
A tour through numerical methods for simulating large-scale quantum physics (classically) 

Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)     

    Tutorial: ED on a simple spin model

3. 22/10: Mean-field, Runge-Kutta 

    Tutorial: A mean-field simulation of the transverse Ising model

2. 21/10: A better ED, sparse matrices, Krylov space. Open systems. 

    Tutorial: Spin-model simulations using Krylov space

4. 23/10: How to go beyond: Matrix product states

Hands-on advanced numerical methods for 

quantum many-body dynamics

https://julialang.org/
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Not all quantum problems are linear. Also in quantum mechanics, when making e.g. a mean-field approximation (e.g. 

a product state approximation for spin models, or in the Gross-Pitaevskii equations for ultra-cold bosonic gases) the 

problem becomes non-linear. However the state-space drastically decreases in this case (from exponential to linear 

growth with system size). The model is essentially equivalent to “classical spins”, entanglement is neglected.

Runge-Kutta methods are a general tool to simulate 

dynamics of linear and non-linear problems. Formally 

derived from Taylor expansions using multiple steps. In 

particular the 4-th order method is a good compromise 

(stable, small error for reasonable time-step).

As example mean-field problem we showed how to simulate 

dynamics of a transverse Ising model in mean-field and 

compared to exact results. Generally mean-field works well 

in low-excitation regimes and for high connectivity
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This time

Part 3: Matrix product states (MPS) and the time-evolving block 

decimation algorithm (TEBD) and application examples

Part 1: Tensors and “tensor-networks”
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Part 2: Bi-partite entanglement and bi-partite state compression

Example of MPS simulations



Tensors

We have learned how to use tensor products and sparse matrices to construct matrices, e.g. for a unitary gate:

Rethinking state-vectors and gates

State = Vector
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We may also think about the state-vector as a n-dimensional state-tensor (n indices)
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<latexit sha1_base64="oq+phJkMxAv5YDQaCpzJroO1/c4=">AAACF3icbVBNSwMxFMzWr1q/qh69BIvgqeyKVI8FLx4r2FZsl5Jk37ah2eySZIWy9F948aB/xZt49eg/8Wi23YNtHQgMM+/xJkMTwbVx3W+ntLa+sblV3q7s7O7tH1QPjzo6ThWDNotFrB4o0SC4hLbhRsBDooBEVECXjm9yv/sESvNY3ptJAn5EhpKHnBFjpcd+RMyI0sybDqo1t+7OgFeJV5AaKtAaVH/6QczSCKRhgmjd89zE+BlRhjMB00o/1ZAQNiZD6FkqSQTaz2aJp/jMKgEOY2WfNHim/t3ISKT1JKJ2Mk+ol71c/M/rpSa89jMuk9SAZPNDYSqwiXH+fRxwBcyIiSWEKW6zYjYiijBjS1q4QhUZg5kuajQWQV6Vt1zMKulc1L1GvXF3WWs2itLK6ASdonPkoSvURLeohdqIIYme0St6c16cd+fD+ZyPlpxi5xgtwPn6BYUMoRQ=</latexit>

1

<latexit sha1_base64="oq+phJkMxAv5YDQaCpzJroO1/c4=">AAACF3icbVBNSwMxFMzWr1q/qh69BIvgqeyKVI8FLx4r2FZsl5Jk37ah2eySZIWy9F948aB/xZt49eg/8Wi23YNtHQgMM+/xJkMTwbVx3W+ntLa+sblV3q7s7O7tH1QPjzo6ThWDNotFrB4o0SC4hLbhRsBDooBEVECXjm9yv/sESvNY3ptJAn5EhpKHnBFjpcd+RMyI0sybDqo1t+7OgFeJV5AaKtAaVH/6QczSCKRhgmjd89zE+BlRhjMB00o/1ZAQNiZD6FkqSQTaz2aJp/jMKgEOY2WfNHim/t3ISKT1JKJ2Mk+ol71c/M/rpSa89jMuk9SAZPNDYSqwiXH+fRxwBcyIiSWEKW6zYjYiijBjS1q4QhUZg5kuajQWQV6Vt1zMKulc1L1GvXF3WWs2itLK6ASdonPkoSvURLeohdqIIYme0St6c16cd+fD+ZyPlpxi5xgtwPn6BYUMoRQ=</latexit>

1



Equivalently the two-qubit gate acting on qubits 2 and 4, can be written as a 4-dimensional tensor:

<latexit sha1_base64="5c5u04lSaMRcO5lYhF3znHtz+6A="></latexit>

CNOT =

0

B

B

@

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

1

C

C

A

<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

… implicit meaning:

<latexit sha1_base64="0sCR80c8hcTjGhXpJd1+eFlqag0="></latexit>

CNOT =

3X

a=0

3X

b=0

M
b

a
|ai hb| =

1X

a2=0

1X

a4=0

1X

b2=0

1X

b4=0

M
b2b4
a2a4

|a2a4i hb2b4|

<latexit sha1_base64="yNszv41Q8B0vI5k2Aptgttr32A8="></latexit>

=

1
X

a2=0

1
X

a4=0

1
X

i1=0

1
X

i3=0

 

1
X

b2=0

1
X

b4=0

M
b2b4
a2a4

ci1b2i3b4

!

|i1a2i3a4i

<latexit sha1_base64="JBA4kRkdLko4sqKTEf5s1qL766c="></latexit>

⌘
1X

j1=0

1X

j2=0

1X

j3=0

1X

j4=0

c̃j1j2...jn |j1j2j3j4i
<latexit sha1_base64="8FcdGGCdWPsZ3yZktnOhdymhqlk=">AAACEnicbZBLSgNBEIZ74iu+RwU3bhqD4CrMSIguBTeuNEKiQmYIPZ1K0qTnQXeNGMa5hSdwqydwJ269gAfwHnaSWWj0h4Kfv6qo4gsSKTQ6zqdVmptfWFwqL6+srq1vbNpb29c6ThWHFo9lrG4DpkGKCFooUMJtooCFgYSbYHg27t/cgdIijpo4SsAPWT8SPcEZmqhj73oI95idXVw2c28ImHmJFjnt2BWn6kxE/xq3MBVSqNGxv7xuzNMQIuSSad12nQT9jCkUXEK+4qUaEsaHrA9tYyMWgvazyf85PTBJl/ZiZSpCOkl/bmQs1HoUBmYyZDjQs71x+F+vnWLvxM9ElKQIEZ8e6qWSYkzHMGhXKOAoR8YwroT5lfIBU4yjQfbrSqCYoZMbLu4shb/m+qjq1qv1q1rltFYQKpM9sk8OiUuOySk5Jw3SIpw8kCfyTF6sR+vVerPep6Mlq9jZIb9kfXwDX6+eiQ==</latexit>

CNOT | i

The updated state tensor is obtained from a tensor contraction (summation over joint indices)

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

<latexit sha1_base64="4gU6Eaip2eymUizXTtLCJZlKlII="></latexit>

|a2a4i hb2b4| = 1 ⌦ |a2i hb2|⌦ 1 ⌦ |a4i hb4|

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

To make this more intuitive: Introduce a diagrammatic notation

Complex number
<latexit sha1_base64="sIsDBsEurbXfgmZkzbLNQwREgik=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGKCWJjSUk8pHAhewtc7Bh9+6yu2cChF9gq72dsfXf2PpLXOAKAV8yyct7M5mZFySCa+O6305ua3tndy+/Xzg4PDo+KZ6eNXWcKoYNFotYtQOqUfAIG4Ybge1EIZWBwFYwepj7rWdUmsfRkxkn6Es6iHjIGTVWqk96xZJbdhcgm8TLSAky1HrFn24/ZqnEyDBBte54bmL8KVWGM4GzQjfVmFA2ogPsWBpRidqfLg6dkSur9EkYK1uRIQv178SUSq3HMrCdkpqhXvfm4n9eJzVhxZ/yKEkNRmy5KEwFMTGZf036XCEzYmwJZYrbWwkbUkWZsdmsbAnkrGBD8dYj2CTNm7J3V76t35aqlSyePFzAJVyDB/dQhUeoQQMYILzAK7w5E+fd+XA+l605J5s5hxU4X78XqJOj</latexit>

z

Vector
<latexit sha1_base64="hscRmzRuLC6QNblwX9EfdRu1TYo=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGICWJjSVG+UjgQvaWPdiwu3fZ3SMhJz/BVns7Y+ufsfWXuMAVAr5kkpf3ZjIzL4g508Z1v53c1vbO7l5+v3BweHR8Ujw9a+koUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO/mfntClWaRfDLTmPoCDyULGcHGSo+TPusXS27ZXQBtEi8jJcjQ6Bd/eoOIJIJKQzjWuuu5sfFTrAwjnM4KvUTTGJMxHtKupRILqv10ceoMXVllgMJI2ZIGLdS/EykWWk9FYDsFNiO97s3F/7xuYsKanzIZJ4ZKslwUJhyZCM3/RgOmKDF8agkmitlbERlhhYmx6axsCcSsYEPx1iPYJK2bslctVx4qpXotiycPF3AJ1+DBLdThHhrQBAJDeIFXeHOenXfnw/lctuacbOYcVuB8/QKYPJR7</latexit>

vi

Matrix

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="NmqlOLvw/FPu1S6J7LK9cnkJTj0=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaMqAjY0QwXxAcoS9zV6yye7esbsnhCP4F2y1txNbf4utv8RNcoVJfDDweG+GmXlBzJk2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWB8O/NbT1RpFslHM4mpL/BAspARbKzUvO+lbDTtFUtu2Z0DrRMvIyXIUO8Vf7r9iCSCSkM41rrjubHxU6wMI5xOC91E0xiTMR7QjqUSC6r9dH7tFF1YpY/CSNmSBs3VvxMpFlpPRGA7BTZDverNxP+8TmLCqp8yGSeGSrJYFCYcmQjNXkd9pigxfGIJJorZWxEZYoWJsQEtbQnEtGBD8VYjWCfNq7J3Xa48VEq1ahZPHs7gHC7BgxuowR3UoQEERvACr/DmPDvvzofzuWjNOdnMKSzB+foF+ZuV0g==</latexit>

Mij
<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1
<latexit sha1_base64="oyTMf2WXiiV9jDmWFnp/c1oqwMk=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1KSUtSNUHDjsoJ9QBvCZDJpx85MwsxEKKE/4C+41b07cetfuPVLnLZZ2NYDFw7n3MO9nCBhVGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbjG9nfveJSEVj8aAnCfE4GgoaUYy0kXy7/AhvoFsdhLFW1dCv+3bFqTlzwHXi5qQCcrR8+8dkccqJ0Jghpfquk2gvQ1JTzMi0NEgVSRAeoyHpGyoQJ8rL5o9P4blRQhjF0ozQcK7+TWSIKzXhgdnkSI/UqjcT//P6qY6uvYyKJNVE4MWhKGVQx3DWAgypJFiziSEIS2p+hXiEJMLadLV0JeDTkinFXa1gnXTqNfey1rhvVJqNvJ4iOAVn4AK44Ao0wR1ogTbAIAUv4BW8Wc/Wu/VhfS5WC1aeOQFLsL5+AQVRmF0=</latexit>

j = 1, . . . , d2

3D tensor

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="ihsGg6CZYmOQi6V3M+Vo975Z/FM=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qGXAxjKi+YDkCHt7e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0g408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG6nfvuJKs1i+WjGCfUFHkgWMYKNlR7C/mW/XHGr7gxolXg5qUCORr/80wtjkgoqDeFY667nJsbPsDKMcDop9VJNE0xGeEC7lkosqPaz2akTdGaVEEWxsiUNmql/JzIstB6LwHYKbIZ62ZuK/3nd1EQ3fsZkkhoqyXxRlHJkYjT9G4VMUWL42BJMFLO3IjLEChNj01nYEohJyYbiLUewSloXVe+qWruvVeq1PJ4inMApnIMH11CHO2hAEwgM4AVe4c15dt6dD+dz3lpw8pljWIDz9QslRJQv</latexit>

d3

<latexit sha1_base64="fE0lDvlvM9JryZMhOByqt4cUMVg=">AAACBXicbVC7SgNBFJ2NrxhfUUubxSBYhLArQVMGLLSMYB6QrOHuZDYZMzO7zMwKYdnaX7DV3k5s/Q5bv8RJsoVJPHDhcM69nMvxI0aVdpxvK7e2vrG5ld8u7Ozu7R8UD49aKowlJk0cslB2fFCEUUGammpGOpEkwH1G2v74euq3n4hUNBT3ehIRj8NQ0IBi0EZ66N0A59BPaPmxPE77xZJTcWawV4mbkRLK0OgXf3qDEMecCI0ZKNV1nUh7CUhNMSNpoRcrEgEew5B0DRXAifKS2depfWaUgR2E0ozQ9kz9e5EAV2rCfbPJQY/UsjcV//O6sQ5qXkJFFGsi8DwoiJmtQ3tagT2gkmDNJoYAltT8auMRSMDaFLWQ4vO0YEpxlytYJa2LintZqd5VS/VaVk8enaBTdI5cdIXq6BY1UBNhJNELekVv1rP1bn1Yn/PVnJXdHKMFWF+/g5qY1w==</latexit>

�i,j,k
<latexit sha1_base64="wCImqYJB75LG9T2IbV93LfKSkxE=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1ISKepGKLhxWcE+oA1hMpm2Q2eSMHMjlNAf8Bfc6t6duPUv3PolTtssbOuBC4dz7uFeTpAIrsFxvq3CxubW9k5xt7S3f3BYto+O2zpOFWUtGotYdQOimeARawEHwbqJYkQGgnWC8d3M7zwxpXkcPcIkYZ4kw4gPOCVgJN8uc3yL3Wo/jEFXQ9/17YpTc+bA68TNSQXlaPr2j8nSVLIIqCBa91wnAS8jCjgVbFrqp5olhI7JkPUMjYhk2svmj0/xuVFCPIiVmQjwXP2byIjUeiIDsykJjPSqNxP/83opDG68jEdJCiyii0ODVGCI8awFHHLFKIiJIYQqbn7FdEQUoWC6WroSyGnJlOKuVrBO2pc196pWf6hXGvW8niI6RWfoArnoGjXQPWqiFqIoRS/oFb1Zz9a79WF9LlYLVp45QUuwvn4BAhuYWw==</latexit>

i = 1, . . . , d1
<latexit sha1_base64="oyTMf2WXiiV9jDmWFnp/c1oqwMk=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCi1KSUtSNUHDjsoJ9QBvCZDJpx85MwsxEKKE/4C+41b07cetfuPVLnLZZ2NYDFw7n3MO9nCBhVGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbjG9nfveJSEVj8aAnCfE4GgoaUYy0kXy7/AhvoFsdhLFW1dCv+3bFqTlzwHXi5qQCcrR8+8dkccqJ0Jghpfquk2gvQ1JTzMi0NEgVSRAeoyHpGyoQJ8rL5o9P4blRQhjF0ozQcK7+TWSIKzXhgdnkSI/UqjcT//P6qY6uvYyKJNVE4MWhKGVQx3DWAgypJFiziSEIS2p+hXiEJMLadLV0JeDTkinFXa1gnXTqNfey1rhvVJqNvJ4iOAVn4AK44Ao0wR1ogTbAIAUv4BW8Wc/Wu/VhfS5WC1aeOQFLsL5+AQVRmF0=</latexit>

j = 1, . . . , d2

…

Tensors



Useful for avoiding messy indexing in tensor operations|

Allows easy estimations of numerical complexity!

Matrix-Vector product:

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2
<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="gVrKxqdKaV/vR0N1kU1ca3XYfV0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARuiqJFO2mUHDjRqhgL9DGMJlM2mlnkjAzKZSQV/AlfAW3uncn7sSdT+L0srCtPwz8fOcczpnfixmVyrK+jNzG5tb2Tn63sLd/cHhkHp+0ZJQITJo4YpHoeEgSRkPSVFQx0okFQdxjpO2Nbqb19pgISaPwQU1i4nDUD2lAMVIauWapJxPuprRmZ4+p79oZHLsU3mkyzGAN9hRlPtFs6JpFq2zNBNeNvTBFsFDDNX96foQTTkKFGZKya1uxclIkFMWMZIVeIkmM8Aj1SVfbEHEinXT2owxeaOLDIBL6hQrO6N+JFHEpJ9zTnRypgVytTeF/tW6igqqT0jBOFAnxfFGQMKgiOI0H+lQQrNhEG4QF1bdCPEACYaVDXNri8aygQ7FXI1g3rcuyfVWu3FeK9eoinjw4A+egBGxwDergFjRAE2DwBF7AK3gzno1348P4nLfmjMXMKViS8f0LV7OjSA==</latexit>

d1X

i=1

viMij = ṽj

<latexit sha1_base64="VCsdVZQgtQAavYZ0d57JzR41WWA=">AAACDHicbVDLSsNAFJ3UV62vaJduBotQNyUpRbssuHFnBfuANoTJZNoOnUnCzEQIIb/gL7jVvTtx6z+49UuctFnY1gMXDufcyz0cL2JUKsv6Nkpb2zu7e+X9ysHh0fGJeXrWl2EsMOnhkIVi6CFJGA1IT1HFyDASBHGPkYE3v839wRMRkobBo0oi4nA0DeiEYqS05JrVMUdqhhFL77O679q+27xyzZrVsBaAm8QuSA0U6Lrmz9gPccxJoDBDUo5sK1JOioSimJGsMo4liRCeoykZaRogTqSTLsJn8FIrPpyEQk+g4EL9e5EiLmXCPb2ZR5XrXi7+541iNWk7KQ2iWJEALx9NYgZVCPMmoE8FwYolmiAsqM4K8QwJhJXua+WLx7OKLsVer2CT9JsN+7rRemjVOu2injI4BxegDmxwAzrgDnRBD2CQgBfwCt6MZ+Pd+DA+l6slo7ipghUYX79HSprF</latexit>

O(d1d2)

Tensor-matrix contraction:

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

�
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

�

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

�
<latexit sha1_base64="ZYS6nwCEFesgQksMvMMrX4W3nX0=">AAAB+3icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM120yzd3YTdjVBC/oJXvXsTr/4Yr/4SN20OtvXBwOO9GWbmBQln2rjut7OxubW9s1vZq+4fHB4d105OuzpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F0/vC7z1TpVksn8wsob7AE8lCRrAppCGJ2KhWdxvuHGideCWpQ4n2qPYzHMckFVQawrHWA89NjJ9hZRjhNK8OU00TTKZ4QgeWSiyo9rP5rTm6tMoYhbGyJQ2aq38nMiy0nonAdgpsIr3qFeJ/3iA14Z2fMZmkhkqyWBSmHJkYFY+jMVOUGD6zBBPF7K2IRFhhYmw8S1sCkVdtKN5qBOuke93wbhrNx2a91SzjqcA5XMAVeHALLXiANnSAQAQv8ApvTu68Ox/O56J1wylnzmAJztcvPm6U0w==</latexit>

�

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="cnE48Vi+2pnU6kaDqJD8h/xUvdM=">AAACD3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkFO2y4MadFewDmrRMJtN26GQSZiZCifkIf8Gt7t2JWz/BrV/ipM3Cth64cDjnXu7heBGjUlnWt7G2vrG5tV3YKe7u7R8cmkfHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k5vM7zwSIWnIH9Q0Im6ARpwOKUZKSwPz1AmQGmPEkru07PerDh7TfvVyYJasijUDXCV2TkogR3Ng/jh+iOOAcIUZkrJnW5FyEyQUxYykRSeWJEJ4gkakpylHAZFuMsufwgut+HAYCj1cwZn69yJBgZTTwNObWVq57GXif14vVsO6m1AexYpwPH80jBlUIczKgD4VBCs21QRhQXVWiMdIIKx0ZQtfvCAt6lLs5QpWSbtasa8qtftaqVHP6ymAM3AOysAG16ABbkETtAAGT+AFvII349l4Nz6Mz/nqmpHfnIAFGF+/pX2cDg==</latexit>

