i i

Tutorial: A mean-field simulation for the transverse Ising model



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i � j|↵

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

Initial state: 
<latexit sha1_base64="kzKIiK+xLz5su53B4m7lMeTDCg0=">AAACT3icbZDLSgMxFIYz9dbWW9Wlm2ARXJUZkSqIUHDjsoK9QFuGTJppQzOZITljKcM8jE/j1i59EleKaTuL3g4Evvz/OSTn9yLBNdj2t5Xb2d3bP8gXiodHxyenpbPzpg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1v9DzzW+9MaR7KN5hErBeQgeQ+pwSM5JYeuyMGSTfS3LVT/IQX1344lkSpcIxXEfSSkLqlsl2x54U3wcmgjLKqu6VfM03jgEmggmjdcewIeglRwKlgabEbaxYROiID1jEoScB0L5kvmeJro/SxHypzJOC5ujyRkEDrSeCZzoDAUK97M3Gr5ylilt5mdWLwH3oJl1EMTNLFH/xYYAjxLEzc54pREBMDhCpu1sB0SBShYCJffSRIiyYvZz2dTWjeVpxqpfp6V65Vs+Ty6BJdoRvkoHtUQy+ojhqIog/0ib7Q1JpaP9ZfLmvNWRlcoJXKFf4BLVC1qw==</latexit>

| 0i = |## . . . #i

<latexit sha1_base64="dSjAH+RO0Pk6ElYG5aHcRMCMIkQ="></latexit>
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<latexit sha1_base64="fTcQIVTTENBassip/6VsL8CCQqQ="></latexit>

y(t = 0) =
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Tutorial: A mean-field simulation for the transverse Ising model



<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Field, following from matrix 

multiplication

Tutorial: A mean-field simulation for the transverse Ising model

@views for pointer arithmetics



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i � j|↵

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

<latexit sha1_base64="zAVF5m+EdWDjCBSzOTw3Jm4cRSI="></latexit>

d

dt
xm = �ym

�
2

X

j

V zz
mjzj

�

<latexit sha1_base64="jA9fMB42t5X5Vd7Vq6zv+UiLVkc="></latexit>

d

dt
ym = xm

�

2
X

j

V zz
mjzj

�

� 2zmhx

<latexit sha1_base64="mv6IhRIVOJXfPzKCeKRUnOTWBeI=">AAACK3icbZDLSsNAFIYnXmu9VV0KMlgUVyUpUt0IBTcuK9gLtCVMJpN26EwSZk7EGrLzaQRX+iauFLe+gmunl4VtPTDw8Z//cM78Xiy4Btv+sJaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplkc0EzxkdeAgWCtWjEhPsKY3uB71m/dMaR6FdzCMWVeSXsgDTgkYyS0cdQJFaOpnqQ8ZfnQlzp9e4TIeGuq7D26haJfsceFFcKZQRNOquYWfjh/RRLIQqCBatx07hm5KFHAqWJbvJJrFhA5Ij7UNhkQy3U3H/8jwiVF8HETKvBDwWP07kRKp9VB6xikJ9PVMz1NkwCCb94+M//nbCQSX3ZSHcQIspJPlQSIwRHgUFPa5YhTE0AChipv7Me0TExaYOGc3yyxvgnLmY1mERrnkVEqV2/NitTKNLIcO0TE6Qw66QFV0g2qojih6Qs/oFb1ZL9a79Wl9TaxL1nTmAM2U9f0LLcynEQ==</latexit>

d
dt

zm = 2ymhx

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Tutorial: A mean-field simulation for the transverse Ising model



1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Tutorial: A mean-field simulation for the transverse Ising model



Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i � j|↵

1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Initial state: 
<latexit sha1_base64="kzKIiK+xLz5su53B4m7lMeTDCg0=">AAACT3icbZDLSgMxFIYz9dbWW9Wlm2ARXJUZkSqIUHDjsoK9QFuGTJppQzOZITljKcM8jE/j1i59EleKaTuL3g4Evvz/OSTn9yLBNdj2t5Xb2d3bP8gXiodHxyenpbPzpg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1v9DzzW+9MaR7KN5hErBeQgeQ+pwSM5JYeuyMGSTfS3LVT/IQX1344lkSpcIxXEfSSkLqlsl2x54U3wcmgjLKqu6VfM03jgEmggmjdcewIeglRwKlgabEbaxYROiID1jEoScB0L5kvmeJro/SxHypzJOC5ujyRkEDrSeCZzoDAUK97M3Gr5ylilt5mdWLwH3oJl1EMTNLFH/xYYAjxLEzc54pREBMDhCpu1sB0SBShYCJffSRIiyYvZz2dTWjeVpxqpfp6V65Vs+Ty6BJdoRvkoHtUQy+ojhqIog/0ib7Q1JpaP9ZfLmvNWRlcoJXKFf4BLVC1qw==</latexit>

| 0i = |## . . . #i Observable: spin-z magnetization
<latexit sha1_base64="TLcyJcImTSZPVRni/cDcfdC/zqw="></latexit>

mz =
X

i

h�̂z
i i

Tutorial: A mean-field simulation for the transverse Ising model



1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Play with field, analogy of optical Bloch 

equations (rest of system acts as bath) 

… weakly “driven system” more interesting.

Tutorial: A mean-field simulation for the transverse Ising model



1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Play with field, low fields -> MF exact!

<latexit sha1_base64="Dc6sHA7sHWpgol9ppbW59o7p1wg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCwmJj+qmUHAjrirYB7QhTKaTZuhkEmYmYg3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HTxiVyra/jcLC4tLySnG1tLa+sbllbu80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrsZ+654ISWN+p4YJcSPU5zSgGCkteeZeF7EkRNXTYxh6D7AKbev8xjPLtmVPAOeJk5MyyFH3zK9uL8ZpRLjCDEnZcexEuRkSimJGRqVuKkmC8AD1SUdTjiIi3Wxy/QgeaqUHg1jo4gpO1N8TGYqkHEa+7oyQCuWsNxb/8zqpCi7djPIkVYTj6aIgZVDFcBwF7FFBsGJDTRAWVN8KcYgEwkoHVtIhOLMvz5PmieVUrMrtWblWyeMogn1wAI6AAy5ADVyDOmgADB7BM3gFb8aT8WK8Gx/T1oKRz+yCPzA+fwBORJMp</latexit>

↵ = 3, hx = 0.5J

Tutorial: A mean-field simulation for the transverse Ising model



1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Play with field, low fields -> MF exact!

<latexit sha1_base64="bcj7a0Kgh2tgDKb5tPHoMHX4bXg=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4kGFGJXoJBLyIpwhmgWQYejo9mSY9C909YhyCv+LFgyJe/Q9v/o2d5aCJDwoe71VRVc9POZPKtr+NhcWl5ZXVwlpxfWNza9vc2W3IJBOE1knCE9HysaScxbSumOK0lQqKI5/Tpt+/GvnNeyokS+I7NUipG+FezAJGsNKSZ+53ME9DXDk7QaH3gCrItpwbzyzZlj0GmifOlJRgippnfnW6CckiGivCsZRtx06Vm2OhGOF0WOxkkqaY9HGPtjWNcUSlm4+vH6IjrXRRkAhdsUJj9fdEjiMpB5GvOyOsQjnrjcT/vHamgks3Z3GaKRqTyaIg40glaBQF6jJBieIDTTARTN+KSIgFJkoHVtQhOLMvz5PGqeWUrfLtealansZRgAM4hGNw4AKqcA01qAOBR3iGV3gznowX4934mLQuGNOZPfgD4/MHSDCTJQ==</latexit>

↵ = 3, hx = 0.1J

Why? Low excitation, interactions not very 

important!

Question: Other limit, where MF becomes 

good?

Tutorial: A mean-field simulation for the transverse Ising model



1. Design a state vector and construct a function for the RHS of the non-linear equation

2. Construct a function for a RK4 time-step 

3. Compute and plot observable dynamics

Question: Other limit, where MF becomes 

good?

Strong drive, of course, but also … alpha small!
<latexit sha1_base64="Gx0cOp0T6xi8Q081nUjld+DX1jE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkIiWt0UCm7EVQX7gDaEyXTSDJ1MwsxEDKH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1+wqhUtv1tlFZW19Y3ypuVre2d3T1z/6Aj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX98PfW7D0RIGvN7lSXEjdCI04BipLTkmdUBYkmIGrZ1cQpD7xE24K1n1mzLngEuE6cgNVCg5Zlfg2GM04hwhRmSsu/YiXJzJBTFjEwqg1SSBOExGpG+phxFRLr57PgJPNbKEAax0MUVnKm/J3IUSZlFvu6MkArlojcV//P6qQqu3JzyJFWE4/miIGVQxXCaBBxSQbBimSYIC6pvhThEAmGl86roEJzFl5dJ58xy6lb97rzWrBdxlMEhOAInwAGXoAluQAu0AQYZeAav4M14Ml6Md+Nj3loyipkq+APj8wfVP5Ls</latexit>

↵ = 0.5, hx = J

Tutorial: A mean-field simulation for the transverse Ising model



<latexit sha1_base64="Gx0cOp0T6xi8Q081nUjld+DX1jE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkIiWt0UCm7EVQX7gDaEyXTSDJ1MwsxEDKH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1+wqhUtv1tlFZW19Y3ypuVre2d3T1z/6Aj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX98PfW7D0RIGvN7lSXEjdCI04BipLTkmdUBYkmIGrZ1cQpD7xE24K1n1mzLngEuE6cgNVCg5Zlfg2GM04hwhRmSsu/YiXJzJBTFjEwqg1SSBOExGpG+phxFRLr57PgJPNbKEAax0MUVnKm/J3IUSZlFvu6MkArlojcV//P6qQqu3JzyJFWE4/miIGVQxXCaBBxSQbBimSYIC6pvhThEAmGl86roEJzFl5dJ58xy6lb97rzWrBdxlMEhOAInwAGXoAluQAu0AQYZeAav4M14Ml6Md+Nj3loyipkq+APj8wfVP5Ls</latexit>

↵ = 0.5, hx = J

Long-range transverse Ising model:
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo="></latexit>

ĤTI =

X

i<j

Ji,j �̂
z
i �̂

z
j + hx

X

i

�̂
x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXggag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i � j|↵

Initial state: 
<latexit sha1_base64="kzKIiK+xLz5su53B4m7lMeTDCg0=">AAACT3icbZDLSgMxFIYz9dbWW9Wlm2ARXJUZkSqIUHDjsoK9QFuGTJppQzOZITljKcM8jE/j1i59EleKaTuL3g4Evvz/OSTn9yLBNdj2t5Xb2d3bP8gXiodHxyenpbPzpg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1v9DzzW+9MaR7KN5hErBeQgeQ+pwSM5JYeuyMGSTfS3LVT/IQX1344lkSpcIxXEfSSkLqlsl2x54U3wcmgjLKqu6VfM03jgEmggmjdcewIeglRwKlgabEbaxYROiID1jEoScB0L5kvmeJro/SxHypzJOC5ujyRkEDrSeCZzoDAUK97M3Gr5ylilt5mdWLwH3oJl1EMTNLFH/xYYAjxLEzc54pREBMDhCpu1sB0SBShYCJffSRIiyYvZz2dTWjeVpxqpfp6V65Vs+Ty6BJdoRvkoHtUQy+ojhqIog/0ib7Q1JpaP9ZfLmvNWRlcoJXKFf4BLVC1qw==</latexit>

| 0i = |## . . . #i Observable: spin-z magnetization
<latexit sha1_base64="TLcyJcImTSZPVRni/cDcfdC/zqw="></latexit>

mz =
X

i

h�̂z
i i

Note: The mean-field approximation is quite good in low-excitation regimes, and for “high connectivity”? 

Well-known: Mean-field works good in higher dimension, worst-case: 1D with nearest-neighbor couplings

Tutorial: A mean-field simulation for the transverse Ising model



This time

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Part 1:  Mean-field approach to spin-models

Part 2: Runge-Kutta (RK) time-evolution methods: 

A swiss army knife

Tutorial: A mean-field implementation for the transverse Ising model

Part 3: Mean-field dynamics for bosonic systems (the Gross-Pitaevskii equation)

<latexit sha1_base64="sMKjkMYhVA7mAs9zq5DFX416+KY="></latexit>

|ω→ ↑ |ε1→ ↓ |ε2→ ↓ · · · ↓ |εN →

<latexit sha1_base64="ct1885Jm2XA2QK1ujWl7R00xl3c=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRLx0WXBTZcV7APSUCbTSTt0HmFmIpSQnb/gVvfuxK0/4tYvcdJmYVsPDBzOuZd75oQxo9q47rdT2tjc2t4p71b29g8Oj6rHJ10tE4VJB0smVT9EmjAqSMdQw0g/VgTxkJFeOL3P/d4TUZpK8WhmMQk4GgsaUYyMlfwBR2aCEUtb2bBac+vuHHCdeAWpgQLtYfVnMJI44UQYzJDWvufGJkiRMhQzklUGiSYxwlM0Jr6lAnGig3QeOYMXVhnBSCr7hIFz9e9GirjWMx7ayTyiXvVy8T/PT0zUCFIq4sQQgReHooRBI2H+fziiimDDZpYgrKjNCvEEKYSNbWnpSsizii3FW61gnXSv6t5t/ebhutZsFPWUwRk4B5fAA3egCVqgDToAAwlewCt4c56dd+fD+VyMlpxi5xQswfn6Ben7mAQ=</latexit>

H



One-pager: GP equation

<latexit sha1_base64="9vtmPdkULfs07VqwQSkjsHHmrKg=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRo8BLx4jmAckS5idzCZDZmaXmV4xLPkFr+ZrvIlXr36M4CTZg3kUNBRV3XR3BbHgBlz3x9nY3Nre2c3t5fcPDo+OCyenDRMlmrI6jUSkWwExTHDF6sBBsFasGZGBYM1g+DD1my9MGx6pZxjFzJekr3jIKYGp1Ci9XnULRbfszoBXiZeRIspQ6xZ+O72IJpIpoIIY0/bcGPyUaOBUsHG+kxgWEzokfda2VBHJjJ/Obh3jS6v0cBhpWwrwTP0/kRJpzEgGtlMSGJhlbyqu9QJNhgzWWe0Ewns/5SpOgCk6vyFMBIYITzPBPa4ZBTGyhFDN7RuYDogmFGxyi0vkOG/z8pbTWSWN67JXKd8+3RSrlSy5HDpHF6iEPHSHqugR1VAdUTRAb+gdTZyJ8+F8Ol/z1g0nmzlDC3C+/wA7pp9Z</latexit>

V (x)

<latexit sha1_base64="qyhFpfohTFHIIHtkSEL5hORv1wg=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMA9IljA76U2GzMwuM7NiWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUHMmTau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiaLQoBGPVDsgGjiT0DDMcGjHCogIOLSC0ePMb72A0iySz2Ycgy/IQLKQUWKsVH/tFUtu2Z0DrxMvIyWUodYr/nb7EU0ESEM50brjubHxU6IMoxwmhW6iISZ0RAbQsVQSAdpP54dO8JVV+jiMlC1p8Fz9P5ESofVYBLZTEDPUq95M3OgFiozAbLI6iQkf/JTJODEg6eKGMOHYRHgWCO4zBdTwsSWEKmbfwHRIFKHGxra8REwKNi9vNZ110rwpe5XyXf22VK1kyeXRBbpE18hD96iKnlANNRBFgN7QO5o6U+fD+XS+Fq05J5s5R0twvv8AsWKelA==</latexit>

x

<latexit sha1_base64="cbqWTjHIpPGpZVWee4rbVdd+w84=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHW84utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GdKhYg==</latexit>