O(d2�2) multiplicationsmultiplications

Tensors

Contractions of tensors:



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

State-vector vs. state-tensor

State = Vector

<latexit sha1_base64="0Ligr7fWulmNxXz2pE6Ls+i0RHM=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAckS5iddJIxs7PLTK8Qllz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nfrNJ9BGROoBxzH4IRso0RecoZUandiIrugWS27ZnYGuEi8jJZKh1i3+dHoRT0JQyCUzpu25Mfop0yi4hEmhkxiIGR+xAbQtVSwE46ezayf0zCo92o+0LYV0pv6dSFlozDgMbGfIcGiWvan4n9dOsH/jp0LFCYLi80X9RFKM6PR12hMaOMqxJYxrYW+lfMg042gDWtgSaDYCnNhcvOUUVknjouxVylf3l6VqJUsoT07IKTknHrkmVXJHaqROOHkkL+SVvDnPzrvz4XzOW3NONnNMFuB8/QJSPZd8</latexit>

 i

<latexit sha1_base64="JMkmx6TbNckMskTSWaJQow1ODY4=">AAACKnicbVDLSsNAFJ3UV62vqEs3g0VwY0lKqW4KBTcuK9gHNGmYTKft0MkkzEyEEvIXfoZf4Fa/wF1xq//hpM3Cth4YOJxzLvfO8SNGpbKsuVHY2t7Z3Svulw4Oj45PzNOzjgxjgUkbhywUPR9JwignbUUVI71IEBT4jHT96X3md5+JkDTkT2oWETdAY05HFCOlJc+sOFOiEieSNIUN6Mg48BLasNJBUh3wGzuFmeVRuIjR1DPLVsVaAG4SOydlkKPlmT/OMMRxQLjCDEnZt61IuQkSimJG0pITSxIhPEVj0teUo4BIN1n8K4VXWhnCUSj04wou1L8TCQqknAW+TgZITeS6l4n/ef1Yje7chPIoVoTj5aJRzKAKYVYSHFJBsGIzTRAWVN8K8QQJhJWucmWLL5BuJuvFXm9hk3SqFbteqT/Wys1a3lARXIBLcA1scAua4AG0QBtg8ALewDv4MF6NT2NufC2jBSOfOQcrML5/ATu0p8o=</latexit>

| i =
2
n

�1X

i=0

 i |ii

<latexit sha1_base64="fuyXr5Lxx4YFfrRimfck054QVX4=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIp1WVBFy5bsA9oQ5lMb9qhk0mYmQgl5Avc6he4E7d+jB/gfzhts7CtBy4czrmXe+/xY86Udpxvq7C1vbO7V9wvHRweHZ+UT886KkokxTaNeCR7PlHImcC2ZppjL5ZIQp9j15/ez/3uM0rFIvGkZzF6IRkLFjBKtJFaD8Nyxak6C9ibxM1JBXI0h+WfwSiiSYhCU06U6rtOrL2USM0ox6w0SBTGhE7JGPuGChKi8tLFoZl9ZZSRHUTSlND2Qv07kZJQqVnom86Q6Ila9+bif14/0cGdlzIRJxoFXS4KEm7ryJ5/bY+YRKr5zBBCJTO32nRCJKHaZLOyxZdkijozubjrKWySzk3VrVfrrVqlUcsTKsIFXMI1uHALDXiEJrSBAsILvMKblVnv1of1uWwtWPnMOazA+voFHsiVHQ==</latexit>

D

<latexit sha1_base64="T2txiHWABPlVhPIbD4/uwe6qTik=">AAACC3icbVBLSgNBFOyJvxg/GXXppjEIrsKMhOgy4MaFiwjmA0kIPZ03SZOeD91vlDDkCJ7ArZ7Anbj1EB7Ae9hJZmESCx4UVe9Rj/JiKTQ6zreV29jc2t7J7xb29g8Oi/bRcVNHieLQ4JGMVNtjGqQIoYECJbRjBSzwJLS88c3Mbz2C0iIKH3ASQy9gw1D4gjM0Ut8udu/ARyWGI2RKRU99u+SUnTnoOnEzUiIZ6n37pzuIeBJAiFwyrTuuE2MvZQoFlzAtdBMNMeNjNoSOoSELQPfS+eNTem6UAfUjZSZEOlf/XqQs0HoSeGYzYDjSq95M/M/rJOhf91IRxglCyBdBfiIpRnTWAh0IBRzlxBDGlTC/Uj5iinE0XS2leIqNAaemF3e1hXXSvCy71XL1vlKqVbKG8uSUnJEL4pIrUiO3pE4ahJOEvJBX8mY9W+/Wh/W5WM1Z2c0JWYL19QszcJvG</latexit>

,

<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="92ygkGFH3DK+RALplbRWv1i7hLE=">AAAB/HicbVA9TwJBFHyHX4hfqKXNRmJiRe6MQUsSG0tMPCCBC9lb9mDD7t1l950JIfgXbLW3M7b+F1t/iQtcIeAkm0xm3uS9nTCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jRJphn3WSIT3Q6p4VLE3EeBkrdTzakKJW+Fo7uZ33ri2ogkfsRxygNFB7GIBKNoJb/bT9D0yhW36s5B1omXkwrkaPTKPzbHMsVjZJIa0/HcFIMJ1SiY5NNSNzM8pWxEB7xjaUwVN8FkfuyUXFilT6JE2xcjmat/ExOqjBmr0E4qikOz6s3E/7xOhtFtMBFxmiGP2WJRlEmCCZn9nPSF5gzl2BLKtLC3EjakmjK0/SxtCdW0ZEvxVitYJ82rqler1h6uK/XrvJ4inME5XIIHN1CHe2iADwwEvMArvDnPzrvz4XwuRgtOnjmFJThfvzk/lWU=</latexit>

. . .

<latexit sha1_base64="92ygkGFH3DK+RALplbRWv1i7hLE=">AAAB/HicbVA9TwJBFHyHX4hfqKXNRmJiRe6MQUsSG0tMPCCBC9lb9mDD7t1l950JIfgXbLW3M7b+F1t/iQtcIeAkm0xm3uS9nTCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jRJphn3WSIT3Q6p4VLE3EeBkrdTzakKJW+Fo7uZ33ri2ogkfsRxygNFB7GIBKNoJb/bT9D0yhW36s5B1omXkwrkaPTKPzbHMsVjZJIa0/HcFIMJ1SiY5NNSNzM8pWxEB7xjaUwVN8FkfuyUXFilT6JE2xcjmat/ExOqjBmr0E4qikOz6s3E/7xOhtFtMBFxmiGP2WJRlEmCCZn9nPSF5gzl2BLKtLC3EjakmjK0/SxtCdW0ZEvxVitYJ82rqler1h6uK/XrvJ4inME5XIIHN1CHe2iADwwEvMArvDnPzrvz4XwuRgtOnjmFJThfvzk/lWU=</latexit>

. . .

combine indices

<latexit sha1_base64="ILT8q+u6ivyWE2K8GCCGYSwxm7s=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEysyB0haEliYwmJfCRwIXvLABt27y67eyZ44RfYam9nbP03tv4SF7hCwJdM8vLeTGbmBbHg2rjut7O1vbO7t587yB8eHZ+cFs7OWzpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuY3M/99hMqzaPw0Uxj9CUdhXzIGTVWapT7haJbchcgm8TLSBEy1PuFn94gYonE0DBBte56bmz8lCrDmcBZvpdojCmb0BF2LQ2pRO2ni0Nn5NoqAzKMlK3QkIX6dyKlUuupDGynpGas1725+J/XTczwzk95GCcGQ7ZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdmsbAnkLG9D8dYj2CStcsmrlqqNSrFWyeLJwSVcwQ14cAs1eIA6NIEBwgu8wpvz7Lw7H87nsnXLyWYuYAXO1y+laZNZ</latexit>

2
<latexit sha1_base64="ILT8q+u6ivyWE2K8GCCGYSwxm7s=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEysyB0haEliYwmJfCRwIXvLABt27y67eyZ44RfYam9nbP03tv4SF7hCwJdM8vLeTGbmBbHg2rjut7O1vbO7t587yB8eHZ+cFs7OWzpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuY3M/99hMqzaPw0Uxj9CUdhXzIGTVWapT7haJbchcgm8TLSBEy1PuFn94gYonE0DBBte56bmz8lCrDmcBZvpdojCmb0BF2LQ2pRO2ni0Nn5NoqAzKMlK3QkIX6dyKlUuupDGynpGas1725+J/XTczwzk95GCcGQ7ZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdmsbAnkLG9D8dYj2CStcsmrlqqNSrFWyeLJwSVcwQ14cAs1eIA6NIEBwgu8wpvz7Lw7H87nsnXLyWYuYAXO1y+laZNZ</latexit>

2
<latexit sha1_base64="ILT8q+u6ivyWE2K8GCCGYSwxm7s=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEysyB0haEliYwmJfCRwIXvLABt27y67eyZ44RfYam9nbP03tv4SF7hCwJdM8vLeTGbmBbHg2rjut7O1vbO7t587yB8eHZ+cFs7OWzpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuY3M/99hMqzaPw0Uxj9CUdhXzIGTVWapT7haJbchcgm8TLSBEy1PuFn94gYonE0DBBte56bmz8lCrDmcBZvpdojCmb0BF2LQ2pRO2ni0Nn5NoqAzKMlK3QkIX6dyKlUuupDGynpGas1725+J/XTczwzk95GCcGQ7ZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdmsbAnkLG9D8dYj2CStcsmrlqqNSrFWyeLJwSVcwQ14cAs1eIA6NIEBwgu8wpvz7Lw7H87nsnXLyWYuYAXO1y+laZNZ</latexit>

2

<latexit sha1_base64="fuyXr5Lxx4YFfrRimfck054QVX4=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIp1WVBFy5bsA9oQ5lMb9qhk0mYmQgl5Avc6he4E7d+jB/gfzhts7CtBy4czrmXe+/xY86Udpxvq7C1vbO7V9wvHRweHZ+UT886KkokxTaNeCR7PlHImcC2ZppjL5ZIQp9j15/ez/3uM0rFIvGkZzF6IRkLFjBKtJFaD8Nyxak6C9ibxM1JBXI0h+WfwSiiSYhCU06U6rtOrL2USM0ox6w0SBTGhE7JGPuGChKi8tLFoZl9ZZSRHUTSlND2Qv07kZJQqVnom86Q6Ila9+bif14/0cGdlzIRJxoFXS4KEm7ryJ5/bY+YRKr5zBBCJTO32nRCJKHaZLOyxZdkijozubjrKWySzk3VrVfrrVqlUcsTKsIFXMI1uHALDXiEJrSBAsILvMKblVnv1of1uWwtWPnMOazA+voFHsiVHQ==</latexit>

D

<latexit sha1_base64="Y+q9K+SqKzKfLWmpx2821tnSftc=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmilQ3hYIblxXsBdpxyKRpGybJDElGKMNsfQyfwK0+gTtxK/gAvodpOwvb+kPg4z/ncE7+IGZUacf5tgpr6xubW8Xt0s7u3v6BfXjUVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcIb6b1ziORikbiXk9i4nE0EnRIMdLG8m1IYR32VcL9NKy72UMqMkj9EFYNXYQZLPl22ak4M8FVcHMog1xN3/7pDyKccCI0ZkipnuvE2kuR1BQzkpX6iSIxwiEakZ5BgThRXjr7SQbPjDOAw0iaJzScuX8nUsSVmvDAdHKkx2q5NjX/q/USPbz2UiriRBOB54uGCYM6gtNY4IBKgjWbGEBYUnMrxGMkEdYmvIUtgUQh0ZnJxV1OYRXa1Ypbq9TuLsuNWp5QEZyAU3AOXHAFGuAWNEELYPAEXsAreLOerXfrw/qctxasfOYYLMj6+gVf3qD4</latexit>

i =

nX

k=1

ik2
n�k

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

Application of CNOT gate

<latexit sha1_base64="RpXWbekitkJfHmSO5fiyMsId1b0=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BLx4TMA9IljA76SRDZmeXmV4hLPsFXvULvIlXP8YP8D+cJHswiQUNRVU33V1BLIVB1/12ClvbO7t7xf3SweHR8Un59KxtokRzaPFIRrobMANSKGihQAndWAMLAwmdYPow9zvPoI2I1BPOYvBDNlZiJDhDKzX5oFxxq+4CdJN4OamQHI1B+ac/jHgSgkIumTE9z43RT5lGwSVkpX5iIGZ8ysbQs1SxEIyfLg7N6JVVhnQUaVsK6UL9O5Gy0JhZGNjOkOHErHtz8T+vl+Do3k+FihMExZeLRomkGNH513QoNHCUM0sY18LeSvmEacbRZrOyJdBsCpjZXLz1FDZJ+6bq1aq15m2lXssTKpILckmuiUfuSJ08kgZpEU6AvJBX8uZkzrvz4XwuWwtOPnNOVuB8/QJQq5U+</latexit>

c

<latexit sha1_base64="WOslTD8LEVKIXu3xLC9nZcka/yk=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BL16EBEwMJEuYnXSSIbOzy0yvEJb9Aq/6Bd7Eqx/jB/gfTpI9mMSChqKqm+6uIJbCoOt+O4WNza3tneJuaW//4PCofHzSNlGiObR4JCPdCZgBKRS0UKCETqyBhYGEp2ByN/OfnkEbEalHnMbgh2ykxFBwhlZqPvTLFbfqzkHXiZeTCsnR6Jd/eoOIJyEo5JIZ0/XcGP2UaRRcQlbqJQZixidsBF1LFQvB+On80IxeWGVAh5G2pZDO1b8TKQuNmYaB7QwZjs2qNxP/87oJDm/9VKg4QVB8sWiYSIoRnX1NB0IDRzm1hHEt7K2Uj5lmHG02S1sCzSaAmc3FW01hnbSvql6tWmteV+q1PKEiOSPn5JJ45IbUyT1pkBbhBMgLeSVvTua8Ox/O56K14OQzp2QJztcvLbGVKA==</latexit>

M

<latexit sha1_base64="pjKTgiGrSWsf9GWQFanxdmWGtQI=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5id9CZDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNocljGetOwAxIoaCJAiV0Eg0sCiS0g/HNzG8/gjYiVg84ScCP2FCJUHCGVroXfa9frrhVdw76l3g5qZAcjX75uzeIeRqBQi6ZMV3PTdDPmEbBJUxLvdRAwviYDaFrqWIRGD+bnzqlZ1YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9Wbif143xfDaz4RKUgTFF4vCVFKM6exvOhAaOMqJJYxrYW+lfMQ042jTWdoSaDYGnNpcvNUU/pLWRdWrVWt3l5V6LU+oSE7IKTknHrkidXJLGqRJOBmSZ/JCXp0n5815dz4WrQUnnzkmS3A+fwCKVZXo</latexit>

i1

<latexit sha1_base64="SeKrJBGrTesIEGFP/4J9alS5qW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9IljA7mU2GzM4uM71CCMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KEikMuu63k9vY3Nreye8W9vYPDo+KxydNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hodua3nrg2IlaPOE64H9GBEqFgFK30IHqVXrHklt05yDrxMlKCDPVe8afbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZILq/RJGGtbCslc/TsxoZEx4yiwnRHFoVn1ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5vO0pZA0xHHqc3FW01hnTQrZa9art5flWrVLKE8nME5XIIH11CDO6hDAxgM4AVe4c15dt6dD+dz0ZpzsplTWILz9QuL7JXp</latexit>

i2

<latexit sha1_base64="hY49VPbH0OWtCWxsDNccWCbDn9Y=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9IljA7mU2GzM4uM71CCMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KEikMuu63k9vY3Nreye8W9vYPDo+KxydNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hodua3nrg2IlaPOE64H9GBEqFgFK30EPQqvWLJLbtzkHXiZaQEGeq94k+3H7M04gqZpMZ0PDdBf0I1Cib5tNBNDU8oG9EB71iqaMSNP5mfOiUXVumTMNa2FJK5+ndiQiNjxlFgOyOKQ7PqzcT/vE6K4Y0/ESpJkSu2WBSmkmBMZn+TvtCcoRxbQpkW9lbChlRThjadpS2BpiOOU5uLt5rCOmlWyl61XL2/KtWqWUJ5OINzuAQPrqEGd1CHBjAYwAu8wpvz7Lw7H87nojXnZDOnsATn6xeAvZXi</latexit>

b2
<latexit sha1_base64="U/q0VV0Yzbinhdr6CSUxIX7mbrM=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqRI8BLx4jmgckS5iddJIhs7PLTK8QluAXeNUv8CZe/RY/wP9wkuzBJBY0FFXddHcFsRQGXffbya2tb2xu5bcLO7t7+wfFw6OGiRLNoc4jGelWwAxIoaCOAiW0Yg0sDCQ0g9Ht1G8+gTYiUo84jsEP2UCJvuAMrfQQdC+7xZJbdmegq8TLSIlkqHWLP51exJMQFHLJjGl7box+yjQKLmFS6CQGYsZHbABtSxULwfjp7NQJPbNKj/YjbUshnal/J1IWGjMOA9sZMhyaZW8q/ue1E+zf+KlQcYKg+HxRP5EUIzr9m/aEBo5ybAnjWthbKR8yzTjadBa2BJqNACc2F285hVXSuCh7lXLl/qpUrWQJ5ckJOSXnxCPXpEruSI3UCScD8kJeyZvz7Lw7H87nvDXnZDPHZAHO1y+CVJXj</latexit>

b3 Contract

<latexit sha1_base64="jRTNoUVO19F4CYYEnmRgqA6zBMU=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5id7SRDZmeXmV4hLLn5BV71C7yJV3/ED/A/nCR7MIkFDUVVN91dQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUc2jyWMa6EzADUihookAJnUQDiwIJ7WB8N/PbT6CNiNUjThLwIzZUYiA4Qyt1eihkCJT3yxW36s5B14mXkwrJ0eiXf3phzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pvbBKSAextqWQztW/ExmLjJlEge2MGI7MqjcT//O6KQ5u/UyoJEVQfLFokEqKMZ09T0OhgaOcWMK4FvZWykdMM442oqUtgWZjwKnNxVtNYZ20rqperVp7uK7Ua3lCRXJGzskl8cgNqZN70iBNwokkL+SVvDnPzrvz4XwuWgtOPnNKluB8/QJuspgS</latexit>

c̃

<latexit sha1_base64="pjKTgiGrSWsf9GWQFanxdmWGtQI=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5id9CZDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNocljGetOwAxIoaCJAiV0Eg0sCiS0g/HNzG8/gjYiVg84ScCP2FCJUHCGVroXfa9frrhVdw76l3g5qZAcjX75uzeIeRqBQi6ZMV3PTdDPmEbBJUxLvdRAwviYDaFrqWIRGD+bnzqlZ1YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9Wbif143xfDaz4RKUgTFF4vCVFKM6exvOhAaOMqJJYxrYW+lfMQ042jTWdoSaDYGnNpcvNUU/pLWRdWrVWt3l5V6LU+oSE7IKTknHrkidXJLGqRJOBmSZ/JCXp0n5815dz4WrQUnnzkmS3A+fwCKVZXo</latexit>

i1
<latexit sha1_base64="r7EngnDrzKOoB/HUjPtF3SlfKLA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI8BLx4jmgckS5iddJIhs7PLzKwQluAXeNUv8CZe/RY/wP9wkuzBJBY0FFXddHcFseDauO63k1tb39jcym8Xdnb39g+Kh0cNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYxup37zCZXmkXw04xj9kA4k73NGjZUeePeyWyy5ZXcGskq8jJQgQ61b/On0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ojt1Qs6s0iP9SNmShszUvxMpDbUeh4HtDKkZ6mVvKv7ntRPTv/FTLuPEoGTzRf1EEBOR6d+kxxUyI8aWUKa4vZWwIVWUGZvOwpZA0RGaic3FW05hlTQuyl6lXLm/KlUrWUJ5OIFTOAcPrqEKd1CDOjAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xeNg5Xq</latexit>

i3
<latexit sha1_base64="SeKrJBGrTesIEGFP/4J9alS5qW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9IljA7mU2GzM4uM71CCMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KEikMuu63k9vY3Nreye8W9vYPDo+KxydNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hodua3nrg2IlaPOE64H9GBEqFgFK30IHqVXrHklt05yDrxMlKCDPVe8afbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZILq/RJGGtbCslc/TsxoZEx4yiwnRHFoVn1ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5vO0pZA0xHHqc3FW01hnTQrZa9art5flWrVLKE8nME5XIIH11CDO6hDAxgM4AVe4c15dt6dD+dz0ZpzsplTWILz9QuL7JXp</latexit>

i2
<latexit sha1_base64="PLd/1kstmrtOvUAC6SARCSs5kC0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9IljA7mU2GzM4uM71CCMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KEikMuu63k9vY3Nreye8W9vYPDo+KxydNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hodua3nrg2IlaPOE64H9GBEqFgFK30IHqVXrHklt05yDrxMlKCDPVe8afbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZILq/RJGGtbCslc/TsxoZEx4yiwnRHFoVn1ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5vO0pZA0xHHqc3FW01hnTSvyl61XL2vlGrVLKE8nME5XIIH11CDO6hDAxgM4AVe4c15dt6dD+dz0ZpzsplTWILz9QuPGpXr</latexit>

i4

<latexit sha1_base64="r7EngnDrzKOoB/HUjPtF3SlfKLA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI8BLx4jmgckS5iddJIhs7PLzKwQluAXeNUv8CZe/RY/wP9wkuzBJBY0FFXddHcFseDauO63k1tb39jcym8Xdnb39g+Kh0cNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYxup37zCZXmkXw04xj9kA4k73NGjZUeePeyWyy5ZXcGskq8jJQgQ61b/On0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ojt1Qs6s0iP9SNmShszUvxMpDbUeh4HtDKkZ6mVvKv7ntRPTv/FTLuPEoGTzRf1EEBOR6d+kxxUyI8aWUKa4vZWwIVWUGZvOwpZA0RGaic3FW05hlTQuyl6lXLm/KlUrWUJ5OIFTOAcPrqEKd1CDOjAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xeNg5Xq</latexit>

i3

<latexit sha1_base64="PLd/1kstmrtOvUAC6SARCSs5kC0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9IljA7mU2GzM4uM71CCMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KEikMuu63k9vY3Nreye8W9vYPDo+KxydNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hodua3nrg2IlaPOE64H9GBEqFgFK30IHqVXrHklt05yDrxMlKCDPVe8afbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8xPnZILq/RJGGtbCslc/TsxoZEx4yiwnRHFoVn1ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6opQ5vO0pZA0xHHqc3FW01hnTSvyl61XL2vlGrVLKE8nME5XIIH11CDO6hDAxgM4AVe4c15dt6dD+dz0ZpzsplTWILz9QuPGpXr</latexit>

i4

Cost
<latexit sha1_base64="FVGgm7yL8TuA1Vc8jeJ0COHl24E=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSLUTUmKRJcFN+6sYB/QxjKZTtuhk0mYuSmUkF/wC9zqF7gTt/6DH+B/OGmzsK0HLhzOuZd7OH7EmQLb/jYKG5tb2zvF3dLe/sHhkXl80lJhLAltkpCHsuNjRTkTtAkMOO1EkuLA57TtT24zvz2lUrFQPMIsol6AR4INGcGgpb5p9gIMY4J5cp9Wak/uZd8s21V7DmudODkpoxyNvvnTG4QkDqgAwrFSXceOwEuwBEY4TUu9WNEIkwke0a6mAgdUeck8eWpdaGVgDUOpR4A1V/9eJDhQahb4ejPLqVa9TPzP68YwvPESJqIYqCCLR8OYWxBaWQ3WgElKgM80wUQyndUiYywxAV3W0hdf4gmFVPfirLawTlq1quNW3Yerct3NGyqiM3SOKshB16iO7lADNRFBU/SCXtGb8Wy8Gx/G52K1YOQ3p2gJxtcvZkmbNg==</latexit>

O(26) multiplications

Note: Full matrix-vector multiplication would be 
<latexit sha1_base64="RnAU6RsDW7OJr0ZkSCdVI/2O9PY=">AAACDnicbVDLTsJAFJ3iC/FVcemmkZjghrTEIEsSN+7ERB4JVDIdBpgwnTYzt0bS9B/8Arf6Be6MW3/BD/A/nEIXAp7kJifn3Jt7cryQMwW2/W3kNja3tnfyu4W9/YPDI/O42FZBJAltkYAHsuthRTkTtAUMOO2GkmLf47TjTa9Tv/NIpWKBuIdZSF0fjwUbMYJBSwOz2PcxTAjm8W1Srj7E9eRiYJbsij2HtU6cjJRQhubA/OkPAxL5VADhWKmeY4fgxlgCI5wmhX6kaIjJFI9pT1OBfarceJ49sc61MrRGgdQjwJqrfy9i7Cs18z29mSZVq14q/uf1IhjV3ZiJMAIqyOLRKOIWBFZahDVkkhLgM00wkUxntcgES0xA17X0xZN4SiHRvTirLayTdrXi1Cq1u8tSo5Y1lEen6AyVkYOuUAPdoCZqIYKe0At6RW/Gs/FufBifi9Wckd2coCUYX79K2ZxE</latexit>

O(28)

<latexit sha1_base64="n1RITA14GurSAmvjTEe/dXiT6i8=">AAAB/XicbVDLSgNBEOyNrxhfUY9eFoPgKeyGED0GvHiMaB6QrGF2MpsMmZ1dZnqFsAS/wKt+gTfx6rf4Af6Hk2QPJrGgoajqprvLjwXX6DjfVm5jc2t7J79b2Ns/ODwqHp+0dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vjm5nffmJK80g+4CRmXkiGkgecEjTSfeWx2i+WnLIzh71O3IyUIEOjX/zpDSKahEwiFUTrruvE6KVEIaeCTQu9RLOY0DEZsq6hkoRMe+n81Kl9YZSBHUTKlER7rv6dSEmo9ST0TWdIcKRXvZn4n9dNMLj2Ui7jBJmki0VBImyM7Nnf9oArRlFMDCFUcXOrTUdEEYomnaUtviJjhlOTi7uawjppVcpurVy7q5bqtSyhPJzBOVyCC1dQh1toQBMoDOEFXuHNerberQ/rc9Gas7KZU1iC9fULNaOVsw==</latexit>

2
4

<latexit sha1_base64="n1RITA14GurSAmvjTEe/dXiT6i8=">AAAB/XicbVDLSgNBEOyNrxhfUY9eFoPgKeyGED0GvHiMaB6QrGF2MpsMmZ1dZnqFsAS/wKt+gTfx6rf4Af6Hk2QPJrGgoajqprvLjwXX6DjfVm5jc2t7J79b2Ns/ODwqHp+0dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vjm5nffmJK80g+4CRmXkiGkgecEjTSfeWx2i+WnLIzh71O3IyUIEOjX/zpDSKahEwiFUTrruvE6KVEIaeCTQu9RLOY0DEZsq6hkoRMe+n81Kl9YZSBHUTKlER7rv6dSEmo9ST0TWdIcKRXvZn4n9dNMLj2Ui7jBJmki0VBImyM7Nnf9oArRlFMDCFUcXOrTUdEEYomnaUtviJjhlOTi7uawjppVcpurVy7q5bqtSyhPJzBOVyCC1dQh1toQBMoDOEFXuHNerberQ/rc9Gas7KZU1iC9fULNaOVsw==</latexit>

2
4

Contract

<latexit sha1_base64="n1RITA14GurSAmvjTEe/dXiT6i8=">AAAB/XicbVDLSgNBEOyNrxhfUY9eFoPgKeyGED0GvHiMaB6QrGF2MpsMmZ1dZnqFsAS/wKt+gTfx6rf4Af6Hk2QPJrGgoajqprvLjwXX6DjfVm5jc2t7J79b2Ns/ODwqHp+0dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vjm5nffmJK80g+4CRmXkiGkgecEjTSfeWx2i+WnLIzh71O3IyUIEOjX/zpDSKahEwiFUTrruvE6KVEIaeCTQu9RLOY0DEZsq6hkoRMe+n81Kl9YZSBHUTKlER7rv6dSEmo9ST0TWdIcKRXvZn4n9dNMLj2Ui7jBJmki0VBImyM7Nnf9oArRlFMDCFUcXOrTUdEEYomnaUtviJjhlOTi7uawjppVcpurVy7q5bqtSyhPJzBOVyCC1dQh1toQBMoDOEFXuHNerberQ/rc9Gas7KZU1iC9fULNaOVsw==</latexit>

2
4

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

Contraction in code:

<latexit sha1_base64="wdvu5AV87WBXUc5jhxHrgNEG+RU=">AAACGnicbZDLSsNAFIYnXmu9RV0KMlgEVyWRUt0IhW5caYXeoAllMp20Q2eSMDMRSsjOx/AJ3OoTuBO3bnwA38NJG8S2/jDw859zOGc+L2JUKsv6MlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vXM/qnQciJA2DpppExOVoGFCfYqR01DdPEkdwWL+9a6bQGROVWFYKr39t3yxZZWsquGzs3JRArkbf/HYGIY45CRRmSMqebUXKTZBQFDOSFp1YkgjhMRqSnrYB4kS6yfQfKTzTyQD6odAvUHCa/p1IEJdywj3dyZEaycVaFv5X68XKv3ITGkSxIgGeLfJjBlUIMyhwQAXBik20QVhQfSvEIyQQVhrd3BZPII0m42IvUlg27YuyXS1X7yulWiUnVADH4BScAxtcghq4AQ3QAhg8gmfwAl6NJ+PNeDc+Zq0rRj5zBOZkfP4A/J6gQA==</latexit>

CNOT |00i = |00i
<latexit sha1_base64="nFTWZyzT1ubG/PEf1tl/gvbuYQg=">AAACGnicbZDLSsNAFIYnXmu9RV0KMlgEVyWRUt0IhW5caYXeoAllMp20Q2eSMDMRSsjOx/AJ3OoTuBO3bnwA38NJG8S2/jDw859zOGc+L2JUKsv6MlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vXM/qnQciJA2DpppExOVoGFCfYqR01DdPEkdwWL+9a6bQGROVWHYKr39t3yxZZWsquGzs3JRArkbf/HYGIY45CRRmSMqebUXKTZBQFDOSFp1YkgjhMRqSnrYB4kS6yfQfKTzTyQD6odAvUHCa/p1IEJdywj3dyZEaycVaFv5X68XKv3ITGkSxIgGeLfJjBlUIMyhwQAXBik20QVhQfSvEIyQQVhrd3BZPII0m42IvUlg27YuyXS1X7yulWiUnVADH4BScAxtcghq4AQ3QAhg8gmfwAl6NJ+PNeDc+Zq0rRj5zBOZkfP4A/9mgQg==</latexit>

CNOT |01i = |01i

<latexit sha1_base64="m9VGTdyiJ4eQf32mJXQG0y4Zcc4=">AAACGnicbZDLSsNAFIYn9VbrLepSkMEiuCqJlOpGKHTjSiv0Bk0ok+mkHTqThJmJUEJ2PoZP4FafwJ24deMD+B5O2ixs6w8DP/85h3Pm8yJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRnGApM2Dlkoeh6ShNGAtBVVjPQiQRD3GOl6k0ZW7z4SIWkYtNQ0Ii5Ho4D6FCOlo4F5mjiCw8bdfSuFzoSoxLZTeJNbKx2YZatizQRXjZ2bMsjVHJg/zjDEMSeBwgxJ2betSLkJEopiRtKSE0sSITxBI9LXNkCcSDeZ/SOF5zoZQj8U+gUKztK/EwniUk65pzs5UmO5XMvC/2r9WPnXbkKDKFYkwPNFfsygCmEGBQ6pIFixqTYIC6pvhXiMBMJKo1vY4gmk0WRc7GUKq6ZzWbFrldpDtVyv5oSK4AScgQtggytQB7egCdoAgyfwAl7Bm/FsvBsfxue8tWDkM8dgQcbXLwGNoEM=</latexit>

CNOT |11i = |10i

<latexit sha1_base64="hcSU/ug/GMrnNY8qzorbltSUaMY=">AAACGnicbZDLSsNAFIYn9VbrLepSkMEiuCqJlOpGKHTjSiv0Bk0ok+mkHTqThJmJUEJ2PoZP4FafwJ24deMD+B5O2ixs6w8DP/85h3Pm8yJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRnGApM2Dlkoeh6ShNGAtBVVjPQiQRD3GOl6k0ZW7z4SIWkYtNQ0Ii5Ho4D6FCOlo4F5mjiCw8bdfSuFzoSoxLZSeJNbOx2YZatizQRXjZ2bMsjVHJg/zjDEMSeBwgxJ2betSLkJEopiRtKSE0sSITxBI9LXNkCcSDeZ/SOF5zoZQj8U+gUKztK/EwniUk65pzs5UmO5XMvC/2r9WPnXbkKDKFYkwPNFfsygCmEGBQ6pIFixqTYIC6pvhXiMBMJKo1vY4gmk0WRc7GUKq6ZzWbFrldpDtVyv5oSK4AScgQtggytQB7egCdoAgyfwAl7Bm/FsvBsfxue8tWDkM8dgQcbXLwGCoEM=</latexit>

CNOT |10i = |11i

“multi-dimensional array”

<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="JoBCE8TrkTKIDi9ZxhPkKfZNvAQ=">AAACFHicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2m3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJWEdknMYznwsKKcCdrVTHM6SCTFkcdp3wvvCr//RKVisXjUs4S6EZ4IFjCCtZH6o5DqzMnH9YbdtOdA68QpSQNKdMb1n5EfkzSiQhOOlRo6dqLdDEvNCKd5bZQqmmAS4gkdGipwRJWbzc/N0YVRfBTE0pTQaK7+nchwpNQs8kxnhPVUrXqF+J83THVw62ZMJKmmgiwWBSlHOkbF78hnkhLNZ4ZgIpm5FZEplphok9DSFk9ik0y+rHkx94uonNVg1knvqum0mq2H60b7ugytCmdwDpfgwA204R460AUCITzDK7xZL9a79WF9LlorVjlzCkuwvn4BG56fyg==</latexit>

|1i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

Three ways of doing the contraction in code

I. Loops with multi-dimensional arrays

Cost
<latexit sha1_base64="FVGgm7yL8TuA1Vc8jeJ0COHl24E=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSLUTUmKRJcFN+6sYB/QxjKZTtuhk0mYuSmUkF/wC9zqF7gTt/6DH+B/OGmzsK0HLhzOuZd7OH7EmQLb/jYKG5tb2zvF3dLe/sHhkXl80lJhLAltkpCHsuNjRTkTtAkMOO1EkuLA57TtT24zvz2lUrFQPMIsol6AR4INGcGgpb5p9gIMY4J5cp9Wak/uZd8s21V7DmudODkpoxyNvvnTG4QkDqgAwrFSXceOwEuwBEY4TUu9WNEIkwke0a6mAgdUeck8eWpdaGVgDUOpR4A1V/9eJDhQahb4ejPLqVa9TPzP68YwvPESJqIYqCCLR8OYWxBaWQ3WgElKgM80wUQyndUiYywxAV3W0hdf4gmFVPfirLawTlq1quNW3Yerct3NGyqiM3SOKshB16iO7lADNRFBU/SCXtGb8Wy8Gx/G52K1YOQ3p2gJxtcvZkmbNg==</latexit>

O(26)

multiplications, 

very obvious

Contra:  

Cumbersome to code

<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="JoBCE8TrkTKIDi9ZxhPkKfZNvAQ=">AAACFHicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2m3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJWEdknMYznwsKKcCdrVTHM6SCTFkcdp3wvvCr//RKVisXjUs4S6EZ4IFjCCtZH6o5DqzMnH9YbdtOdA68QpSQNKdMb1n5EfkzSiQhOOlRo6dqLdDEvNCKd5bZQqmmAS4gkdGipwRJWbzc/N0YVRfBTE0pTQaK7+nchwpNQs8kxnhPVUrXqF+J83THVw62ZMJKmmgiwWBSlHOkbF78hnkhLNZ4ZgIpm5FZEplphok9DSFk9ik0y+rHkx94uonNVg1knvqum0mq2H60b7ugytCmdwDpfgwA204R460AUCITzDK7xZL9a79WF9LlorVjlzCkuwvn4BG56fyg==</latexit>

|1i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

Three ways of doing the contraction in code

II. Fallback to matrix-matrix multiplication routines

Contra:  

Easy to make mistakes

Permutations add memory allocations

Pro:  

More compact

Built-in matrix multiplications can be very fast

(BLAS routines, e.g. INTEL MKL)

<latexit sha1_base64="kJpCkFm7KkHvwom4JVAlZmqU8Zk="></latexit> X

c1,c2

Ax1x2c1c2
Bc1c2y1 … this is a matrix multiplication!

<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="JoBCE8TrkTKIDi9ZxhPkKfZNvAQ=">AAACFHicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2m3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJWEdknMYznwsKKcCdrVTHM6SCTFkcdp3wvvCr//RKVisXjUs4S6EZ4IFjCCtZH6o5DqzMnH9YbdtOdA68QpSQNKdMb1n5EfkzSiQhOOlRo6dqLdDEvNCKd5bZQqmmAS4gkdGipwRJWbzc/N0YVRfBTE0pTQaK7+nchwpNQs8kxnhPVUrXqF+J83THVw62ZMJKmmgiwWBSlHOkbF78hnkhLNZ4ZgIpm5FZEplphok9DSFk9ik0y+rHkx94uonNVg1knvqum0mq2H60b7ugytCmdwDpfgwA204R460AUCITzDK7xZL9a79WF9LlorVjlzCkuwvn4BG56fyg==</latexit>

|1i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i

Tensors



<latexit sha1_base64="M5jvnNvblJjVxWOEzGt1uOPw2aA="></latexit>

| i =
1X

i1=0

1X

i2=0

· · ·
1X

in=0

ci1i2...in |i1i2 . . . ini

<latexit sha1_base64="Dcuka7tbBmVdPVhV68EJjaEPEr0="></latexit>

c̃i1i2i3i4 =

1X

b2=0

1X

b4=0

M
b2b4

i2i4
ci1b2i3b4

Three ways of doing the contraction in code

Contra:  

Still can add unnecessary overhead

Pro:  

More compact

Built-in matrix multiplications can be very fast

(BLAS routines, e.g. INTEL MKL)

… and using a package doing it for you.