�1(x)
<latexit sha1_base64="2qdyCOh70D63W+kZbxrZ5IZTfQ8=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoMQL2FXNHoMePEYwTwkWcLspJMMmZldZmbFsOQrvJqv8SZePfgxgpNkD+ZR0FBUddPdFUScaeO6P05mY3Nreye7m9vbPzg8yh+f1HUYKwo1GvJQNQOigTMJNcMMh2akgIiAQyMY3k/9xgsozUL5ZEYR+IL0JesxSoyVntvRgHXc4utlJ19wS+4MeJV4KSmgFNVO/rfdDWksQBrKidYtz42MnxBlGOUwzrVjDRGhQ9KHlqWSCNB+Mjt4jC+s0sW9UNmSBs/U/xMJEVqPRGA7BTEDvexNxbVeoMgQzDqrFZvenZ8wGcUGJJ3f0Is5NiGeBoO7TAE1fGQJoYrZNzAdEEWosfEtLhHjnM3LW05nldSvSl65dPN4XaiU0+Sy6AydoyLy0C2qoAdURTVEkUBv6B1NnInz4Xw6X/PWjJPOnKIFON9/GCChYQ==</latexit>

�0(x)

<latexit sha1_base64="8yH4ASy0tqIJrRGmJJVS+y9xGCo=">AAACG3icbVBNTwIxEO3iF+IX6tFLIzHBC9klih5JvHjERD4MbEi3FGhou5t21kg2/Aqv8mu8Ga8e/DEmFtiDAi+Z5OW9mczMCyLBDbjut5PZ2Nza3snu5vb2Dw6P8scnDRPGmrI6DUWoWwExTHDF6sBBsFakGZGBYM1gdDfzm89MGx6qRxhHzJdkoHifUwJWeupEQ94tF18uu/mCW3LnwKvES0kBpah18z+dXkhjyRRQQYxpe24EfkI0cCrYJNeJDYsIHZEBa1uqiGTGT+YHT/CFVXq4H2pbCvBc/TuREGnMWAa2UxIYmmVvJq71Ak1GDNZZ7Rj6t37CVRQDU3RxQz8WGEI8Cwb3uGYUxNgSQjW3b2A6JJpQsPH9XyInOZuXt5zOKmmUS16ldP1wVahW0uSy6AydoyLy0A2qontUQ3VEkUSv6A1Nnanz7nw4n4vWjJPOnKJ/cL5+ARuEoWM=</latexit>

�2(x)

Classical mean-field approximation for the quantum field:

Bosonic field operators for trapped states

Time-dependent Gross-Pitaevskii equation!

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Eugene P. Gross 

(1926-1991)

Lev Pitaevskii 

(1933-2022)

<latexit sha1_base64="UsI2J/RkXasuoKXgFY+amltHX0c=">AAACHHicbVBNSwMxEM3Wr1q/qh69BItQQcquaPVY8OKxgq3FdinZNNuGJtklmRVL6b/wan+NN/Eq+GME03YP9uPBwOO9GWbmBbHgBlz3x8msrW9sbmW3czu7e/sH+cOjuokSTVmNRiLSjYAYJrhiNeAgWCPWjMhAsKegfzfxn16YNjxSjzCImS9JV/GQUwJWem7FhhdfLzCct/MFt+ROgZeJl5ICSlFt539bnYgmkimgghjT9NwY/CHRwKlgo1wrMSwmtE+6rGmpIpIZfzi9eITPrNLBYaRtKcBT9f/EkEhjBjKwnZJAzyx6E3GlF2jSZ7DKaiYQ3vpDruIEmKKzG8JEYIjwJBnc4ZpREANLCNXcvoFpj2hCweY3v0SOcjYvbzGdZVK/LHnl0vXDVaFSTpPLohN0iorIQzeogu5RFdUQRQq9oXc0dsbOh/PpfM1aM046c4zm4Hz/AaU5oac=</latexit>

 (x, t)A non-linear equation for a classical field                describing a 

condensate of many particles

<latexit sha1_base64="uLEOzOMLztUcfVXqpY2RZdESqDY="></latexit>

 ̂x =
X

n

�n(x)ân = �0(x)â0 +
X

n>0

ân ⇡
p

N�0(x) ⌘  (x)

<latexit sha1_base64="uvButg9llFr5MARSPzun3wfdOJQ="></latexit>

Ĥ[1] =
p̂2

2m
+ V (x)<latexit sha1_base64="771/I6bGOm5taPV6duNMacBsMG4="></latexit>

d

dt
 ̂x = �i

⇣
Ĥ[1] + g ̂†

x ̂x

⌘
 ̂x

Almost all particles are in 

the lowest trapped state

This is equivalent to saying the many-body 

system remains in a product state:

<latexit sha1_base64="I4RzvwAW7PDJJXhyuwbWtAo7M94="></latexit>

�(x1, x2, . . . , xN ) =
NO

i=1

�0(xi)

Dilute bosonic gas (N particles) with contact interactions:

Bosonic field 

operator:

<latexit sha1_base64="2HhssVPyAFcl/uKpovqjez67vKs=">AAACFnicbVC7SgNBFJ2NrxhfUUubwSBYhV2RaBmwsYxiHrBZwuxkNhkyO7PM3FXCks8QrPRP7MTW1h+xdpJsYRIPXDicey7ncsJEcAOu++0U1tY3NreK26Wd3b39g/LhUcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYORzfTffuRacOVfIBxwoKYDCSPOCVgJb97zwdDIFqrp1654lbdGfAq8XJSQTkavfJPt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Qk+s0ofR0rbkYBn6t+LjMTGjOPQOmMCQ7OwCzUZMZgs+6fG//x+CtF1kHGZpMAknYdHqcCg8LQT3OeaURBjSwjV3P6P6ZBoQsE2t5gcT0q2KG+5llXSuqh6tWrt7rJSr+WVFdEJOkXnyENXqI5uUQM1EUUKPaNX9Oa8OO/Oh/M5txac/OYYLcD5+gUFXKB6</latexit>

)

(alternative derivation)



GP equation - Numerical considerations

For a continuous space, we need to introduce a discretization

<latexit sha1_base64="IB/+Jd2APDndcpdw8vgaUrPxdrc="></latexit>

p̂2

2m
 (x) = �

1

2m
@2 (x)
@x2 = �

1

2m
lim
a!0

 (x + a)� 2 (x) +  (x � h)
a2

Then the matrix of the kinetic energy is:

<latexit sha1_base64="Mhb8GQNUUmBwSiqoDRzcPZzuNeM="></latexit>

1
2ma

2

0

BBBBB@

�1 0 �1
�1 0 �1

. . . . . . . . .
�1 0 �1

�1 0 �1

1

CCCCCA
+ const. … acting on …

<latexit sha1_base64="7FFDZtHF0KR2YLqU3YoE4de/f7w="></latexit>0

BBBBB@

 1

 2

.

.

.