(nice package, can optimize multi-tensor-

contraction ordering at compile time)

<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="JoBCE8TrkTKIDi9ZxhPkKfZNvAQ=">AAACFHicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2m3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJWEdknMYznwsKKcCdrVTHM6SCTFkcdp3wvvCr//RKVisXjUs4S6EZ4IFjCCtZH6o5DqzMnH9YbdtOdA68QpSQNKdMb1n5EfkzSiQhOOlRo6dqLdDEvNCKd5bZQqmmAS4gkdGipwRJWbzc/N0YVRfBTE0pTQaK7+nchwpNQs8kxnhPVUrXqF+J83THVw62ZMJKmmgiwWBSlHOkbF78hnkhLNZ4ZgIpm5FZEplphok9DSFk9ik0y+rHkx94uonNVg1knvqum0mq2H60b7ugytCmdwDpfgwA204R460AUCITzDK7xZL9a79WF9LlorVjlzCkuwvn4BG56fyg==</latexit>

|1i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i
<latexit sha1_base64="7K8OqhzKYS6MM0Tik7frnXbwYnM=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWw2k3bJZhN2N0IJ+RFePOhf8SZevftPPLppc7CtDwYe780wM89LOFPatr+tysbm1vZOdbe2t39weFQ/PumpOJUUujTmsRx4RAFnArqaaQ6DRAKJPA59L7wr/P4TSMVi8ahnCbgRmQgWMEq0kfqjEHRm5+N6w27ac+B14pSkgUp0xvWfkR/TNAKhKSdKDR070W5GpGaUQ14bpQoSQkMygaGhgkSg3Gx+bo4vjOLjIJamhMZz9e9ERiKlZpFnOiOip2rVK8T/vGGqg1s3YyJJNQi6WBSkHOsYF79jn0mgms8MIVQycyumUyIJ1SahpS2eJCaZfFnzYu4XUTmrwayT3lXTaTVbD9eN9nUZWhWdoXN0iRx0g9roHnVQF1EUomf0it6sF+vd+rA+F60Vq5w5RUuwvn4BGfOfyQ==</latexit>

|0i

II. Fallback to matrix-matrix multiplication routines

https://jutho.github.io/TensorOperations.jl

Tensors



This time

Part 3: Matrix product states (MPS) and the time-evolving block 

decimation algorithm (TEBD) and application examples

Part 1: Tensors and “tensor-networks”

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="ihsGg6CZYmOQi6V3M+Vo975Z/FM=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qGXAxjKi+YDkCHt7e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0g408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG6nfvuJKs1i+WjGCfUFHkgWMYKNlR7C/mW/XHGr7gxolXg5qUCORr/80wtjkgoqDeFY667nJsbPsDKMcDop9VJNE0xGeEC7lkosqPaz2akTdGaVEEWxsiUNmql/JzIstB6LwHYKbIZ62ZuK/3nd1EQ3fsZkkhoqyXxRlHJkYjT9G4VMUWL42BJMFLO3IjLEChNj01nYEohJyYbiLUewSloXVe+qWruvVeq1PJ4inMApnIMH11CHO2hAEwgM4AVe4c15dt6dD+dz3lpw8pljWIDz9QslRJQv</latexit>

d3

Part 2: Bi-partite entanglement and bi-partite state compression

Examples: MPS simulations



= | i

Block A Block B

“Blocks A and B are entangled”

Assume a pure state of our many-body system (qubits/spins or bosons, …)

Bipartition:

Definition:

How to quantify the amount of entanglement?

State in block A State in block B

Example: Say the total state is a non-entangled product state

… then:

Pure states!

The state of each block contains all information of the state in that block!

<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

| i 6= |�iA |�iB

<latexit sha1_base64="t2siWvPE+RWagil5Me75WurPDsM=">AAACNHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp2o1QdeOygn1AE8JkOmmHTiZhZiKUkE/wawRX+iGCO3Hr0rWTNgvbemDgnHPv5d45fsyoVJb1bpRWVtfWN8qbla3tnd09c/+gI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/fJvXu49ESBrxBzWJiRuiIacBxUhpyzNPnTFRqRNLmsErWIgRzbxrWCicqxvPrFo1awq4TOyCVEGBlmf+OIMIJyHhCjMkZd+2YuWmSCiKGckqTiJJjPAYDUlfU45CIt10+qEMnmhnAINI6McVnLp/J1IUSjkJfd0ZIjWSi7Xc/K/WT1TQcFPK40QRjmeLgoRBFcE8HTiggmDFJpogLKi+FeIREggrneHcFj/M5rVAOq6sooOyF2NZJp3zmn1Rq9/Xq81GEVkZHIFjcAZscAma4A60QBtg8ASewSt4M16MD+PT+Jq1loxi5hDMwfj+BTKeq9k=</latexit>

| i = |�i
A
|�i

B

Bipartite entanglement and state compression

<latexit sha1_base64="oL2TnggSSMm1T/UGxJQHJPEFl1U="></latexit>

ω̂A = trB (|ε→↑ε|)
<latexit sha1_base64="GWbuBcdrroRHYlH6armWCyZIhE8="></latexit>

ω̂B = trA (|ε→↑ε|)

<latexit sha1_base64="h7WURZorepzQ6P9lrepmRA5yX9A=">AAACM3icbZDLSsNAFIYn9V5vVZduBoviqiQi1Y2guHGpYK3QhHAynTRDJxdmToQS8gY+jeBKX0TciVu3rp1eFtb6w8A3/zmHM/MHmRQabfvNqszNLywuLa9UV9fWNzZrW9t3Os0V4y2WylTdB6C5FAlvoUDJ7zPFIQ4kbwf9y2G9/cCVFmlyi4OMezH0EhEKBmgsv3bgRoDUVVHqX9Az6vY5Fm4WiZJSN1AwZv/Cr9Xthj0SnQVnAnUy0bVf+3a7KctjniCToHXHsTP0ClAomORl1c01z4D1occ7BhOIufaK0X9Kum+cLg1TZU6CdOT+nigg1noQB6YzBoz039rQ/K/WyTE89QqRZDnyhI0XhbmkmNJhOLQrFGcoBwaAKWHeSlkEChiaCKe2BHE5fVdgoiurJijnbyyzcHfUcJqN5s1x/fx0Etky2SV75JA45ISckytyTVqEkUfyRF7Iq/VsvVsf1ue4tWJNZnbIlKyvH3Huquw=</latexit>

ω̂A = |ε→ ↑ε|
A

<latexit sha1_base64="d6M1hmDTVLMUrD291mdlbubfWTU=">AAACM3icbZDLSgMxFIYzXmu9VV26CRbFVZkRqd0IpW5cVrC10CnDmTR1QjMXkjNCGeYNfBrBlb6IuBO3bl2bXha2+kPgy3/O4SS/n0ih0bbfrKXlldW19cJGcXNre2e3tLff1nGqGG+xWMaq44PmUkS8hQIl7ySKQ+hLfucPr8b1uweutIijWxwlvBfCfSQGggEayyuduAEgdVUQew16Sd0hx8xlgcgpdX0FU/YaXqlsV+yJ6F9wZlAmMzW90rfbj1ka8giZBK27jp1gLwOFgkmeF91U8wTYEO5512AEIde9bPKfnB4bp08HsTInQjpxf09kEGo9Cn3TGQIGerE2Nv+rdVMc1HqZiJIUecSmiwappBjTcTi0LxRnKEcGgClh3kpZAAoYmgjntvhhPn9XYKLLiyYoZzGWv9A+qzjVSvXmvFyvzSIrkENyRE6JQy5InVyTJmkRRh7JE3khr9az9W59WJ/T1iVrNnNA5mR9/QBJK6rU</latexit>

ω̂B = |ε→ ↑ε|
B



Example: Say the total state of just two qubits is maximally entangled:

… then:

<latexit sha1_base64="nGZHpV8Px4cyjnUZgS0KU2Rej3w="></latexit>

| ih | =
1

2
(|0iA|0iBh0|Ah0|B + |0iA|0iBh1|Ah1|B + |1iA|1iBh0|Ah0|B + |1iA|1iBh1|Ah1|B)

<latexit sha1_base64="uWabtSUFq71eW8tEK9BEsaOryb0="></latexit>

=

✓

1

2
0

0
1

2

◆

A

The state of a sub-block is a maximally mixed state!

Idea: Use the entropy of the 

reduced density matrix as 

entanglement measure!

<latexit sha1_base64="8sVarKE2zmKbGYRPe12Tx2jKGuU="></latexit>

| i = 1p
2
(|0i

A
|0i

B
+ |1i

A
|1i

B
)

= | i

Block A Block B

“Blocks A and B are entangled”

Bipartition:

Definition:
<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

| i 6= |�iA |�iB

Assume a pure state of our many-body system (qubits/spins or bosons, …)

Bipartite entanglement and state compression

<latexit sha1_base64="lWOCnw7seFNV1k++5QfM8z0tSeY="></latexit>

ω̂A = trB (|ε→↑ε|) = ↑0|ε→↑ε|0→B + ↑1|ε→↑ε|1→B

<latexit sha1_base64="sQlxR5jGfYrHrPYnnGsi/0nydN4="></latexit>

ω̂A =
1

2
(|0→↑0|A + |1→↑1|A)



How to quantify the amount of entanglement?

State in block A State in block B

<latexit sha1_base64="SuMRcmCZSpLKCGyA2h6ZFuzIF28="></latexit>

⇢A = trB (| ih |)
<latexit sha1_base64="e1HzrvdKf7PFk9t8FMb5t9iBg0g="></latexit>

⇢B = trA (| ih |)

von Neumann entanglement entropy:

Eigenvalues of
<latexit sha1_base64="4C+9n32eZWtA7yQKKMgudAoem0A="></latexit>

⇢A

true for pure states on 

the full system

= | i

Block A Block B

“Blocks A and B are entangled”

Assume a pure state of our many-body system

Bipartition:

Definition:
<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

| i 6= |�iA |�iB

Bipartite entanglement and state compression

<latexit sha1_base64="1iYF1YAdXsr6/XgM4vU0ypegUHg="></latexit>

SvN(ω̂A) = →trA [ω̂A log2(ω̂A)] = →

∑

ω

εω log2(εω) = SvN(ωB)



Block A Block BBipartition:

No entanglement Maximum entanglement

Two qubit examples:

Entanglement entropy:

<latexit sha1_base64="IqkGVNiVDqIh3uWKlF1/wsV9D0g="></latexit>

SvN(⇢A) = 0

w.l.o.g.

<latexit sha1_base64="D296u3aLBRL9+aQW6eP56R83WSY="></latexit>

�1 = 1,�↵ 6=1 = 0

<latexit sha1_base64="x2KT6RXJluGOBYP9B02Vh8PubPM="></latexit>

| i =
1

2
(|0i

A
|0i

B
+ |1i

A
|1i

B
)

<latexit sha1_base64="ipXBsSZXsUYp2dOa28K4VRiqiMc=">AAACLnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp2o1QdeOygn1AE8JkOmmHziRhZiKUkLVfI7jSPxFciFu/wLXTNAvbemDg3HPu5d45fsyoVJb1YZRWVtfWN8qbla3tnd09c/+gI6NEYNLGEYtEz0eSMBqStqKKkV4sCOI+I11/fDv1u49ESBqFD2oSE5ejYUgDipHSkmceO2OiUieWNINXMC+szLuGM2pn3o1nVq2alQMuE7sgVVCg5Zk/ziDCCSehwgxJ2betWLkpEopiRrKKk0gSIzxGQ9LXNEScSDfNv5LBU60MYBAJ/UIFc/XvRIq4lBPu606O1EguelPxP6+fqKDhpjSME0VCPFsUJAyqCE5zgQMqCFZsognCgupbIR4hgbDS6c1t8Xk2Xwuks8oqOih7MZZl0jmv2Re1+n292mwUkZXBETgBZ8AGl6AJ7kALtAEGT+AZvII348V4Nz6Nr1lryShmDsEcjO9fWtyo0Q==</latexit>

| i = |0i
A
|1i

B

<latexit sha1_base64="C9ifj98ivnEMkpmCzLoqci/qEWc="></latexit>

⇢A =

✓

1

2
0

0
1

2

◆

A

<latexit sha1_base64="zkn38TsJAN1pXuIcC4el5MbQ6NA="></latexit>

⇢A =

✓

1 0

0 0

◆

A

<latexit sha1_base64="Vld5Xivhjm02CJZbK2GKIe0TYZ0="></latexit>

dA = dim(HA)
<latexit sha1_base64="QMjs/tfPKBY/GwPi7RDG9Muwpow="></latexit>

dA < dim(HB) = dB

<latexit sha1_base64="2uNIc7iQLxu5OB9glLEHF0N1GDI="></latexit>

�↵ =
1

dA

<latexit sha1_base64="0a5oWVqFIqxufiZT9KCEyYeE9nk="></latexit>

SvN(⇢A) = log
2
(dA)

= | i

Block A Block B

Assume a pure state of our many-body system

Bipartition:

Bipartite entanglement and state compression

<latexit sha1_base64="1iYF1YAdXsr6/XgM4vU0ypegUHg="></latexit>

SvN(ω̂A) = →trA [ω̂A log2(ω̂A)] = →

∑

ω

εω log2(εω) = SvN(ωB)

<latexit sha1_base64="tILQ/8Z34cr2yZWqAY9t10ufYQM="></latexit>

S(ω̂A) = →1 log
2
(1) = 0

<latexit sha1_base64="Al6p8nxJHmWNAkRdkETFXxcbCEI="></latexit>

S(ω̂A) = →2
1

2
log

2

(

1

2

)

= log
2
(2) = 1



General state in some basis:

U,V unitary, S: real & diagonal

<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

| i =
dX

i,j=1

ci,j |iiA|jiB

Singular value decomposition (SVD) of the coefficient matrix (also known as Schmidt decomposition)

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

<latexit sha1_base64="FTMt/y9V/tJrv2RwJdYukSpCtCY=">AAACE3icbZDNSsNAFIUn/tb6F3Wnm8EiuCqJFO1GKHTjsqJpC00sk8mkHTqThJmJUELAl/AV3Orenbj1Adz6JE7TLmzrgYGPc+/l3jl+wqhUlvVtrKyurW9slrbK2zu7e/vmwWFbxqnAxMExi0XXR5IwGhFHUcVINxEEcZ+Rjj9qTuqdRyIkjaN7NU6Ix9EgoiHFSGmrbx5nrh/CZg6vYUEOvIPt/MEN0KBvVqyqVQgugz2DCpip1Td/3CDGKSeRwgxJ2bOtRHkZEopiRvKym0qSIDxCA9LTGCFOpJcVf8jhmXYCGMZCv0jBwv07kSEu5Zj7upMjNZSLtYn5X62XqrDuZTRKUkUiPF0UpgyqGE4CgQEVBCs21oCwoPpWiIdIIKx0bHNbfJ6XdSj2YgTL0L6o2pfV2m2t0qjP4imBE3AKzoENrkAD3IAWcAAGT+AFvII349l4Nz6Mz2nrijGbOQJzMr5+AQmNnLA=</latexit>

C = USV
†

“Singular values”

… linear algebra textbook

<latexit sha1_base64="puLVT4XvhH1UfRu0NLNMY6DUnP8=">AAACEnicbZDLSgMxFIYzXmu9jboSN8EiVJAyI0W7EQrduKxgL9AOQybNtLFJZkgyQhkGX8JXcKt7d+LWF3Drk5heFrb1h8DHf87hnPxBzKjSjvNtrayurW9s5rby2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWBYG9dbj0QqGol7PYqJx1Ff0JBipI3l28fFtBuEsJad+ym9eMjgDcRT8u2CU3ImgsvgzqAAZqr79k+3F+GEE6ExQ0p1XCfWXoqkppiRLN9NFIkRHqI+6RgUiBPlpZMvZPDMOD0YRtI8oeHE/TuRIq7UiAemkyM9UIu1sflfrZPosOKlVMSJJgJPF4UJgzqC4zxgj0qCNRsZQFhScyvEAyQR1ia1uS0Bz/ImFHcxgmVoXpbcq1L5rlyoVmbx5MAJOAVF4IJrUAW3oA4aAIMn8AJewZv1bL1bH9bntHXFms0cgTlZX7/e65ym</latexit>

(C)i,j = ci,j

= | i

Now we can compute the entropy of a subsystem after the SVD

Bipartite entanglement and state compression

<latexit sha1_base64="k7lWmW5APaSsk9lRE4ecS3TRQDE="></latexit>

ω̂ =

∑

i→,j→

c→i→,j→
∑

i,j

ci,j |ij→↑i
↑j↑|

<latexit sha1_base64="lpS6cuN41tqlXkhgWO1Szy7xc2E="></latexit>

ω̂A =

∑

n

→n|ω|n↑2
<latexit sha1_base64="FgSYat+/HADjzjwiI9axUpIU1WE="></latexit>

ω̂A =

∑

i→,i→

∑

n

c
→

i→,nci,n|i→↑i
↑|



c
U,V unitary, S: real & diagonal

<latexit sha1_base64="2m1FpVKM/Q7F0/ZdZ/sHdPZ+iyU="></latexit>

dA = dB = d

<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

| i =
dX

i,j=1

ci,j |iiA|jiB

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j
<latexit sha1_base64="FTMt/y9V/tJrv2RwJdYukSpCtCY=">AAACE3icbZDNSsNAFIUn/tb6F3Wnm8EiuCqJFO1GKHTjsqJpC00sk8mkHTqThJmJUELAl/AV3Orenbj1Adz6JE7TLmzrgYGPc+/l3jl+wqhUlvVtrKyurW9slrbK2zu7e/vmwWFbxqnAxMExi0XXR5IwGhFHUcVINxEEcZ+Rjj9qTuqdRyIkjaN7NU6Ix9EgoiHFSGmrbx5nrh/CZg6vYUEOvIPt/MEN0KBvVqyqVQgugz2DCpip1Td/3CDGKSeRwgxJ2bOtRHkZEopiRvKym0qSIDxCA9LTGCFOpJcVf8jhmXYCGMZCv0jBwv07kSEu5Zj7upMjNZSLtYn5X62XqrDuZTRKUkUiPF0UpgyqGE4CgQEVBCs21oCwoPpWiIdIIKx0bHNbfJ6XdSj2YgTL0L6o2pfV2m2t0qjP4imBE3AKzoENrkAD3IAWcAAGT+AFvII349l4Nz6Mz2nrijGbOQJzMr5+AQmNnLA=</latexit>

C = USV
†

<latexit sha1_base64="puLVT4XvhH1UfRu0NLNMY6DUnP8=">AAACEnicbZDLSgMxFIYzXmu9jboSN8EiVJAyI0W7EQrduKxgL9AOQybNtLFJZkgyQhkGX8JXcKt7d+LWF3Drk5heFrb1h8DHf87hnPxBzKjSjvNtrayurW9s5rby2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWBYG9dbj0QqGol7PYqJx1Ff0JBipI3l28fFtBuEsJad+ym9eMjgDcRT8u2CU3ImgsvgzqAAZqr79k+3F+GEE6ExQ0p1XCfWXoqkppiRLN9NFIkRHqI+6RgUiBPlpZMvZPDMOD0YRtI8oeHE/TuRIq7UiAemkyM9UIu1sflfrZPosOKlVMSJJgJPF4UJgzqC4zxgj0qCNRsZQFhScyvEAyQR1ia1uS0Bz/ImFHcxgmVoXpbcq1L5rlyoVmbx5MAJOAVF4IJrUAW3oA4aAIMn8AJewZv1bL1bH9bntHXFms0cgTlZX7/e65ym</latexit>

(C)i,j = ci,j

= | i

Bipartite entanglement and state compression

<latexit sha1_base64="k7lWmW5APaSsk9lRE4ecS3TRQDE="></latexit>

ω̂ =

∑

i→,j→

c→i→,j→
∑

i,j

ci,j |ij→↑i
↑j↑|

<latexit sha1_base64="lpS6cuN41tqlXkhgWO1Szy7xc2E="></latexit>

ω̂A =

∑

n

→n|ω|n↑2
<latexit sha1_base64="FgSYat+/HADjzjwiI9axUpIU1WE="></latexit>

ω̂A =

∑

i→,i→

∑

n

c
→

i→,nci,n|i→↑i
↑|

<latexit sha1_base64="jREAxnKgs3rPUJ8pARoO/XRYnMY="></latexit>

ω̂A =
∑

ω

(sω,ω)
2|ε→↑ε|

Now we can compute the entropy of a subsystem after the SVD

(Exercise)
…

Singular value decomposition (SVD)



The SVD diagonalizes the reduced density matrix

       We can now make an approximation: What if we just keep the largest singular values?