 M�1

 M

1

CCCCCA

<latexit sha1_base64="P8Xf27r+cS/X5n8bktgBd349WzU=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx48JGAekCxhdtKbDJmZXWZmhbDkC7yar/EmXv0AP0ZwkuzBPAoaiqpuuruCmDNtXPfHyW1t7+zu5fcLB4dHxyfF07OmjhJFoUEjHql2QDRwJqFhmOHQjhUQEXBoBaPHmd96BaVZJF/MOAZfkIFkIaPEWKn+3CuW3LI7B14nXkZKKEOtV/zt9iOaCJCGcqJ1x3Nj46dEGUY5TArdRENM6IgMoGOpJAK0n84PneArq/RxGClb0uC5+n8iJULrsQhspyBmqFe9mbjRCxQZgdlkdRITPvgpk3FiQNLFDWHCsYnwLBDcZwqo4WNLCFXMvoHpkChCjY1teYmYFGxe3mo666R5U/Yq5bv6balayZLLowt0ia6Rh+5RFT2hGmogigC9oXc0dabOh/PpfC1ac042c46W4Hz/AWdOnmg=</latexit>

L
<latexit sha1_base64="H71XKjMiUx7vwUGkIRVRovJbbL0=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM71CWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEshUHX/XFyW9s7u3v5/cLB4dHxSfH0rGmiRHNo8EhGuhUwA1IoaKBACa1YAwsDCS/B6HHmv7yCNiJSzziOwQ/ZQIm+4AytVHe7xZJbdueg68TLSIlkqHWLv51exJMQFHLJjGl7box+yjQKLmFS6CQGYsZHbABtSxULwfjp/NAJvbJKj/YjbUshnav/J1IWGjMOA9sZMhyaVW8mbvQCzUaAm6x2gv0HPxUqThAUX9zQTyTFiM4CoT2hgaMcW8K4FvYNyodMM442tuUl4aRg8/JW01knzZuyVynf1W9L1UqWXJ5ckEtyTTxyT6rkidRIg3AC5I28k6kzdT6cT+dr0ZpzsplzsgTn+w84Kp5M</latexit>

0 box-length
<latexit sha1_base64="kiwpDznUE4fGhfwAyYTDVFWrvNM=">AAACE3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM7NCWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEsuDau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiWLYYJGIVCugGgWX2DDcCGzFCmkYCHwJRo8z/+UVleaRfDbjGP2QDiTvc0aNleq0Wyy5ZXcOsk68jJQgQ61b/O30IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Oj90Qq6s0iP9SNmShszV/xMpDbUeh4HtDKkZ6lVvJm70AkVHaDZZ7cT0H/yUyzgxKNnihn4iiInILBDS4wqZEWNLKFPcvkHYkCrKjI1teUk4Kdi8vNV01knzpuxVynf121K1kiWXhwu4hGvw4B6q8AQ1aAADhDd4h6kzdT6cT+dr0ZpzsplzWILz/QeKqZ59</latexit>

a

grid spacing

<latexit sha1_base64="gpwIfgoi+gWuwj+2aLPd2ibfKvI=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL16EBMwDkiXMTnqTITOzy8ysEJZ8gVfzNd7Eqx/gxwhOkj2YR0FDUdVNd1cQc6aN6/44ua3tnd29/H7h4PDo+KR4etbUUaIoNGjEI9UOiAbOJDQMMxzasQIiAg6tYPQ481uvoDSL5IsZx+ALMpAsZJQYK9Wfe8WSW3bnwOvEy0gJZaj1ir/dfkQTAdJQTrTueG5s/JQowyiHSaGbaIgJHZEBdCyVRID20/mhE3xllT4OI2VLGjxX/0+kRGg9FoHtFMQM9ao3Ezd6gSIjMJusTmLCBz9lMk4MSLq4IUw4NhGeBYL7TAE1fGwJoYrZNzAdEkWosbEtLxGTgs3LW01nnTRvyl6lfFe/LVUrWXJ5dIEu0TXy0D2qoidUQw1EEaA39I6mztT5cD6dr0VrzslmztESnO8/aP2eaQ==</latexit>

M grid points

<latexit sha1_base64="XiicFcKRG2kVIlpi7syqfNnn9nY=">AAACI3icbZDLSsNAFIZP6q3WS6Mu3QwWwVVJRKsboeDGhUIFe4G2lMl00g6dScLMRCghT+LWPo07cePCRxGctlnYy4GBn/8/h3Pm8yLOlHacbyu3sbm1vZPfLeztHxwW7aPjhgpjSWidhDyULQ8ryllA65ppTluRpFh4nDa90f00b75SqVgYvOhxRLsCDwLmM4K1sXp2EaM71PElJsljmjylPbvklJ1ZoVXhZqIEWdV69m+nH5JY0EATjpVqu06kuwmWmhFO00InVjTCZIQHtG1kgAVV3WR2eIrOjdNHfijNCzSauf8nEiyUGgvPdAqsh2o5m5prM0/iEdXronas/dtuwoIo1jQg8xv8mCMdoikg1GeSEs3HRmAimfkGIkNsAGmDcXGJSAuGl7tMZ1U0LstupXz9fFWqVjJyeTiFM7gAF26gCg9QgzoQiOEN3mFiTawP69P6mrfmrGzmBBbK+vkDmJSkOA==</latexit>

a =

L
M

<latexit sha1_base64="J03KzF7TCkT7jvE7nxlZGqdzXYw=">AAACGXicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVo8FL16ECvYD2qVk09ltaJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0WhSWMeq05ANHAmoWmY4dBJFBARcGgHo/uZ334BpVksn804AV+QSLKQUWKs1H7EvSjCXr9ccavuHPg/8XJSQTka/fJPbxDTVIA0lBOtu56bGD8jyjDKYVLqpRoSQkckgq6lkgjQfjY/d4IvrDLAYaxsSYPn6t+JjAitxyKwnYKYoV71ZuJaL1BkBGad1U1NeOdnTCapAUkXN4QpxybGs1jwgCmgho8tIVQx+wamQ6IINTa85SViUrJ5eavp/Cetq6pXq948XVfqtTy5IjpD5+gSeegW1dEDaqAmomiEXtEbmjpT5935cD4XrQUnnzlFS3C+fgEBp6BA</latexit>

M � 1

Note: Kinetic energy is nearest-neighbor hopping on a grid with amplitude

<latexit sha1_base64="VCL4uZ8gPIW5Bn3LcYhRPu7PJVY=">AAACJ3icbZDLSgMxFIYzXmu9jXbpJlgEV2WmaHUjFNyIqwr2Au1YMmmmDU0yQ5IRhmGexa19GneiSx9EMG1nYS8HAj//fw7n5PMjRpV2nG9rY3Nre2e3sFfcPzg8OrZPTlsqjCUmTRyyUHZ8pAijgjQ11Yx0IkkQ9xlp++P7ad5+JVLRUDzrJCIeR0NBA4qRNlbfLj3CO9gLJMKpm6VVjl6qWd8uOxVnVnBVuLkog7waffu3NwhxzInQmCGluq4TaS9FUlPMSFbsxYpECI/RkHSNFIgT5aWz4zN4YZwBDEJpntBw5v6fSBFXKuG+6eRIj9RyNjXXZr5EY6LXRd1YB7deSkUUayLw/IYgZlCHcAoJDqgkWLPECIQlNd+AeIQMJG1QLi7hWdHwcpfprIpWteLWKtdPV+V6LSdXAGfgHFwCF9yAOngADdAEGCTgDbyDiTWxPqxP62veumHlMyWwUNbPHw3kpXE=</latexit>

J =
1

2ma2

Indeed, the physics in continuous space is identical to lattice physics
<latexit sha1_base64="D40Y4dnRsije3iFLRQmQZd2vrvY="></latexit>

Ĥ = �J
X

i

(|ii hi + 1| + |i + 1i hi|)

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)



Remark: Same physics on a real lattice:

J U

Bose-Hubbard model e.g. realized in optical lattices

<latexit sha1_base64="i88SnoLpgjhXtTCvNaDy3nItcs0="></latexit>

Ĥ = Ĥ0 +
g
2

Z
dx  ̂†

x
 ̂†
x
 ̂x ̂x

<latexit sha1_base64="u96wyf47MJM5KOOuPkVTkb7EyWI=">AAACI3icbVBNS8NAEN3Ur1o/GvXoJVgETyURrR4LXjx4qGA/oC1ls520S3eTsDtRSugv8Wp/jTfx4sGfIrhtc7C1DwYe780wM8+PBdfoul9WbmNza3snv1vY2z84LNpHxw0dJYpBnUUiUi2fahA8hDpyFNCKFVDpC2j6o7uZ33wGpXkUPuE4hq6kg5AHnFE0Us8udh4gQMUHQ6RKRS89u+SW3Tmc/8TLSIlkqPXsn04/YomEEJmgWrc9N8ZuShVyJmBS6CQaYspGdABtQ0MqQXfT+eET59wofSeIlKkQnbn6dyKlUuux9E2npDjUq95MXOv5io4A11ntBIPbbsrDOEEI2eKGIBEORs4sIKfPFTAUY0MoU9y84bAhVZShiXF5iZwUTF7eajr/SeOy7FXK149XpWolSy5PTskZuSAeuSFVck9qpE4YScgreSNTa2q9Wx/W56I1Z2UzJ2QJ1vcvAOWlCQ==</latexit>

,

free space (artificial grid)
<latexit sha1_base64="cwXlCY378mkCHFdiM0/EMVP4kfo=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAckS+idzCbDzswuM7NCWPIRXs3XeBOvnvwYwUmyB/MoaCiquunuChLOtHHdH6ewtb2zu1fcLx0cHh2flE/PWjpOFaFNEvNYdQLQlDNJm4YZTjuJoiACTttB9Djz269UaRbLFzNOqC9gKFnICBgrtQH3TIzdfrniVt058DrxclJBORr98m9vEJNUUGkIB627npsYPwNlGOF0UuqlmiZAIhjSrqUSBNV+Nj93gq+sMsBhrGxJg+fq/4kMhNZjEdhOAWakV72ZuNELFETUbLK6qQkf/IzJJDVUksUNYcqx/X4WCx4wRYnhY0uAKGbfwGQECoix4S0vEZOSzctbTWedtG6qXq1693xbqdfy5IroAl2ia+She1RHT6iBmoigCL2hdzR1ps6H8+l8LVoLTj5zjpbgfP8BRa6gaA==</latexit>

a ! 0

<latexit sha1_base64="kiwpDznUE4fGhfwAyYTDVFWrvNM=">AAACE3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BLx4TMDGQLGF20kmGzM4uM7NCWPIFXs3XeBOvfoAfIzhJ9mAeBQ1FVTfdXUEsuDau++PktrZ3dvfy+4WDw6Pjk+LpWVNHiWLYYJGIVCugGgWX2DDcCGzFCmkYCHwJRo8z/+UVleaRfDbjGP2QDiTvc0aNleq0Wyy5ZXcOsk68jJQgQ61b/O30IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Oj90Qq6s0iP9SNmShszV/xMpDbUeh4HtDKkZ6lVvJm70AkVHaDZZ7cT0H/yUyzgxKNnihn4iiInILBDS4wqZEWNLKFPcvkHYkCrKjI1teUk4Kdi8vNV01knzpuxVynf121K1kiWXhwu4hGvw4B6q8AQ1aAADhDd4h6kzdT6cT+dr0ZpzsplzWILz/QeKqZ59</latexit>

a

<latexit sha1_base64="ecJjVX61vmXiK9OqZLk/oVoCfZA="></latexit>

Ĥ = �J
X

i

(b̂ib̂†
i+1

+ b̂†
i b̂i+1) +

U
2

X

i

b̂†
i b̂†

i b̂ib̂i

Hilbert space size: N particles on M sites:

… in the mean-field approximation: State-vector size is only

<latexit sha1_base64="nXuPCKN6vGIOV+LX0Ik2v2iYgT0=">AAACGXicbZDLSgMxFIYz9VbrbdSlCKlFqIhlRrS6EQq6cGOpYC/QDiWTZtrQzIUkI5RhVj6GT+BWn8CduHXlA/geZtpZ2NYDIT//fw4n+eyAUSEN41vLLCwuLa9kV3Nr6xubW/r2TkP4Icekjn3m85aNBGHUI3VJJSOtgBPk2ow07eF1kjcfCRfU9x7kKCCWi/oedShGUlldff8GXsGOwxGOinfH1RPzKB8rldzVfNzVC0bJGBecF2YqCiCtWlf/6fR8HLrEk5ghIdqmEUgrQlxSzEic64SCBAgPUZ+0lfSQS4QVjb8Rw0Pl9KDjc3U8Ccfu34kIuUKMXFt1ukgOxGyWmP9l7VA6l1ZEvSCUxMOTRU7IoPRhwgT2KCdYspESCHOq3grxACkmUpGb2mJzNCQy4WLOUpgXjdOSWS6d358VKuWUUBbsgQNQBCa4ABVwC2qgDjB4Ai/gFbxpz9q79qF9TlozWjqzC6ZK+/oFEbad7g==</latexit>

D =
(M +N � 1)!

(M � 1)!N !

Examples:
<latexit sha1_base64="1i8PMX8ggBYULfDt1EjXCsmITlM=">AAACAHicbVDJSgNBEK2JW4xb1KOXxiB4CjOi0Usg4MWLEsEskAyhp9OTtOlZ6K4RwpCLX+BVv8CbePVP/AD/w85yMIkPCh7vVVFVz4ul0Gjb31ZmZXVtfSO7mdva3tndy+8f1HWUKMZrLJKRanpUcylCXkOBkjdjxWngSd7wBtdjv/HElRZR+IDDmLsB7YXCF4yikeq35buyU+rkC3bRnoAsE2dGCjBDtZP/aXcjlgQ8RCap1i3HjtFNqULBJB/l2onmMWUD2uMtQ0MacO2mk2tH5MQoXeJHylSIZKL+nUhpoPUw8ExnQLGvF72x+J/XStC/clMRxgnykE0X+YkkGJHx66QrFGcoh4ZQpoS5lbA+VZShCWhui6fogOPI5OIsprBM6mdFp1S8uD8vVEqzhLJwBMdwCg5cQgVuoAo1YPAIL/AKb9az9W59WJ/T1ow1mzmEOVhfv8wnlog=</latexit>

M = N = 16
<latexit sha1_base64="LiXHH2erKMXP5f5pQR7i70FYqWo=">AAACE3icbVBLTsMwFHT4lvILsGDBxqJCYlUlfEqXlWDBskj0IzWhclyntep8ZL8gqijH4ARs4QTsEFsOwAG4B26bBW0ZydJo5j3N83ix4Aos69tYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vB67LcemVQ8Cu9hFDM3IP2Q+5wS0FLXPLzBDoljGT3hc+wAD5jCtvVQ7Zolq2xNgBeJnZMSylHvmj9OL6JJwEKggijVsa0Y3JRI4FSwrOgkisWEDkmfdTQNiU5y08kHMnyilR72I6lfCHii/t1ISaDUKPD0ZEBgoOa9sfif10nAr7opD+MEWEinQX4iMER43AbucckoiJEmhEqub8V0QCShoDubSfEkGTLIdC/2fAuLpHlWtivly7uLUq2SN1RAR+gYnSIbXaEaukV11EAUZegFvaI349l4Nz6Mz+nokpHvHKAZGF+/bsKdSQ==</latexit>

D ⇡ 3⇥ 10
8 <latexit sha1_base64="jVYfVEHOYsMCGTdkTVljipoIpYc=">AAACEHicbVBLTgJBFOzxi/jDz85NR2LiwpAZI+iS6EKXmMgnYQjpad5Ah55Put8YcMIlPIFbPYE749YbeADv4QywELCSl1Sq3ku9lBNKodE0v42l5ZXVtfXMRnZza3tnN7e3X9NBpDhUeSAD1XCYBil8qKJACY1QAfMcCXWnf5P69UdQWgT+Aw5DaHms6wtXcIaJ1M4d2iwMVTCgRfvMRhhgfHs9aufyZsEcgy4Sa0ryZIpKO/djdwIeeeAjl0zrpmWG2IqZQsEljLJ2pCFkvM+60EyozzzQrXj8/YieJEqHuoFKxkc6Vv9exMzTeug5yabHsKfnvVT8z2tG6F61YuGHEYLPJ0FuJCkGNK2CdoQCjnKYEMaVSH6lvMcU45gUNpPiKNYHTHux5ltYJLXzglUqFO8v8uXStKEMOSLH5JRY5JKUyR2pkCrh5Im8kFfyZjwb78aH8TlZXTKmNwdkBsbXLw/MnT4=</latexit>