Then … and we now have a state approximation with limited bipartite entanglement

Remark: This is the origin of the naming of an algorithm denoted as “density matrix renormalization group” (DMRG) 

↵

<latexit sha1_base64="7KEg0J53kxlt11ccXV5Icktq3JY=">AAAB+3icdVDLSsNAFJ3UV62vqks3g0VwFZJU07gruHFZwT6gDWUynTRDZ5IwMxFKyC+41b07cevHuPVLnLQVVPTAhcM593LvPUHKqFSW9W5U1tY3Nreq27Wd3b39g/rhUU8mmcCkixOWiEGAJGE0Jl1FFSODVBDEA0b6wey69Pv3REiaxHdqnhKfo2lMQ4qRKqURjui43rBM78qxHQ9apt10W3ZJHMtrXrrQNq0FGmCFzrj+MZokOOMkVpghKYe2lSo/R0JRzEhRG2WSpAjP0JQMNY0RJ9LPF7cW8EwrExgmQles4EL9PpEjLuWcB7qTIxXJ314p/uUNMxV6fk7jNFMkxstFYcagSmD5OJxQQbBic00QFlTfCnGEBMJKx/NjS8CLmg7l63P4P+k5pu2a7u1Fo+2t4qmCE3AKzoENWqANbkAHdAEGEXgAj+DJKIxn48V4XbZWjNXMMfgB4+0TuTGVKQ==</latexit>

ω

max[SvN(⇢A)] = log
2
(�)

(s↵,↵)
2

<latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit><latexit sha1_base64="YEUh6LoV1Kb4ELX9dHUKKC+iiyE=">AAACDnicbZDLSsNAFIZPvNZ6i4orN8EiVJCSFFGXBTcuK9gLtDFMppN26MwkzEyEEvIOvoJb3bsTt76CW5/E6WVhWw8M8/H/53AOf5gwqrTrflsrq2vrG5uFreL2zu7evn1w2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN6O/dYTkYrG4kGPEuJz1Bc0ohhpIwX2cVkFWRexZIAupl9+/lgN7JJbcSflLIM3gxLMqh7YP91ejFNOhMYMKdXx3ET7GZKaYkbyYjdVJEF4iPqkY1AgTpSfTc7PnTOj9JwoluYJ7UzUvxMZ4kqNeGg6OdIDteiNxf+8TqqjGz+jIkk1EXi6KEqZo2NnnIXTo5JgzUYGEJbU3OrgAZIIa5PY3JaQ50UTircYwTI0qxXP8P1lqXY1i6cAJ3AKZfDgGmpwB3VoAIYMXuAV3qxn6936sD6nrSvWbOYI5sr6+gUB2Zuy</latexit>

= | i

Singular (Schmidt values) are the square root of the eigenvalues of the reduced density matrix

Upper limit of entanglement entropy:

c
U,V unitary, S: real & diagonal

<latexit sha1_base64="2m1FpVKM/Q7F0/ZdZ/sHdPZ+iyU="></latexit>

dA = dB = d

<latexit sha1_base64="B6AoBTA6DJlMwwH+etBvV2UO8fE="></latexit>

| i =
dX

i,j=1

ci,j |iiA|jiB

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j
<latexit sha1_base64="FTMt/y9V/tJrv2RwJdYukSpCtCY=">AAACE3icbZDNSsNAFIUn/tb6F3Wnm8EiuCqJFO1GKHTjsqJpC00sk8mkHTqThJmJUELAl/AV3Orenbj1Adz6JE7TLmzrgYGPc+/l3jl+wqhUlvVtrKyurW9slrbK2zu7e/vmwWFbxqnAxMExi0XXR5IwGhFHUcVINxEEcZ+Rjj9qTuqdRyIkjaN7NU6Ix9EgoiHFSGmrbx5nrh/CZg6vYUEOvIPt/MEN0KBvVqyqVQgugz2DCpip1Td/3CDGKSeRwgxJ2bOtRHkZEopiRvKym0qSIDxCA9LTGCFOpJcVf8jhmXYCGMZCv0jBwv07kSEu5Zj7upMjNZSLtYn5X62XqrDuZTRKUkUiPF0UpgyqGE4CgQEVBCs21oCwoPpWiIdIIKx0bHNbfJ6XdSj2YgTL0L6o2pfV2m2t0qjP4imBE3AKzoENrkAD3IAWcAAGT+AFvII349l4Nz6Mz2nrijGbOQJzMr5+AQmNnLA=</latexit>

C = USV
†

<latexit sha1_base64="puLVT4XvhH1UfRu0NLNMY6DUnP8=">AAACEnicbZDLSgMxFIYzXmu9jboSN8EiVJAyI0W7EQrduKxgL9AOQybNtLFJZkgyQhkGX8JXcKt7d+LWF3Drk5heFrb1h8DHf87hnPxBzKjSjvNtrayurW9s5rby2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWBYG9dbj0QqGol7PYqJx1Ff0JBipI3l28fFtBuEsJad+ym9eMjgDcRT8u2CU3ImgsvgzqAAZqr79k+3F+GEE6ExQ0p1XCfWXoqkppiRLN9NFIkRHqI+6RgUiBPlpZMvZPDMOD0YRtI8oeHE/TuRIq7UiAemkyM9UIu1sflfrZPosOKlVMSJJgJPF4UJgzqC4zxgj0qCNRsZQFhScyvEAyQR1ia1uS0Bz/ImFHcxgmVoXpbcq1L5rlyoVmbx5MAJOAVF4IJrUAW3oA4aAIMn8AJewZv1bL1bH9bntHXFms0cgTlZX7/e65ym</latexit>

(C)i,j = ci,j

Singular value decomposition 

(SVD)

Bipartite entanglement and state compression

<latexit sha1_base64="jREAxnKgs3rPUJ8pARoO/XRYnMY="></latexit>

ω̂A =
∑

ω

(sω,ω)
2|ε→↑ε|

<latexit sha1_base64="/QAc9rYOd2CUK0Ka8E8VCtEaCGI="></latexit>

max[SvN(ω̂A)] = log
2
(d)

<latexit sha1_base64="6RvPh6uD83ZlCHj2Ahtn+5q6umQ="></latexit>

SvN(ω̂A) = →

d∑

ω

(sω,ω)
2 log

2
[(sω,ω)

2]



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Bipartite entanglement and state compression

<latexit sha1_base64="kNuv5egWjSl7AVg+kIAAI4ZK5xA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV2t1YtQ8OKxgv2AdinZbLYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM8xPBtXGcb7Syura+sVnYKm7v7O7tlw4OWzpOFWVNGotYdXyimeCSNQ03gnUSxUjkC9b2R7dTv/3ElOaxfDDjhHkRGUgeckqMlToBvsHu5UWtXyo7FWcGvEzcnJQhR6Nf+uoFMU0jJg0VROuu6yTGy4gynAo2KfZSzRJCR2TAupZKEjHtZbN7J/jUKgEOY2VLGjxTf09kJNJ6HPm2MyJmqBe9qfif101NeO1lXCapYZLOF4WpwCbG0+dxwBWjRowtIVRxeyumQ6IINTaiog3BXXx5mbTOK26tUruvluvVPI4CHMMJnIELV1CHO2hAEygIeIZXeEOP6AW9o4956wrKZ47gD9DnD8dljnc=</latexit>

d = 1536



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

“exponential drop”

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Let’s keep only the larges singular value, enforce
<latexit sha1_base64="bXZtrywkt6qpfz9SQLXcbxL7Tbk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqdNjI0FuiNcvV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu+UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2opINwVt+eZW0LqperVq7v6zUL/M4inACp3AOHlxBHe6gAU1gIOEZXuHNeXRenHfnY9FacPKZY/gD5/MHocuPBQ==</latexit>

� = 1

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Let’s keep only the largest singular value, enforce

↵

�

Product state cat 

(mean-field cat)

Bad approximation

<latexit sha1_base64="bBfI7kEsq6TT4ECKfSyyKhZ0Y/Y=">AAACDnicbVDLSsNAFJ34rPUVFVduBotQNyWRUt0IFTeupKJ9QBPCZDpph84kYWZSKCH/4C+41b07cesvuPVLnLZZ2NYDFw7n3Mu5HD9mVCrL+jZWVtfWNzYLW8Xtnd29ffPgsCWjRGDSxBGLRMdHkjAakqaiipFOLAjiPiNtf3g78dsjIiSNwic1jonLUT+kAcVIackzjx+91BEcju6zsiMGkXdzfg0tzyxZFWsKuEzsnJRAjoZn/ji9CCechAozJGXXtmLlpkgoihnJik4iSYzwEPVJV9MQcSLddPp+Bs+00oNBJPSECk7Vvxcp4lKOua83OVIDuehNxP+8bqKCKzelYZwoEuJZUJAwqCI46QL2qCBYsbEmCAuqf4V4gATCSjc2l+LzrKhLsRcrWCati4pdq9QeqqV6Na+nAE7AKSgDG1yCOrgDDdAEGKTgBbyCN+PZeDc+jM/Z6oqR3xyBORhfv+8Dmww=</latexit>

SvN(⇢A) = 0

<latexit sha1_base64="dCJ4vOnxaODKbDlz+qm1EQ6418E=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIp1Y1QcONKKtoHNCFMJtN26EySzkwKJWTrT/gLbnXvTty6cuuXOG2zsK0HLhzOuZd77/FjRqWyrG+jsLa+sblV3C7t7O7tH5iHRy0ZJQKTJo5YJDo+koTRkDQVVYx0YkEQ9xlp+8Obqd8eEyFpFD6qSUxcjvoh7VGMlJY8Ezp4QOE1tKEzSlAAH7zUERyO7zLoMDKClmeWrYo1A1wldk7KIEfDM3+cIMIJJ6HCDEnZta1YuSkSimJGspKTSBIjPER90tU0RJxIN519ksEzrQSwFwldoYIz9e9EiriUE+7rTo7UQC57U/E/r5uo3pWb0jBOFAnxfFEvYVBFcBoLDKggWLGJJggLqm+FeIAEwkqHt7DF51lJh2IvR7BKWhcVu1ap3VfL9WoeTxGcgFNwDmxwCergFjRAE2DwBF7AK3gzno1348P4nLcWjHzmGCzA+PoFSJGe6g==</latexit>

� = 1 SvN  0

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Let’s keep only the largest few singular values

↵

�

Almost product  

state cat

Bad approximation

<latexit sha1_base64="U4lci3BAe2fDOX50IDiJTEdGUEA=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiuSlJKdSMU3LiSivYBTQiTyaQdOpOkM5NCCdn6E/6CW927E7eu3PolTh8L23rgwuGce7n3Hj9hVCrL+jbW1jc2t7YLO8Xdvf2DQ/PouCXjVGDSxDGLRcdHkjAakaaiipFOIgjiPiNtf3Az8dsjIiSNo0c1TojLUS+iIcVIackzoYP7FF7DCnSGKQrgg5c5gsPRXQ4dRobQ9sySVbamgKvEnpMSmKPhmT9OEOOUk0hhhqTs2lai3AwJRTEjedFJJUkQHqAe6WoaIU6km00/yeG5VgIYxkJXpOBU/TuRIS7lmPu6kyPVl8veRPzP66YqvHIzGiWpIhGeLQpTBlUMJ7HAgAqCFRtrgrCg+laI+0ggrHR4C1t8nhd1KPZyBKukVSnbtXLtvlqqV+fxFMApOAMXwAaXoA5uQQM0AQZP4AW8gjfj2Xg3PozPWeuaMZ85AQswvn4BS9Ge7A==</latexit>

� = 2 SvN  1

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Let’s keep only the largest few singular values

↵

�

slightly entangled cat 

state cat

Ok approximation

<latexit sha1_base64="pCWxiFaQosrZfqXE1lS0zHNH4vY=">AAACGnicbVDLSsNAFJ34rPUVdelmtAiuSiKluhEKblxJRfuAJoTJZNoOnUnSmUmhhKz9CX/Bre7diVs3bv0Sp20WtvXAhcM593LvPX7MqFSW9W2srK6tb2wWtorbO7t7++bBYVNGicCkgSMWibaPJGE0JA1FFSPtWBDEfUZa/uBm4rdGREgahY9qHBOXo15IuxQjpSXPPHFwn8JraFehM0xQAB+81BEcju4y6DAyhBXPLFllawq4TOyclECOumf+OEGEE05ChRmSsmNbsXJTJBTFjGRFJ5EkRniAeqSjaYg4kW46fSWDZ1oJYDcSukIFp+rfiRRxKcfc150cqb5c9Cbif14nUd0rN6VhnCgS4tmibsKgiuAkFxhQQbBiY00QFlTfCnEfCYSVTm9ui8+zog7FXoxgmTQvyna1XL2vlGqVPJ4COAan4BzY4BLUwC2ogwbA4Am8gFfwZjwb78aH8TlrXTHymSMwB+PrF9C4ny4=</latexit>

� = 16 SvN  4

Bipartite entanglement and state compression



Example for a bipartite “quantum system”

C

| i =
dX

i,j=1

ci,j |iji

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with 

numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

<latexit sha1_base64="QpQspZLVnbWfIrzgDvUJBsdm0uU="></latexit>

ci,j =

dX

↵

ui,↵s↵,↵v
⇤

↵,j

↵

�

Let’s keep only the largest few singular values

↵

�

Slightly entangled cat

Excellent approximation

<latexit sha1_base64="RrmqM13ByAJrqKJ8VN4gR2wc/Mw=">AAACG3icbVC7TgJBFJ3FF+ILtbSZQEysyC4hQGNCYmNlMMojYclmdnaACTOzy8wsCdnQ+xP+gq32dsbWwtYvcXgUAp7kJifn3Jt77/EjRpW27W8rtbW9s7uX3s8cHB4dn2RPz5oqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+cObmd8aE6loKB71JCJdjvqC9ihG2kheNufiAYXX0ClWoTuKUQAfvMSVHI7vptBlZAQrXjZvF+w54CZxliQPlqh72R83CHHMidCYIaU6jh3pboKkppiRacaNFYkQHqI+6RgqECeqm8x/mcJLowSwF0pTQsO5+nciQVypCfdNJ0d6oNa9mfif14l1r9pNqIhiTQReLOrFDOoQzoKBAZUEazYxBGFJza0QD5BEWJv4Vrb4fJoxoTjrEWySZrHglAvl+1K+VlrGkwYXIAeugAMqoAZuQR00AAZP4AW8gjfr2Xq3PqzPRWvKWs6cgxVYX79UNp9v</latexit>

� = 128 SvN  7

<latexit sha1_base64="briiFHaLOvKafCdknJ1l6ZrSj+8=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsao2XAxjKCeUB2CbOTSTJkZnadmRXCktZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywljzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ShShDRLxSLVDrClnkjYMM5y2Y0WxCDlthaPbqd96okqzSD6YcUwDgQeS9RnBxkqBT4YM+Zwj7+qy2i2W3LI7A1olXkZKkKHeLf74vYgkgkpDONa647mxCVKsDCOcTgp+ommMyQgPaMdSiQXVQTp7eoLOrNJD/UjZkQbN1L8XKRZaj0VoNwU2Q73sTcX/vE5i+jdBymScGCrJPKifcGQiNG0A9ZiixPCxJZgoZn9FZIgVJsb2tJASiknBluItV7BKmhdlr1qu3ldKtUpWTx5O4BTOwYNrqMEd1KEBBB7hBV7hzXl23p0P53O+mnOym2NYgPP1CzYTl3I=</latexit>

� ⌧ 1536

Bipartite entanglement and state compression



This time

Part 3: Matrix product states (MPS) and the time-evolving block 

decimation algorithm (TEBD) and application examples

Part 1: Tensors and “tensor-networks”

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="ihsGg6CZYmOQi6V3M+Vo975Z/FM=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qGXAxjKi+YDkCHt7e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0g408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG6nfvuJKs1i+WjGCfUFHkgWMYKNlR7C/mW/XHGr7gxolXg5qUCORr/80wtjkgoqDeFY667nJsbPsDKMcDop9VJNE0xGeEC7lkosqPaz2akTdGaVEEWxsiUNmql/JzIstB6LwHYKbIZ62ZuK/3nd1EQ3fsZkkhoqyXxRlHJkYjT9G4VMUWL42BJMFLO3IjLEChNj01nYEohJyYbiLUewSloXVe+qWruvVeq1PJ4inMApnIMH11CHO2hAEwgM4AVe4c15dt6dD+dz3lpw8pljWIDz9QslRJQv</latexit>

d3

Part 2: Bi-partite entanglement and bi-partite state compression

Example of MPS simulations



Matrix product states - The main idea

Many-body quantum state (M local dimension d, e.g. qubits, bosons, ….):

<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM

<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

| i =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

… can be done iteratively with SVDs

combine indices 2,…,M

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

iterate this

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d
<latexit sha1_base64="2CwLBvzlRHX11P/oAK+6o/phL/A=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWCZgPiA5wt7eXLJk9+7Y3RNiyC+w1d5ObP03tv4SN8kVJvHBwOO9GWbmBang2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFMMmS0SiOgHVKHiMTcONwE6qkMpAYDsY3c/89hMqzZP40YxT9CUdxDzijBorNcJ+qexW3DnIOvFyUoYc9X7ppxcmLJMYGyao1l3PTY0/ocpwJnBa7GUaU8pGdIBdS2MqUfuT+aFTcmmVkESJshUbMlf/Tkyo1HosA9spqRnqVW8m/ud1MxPd+RMep5nBmC0WRZkgJiGzr0nIFTIjxpZQpri9lbAhVZQZm83SlkBOizYUbzWCddK6rng3lWqjWq5V83gKcA4XcAUe3EINHqAOTWCA8AKv8OY8O+/Oh/O5aN1w8pkzWILz9QvzrZOJ</latexit>

d

= | i

SVD:

<latexit sha1_base64="UQ2u2WoM2gAXb48WRvxyIioE0wk=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5ENI0QsLFMwHxAcoS9zSRZsrt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5oUxZ9p43reT29jc2t7J7xb29g8Oj4rHJ00dJYpig0Y8Uu2QaORMYsMww7EdKyQi5NgKx/czv/WESrNIPppJjIEgQ8kGjBJjpfpdr1jyyt4c7jrxM1KCDLVe8afbj2giUBrKidYd34tNkBJlGOU4LXQTjTGhYzLEjqWSCNRBOj906l5Ype8OImVLGneu/p1IidB6IkLbKYgZ6VVvJv7ndRIzqAQpk3FiUNLFokHCXRO5s6/dPlNIDZ9YQqhi9laXjogi1NhslraEYlqwofirEayT5lXZvylf169L1UoWTx7O4BwuwYdbqMID1KABFBBe4BXenGfn3flwPhetOSebOYUlOF+/t1WTZg==</latexit>

=

<latexit sha1_base64="54yzAZrWHp+OyGCaQ8I1W6VVeFA=">AAACF3icbZDNSsNAFIUn/tb6F3UpyGARXJVEinYjFLpxWdG0hSaWyWTSDp1JwsxEKCE7X8JXcKt7d+LWpVufxGnahW09MPBx7r3cO8dPGJXKsr6NldW19Y3N0lZ5e2d3b988OGzLOBWYODhmsej6SBJGI+IoqhjpJoIg7jPS8UfNSb3zSISkcXSvxgnxOBpENKQYKW31zZPM9UOYNfMcXsOCHZjd5bCdP7gBGvTNilW1CsFlsGdQATO1+uaPG8Q45SRSmCEpe7aVKC9DQlHMSF52U0kShEdoQHoaI8SJ9LLiHzk8004Aw1joFylYuH8nMsSlHHNfd3KkhnKxNjH/q/VSFda9jEZJqkiEp4vClEEVw0koMKCCYMXGGhAWVN8K8RAJhJWObm6Lz/OyDsVejGAZ2hdV+7Jau61VGvVZPCVwDE7BObDBFWiAG9ACDsDgCbyAV/BmPBvvxofxOW1dMWYzR2BOxtcv2wqeyA==</latexit>

C = USV
†

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2
<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="TJ0sS1DEkx+d2VT/zxHuLSkQzUE=">AAACBHicbVDLSsNAFL3xWeur6tJNsAgVpCSlqMuCG5cV7APaECaTSTt0ZhJnJkIJ3foLbnXvTtz6H279EqdtFrb1wIXDOfdyLidIGFXacb6ttfWNza3twk5xd2//4LB0dNxWcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxjdTv3OE5GKxuJBjxPicTQQNKIYaSN5fU5FJfTdy9CvXfilslN1ZrBXiZuTMuRo+qWffhjjlBOhMUNK9Vwn0V6GpKaYkUmxnyqSIDxCA9IzVCBOlJfNnp7Y50YJ7SiWZoS2Z+rfiwxxpcY8MJsc6aFa9qbif14v1dGNl1GRpJoIPA+KUmbr2J42YIdUEqzZ2BCEJTW/2niIJMLa9LSQEvBJ0ZTiLlewStq1qntVrd/Xy416Xk8BTuEMKuDCNTTgDprQAgyP8AKv8GY9W+/Wh/U5X12z8psTWID19QuGr5ej</latexit>

min(d1, d2)



<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

| i =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

Note 1: Diagonal singular value matrices can be multiplied into other tensors

Note 2: Another way to think about this decomposition:

“Matrices of kets”

 !
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[2][1] [M ]

Matrix product

Hence the name: Matrix product state
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<latexit sha1_base64="Dw0K3UTQGaTjO7YSjBdlD/lG490=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEyoyJ1RtCSxsYREPhK4kL1lgA17e5fdPRO88Atstbcztv4bW3+JC1wh4EsmeXlvJjPzglhwbVz329nY3Nre2c3t5fcPDo+OCyenTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWM72d+6wmV5pF8NJMY/ZAOJR9wRo2V6qVeoeiW3TnIOvEyUoQMtV7hp9uPWBKiNExQrTueGxs/pcpwJnCa7yYaY8rGdIgdSyUNUfvp/NApubRKnwwiZUsaMlf/TqQ01HoSBrYzpGakV72Z+J/XSczgzk+5jBODki0WDRJBTERmX5M+V8iMmFhCmeL2VsJGVFFmbDZLW4JwmreheKsRrJPmVdmrlG/q18VqJYsnB+dwASXw4Baq8AA1aAADhBd4hTfn2Xl3PpzPReuGk82cwRKcr1+V6ZNQ</latexit>

(
<latexit sha1_base64="Dw0K3UTQGaTjO7YSjBdlD/lG490=">AAAB+HicbVA9TwJBEJ3zE/ELtbTZSEyoyJ1RtCSxsYREPhK4kL1lgA17e5fdPRO88Atstbcztv4bW3+JC1wh4EsmeXlvJjPzglhwbVz329nY3Nre2c3t5fcPDo+OCyenTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWM72d+6wmV5pF8NJMY/ZAOJR9wRo2V6qVeoeiW3TnIOvEyUoQMtV7hp9uPWBKiNExQrTueGxs/pcpwJnCa7yYaY8rGdIgdSyUNUfvp/NApubRKnwwiZUsaMlf/TqQ01HoSBrYzpGakV72Z+J/XSczgzk+5jBODki0WDRJBTERmX5M+V8iMmFhCmeL2VsJGVFFmbDZLW4JwmreheKsRrJPmVdmrlG/q18VqJYsnB+dwASXw4Baq8AA1aAADhBd4hTfn2Xl3PpzPReuGk82cwRKcr1+V6ZNQ</latexit>

(

 !
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.
.
.

.

.

.

 !

<latexit sha1_base64="BmBolDoPlFksRZAuUGgyXxY4SfU=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhBsDHei0TJgYyNE8JLA5Qh7m71kye7esbsnhBD/gq32dmLrf7H1l7hJrjCJDwYe780wMy9KOdPGdb+dldW19Y3NwlZxe2d3b790cNjQSaYI9UnCE9WKsKacSeobZjhtpYpiEXHajAa3E7/5RJVmiXw0w5SGAvckixnBxkp+cH/uhZ1S2a24U6Bl4uWkDDnqndJPu5uQTFBpCMdaB56bmnCElWGE03GxnWmaYjLAPRpYKrGgOhxNjx2jU6t0UZwoW9Kgqfp3YoSF1kMR2U6BTV8vehPxPy/ITHwTjphMM0MlmS2KM45Mgiafoy5TlBg+tAQTxeytiPSxwsTYfOa2RGJctKF4ixEsk8ZFxatWrh4uy7VqHk8BjuEEzsCDa6jBHdTBBwIMXuAV3pxn5935cD5nrStOPnMEc3C+fgEd7JSz</latexit>

[M � 1]
<latexit sha1_base64="c4sQ08hYbaYQYSAOgEXAE+YKY3s=">AAAB+nicbVC7TsNAEFzzDOEVoKQ5ESFRRTaPQBmJhjII8pAcKzpfzskpd2fr7owUmXwCLfR0iJafoeVLuCQuSMJIK41mdrW7EyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDm8nfuuJKs1i+WhGCQ0E7ksWMYKNlR78i6BbKrsVdwq0TLyclCFHvVv66fRikgoqDeFYa99zExNkWBlGOB0XO6mmCSZD3Ke+pRILqoNseuoYnVqlh6JY2ZIGTdW/ExkWWo9EaDsFNgO96E3E/zw/NdFNkDGZpIZKMlsUpRyZGE3+Rj2mKDF8ZAkmitlbERlghYmx6cxtCcW4aEPxFiNYJs3ziletXN1flmvVPJ4CHMMJnIEH11CDO6hDAwj04QVe4c15dt6dD+dz1rri5DNHMAfn6xcUlpQn</latexit>

[3]

Matrix product states - The main idea



<latexit sha1_base64="m7m1b1gINvT2ELi7c/UE13ciDvI="></latexit>

| i =
dX

i1,i2,...,iM=1

ci1,i2,...,iM |i1, i2,· · ·M i

Matrix product state:

<latexit sha1_base64="Vpi3ICmVJr5TbQAPypxYLVmLwk8=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxkaIaD4gOcLeZi9Zsrt37O4J4cxPsNXeTmz9M7b+EjeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obmd9+okqzSD6aSUx9gYeShYxgY6UH1r/rlytu1c2AVomXkwrkaPTLP71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mp06RWdWGaAwUrakQZn6dyLFQuuJCGynwGakl72Z+J/XTUx47adMxomhkswXhQlHJkKzv9GAKUoMn1iCiWL2VkRGWGFibDoLWwIxLdlQvOUIVknroupdVmv3tUq9lsdThBM4hXPw4ArqcAsNaAKBIbzAK7w5z8678+F8zlsLTj5zDAtwvn4BVjqUTg==</latexit>

iM
<latexit sha1_base64="/NuPcdxKJby/rhD2wDm3c0+K9aY=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO/c4TVZpF8tFMY+oLPJIsZAQbKz2wQW1QrrhVNwNaJ15OKpCjOSj/9IcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPtpduoMXVhliMJI2ZIGZerfiRQLracisJ0Cm7Fe9ebif14vMeGNnzIZJ4ZKslgUJhyZCM3/RkOmKDF8agkmitlbERljhYmx6SxtCcSsZEPxViNYJ+1a1buq1u/rlUY9j6cIZ3AOl+DBNTTgDprQAgIjeIFXeHOenXfnw/lctBacfOYUluB8/QIrnpQz</latexit>

i2
<latexit sha1_base64="IFbluJ3fH8rRQZl3OdNVZ53cMNg=">AAAB+nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWNF+wHtUrJptg1NskuSFcran+BV797Eq3/Gq7/EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9MB7fq9U9ireDHiV+DkpQ456r/TT7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf43Cl9HMXalbJ4pv6dyIg0ZixD1ymJHZplbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXzsKWUE6KLhR/OYJV0rys+FeV6n21XKvm8RTgFM7gAny4hhrcQR0aQGEAL/AKb+gZvaMP9DlvXUP5zAksAH39AioKlDI=</latexit>

i1
<latexit sha1_base64="4Wq0g665HtWyjsy0huHnF9XwR2E=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe70UMuAjWVE8wHJEfY2e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WjGCQ0EHkgWMYKNlR5Y77JXrrhVdwa0SrycVCBHvVf+6fZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2akTdGaVPopiZUsaNFP/TmRYaD0Woe0U2Az1sjcV//M6qYlugozJJDVUkvmiKOXIxGj6N+ozRYnhY0swUczeisgQK0yMTWdhSygmJRuKtxzBKmleVL2rqn/vV2p+Hk8RTuAUzsGDa6jBHdShAQQG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUtMpQ0</latexit>

i3

Note 3: A product state is a special case of a matrix product state: 

If all horizontal dimensions are:

<latexit sha1_base64="LfGYSwO+M7FhL1rMMEQAOIsfCUI=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARXJSSlKJdFty4ESrYWmhDmEwn7dCZSZiZCCXmI/wFt7p3J279BLd+idM2C9t64MLhnHu4lxPEjCrtON9WYW19Y3OruF3a2d3bP7APjzoqSiQmbRyxSHYDpAijgrQ11Yx0Y0kQDxh5CMbXU//hkUhFI3GvJzHxOBoKGlKMtJF8+wT7KfXdCvVrlf4g0sqw2wz6dtmpOjPAVeLmpAxytHz7x6RxwonQmCGleq4Tay9FUlPMSFbqJ4rECI/RkPQMFYgT5aWz/zN4bpQBDCNpRmg4U/8mUsSVmvDAbHKkR2rZm4r/eb1Ehw0vpSJONBF4fihMGNQRnJYBB1QSrNnEEIQlNb9CPEISYW0qW7gS8KxkSnGXK1glnVrVvazW7+rlZiOvpwhOwRm4AC64Ak1wA1qgDTB4Ai/gFbxZz9a79WF9zlcLVp45Bguwvn4B+7ybqA==</latexit>

ci1,i2,...,iM
<latexit sha1_base64="9s2v4aILFnrocgFc/xaB0EmClJc=">AAACF3icbVBNS8MwGE79nPOr6lGQ4BA8jXYM3XHgxYswwX3AVkqapVtYkpYkFUbpzT/hX/Cqd2/i1aNXf4lZ14PbfCDkyfO8b97kCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5uZ330kUtFIPOhpTDyORoKGFCNtJN8+w35KfTeD+V7L4GAYaTU/3WXQtytO1ckBV4lbkAoo0PLtH3MBTjgRGjOkVN91Yu2lSGqKGcnKg0SRGOEJGpG+oQJxorw0/0cGL4wyhGEkzRIa5urfjhRxpaY8MJUc6bFa9mbif14/0WHDS6mIE00Eng8KEwZ1BGehwCGVBGs2NQRhSc1bIR4jibA20S1MCXhWNqG4yxGskk6t6l5V6/f1SrNRxFMCp+AcXAIXXIMmuAUt0AYYPIEX8ArerGfr3fqwPuela1bRcwIWYH39Aq8bn0g=</latexit>

ci1
ci2

. . . ciM

<latexit sha1_base64="9JjRwC+zKCAz8tQVl4o+1butLgU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaMqAjWUELwkkR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAsTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fh25refqNIslg9mktBA4KFkESPYWKnVIyPW9/rlilt150DrxMtJBXI0++Wf3iAmqaDSEI617npuYoIMK8MIp9NSL9U0wWSMh7RrqcSC6iCbXztFF1YZoChWtqRBc/XvRIaF1hMR2k6BzUivejPxP6+bmqgeZEwmqaGSLBZFKUcmRrPX0YApSgyfWIKJYvZWREZYYWJsQEtbQjEt2VC81QjWSeuq6l1Xa/e1SqOex1OEMziHS/DgBhpwB03wgcAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFwZpV7</latexit>

�1
<latexit sha1_base64="zwLwgnva0XjwXpylNqSBpcBefP4=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiCkDNpYRzAckR9jb7CVrdveO3T0hHMG/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W8nt7W9s7uX3y8cHB4dnxRPz9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbud95okqzSD6YaUx9gUeShYxgY6V2n4zZoDIoltyyuwDaJF5GSpChOSj+9IcRSQSVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SyUWVPvp4toZurLKEIWRsiUNWqh/J1IstJ6KwHYKbMZ63ZuL/3m9xIR1P2UyTgyVZLkoTDgyEZq/joZMUWL41BJMFLO3IjLGChNjA1rZEohZwYbirUewSdqVslcrV++rpUY9iycPF3AJ1+DBDTTgDprQAgKP8AKv8OY8O+/Oh/O5bM052cw5rMD5+gVx+pV8</latexit>

�2
<latexit sha1_base64="2N956s2PUjtnobblGCaIk6hq4Pw=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe40xJQBG8sI5gOSI+xt9pI1u3vH7p4QjuBfsNXeTmz9Lbb+EjfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/MJKa+wEPJQkawsVKrR0asf90vltyyOwdaJ15GSpCh0S/+9AYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/NopurDKAIWRsiUNmqt/J1IstJ6IwHYKbEZ61ZuJ/3ndxIQ1P2UyTgyVZLEoTDgyEZq9jgZMUWL4xBJMFLO3IjLCChNjA1raEohpwYbirUawTlpXZa9artxXSvVaFk8ezuAcLsGDG6jDHTSgCQQe4QVe4c15dt6dD+dz0ZpzsplTWILz9QtzjpV9</latexit>

�3
<latexit sha1_base64="Jr4G+LtdZ2J5xbgNfsIHQkSPZv0=">AAACAnicbVA9SwNBEJ2LXzF+RS1tFoNgY7iToCkDNjZCBBMDlyPsbTbJkt29Y3dPCEc6/4Kt9nZi6x+x9Ze4uVxhEh8MPN6bYWZeGHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU1lGiCG2RiEeqE2JNOZO0ZZjhtBMrikXI6WM4vpn5j09UaRbJBzOJaSDwULIBI9hYye+SEeuldxfetNQrV9yqmwGtEi8nFcjR7JV/uv2IJIJKQzjW2vfc2AQpVoYRTqelbqJpjMkYD6lvqcSC6iDNTp6iM6v00SBStqRBmfp3IsVC64kIbafAZqSXvZn4n+cnZlAPUibjxFBJ5osGCUcmQrP/UZ8pSgyfWIKJYvZWREZYYWJsSgtbQpGF4i1HsEral1Xvqlq7r1Ua9TyeIpzAKZyDB9fQgFtoQgsIRPACr/DmPDvvzofzOW8tOPnMMSzA+foFj/mXKQ==</latexit>

�M�1

<latexit sha1_base64="RxQlJ7Co2SOVmEz/km89Qccbi3I=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kxDRCwMYygvnA5Ah7m71kye7esbsnhCOVf8FWezux9ZfY+kvcJFeYxAcDj/dmmJkXxJxp47rfTm5jc2t7J79b2Ns/ODwqHp+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GtzO//USVZpF8MJOY+gIPJQsZwcZKjz0yYn2GbpDXL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fziKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSENT9lMk4MlWSxKEw4MhGavY8GTFFi+MQSTBSztyIywgoTY0Na2hKIacGG4q1GsE5aV2WvWq7cV0r1WhZPHs7gHC7Bg2uowx00oAkEJLzAK7w5z8678+F8LlpzTjZzCktwvn4BedqWiQ==</latexit>

�i = 1

No entanglement!

Matrix product states - The main idea



Example: Two spins

Product state Entangled state

<latexit sha1_base64="r0duyDuIUrexMrV0p5HYvlZSYHs=">AAACIXicbVDLSsNAFJ3UV62v+Ni5CRbBVUikapcFNy4r2Ac0oUymN+3QmSTMTIQa8i+CK/0Td+JO/A/XTtssbOuBgTPn3Mu5nCBhVCrH+TJKa+sbm1vl7crO7t7+gXl41JZxKgi0SMxi0Q2wBEYjaCmqGHQTAZgHDDrB+Hbqdx5BSBpHD2qSgM/xMKIhJVhpqW+eeGNQmTeSCSaQOfYV4XneN6uO7cxgrRK3IFVUoNk3f7xBTFIOkSIMS9lznUT5GRaKEgZ5xUsl6IAxHkJP0whzkH42uz63zrUysMJY6Bcpa6b+3cgwl3LCAz3JsRrJZW8q/uf1UhXW/YxGSaogIvOgMGWWiq1pFdaACiCKTTTBRFB9q0VGWGCidGELKQHPF/8C69ryii7KXa5llbQvbffart3Xqo16UVkZnaIzdIFcdIMa6A41UQsR9ISe0St6M16Md+PD+JyPloxi5xgtwPj+BUkzpEM=</latexit>

| i
<latexit sha1_base64="r0duyDuIUrexMrV0p5HYvlZSYHs=">AAACIXicbVDLSsNAFJ3UV62v+Ni5CRbBVUikapcFNy4r2Ac0oUymN+3QmSTMTIQa8i+CK/0Td+JO/A/XTtssbOuBgTPn3Mu5nCBhVCrH+TJKa+sbm1vl7crO7t7+gXl41JZxKgi0SMxi0Q2wBEYjaCmqGHQTAZgHDDrB+Hbqdx5BSBpHD2qSgM/xMKIhJVhpqW+eeGNQmTeSCSaQOfYV4XneN6uO7cxgrRK3IFVUoNk3f7xBTFIOkSIMS9lznUT5GRaKEgZ5xUsl6IAxHkJP0whzkH42uz63zrUysMJY6Bcpa6b+3cgwl3LCAz3JsRrJZW8q/uf1UhXW/YxGSaogIvOgMGWWiq1pFdaACiCKTTTBRFB9q0VGWGCidGELKQHPF/8C69ryii7KXa5llbQvbffart3Xqo16UVkZnaIzdIFcdIMa6A41UQsR9ISe0St6M16Md+PD+JyPloxi5xgtwPj+BUkzpEM=</latexit>

| i
<latexit sha1_base64="c1U/F20US6snDZmVPTZSmVGssNk=">AAACI3icbVDLSsNAFJ34rPVVFdy4GSyCIIREqnZZcOOygn1AE8pketMOnUnCzEQoMT8juNI/cSduXPgbrp0+Frb1wMCZc+7lXE6QcKa043xZK6tr6xubha3i9s7u3n7p4LCp4lRSaNCYx7IdEAWcRdDQTHNoJxKICDi0guHt2G89glQsjh70KAFfkH7EQkaJNlK3dHyBvSHozBuohFDIHPuKijzvlsqO7UyAl4k7I2U0Q71b+vF6MU0FRJpyolTHdRLtZ0RqRjnkRS9VYAKGpA8dQyMiQPnZ5P4cnxmlh8NYmhdpPFH/bmREKDUSgZkURA/UojcW//M6qQ6rfsaiJNUQ0WlQmHKsYzwuA/eYBKr5yBBCJTO3YjogklBtKptLCUQ+/5fE1JYXTVHuYi3LpHlpu9d25b5SrlVnlRXQCTpF58hFN6iG7lAdNRBFT+gZvaI368V6tz6sz+noijXbOUJzsL5/ARYdpKI=</latexit>