⇡ 5 GB
<latexit sha1_base64="KQ5xCjbqnDh6g1PUjkakLCrAlYA=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgQcKumOglEPDiRYlgHpgsYXYymwyZnV1meoWw5OoXeNUv8CZe/Q8/wP9wkuzBJBY0FFXddHd5keAabPvbyqysrq1vZDdzW9s7u3v5/YOGDmNFWZ2GIlQtj2gmuGR14CBYK1KMBJ5gTW94PfGbT0xpHsoHGEXMDUhfcp9TAkZ6vK04tn2G7yqlbr5gF+0p8DJxUlJAKWrd/E+nF9I4YBKoIFq3HTsCNyEKOBVsnOvEmkWEDkmftQ2VJGDaTaYXj/GJUXrYD5UpCXiq/p1ISKD1KPBMZ0BgoBe9ifif147Bv3ITLqMYmKSzRX4sMIR48j7uccUoiJEhhCpubsV0QBShYEKa2+IpMmQwNrk4iyksk8Z50SkXS/cXhWo5TSiLjtAxOkUOukRVdINqqI4okugFvaI369l6tz6sz1lrxkpnDtEcrK9fdhWXWw==</latexit>

M = 100, N = 5

<latexit sha1_base64="e9Tpeu2tWvKMoOWPF3E+mnV5v1A=">AAACEnicbVDLSsNAFJ34rPUVFdy4GSyCq5KI1i4LunBZwT6giWUynbRDJ5MwcyOW2L/wC9zqF7gTt/6AH+B/OH0sbOuBC4dz7uVcTpAIrsFxvq2l5ZXVtfXcRn5za3tn197br+s4VZTVaCxi1QyIZoJLVgMOgjUTxUgUCNYI+lcjv/HAlOaxvINBwvyIdCUPOSVgpLZ9eO2RJFHxI3axBzxiGrvOfbltF5yiMwZeJO6UFNAU1bb943VimkZMAhVE65brJOBnRAGngg3zXqpZQmifdFnLUElMkp+N/x/iE6N0cBgrMxLwWP17kZFI60EUmM2IQE/PeyPxP6+VQlj2My6TFJikk6AwFRhiPCoDd7hiFMTAEEIVN79i2iOKUDCVzaQEivQZDE0v7nwLi6R+VnRLxYvb80KlNG0oh47QMTpFLrpEFXSDqqiGKHpCL+gVvVnP1rv1YX1OVpes6c0BmoH19QsQeJ0d</latexit>

D ⇡ 1 ⇥ 108
<latexit sha1_base64="ODOSJ4HqdcgojLHhdWm7h9k0bZk=">AAACEnicbVBLSgNBFOzxG+MvKrhx0xgEFzLMiIkugy50GcF8IDOEns5L0qTnQ/cbSRhzC0/gVk/gTtx6AQ/gPZx8Fiax4EFR9R71KC+SQqNlfRtLyyura+uZjezm1vbObm5vv6rDWHGo8FCGqu4xDVIEUEGBEuqRAuZ7Empe72bk1x5BaREGDziIwPVZJxBtwRmmUjN36LAoUmGf2mbBOXMQ+pjcXg+bubxlWmPQRWJPSZ5MUW7mfpxWyGMfAuSSad2wrQjdhCkUXMIw68QaIsZ7rAONlAbMB+0m4/+H9CRVWrQdqnQCpGP170XCfK0Hvpdu+gy7et4bif95jRjbV24igihGCPgkqB1LiiEdlUFbQgFHOUgJ40qkv1LeZYpxTCubSfEU6wGOerHnW1gk1XPTLpqF+4t8qThtKEOOyDE5JTa5JCVyR8qkQjh5Ii/klbwZz8a78WF8TlaXjOnNAZmB8fUL/CCdsQ==</latexit>

⇡ 1.5 GB

<latexit sha1_base64="7FFDZtHF0KR2YLqU3YoE4de/f7w="></latexit>0

BBBBB@

 1

 2

.

.

.

 M�1

 M

1

CCCCCA

<latexit sha1_base64="uDUww3NZ8+bX/nmA504o9XpPDRw=">AAACB3icbVBLSgNBFOyJvxh/UZduGoPgKsyIRjdCQBeuJIL5QDKEnp43SZOej91vhDDkAJ7ArZ7Anbj1GB7Ae9j5LEy04EFR9R71KC+RQqNtf1m5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcDX2m4+gtIijexwm4IasF4lAcIZGcjsopA/Z9Yhe0ttusWSX7QnoX+LMSInMUOsWvzt+zNMQIuSSad127ATdjCkUXMKo0Ek1JIwPWA/ahkYsBO1mk6dH9MgoPg1iZSZCOlF/X2Qs1HoYemYzZNjXi95Y/M9rpxhcuJmIkhQh4tOgIJUUYzpugPpCAUc5NIRxJcyvlPeZYhxNT3MpnmIDwJHpxVls4S9pnJSdSvns7rRUrcwaypMDckiOiUPOSZXckBqpE04eyDN5Ia/Wk/VmvVsf09WcNbvZJ3OwPn8Ao8CZxw==</latexit>

D̃ = N

We can treat huge systems!

… but we pay a price: I. We made a strong approximation, II. The equations are now non-linear

<latexit sha1_base64="2aUJskO25yjjcBhNl0+oPJnOi0g=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOhFCHjxokQwD0xCmJ1MkiGzs8tMrxBCrn6BV/0Cb+LV//AD/A8nyR5MYsEMRVU33V1+JIVB1/12Uiura+sb6c3M1vbO7l52/6BqwlgzXmGhDHXdp4ZLoXgFBUpejzSngS95zR9cT/zaE9dGhOoBhxFvBbSnRFcwilZ6vL0quGfkzv7tbM7Nu1OQZeIlJAcJyu3sT7MTsjjgCpmkxjQ8N8LWiGoUTPJxphkbHlE2oD3esFTRgJvWaLrxmJxYpUO6obZPIZmqfztGNDBmGPi2MqDYN4veRPzPa8TYvWyNhIpi5IrNBnVjSTAkk/NJR2jOUA4toUwLuythfaopQxvS3BRf0wHHsc3FW0xhmVQLea+YL96f50rFJKE0HMExnIIHF1CCGyhDBRgoeIFXeHOenXfnw/mclaacpOcQ5uB8/QJzWZda</latexit>

M = 20, N = 20
<latexit sha1_base64="siIC6tHQxhQWd+aHgFe6khZhJZE=">AAACFXicbVDLSsNAFJ3UV62vqCtxM1gEVyURaV0WdOGygn1AE8tkOmmHTh7M3IglFD/DL3CrX+BO3Lr2A/wPJ20WtvXAwOGcezl3jhcLrsCyvo3Cyura+kZxs7S1vbO7Z+4ftFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2RleZ335gUvEovINxzNyADELuc0pASz3z6NohcSyjR1zDDvCAKWxb96ltTXpm2apYU+BlYuekjHI0euaP049oErAQqCBKdW0rBjclEjgVbFJyEsViQkdkwLqahkSHuen0CxN8qpU+9iOpXwh4qv7dSEmg1Djw9GRAYKgWvUz8z+sm4F+6KQ/jBFhIZ0F+IjBEOOsD97lkFMRYE0Il17diOiSSUNCtzaV4kowYZL3Yiy0sk9Z5xa5WqrcX5Xo1b6iIjtEJOkM2qqE6ukEN1EQUPaEX9IrejGfj3fgwPmejBSPfOURzML5+AW0knmM=</latexit>