+ | i

<latexit sha1_base64="Ls5yYR5jWoRptc0RjqVCTAcfBw8=">AAACL3icbZDLSsNAFIYnXmu9RV26CS1CVyUpRbsRCm5cVrAXaEKZTCft0JkkzpwIJWTv0wiu9E3Ejbj1BVw7bbOwrT8M/POfczgznx9zpsC2P4yNza3tnd3CXnH/4PDo2Dw57agokYS2ScQj2fOxopyFtA0MOO3FkmLhc9r1JzezeveRSsWi8B6mMfUEHoUsYASDjgZmyZ1QSN1YsezaDSQmqZOlrnqQkNayzPXZqDIwy3bVnstaN05uyihXa2D+uMOIJIKGQDhWqu/YMXgplsAIp1nRTRSNMZngEe1rG2JBlZfO/5JZFzoZWkEk9QnBmqd/J1IslJoKX3cKDGO1WpuF/9X6CQQNL2VhnAANyWJRkHALImsGxhoySQnwqTaYSKbfapEx1kRA41va4ots+S6xhpgVNShnFcu66dSqzmW1flcvNxs5sgI6RyVUQQ66Qk10i1qojQh6Qs/oFb0ZL8a78Wl8LVo3jHzmDC3J+P4FnYWqqA==</latexit>

| i = 1p
2

�
<latexit sha1_base64="7pHK9GYGHUOpySyHnv0GP/diOhY=">AAACEHicbVDLSgMxFM3UV62vqks3wSLopsxI0S4LblxWcNpCO5RMmmlDk8yQ3BHK0G8QXOmfuBO3/oE/4tq0nYVtPRA495x7uTcnTAQ34LrfTmFjc2t7p7hb2ts/ODwqH5+0TJxqynwai1h3QmKY4Ir5wEGwTqIZkaFg7XB8N/PbT0wbHqtHmCQskGSoeMQpASv5vZAPr/rlilt158DrxMtJBeVo9ss/vUFMU8kUUEGM6XpuAkFGNHAq2LTUSw1LCB2TIetaqohkJsjmx07xhVUGOIq1fQrwXP07kRFpzESGtlMSGJlVbyb+53VTiOpBxlWSAlN0sShKBYYYz36OB1wzCmJiCaGa21sxHRFNKNh8lraEcrpcazJmMC3ZoLzVWNZJ67rq3VRrD7VKo55HVkRn6BxdIg/doga6R03kI4o4ekav6M15cd6dD+dz0Vpw8plTtATn6xdTxZ1w</latexit>

�

<latexit sha1_base64="8xcy+E/3ARc+6XHOpqJwcDgP59g=">AAACInicbVDLSsNAFJ3UV62vqLhyEyyCq5CUql0W3LisYB/QhDKZ3rRDZ5IwMxFKyMcIrvRP3Ikrwe9w7bTNwrYeGDhzzr2cywkSRqVynC+jtLG5tb1T3q3s7R8cHpnHJx0Zp4JAm8QsFr0AS2A0graiikEvEYB5wKAbTO5mfvcJhKRx9KimCfgcjyIaUoKVlgbmmTcBlXljmWACmWPXrgnP84FZdWxnDmuduAWpogKtgfnjDWOScogUYVjKvuskys+wUJQwyCteKkEnTPAI+ppGmIP0s/n5uXWplaEVxkK/SFlz9e9GhrmUUx7oSY7VWK56M/E/r5+qsOFnNEpSBRFZBIUps1RszbqwhlQAUWyqCSaC6lstMsYCE6UbW0oJeL78F1j3lld0Ue5qLeukU7PdG7v+UK82G0VlZXSOLtAVctEtaqJ71EJtRFCGntErejNejHfjw/hcjJaMYucULcH4/gXIDqR/</latexit>

| i
<latexit sha1_base64="8xcy+E/3ARc+6XHOpqJwcDgP59g=">AAACInicbVDLSsNAFJ3UV62vqLhyEyyCq5CUql0W3LisYB/QhDKZ3rRDZ5IwMxFKyMcIrvRP3Ikrwe9w7bTNwrYeGDhzzr2cywkSRqVynC+jtLG5tb1T3q3s7R8cHpnHJx0Zp4JAm8QsFr0AS2A0graiikEvEYB5wKAbTO5mfvcJhKRx9KimCfgcjyIaUoKVlgbmmTcBlXljmWACmWPXrgnP84FZdWxnDmuduAWpogKtgfnjDWOScogUYVjKvuskys+wUJQwyCteKkEnTPAI+ppGmIP0s/n5uXWplaEVxkK/SFlz9e9GhrmUUx7oSY7VWK56M/E/r5+qsOFnNEpSBRFZBIUps1RszbqwhlQAUWyqCSaC6lstMsYCE6UbW0oJeL78F1j3lld0Ue5qLeukU7PdG7v+UK82G0VlZXSOLtAVctEtaqJ71EJtRFCGntErejNejHfjw/hcjJaMYucULcH4/gXIDqR/</latexit>

| i
<latexit sha1_base64="ZUSHF82XR27BI/1GttEYZLyiIec=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmakaJcFNy5bsA9oh5JJ77ShSWZIMkIZ5gsEV/on7sSt/+CPuDZtZ2FbDwTOPede7s0JYs60cd1vZ2Nza3tnt7BX3D84PDounZy2dZQoCi0a8Uh1A6KBMwktwwyHbqyAiIBDJ5jcz/zOEyjNIvlopjH4gowkCxklxkrN60Gp7FbcOfA68XJSRjkag9JPfxjRRIA0lBOte54bGz8lyjDKISv2Ew0xoRMygp6lkgjQfjo/NMOXVhniMFL2SYPn6t+JlAitpyKwnYKYsV71ZuJ/Xi8xYc1PmYwTA5IuFoUJxybCs1/jIVNADZ9aQqhi9lZMx0QRamw2S1sCkS3XikzAZEUblLcayzpp31S820q1WS3Xa3lkBXSOLtAV8tAdqqMH1EAtRBGgZ/SK3pwX5935cD4XrRtOPnOGluB8/QItZZu9</latexit>

,

<latexit sha1_base64="8xcy+E/3ARc+6XHOpqJwcDgP59g=">AAACInicbVDLSsNAFJ3UV62vqLhyEyyCq5CUql0W3LisYB/QhDKZ3rRDZ5IwMxFKyMcIrvRP3Ikrwe9w7bTNwrYeGDhzzr2cywkSRqVynC+jtLG5tb1T3q3s7R8cHpnHJx0Zp4JAm8QsFr0AS2A0graiikEvEYB5wKAbTO5mfvcJhKRx9KimCfgcjyIaUoKVlgbmmTcBlXljmWACmWPXrgnP84FZdWxnDmuduAWpogKtgfnjDWOScogUYVjKvuskys+wUJQwyCteKkEnTPAI+ppGmIP0s/n5uXWplaEVxkK/SFlz9e9GhrmUUx7oSY7VWK56M/E/r5+qsOFnNEpSBRFZBIUps1RszbqwhlQAUWyqCSaC6lstMsYCE6UbW0oJeL78F1j3lld0Ue5qLeukU7PdG7v+UK82G0VlZXSOLtAVctEtaqJ71EJtRFCGntErejNejHfjw/hcjJaMYucULcH4/gXIDqR/</latexit>

| i
<latexit sha1_base64="8xcy+E/3ARc+6XHOpqJwcDgP59g=">AAACInicbVDLSsNAFJ3UV62vqLhyEyyCq5CUql0W3LisYB/QhDKZ3rRDZ5IwMxFKyMcIrvRP3Ikrwe9w7bTNwrYeGDhzzr2cywkSRqVynC+jtLG5tb1T3q3s7R8cHpnHJx0Zp4JAm8QsFr0AS2A0graiikEvEYB5wKAbTO5mfvcJhKRx9KimCfgcjyIaUoKVlgbmmTcBlXljmWACmWPXrgnP84FZdWxnDmuduAWpogKtgfnjDWOScogUYVjKvuskys+wUJQwyCteKkEnTPAI+ppGmIP0s/n5uXWplaEVxkK/SFlz9e9GhrmUUx7oSY7VWK56M/E/r5+qsOFnNEpSBRFZBIUps1RszbqwhlQAUWyqCSaC6lstMsYCE6UbW0oJeL78F1j3lld0Ue5qLeukU7PdG7v+UK82G0VlZXSOLtAVctEtaqJ71EJtRFCGntErejNejHfjw/hcjJaMYucULcH4/gXIDqR/</latexit>

| i
<latexit sha1_base64="ZUSHF82XR27BI/1GttEYZLyiIec=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmakaJcFNy5bsA9oh5JJ77ShSWZIMkIZ5gsEV/on7sSt/+CPuDZtZ2FbDwTOPede7s0JYs60cd1vZ2Nza3tnt7BX3D84PDounZy2dZQoCi0a8Uh1A6KBMwktwwyHbqyAiIBDJ5jcz/zOEyjNIvlopjH4gowkCxklxkrN60Gp7FbcOfA68XJSRjkag9JPfxjRRIA0lBOte54bGz8lyjDKISv2Ew0xoRMygp6lkgjQfjo/NMOXVhniMFL2SYPn6t+JlAitpyKwnYKYsV71ZuJ/Xi8xYc1PmYwTA5IuFoUJxybCs1/jIVNADZ9aQqhi9lZMx0QRamw2S1sCkS3XikzAZEUblLcayzpp31S820q1WS3Xa3lkBXSOLtAV8tAdqqMH1EAtRBGgZ/SK3pwX5935cD4XrRtOPnOGluB8/QItZZu9</latexit>

,

A B

<latexit sha1_base64="/p437PG2bShWrANeBHD6yWRyMyQ=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBbBU0mkaC9CxYvHCvYDmlg2202zdJMNuxOhhP4PwZP+E2/i1ZN/xLPbNgfb+mDgzXszzPD8RHANtv1tFdbWNza3itulnd29/YPy4VFby1RR1qJSSNX1iWaCx6wFHATrJoqRyBes449up37niSnNZfwA44R5ERnGPOCUgJEe3ZAAdlUo+zf4GvfLFbtqz4BXiZOTCsrR7Jd/3IGkacRioIJo3XPsBLyMKOBUsEnJTTVLCB2RIesZGpOIaS+bfT3BZ0YZ4EAqUzHgmfp3IyOR1uPIN5MRgVAve1PxP6+XQlD3Mh4nKbCYzg8FqcAg8TQCPOCKURBjQwhV3PyKaUgUoWCCWrjiR5PFXpERg0nJBOUsx7JK2hdV57Jau69VGvU8siI6QafoHDnoCjXQHWqiFqJIoWf0it6sF+vd+rA+56MFK985Rguwvn4BU3ygjg==</latexit>

⇢̂A =

Write states as “matrix product”:

<latexit sha1_base64="PMD0YbuKZv3EOQizrrl/bYDDuFU=">AAACOHicbVDLSgMxFM34rPU16tJNsAiCUGZK1S4LblxWsA/oDCWT3rahycyQZIQyzEf4NYIr/Qx37sStC9em7Sxs64HAyTn3cpITxJwp7Tjv1tr6xubWdmGnuLu3f3BoHx23VJRICk0a8Uh2AqKAsxCammkOnVgCEQGHdjC+nfrtR5CKReGDnsTgCzIM2YBRoo3Usy+9MejUG6mYUEidcuWKiizzAklWRNyzS07ZmQGvEjcnJZSj0bN/vH5EEwGhppwo1XWdWPspkZpRDlnRSxSYiDEZQtfQkAhQfjr7VIbPjdLHg0iaE2o8U/9upEQoNRGBmRREj9SyNxX/87qJHtT8lIVxoiGk86BBwrGO8LQh3GcSqOYTQwiVzLwV0xGRhGrT40JKILLFuySmzaxoinKXa1klrUrZvS5X76ulei2vrIBO0Rm6QC66QXV0hxqoiSh6Qs/oFb1ZL9aH9Wl9zUfXrHznBC3A+v4FUX6tYQ==</latexit>

| i h |
<latexit sha1_base64="REznld0oVwRjigwKT0p2WQYZBBs="></latexit>

S(⇢̂A) = 0
<latexit sha1_base64="Uq1pK7Ej5AhLKnYsTl1rIWQevTY="></latexit>

S(⇢̂A) = 1

<latexit sha1_base64="nVCTebrofFhtSONpPcqYfuC+Nwg="></latexit>

�

| i
�

<latexit sha1_base64="nVCTebrofFhtSONpPcqYfuC+Nwg="></latexit>

�

| i
�

<latexit sha1_base64="75BttGV+s8DYnk6BI/5Y1KoycV0="></latexit>

✓

| i
| i

◆

<latexit sha1_base64="OAurwE0zV9+jhzBjvuHOtrXgUCA=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNStBuh4MZlBfuAmaFk0kwbmseQZIQyzGcIrvRP3Ilbt/6Ia9N2Frb1QODcc+7l3pwoYVQb1/12ShubW9s75d3K3v7B4VH1+KSrZaow6WDJpOpHSBNGBekYahjpJ4ogHjHSiyZ3M7/3RJSmUjyaaUJCjkaCxhQjYyU/mBCTBYmm+e2gWnPr7hxwnXgFqYEC7UH1JxhKnHIiDGZIa99zExNmSBmKGckrQapJgvAEjYhvqUCc6DCbn5zDC6sMYSyVfcLAufp3IkNc6ymPbCdHZqxXvZn4n+enJm6GGRVJaojAi0VxyqCRcPZ/OKSKYMOmliCsqL0V4jFSCBub0tKWiOfLtUI2rbxig/JWY1kn3au6d11vPDRqrWYRWRmcgXNwCTxwA1rgHrRBB2AgwTN4BW/Oi/PufDifi9aSU8ycgiU4X7/ddKBy</latexit>

| i =

<latexit sha1_base64="OyfV/SLQ+nrNgz9imFIVia+qxxE=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNStBuh4MZlBfuAmaFk0kwbmseQZIQyzGcIrvRP3Ilbt/6Ia9N2Frb1QODcc+7l3pwoYVQb1/12ShubW9s75d3K3v7B4VH1+KSrZaow6WDJpOpHSBNGBekYahjpJ4ogHjHSiyZ3M7/3RJSmUjyaaUJCjkaCxhQjYyU/mBCTBcmY5reDas2tu3PAdeIVpAYKtAfVn2AoccqJMJghrX3PTUyYIWUoZiSvBKkmCcITNCK+pQJxosNsfnIOL6wyhLFU9gkD5+rfiQxxrac8sp0cmbFe9Wbif56fmrgZZlQkqSECLxbFKYNGwtn/4ZAqgg2bWoKwovZWiMdIIWxsSktbIp4v1wrZtPKKDcpbjWWddK/q3nW98dCotZpFZGVwBs7BJfDADWiBe9AGHYCBBM/gFbw5L8678+F8LlpLTjFzCpbgfP0CyxugZw==</latexit>

|�i =

<latexit sha1_base64="pcWq/tekN1lt5t8royoJvgSMJQg="></latexit>

�

| i | i
�

<latexit sha1_base64="0fQKUMxJ4jbleKcKYOvSgvhZvQ0=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjNStMuCG5cV7APboWTSTBuaZIbkjlCG+QvBlf6JO3Hr2h9xbdrOwrYeCJx77r2cmxPEghtw3W+nsLG5tb1T3C3t7R8cHpWPT9omSjRlLRqJSHcDYpjgirWAg2DdWDMiA8E6weR21u88MW14pB5gGjNfkpHiIacErPTo4T5wyQz2BuWKW3XnwOvEy0kF5WgOyj/9YUQTyRRQQYzpeW4Mfko0cCpYVuonhsWETsiI9SxVxNr46fziDF9YZYjDSNunAM/VvxspkcZMZWAnJYGxWe3NxP96vQTCup9yFSfAFF0YhYnAEOHZ9/GQa0ZBTC0hVHN7K6ZjogkFG9KSSyCz5VqTCYOsZIPyVmNZJ+2rqnddrd3XKo16HlkRnaFzdIk8dIMa6A41UQtRpNAzekVvzovz7nw4n4vRgpPvnKIlOF+/bVqfCw==</latexit>

1⇥ 1
<latexit sha1_base64="0fQKUMxJ4jbleKcKYOvSgvhZvQ0=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjNStMuCG5cV7APboWTSTBuaZIbkjlCG+QvBlf6JO3Hr2h9xbdrOwrYeCJx77r2cmxPEghtw3W+nsLG5tb1T3C3t7R8cHpWPT9omSjRlLRqJSHcDYpjgirWAg2DdWDMiA8E6weR21u88MW14pB5gGjNfkpHiIacErPTo4T5wyQz2BuWKW3XnwOvEy0kF5WgOyj/9YUQTyRRQQYzpeW4Mfko0cCpYVuonhsWETsiI9SxVxNr46fziDF9YZYjDSNunAM/VvxspkcZMZWAnJYGxWe3NxP96vQTCup9yFSfAFF0YhYnAEOHZ9/GQa0ZBTC0hVHN7K6ZjogkFG9KSSyCz5VqTCYOsZIPyVmNZJ+2rqnddrd3XKo16HlkRnaFzdIk8dIMa6A41UQtRpNAzekVvzovz7nw4n4vRgpPvnKIlOF+/bVqfCw==</latexit>

1⇥ 1
<latexit sha1_base64="kPAlPg118yjyxmxStri8waPuNjM=">AAACFXicbVDLSgMxFM34rPVVdekmWARXZaYU7bLgxmUF+8B2KJk004YmmSG5I5Rh/kJwpX/iTty69kdcm7azsK0HAueeey/n5gSx4AZc99vZ2Nza3tkt7BX3Dw6Pjksnp20TJZqyFo1EpLsBMUxwxVrAQbBurBmRgWCdYHI763eemDY8Ug8wjZkvyUjxkFMCVnr0cB+4ZAZXB6WyW3HnwOvEy0kZ5WgOSj/9YUQTyRRQQYzpeW4Mfko0cCpYVuwnhsWETsiI9SxVxNr46fziDF9aZYjDSNunAM/VvxspkcZMZWAnJYGxWe3NxP96vQTCup9yFSfAFF0YhYnAEOHZ9/GQa0ZBTC0hVHN7K6ZjogkFG9KSSyCz5VqTCYOsaIPyVmNZJ+1qxbuu1O5r5UY9j6yAztEFukIeukENdIeaqIUoUugZvaI358V5dz6cz8XohpPvnKElOF+/bwKfDA==</latexit>

1⇥ 2
<latexit sha1_base64="P8FCxx4vea//O+K1i2cPgoF1xy4=">AAACFXicbVDLSgMxFM34rPVVdekmWARXZaYU7bLgxmUF+8B2KJk004YmmSG5I5Rh/kJwpX/iTty69kdcm7azsK0HAueeey/n5gSx4AZc99vZ2Nza3tkt7BX3Dw6Pjksnp20TJZqyFo1EpLsBMUxwxVrAQbBurBmRgWCdYHI763eemDY8Ug8wjZkvyUjxkFMCVnqs4j5wyQz2BqWyW3HnwOvEy0kZ5WgOSj/9YUQTyRRQQYzpeW4Mfko0cCpYVuwnhsWETsiI9SxVxNr46fziDF9aZYjDSNunAM/VvxspkcZMZWAnJYGxWe3NxP96vQTCup9yFSfAFF0YhYnAEOHZ9/GQa0ZBTC0hVHN7K6ZjogkFG9KSSyCz5VqTCYOsaIPyVmNZJ+1qxbuu1O5r5UY9j6yAztEFukIeukENdIeaqIUoUugZvaI358V5dz6cz8XohpPvnKElOF+/bwufDA==</latexit>