D ⇡ 7 ⇥ 1010
<latexit sha1_base64="LZM+e9Xv6r+APuRpHwWPSI3yyC0=">AAACEnicbVDLSgMxFM3UV62vUcGNm2ARXEiZUakuiy50WcE+oDOWTJq2oZlMSDJiGfsXfoFb/QJ34tYf8AP8DzPtLGzrgQuHc+7lXE4gGFXacb6t3MLi0vJKfrWwtr6xuWVv79RVFEtMajhikWwGSBFGOalpqhlpCklQGDDSCAZXqd94IFLRiN/poSB+iHqcdilG2khte89DQsjoEbrO/al3nHgyhNeXo7ZddErOGHCeuBkpggzVtv3jdSIch4RrzJBSLdcR2k+Q1BQzMip4sSIC4QHqkZahHIVE+cn4/xE8NEoHdiNphms4Vv9eJChUahgGZjNEuq9mvVT8z2vFunvhJ5SLWBOOJ0HdmEEdwbQM2KGSYM2GhiAsqfkV4j6SCGtT2VRKINGA6LQXd7aFeVI/KbnlUvn2rFgpZw3lwT44AEfABeegAm5AFdQABk/gBbyCN+vZerc+rM/Jas7KbnbBFKyvX1Y7nUo=</latexit>

⇡ 10
3
GB

GP equation - Numerical considerations



Runge-Kutta Methods: 4th order applied to GP

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

function f … applies the whole 

RHS of the GP equation

<latexit sha1_base64="9KlFSqgI9uUmBtP/XxfsxS9Vhbk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLzlGMA9IljA76SRDZmeXmV4hLLn5BV71C7yJV3/ED/A/nCR7MIkFDUVVN91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWB8P/NbT6CNiNQjTmLwQzZUYiA4Qyu1uyOGtNbzesWSW3bnoOvEy0iJZKj3ij/dfsSTEBRyyYzpeG6Mfso0Ci5hWugmBmLGx2wIHUsVC8H46fzeKb2wSp8OIm1LIZ2rfydSFhozCQPbGTIcmVVvJv7ndRIc3PmpUHGCoPhi0SCRFCM6e572hQaOcmIJ41rYWykfMc042oiWtgSajQGnNhdvNYV10rwqe5XyzcN1qVrJEsqTM3JOLolHbkmV1EidNAgnkryQV/LmPDvvzofzuWjNOdnMKVmC8/UL1JqXsQ==</latexit>

Ĥ1



<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

Initial trap:
<latexit sha1_base64="o/l75353takWoWGOx8NS+jSKOfQ=">AAACN3icbVDLSgMxFM3UV62vqks3wSK4cZgptroRCm5cVrAPaKclk6ZtaOZBckcow3yAX+PWfoord+LWDxBM2xHs40Dg3HPu5eYeNxRcgWW9G5mNza3tnexubm//4PAof3xSV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U/9xjOTigf+E4xD5nhk4PM+pwS01M0X6l2O77BtFnEbuMcUtq1OfFVK/kreKeouy7RmwKvETkkBpah28z/tXkAjj/lABVGqZVshODGRwKlgSa4dKRYSOiID1tLUJ3qRE8+OSfCFVnq4H0j9fMAz9f9ETDylxp6rOz0CQ7XsTcW1nivJiME6qxVB/9aJuR9GwHw6/0M/EhgCPA0N97hkFMRYE0Il12dgOiSSUNDRLi7xkpzOy15OZ5XUi6ZdNkuP14VKOU0ui87QObpENrpBFfSAqqiGKHpBr+gNTYyJ8WF8Gl/z1oyRzpyiBRjfvxSoqls=</latexit>

Vi = 1.2 ⇥ 10
�5 ⇥ i2

<latexit sha1_base64="LliAuyqdRdKZCsaf4i7El+y0zDg=">AAACFXicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5idzCZDZmaXmV4hhHyCV/M13sSrZz9GcJLswcQUNBRV3XR3hYngBj3v28ltbG5t7+R3C3v7B4dHxeOTholTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJ/5zRemDY/VM44SFkjSVzzilKCVnhpd3i2WvLI3h/uf+BkpQYZat/jT6cU0lUwhFcSYtu8lGIyJRk4FmxQ6qWEJoUPSZ21LFZHMBOP5qRP3wio9N4q1LYXuXP07MSbSmJEMbackODCr3kxc64WaDBmus9opRnfBmKskRabo4oYoFS7G7iwSt8c1oyhGlhCquX3DpQOiCUUb3PISOSnYvPzVdP6TxlXZr5RvHq9L1UqWXB7O4BwuwYdbqMID1KAOFPrwCm8wdabOu/PhfC5ac042cwpLcL5+ARQln04=</latexit>

Vi

First: Start from ground state … we do this by evolving in imaginary time (will see how that works later)

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

No interactions,

we just prepare a standard 

Gaussian wave-packet 

(Standard QM for g=0)

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

Runge-Kutta Methods: 4th order applied to GP



<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

We remove the trap

… and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

Standard evolution of 

quantum wave-packet with 

diffusion.

<latexit sha1_base64="NGB9QqPgGVE6FKMLVT7QRhT52cU=">AAACGXicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EghePFewHtEvJptk2bJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQfQw89svVGkWy2czTqgv8FCykBFsrNRu9Rm6R26/XHGr7hzoP/FyUoEcjX75pzeISSqoNIRjrbuemxg/w8owwumk1Es1TTCJ8JB2LZVYUO1n83Mn6MIqAxTGypY0aK7+nciw0HosAtspsBnpVW8mrvUChSNq1lnd1IR3fsZkkhoqyeKGMOXIxGgWCxowRYnhY0swUcy+gcgIK0yMDW95iZiUbF7eajr/Seuq6tWqN0/XlXotT64IZ3AOl+DBLdThERrQBAIRvMIbTJ2p8+58OJ+L1oKTz5zCEpyvX9FBoCM=</latexit>

Vi = 0

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

 i !  iei(ka)i

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

<latexit sha1_base64="hIH8PQ3IywBiUUkRYfwKvUHennw=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFZKi1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmlVXb/m3j7fVOq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/jZ6hjg==</latexit>

ka = 0.2⇡

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

We kick it stronger

… and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

<latexit sha1_base64="w0oGmA58re5yDlHI6xXAP5rLkro=">AAACF3icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYvHCm5baJeSTWfb0CS7JFmhLP0NXu2v8SZePfpjBNN2D7b2wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ00dp4qCT2Meq3ZINHAmwTfMcGgnCogIObTC0cPMb72A0iyWz2acQCDIQLKIUWKs5A/wPXZ75YpbdefA/4mXkwrK0eiVf7r9mKYCpKGcaN3x3MQEGVGGUQ6TUjfVkBA6IgPoWCqJAB1k82Mn+MIqfRzFypY0eK7+nciI0HosQtspiBnqVW8mrvVCRUZg1lmd1ER3QcZkkhqQdHFDlHJsYjwLBfeZAmr42BJCFbNvYDokilBjo1teIiYlm5e3ms5/0ryqerXqzdN1pV7LkyuiM3SOLpGHblEdPaIG8hFFDL2iNzR1ps678+F8LloLTj5zipbgfP0CTwKfWA==</latexit>

g = 0

Stronger kick! Faster 

standard evolution of 

quantum wave-packet with 

diffusion.

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

 i !  iei(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4⇡

periodic boundaries

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

Initial trap:
<latexit sha1_base64="o/l75353takWoWGOx8NS+jSKOfQ=">AAACN3icbVDLSgMxFM3UV62vqks3wSK4cZgptroRCm5cVrAPaKclk6ZtaOZBckcow3yAX+PWfoord+LWDxBM2xHs40Dg3HPu5eYeNxRcgWW9G5mNza3tnexubm//4PAof3xSV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U/9xjOTigf+E4xD5nhk4PM+pwS01M0X6l2O77BtFnEbuMcUtq1OfFVK/kreKeouy7RmwKvETkkBpah28z/tXkAjj/lABVGqZVshODGRwKlgSa4dKRYSOiID1tLUJ3qRE8+OSfCFVnq4H0j9fMAz9f9ETDylxp6rOz0CQ7XsTcW1nivJiME6qxVB/9aJuR9GwHw6/0M/EhgCPA0N97hkFMRYE0Il12dgOiSSUNDRLi7xkpzOy15OZ5XUi6ZdNkuP14VKOU0ui87QObpENrpBFfSAqqiGKHpBr+gNTYyJ8WF8Gl/z1oyRzpyiBRjfvxSoqls=</latexit>

Vi = 1.2 ⇥ 10
�5 ⇥ i2

<latexit sha1_base64="LliAuyqdRdKZCsaf4i7El+y0zDg=">AAACFXicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRo8BLx4jmgckS5idzCZDZmaXmV4hhHyCV/M13sSrZz9GcJLswcQUNBRV3XR3hYngBj3v28ltbG5t7+R3C3v7B4dHxeOTholTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJ/5zRemDY/VM44SFkjSVzzilKCVnhpd3i2WvLI3h/uf+BkpQYZat/jT6cU0lUwhFcSYtu8lGIyJRk4FmxQ6qWEJoUPSZ21LFZHMBOP5qRP3wio9N4q1LYXuXP07MSbSmJEMbackODCr3kxc64WaDBmus9opRnfBmKskRabo4oYoFS7G7iwSt8c1oyhGlhCquX3DpQOiCUUb3PISOSnYvPzVdP6TxlXZr5RvHq9L1UqWXB7O4BwuwYdbqMID1KAOFPrwCm8wdabOu/PhfC5ac042cwpLcL5+ARQln04=</latexit>

Vi

And first we compute the ground state. … we do this by evolving in imaginary time (will 

see how that works later)

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

Interactions on!

Much broader classical field 

for the BEC

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Potential takes form of 

inverted trap -> Result in 

Thomas-Fermi approximation!

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

We remove the trap

… and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

Similar evolution as non-

interacting case. Just 

diffusion. But condensate 

field keeps the Thomas-

Fermi shape (BEC is stable)

<latexit sha1_base64="NGB9QqPgGVE6FKMLVT7QRhT52cU=">AAACGXicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EghePFewHtEvJptk2bJJdkqxQlv4Ir/bXeBOvnvwxgmm7B1v7YODx3gwz84KEM21c99spbGxube8Ud0t7+weHR+Xjk5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQfQw89svVGkWy2czTqgv8FCykBFsrNRu9Rm6R26/XHGr7hzoP/FyUoEcjX75pzeISSqoNIRjrbuemxg/w8owwumk1Es1TTCJ8JB2LZVYUO1n83Mn6MIqAxTGypY0aK7+nciw0HosAtspsBnpVW8mrvUChSNq1lnd1IR3fsZkkhoqyeKGMOXIxGgWCxowRYnhY0swUcy+gcgIK0yMDW95iZiUbF7eajr/Seuq6tWqN0/XlXotT64IZ3AOl+DBLdThERrQBAIRvMIbTJ2p8+58OJ+L1oKTz5zCEpyvX9FBoCM=</latexit>

Vi = 0

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

 i !  iei(ka)i

<latexit sha1_base64="hIH8PQ3IywBiUUkRYfwKvUHennw=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFZKi1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmlVXb/m3j7fVOq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/jZ6hjg==</latexit>

ka = 0.2⇡

Solving it with RK4

1001 grid points

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

We kick it stronger

… and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

 i !  iei(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4⇡

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

We kick it stronger

… and kick the system! This can be done by applying a phase-gradient

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="ahiJbi3GaxuFQQKGAR/hXNuTgYg=">AAACP3icbZDLSsNAFIYn9VbrrerSzWARKkJJRKvLghuXFWwtNLVMpqft0JkkzEyEEvIQPo1b+xg+gTtx60JwmmZhLwcGPv7/HM6c3ws5U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqogkhQaNOCBbHlEAWc+NDTTHFqhBCI8Dk/e6G7qP72AVCzwH/U4hI4gA5/1GSXaSN3ihRsq1mXY1QHOMHalwJA8xymwBJdH5BwznHSLJbtip4WXwcmghLKqd4u/bi+gkQBfU06Uajt2qDsxkZpRDknBjRSEhI7IANoGfSJAdeL0qASfGaWH+4E0z9c4Vf9PxEQoNRae6RRED9WiNxVXep4kI9CrrHak+7edmPlhpMGnsz/0I45NONPwcI9JoJqPDRAqmTkD0yGRhGoT8fwSkRRMXs5iOsvQvKw41cr1w1WpVs2Sy6MTdIrKyEE3qIbuUR01EEWv6A29o4k1sT6tL+t71pqzspljNFfWzx9hRq8g</latexit>

 i !  iei(ka)i

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4⇡

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!

See e.g.

New J. Phys. 12, 025014 (2010)

Problem: It’
s wrong! 

…the mean-field approximation is te
rrible 

in 1D. We will come back to this.

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d
dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Runge-Kutta Methods: 4th order applied to GP



Recap

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn
<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

<latexit sha1_base64="w+JhqispOb9TFO6i4mQad7VY+3U="></latexit>

k1 = f(tn,yn)

k2 = f
✓

tn +
h
2

,yn +
h
2
k1

◆

k3 = f
✓

tn +
h
2

,yn +
h
2
k2

◆

k4 = f (tn + h,yn + hk3)

yn+1 ⇡ yn +
h
6
(k1 + 2k2 + 2k3 + k4)

Not all quantum problems are linear. Also in quantum mechanics, when making e.g. a mean-field approximation (e.g. 

a product state approximation for spin models, or in the Gross-Pitaevskii equations for ultra-cold bosonic gases) the 

problem becomes non-linear. However the state-space drastically decreases in this case (from exponential to linear 

growth with system size). The model is essentially equivalent to “classical spins”, entanglement is neglected.

Runge-Kutta methods are a general tool to simulate 

dynamics of linear and non-linear problems. Formally 

derived from Taylor expansions using multiple steps. In 

particular the 4-th order method is a good compromise 

(stable, small error for reasonable time-step).

As example mean-field problem we showed how to simulate 

dynamics of a transverse Ising model in mean-field and 

compared to exact results. Generally mean-field works well 

in low-excitation regimes and for high connectivity

<latexit sha1_base64="ct1885Jm2XA2QK1ujWl7R00xl3c=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRLx0WXBTZcV7APSUCbTSTt0HmFmIpSQnb/gVvfuxK0/4tYvcdJmYVsPDBzOuZd75oQxo9q47rdT2tjc2t4p71b29g8Oj6rHJ10tE4VJB0smVT9EmjAqSMdQw0g/VgTxkJFeOL3P/d4TUZpK8WhmMQk4GgsaUYyMlfwBR2aCEUtb2bBac+vuHHCdeAWpgQLtYfVnMJI44UQYzJDWvufGJkiRMhQzklUGiSYxwlM0Jr6lAnGig3QeOYMXVhnBSCr7hIFz9e9GirjWMx7ayTyiXvVy8T/PT0zUCFIq4sQQgReHooRBI2H+fziiimDDZpYgrKjNCvEEKYSNbWnpSsizii3FW61gnXSv6t5t/ebhutZsFPWUwRk4B5fAA3egCVqgDToAAwlewCt4c56dd+fD+VyMlpxi5xQswfn6Ben7mAQ=</latexit>

H