2⇥ 1

<latexit sha1_base64="fh4t0nsoCiSrP6N8G692cc0eYag=">AAACH3icbZDLSsNAFIYnXmu9xbp0EyyCq5KUol0W3LisYC/QhjKZTtqhM5M4cyKWkFcRXOmbuBO3fRHXTtssbOsPA//85xzO4QtizjS47sza2t7Z3dsvHBQPj45PTu2zUltHiSK0RSIeqW6ANeVM0hYw4LQbK4pFwGknmNzN651nqjSL5CNMY+oLPJIsZASDiQZ2qR8qTFIvS/v6SUFazbKBXXYr7kLOpvFyU0a5mgP7pz+MSCKoBMKx1j3PjcFPsQJGOM2K/UTTGJMJHtGesRILqv10cXvmXJlk6ISRMk+Cs0j/TqRYaD0VgekUGMZ6vTYP/6v1EgjrfspknACVZLkoTLgDkTMH4QyZogT41BhMFDO3OmSMDQwwuFa2BCJb/Ss8oZAVDShvHcumaVcr3k2l9lArN+o5sgK6QJfoGnnoFjXQPWqiFiLoBb2id/RhvVmf1pf1vWzdsvKZc7Qia/YLW+6j1Q==</latexit>

1
p

2

More entanglement Key MPS idea: Larger matrices needed
<latexit sha1_base64="6cl3J8xrMrCW2eHw4cZZYO0gdP8=">AAACHHicbVBNS8NAEN3Ur1o/GvXoJVgETyWRoj0WvHjwUMF+QBvKZjtpl24+2J0oJeSXCJ70n3gTr4J/xLPbNgfb+mDgzXszzPC8WHCFtv1tFDY2t7Z3irulvf2Dw7J5dNxWUSIZtFgkItn1qALBQ2ghRwHdWAINPAEdb3Iz8zuPIBWPwgecxuAGdBRynzOKWhqY5f4d+Cj5aIxUyuhpYFbsqj2HtU6cnFRIjubA/OkPI5YEECITVKmeY8foplQiZwKyUj9REFM2oSPoaRrSAJSbzh/PrHOtDC0/krpCtObq342UBkpNA09PBhTHatWbif95vQT9upvyME4QQrY45CfCwsiapWANuQSGYqoJZZLrXy02ppIy1FktXfGCbLmXdAKYlXRQzmos66R9WXWuqrX7WqVRzyMrklNyRi6IQ65Jg9ySJmkRRhLyTF7Jm/FivBsfxuditGDkOydkCcbXL9F2on4=</latexit>

,

<latexit sha1_base64="owFXPlA161sD5+gHI6sPBDRTZVs=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjPioxuh4MZlBfuAmaFk0kwbmseQZIQyzGcIrvRP3Ilbt/6Ia9N2Frb1QODcc+7l3pwoYVQb1/12SmvrG5tb5e3Kzu7e/kH18KijZaowaWPJpOpFSBNGBWkbahjpJYogHjHSjcZ3U7/7RJSmUjyaSUJCjoaCxhQjYyU/GBOTBcmI5rf9as2tuzPAVeIVpAYKtPrVn2AgccqJMJghrX3PTUyYIWUoZiSvBKkmCcJjNCS+pQJxosNsdnIOz6wygLFU9gkDZ+rfiQxxrSc8sp0cmZFe9qbif56fmrgRZlQkqSECzxfFKYNGwun/4YAqgg2bWIKwovZWiEdIIWxsSgtbIp4v1grZtPKKDcpbjmWVdC7q3nX96uGy1mwUkZXBCTgF58ADN6AJ7kELtAEGEjyDV/DmvDjvzofzOW8tOcXMMViA8/ULy22gaA==</latexit>

|�i =

<latexit sha1_base64="ov7HEJBIb/Y8FitfG0Alm6R3WLw=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCCykzUqq4qrpxWcFeoFOGTHrahmYyY5IRSu2b+BK+glvdixsRd76FaTuIbf0h8POdczgnfxBzprTjvFsLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWQ+IAs4EVDTTHOqxBBIGHGpB72pUr92DVCwSt7ofQzMkHcHajBJtkG8XH7AXK4Y9SUSHA/YE3OER67IU+RfYOzaEdn+7/Evfzjl5Zyw8b9zU5FCqsm9/ea2IJiEITTlRquE6sW4OiNSMchhmvURBTGiPdKBhrCAhqOZg/L8hPjSkhduRNE9oPKZ/JwYkVKofBqYzJLqrZmsj+F+tkej2WXPARJxoEHSyqJ1wrCM8Cgu3mASqed8YQiUzt2LaJZJQbSKd2hKEw6wJxZ2NYN5UT/JuMV+4KeRK52k8GbSPDtARctEpKqFrVEYVRNEjekYv6NV6st6sD+tz0rpgpTN7aErW9w/SMqif</latexit>

| i 6= |�iA |�iBEntanglement:

<latexit sha1_base64="2WCO3YNXN5R5Qg+9Eh8TwTf8150="></latexit>

⇢̂A =
1

2
=

<latexit sha1_base64="bB4rRSr9UIYn9w1q7HvA6YhQUZU=">AAACfXicnZFLSwMxFIUzo9VaX1WXboKlICjDTKm2y4IblxXsAzqlZNI7bWgyMyQZoQzzNwX/iCtB08fCtq68EDg59x5u+BIknCntuh+WvbdfODgsHpWOT07PzssXl10Vp5JCh8Y8lv2AKOAsgo5mmkM/kUBEwKEXzJ4W/d4bSMXi6FXPExgKMolYyCjRxhqVEz+UhGZentVy7M9AZ/5UJYRC5jq1Byry3A8k2THxHf5ncFSuuI67LLwrvLWooHW1R+VPfxzTVECkKSdKDTw30cOMSM0oh7zkpwrMihmZwMDIiAhQw2xJJsdV44xxGEtzIo2X7u9ERoRScxGYSUH0VG33FuZfvUGqw+YwY1GSaojoalGYcqxjvMCMx0wC1XxuBKGSmbdiOiWGmDafsbElEPnmXRJDMy8ZUN42ll3RrTneo1N/qVdazTWyIrpGN+gWeaiBWugZtVEHUfSOvqyCdWB921X73nZWo7a1zlyhjbIbP/7PwzU=</latexit>

1

2
| i h |+

1

2
| i h |

Matrix product states - The main idea



Sketch: TEBD algorithm

Perform a Trotter decomposition of 

the unitary matrix:

<latexit sha1_base64="VjkcYUID+Nkeli0QjRbrLFObdlU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIURGEghuXFewDmlAm00k7dDIJMzeFUvsF/oJb3bsTt36FW7/EaZuFbT1w4XDOvZzLCRLBNTjOt5VbW9/Y3MpvF3Z29/YP7MOjho5TRVmdxiJWrYBoJrhkdeAgWCtRjESBYM1gcDf1m0OmNI/lI4wS5kekJ3nIKQEjdWz79slLNC/BuaeI7AnWsYtO2ZkBrxI3I0WUodaxf7xuTNOISaCCaN12nQT8MVHAqWCTgpdqlhA6ID3WNlSSiGl/PPt8gs+M0sVhrMxIwDP178WYRFqPosBsRgT6etmbiv957RTCa3/MZZICk3QeFKYCQ4ynNeAuV4yCGBlCqOLmV0z7RBEKpqyFlCCaFEwp7nIFq6RxUXYvy5WHSrF6k9WTRyfoFJWQi65QFd2jGqojioboBb2iN+vZerc+rM/5as7Kbo7RAqyvX5lAme0=</latexit>

= | (t)i
<latexit sha1_base64="kfnksI75GKS6XSx4O7eUqoEMBvc=">AAACAnicbVA9SwNBEJ3zM8avqKXNYhCswl0IahmwsYzgJYHLEfY2e8mS3b1jd08IRzr/gq32dmLrH7H1l7hJrjCJDwYe780wMy9KOdPGdb+djc2t7Z3d0l55/+Dw6LhyctrWSaYI9UnCE9WNsKacSeobZjjtpopiEXHaicZ3M7/zRJVmiXw0k5SGAg8lixnBxkpBb4QN8vu5V5/2K1W35s6B1olXkCoUaPUrP71BQjJBpSEcax14bmrCHCvDCKfTci/TNMVkjIc0sFRiQXWYz0+eokurDFCcKFvSoLn6dyLHQuuJiGynwGakV72Z+J8XZCa+DXMm08xQSRaL4owjk6DZ/2jAFCWGTyzBRDF7KyIjrDAxNqWlLZGYlm0o3moE66Rdr3nXtcZDo9psFPGU4Bwu4Ao8uIEm3EMLfCCQwAu8wpvz7Lw7H87nonXDKWbOYAnO1y/TJpdR</latexit>

Û12

<latexit sha1_base64="KfzRU1lq7d/0uXz9/E5SgbSCaRs=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVZJa1GXBjcsKpi2koUymk3boPMLMRCghO3/Bre7diVt/xK1f4rTNwrYeuHA4517uvSdKGNXGdb+d0sbm1vZOebeyt39weFQ9PulomSpMfCyZVL0IacKoIL6hhpFeogjiESPdaHI387tPRGkqxaOZJiTkaCRoTDEyVgr6Y2SgP8gaV/mgWnPr7hxwnXgFqYEC7UH1pz+UOOVEGMyQ1oHnJibMkDIUM5JX+qkmCcITNCKBpQJxosNsfnIOL6wyhLFUtoSBc/XvRIa41lMe2U6OzFivejPxPy9ITXwbZlQkqSECLxbFKYNGwtn/cEgVwYZNLUFYUXsrxGOkEDY2paUtEc8rNhRvNYJ10mnUvet686FZazWLeMrgDJyDS+CBG9AC96ANfICBBC/gFbw5z8678+F8LlpLTjFzCpbgfP0C1lGXUw==</latexit>

Û23

The conceptionally most simple way to simulate time evolution: The TEBD algorithm

✏ =

d�X

↵=�+1

(s↵,↵)
2

SVD

<latexit sha1_base64="eUvfoy1qajNg7kC/ttjZcG6kBQ4=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsNu3S3U3Y3Qgl1L/gVe/exKv/xau/xG2bg219MPB4b4aZeWHKmTau++2UNja3tnfKu5W9/YPDo+rxSVsnmSLUJwlPVDfEmnImqW+Y4bSbKopFyGknHN/N/M4TVZol8tFMUhoIPJQsZgQbK/lRn4zYoFpz6+4caJ14BalBgdag+tOPEpIJKg3hWOue56YmyLEyjHA6rfQzTVNMxnhIe5ZKLKgO8vmxU3RhlQjFibIlDZqrfydyLLSeiNB2CmxGetWbif95vczEt0HOZJoZKsliUZxxZBI0+xxFTFFi+MQSTBSztyIywgoTY/NZ2hKKacWG4q1GsE7aV3Xvut54aNSajSKeMpzBOVyCBzfQhHtogQ8EGLzAK7w5z8678+F8LlpLTjFzCktwvn4BAteVQQ==</latexit>

d�

<latexit sha1_base64="A4FhUtkhFZglv6ppQcEhS85HTNA=">AAACD3icbVDLSsNAFJ34rPUVFdy4CRahbkpSi7osuHFnBfuAJi2TyaQdOjMJMxOhxH6Ev+BW9+7ErZ/g1i9x0mZhWw9cOJxzL/dw/JgSqWz721hZXVvf2CxsFbd3dvf2zYPDlowSgXATRTQSHR9KTAnHTUUUxZ1YYMh8itv+6Cbz249YSBLxBzWOscfggJOQIKi01DePXQbVEEGa3k3KLhqS3kXQq573zZJdsaewlomTkxLI0eibP24QoYRhrhCFUnYdO1ZeCoUiiOJJ0U0kjiEawQHuasohw9JLp/kn1plWAiuMhB6urKn69yKFTMox8/VmllYuepn4n9dNVHjtpYTHicIczR6FCbVUZGVlWAERGCk61gQiQXRWCw2hgEjpyua++GxS1KU4ixUsk1a14lxWave1Ur2W11MAJ+AUlIEDrkAd3IIGaAIEnsALeAVvxrPxbnwYn7PVFSO/OQJzML5+AaaJnAs=</latexit>

O(�3
d
2)

The new horizontal 

dimension can grow 

The gate builds up 

entanglement
=

Truncation needed! Error

G. Vidal, Phys. Rev. Lett. 93, 040502 (2004)

If the dynamics does not build up much entanglement 

between the M-1 bipartitions,  

the error stays small and the simulation is exact!

<latexit sha1_base64="ZQyF3ww+dqQ2jGUgu67E2uZ0GEo="></latexit>

| (t)i = e�itĤ | (t = 0)i

<latexit sha1_base64="ZBj3QwrpmNRju7WTc+BVPwO+iHA=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgQkoiUt0IBTddVrAPaEOYTCft2JkkzEyEErp146+4caGIW//AnX/jtM1CWw9cOHPOvcy9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjG6mfvuBSsXi6E6PE+oJPIhYyAjWRvJt1BtijeroGvVUKvyMnd1Pcm3+8O2yU3FmQMvEzUkZcjR8+6vXj0kqaKQJx0p1XSfRXoalZoTTSamXKppgMsID2jU0woIqL5tdMkEnRumjMJamIo1m6u+JDAulxiIwnQLroVr0puJ/XjfV4ZWXsShJNY3I/KMw5UjHaBoL6jNJieZjQzCRzOyKyBBLTLQJr2RCcBdPXiat84pbrVRvL8q1ah5HEY7gGE7BhUuoQR0a0AQCj/AMr/BmPVkv1rv1MW8tWPnMIfyB9fkDcYmY5g==</latexit>

Ĥ =

∑

i,j

Ĥi,j

<latexit sha1_base64="DQXN8fiyLrx9iBR301YXCII10yc="></latexit>

e
→i!t

∑
i,j

Ĥi,j
→ e

→i!tĤ1,2
e
→i!tĤ2,3

. . .

Order the terms to minimize the error from the non-cummutativity!

<latexit sha1_base64="zlA2bRYRbqfbnG4102SmZH2Nb9w=">AAACGXicbVBNSwMxEM3W7/pV9eglWAQPpeyKVI8FLx4VrBa6S8mms21sNrsms0JZ+je8+Fe8eFDEo578N6a1iLY+GHh5b4bMvDCVwqDrfjqFufmFxaXlleLq2vrGZmlr+8okmebQ4IlMdDNkBqRQ0ECBEpqpBhaHEq7D/unIv74DbUSiLnGQQhCzrhKR4Ayt1C65voQIW9TvMaRn7VxUboaVn1e/IofU16Lbw4D6Cm6p2y6V3ao7Bp0l3oSUyQTn7dK730l4FoNCLpkxLc9NMciZRsElDIt+ZiBlvM+60LJUsRhMkI8vG9J9q3RolGhbCulY/T2Rs9iYQRzazphhz0x7I/E/r5VhdBLkQqUZguLfH0WZpJjQUUy0IzRwlANLGNfC7kp5j2nG0YZZtCF40yfPkqvDqler1i6OyvXaJI5lskv2yAHxyDGpkzNyThqEk3vySJ7Ji/PgPDmvztt3a8GZzOyQP3A+vgASyZ8R</latexit>

[

Ĥi,j , Ĥk,l

]

→= 0

S. Lloyd, Science 273 (1996) A. T. Sornborger, E. D. Stewart, Phys. Rev. A 60, 1956 (1999)



Long range interactions: Matrix product operators (MPO) of Hamiltonians

Variational techniques  

(e.g. ground-state finding = DMRG)

Open systems: Density matrix as MPO

e.g. local updates to minimize energy

Ĥ =

Infinite systems (iTEBD) … exploiting translational symmetries:

Elegant formulations for higher dimensional models (PEPS)

Further reading: Review article with references:  

                            

Further reading … just scratching the surface in one lecture

“density matrix renormalization group”

2D

“projected entangled pair states”

Multi-scale entanglement renormalization ansatz (MERA): “Tensor network trees”

      U. Schollwöck, Ann. Phys. 326, 96 (2011), arXiv:1008.3477

 A   B  A   B  A   B

S. White, 1992

<latexit sha1_base64="7IB0lXHOE9HjqOtKIHvptH4b/Qg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6MVjBfsBTSib7aZZutkNuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvZAYJrhkbeAgWC/VjCShYN1wfDfzu09MG67kI0xSFiRkJHnEKQEr+X5MAPs6VvgGD6o1t+7OgVeJV5AaKtAaVL/8oaJZwiRQQYzpe24KQU40cCrYtOJnhqWEjsmI9S2VJGEmyOc3T/GZVYY4UtqWBDxXf0/kJDFmkoS2MyEQm2VvJv7n9TOIroOcyzQDJuliUZQJDArPAsBDrhkFMbGEUM3trZjGRBMKNqaKDcFbfnmVdC7qXqPeeLisNW+LOMroBJ2ic+ShK9RE96iF2oiiFD2jV/TmZM6L8+58LFpLTjFzjP7A+fwBujOQ2A==</latexit>

ω̂ =



This time

Part 3: Matrix product states (MPS) and the time-evolving block 

decimation algorithm (TEBD) and application examples

Part 1: Tensors and “tensor-networks”

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1
<latexit sha1_base64="G3v7L450s+BETIJCDEGx3kEd41Y=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2EA29QrrhVdw60TrycVCBHc1D+6YcxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZ/NQpurBKiKJY2ZIGzdW/ExkWWk9EYDsFNiO96s3E/7xeaqIbP2MySQ2VZLEoSjkyMZr9jUKmKDF8YgkmitlbERlhhYmx6SxtCcS0ZEPxViNYJ+2rqlev1u5rlUYtj6cIZ3AOl+DBNTTgDprQAgJDeIFXeHOenXfnw/lctBacfOYUluB8/QIiHJQt</latexit>

d1

<latexit sha1_base64="LWfEcHGol2XnSj3OD9Sef9oqV+o=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWVE8wHJEfb29pIlu3vH7p4QzvwEW+3txNY/Y+svcZNcYRIfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8tFMEuoLPJQsYgQbKz2Eg9qgXHGr7hxonXg5qUCO5qD80w9jkgoqDeFY657nJsbPsDKMcDot9VNNE0zGeEh7lkosqPaz+alTdGGVEEWxsiUNmqt/JzIstJ6IwHYKbEZ61ZuJ/3m91EQ3fsZkkhoqyWJRlHJkYjT7G4VMUWL4xBJMFLO3IjLCChNj01naEohpyYbirUawTtq1qndVrd/XK416Hk8RzuAcLsGDa2jAHTShBQSG8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUjsJQu</latexit>

d2

<latexit sha1_base64="ihsGg6CZYmOQi6V3M+Vo975Z/FM=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qGXAxjKi+YDkCHt7e8mS3b1jd08IZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL0g408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG6nfvuJKs1i+WjGCfUFHkgWMYKNlR7C/mW/XHGr7gxolXg5qUCORr/80wtjkgoqDeFY667nJsbPsDKMcDop9VJNE0xGeEC7lkosqPaz2akTdGaVEEWxsiUNmql/JzIstB6LwHYKbIZ62ZuK/3nd1EQ3fsZkkhoqyXxRlHJkYjT9G4VMUWL42BJMFLO3IjLEChNj01nYEohJyYbiLUewSloXVe+qWruvVeq1PJ4inMApnIMH11CHO2hAEwgM4AVe4c15dt6dD+dz3lpw8pljWIDz9QslRJQv</latexit>

d3

Part 2: Bi-partite entanglement and bi-partite state compression

Examples: MPS simulations



Example: Bose-Hubbard evolution

from A. J. Daley, H. Pichler, JS,  P. Zoller,  Phys. Rev. Lett. 109, 020505 (2012)

SV N

0

2

4

6

8

0 1 2 3 4 5

l = 4

l = 5

l = 9

.

.

.

<latexit sha1_base64="6YNo/E8EImul5ZlZApdi++o/jYc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0QNBch4MVjBPPAZA2zk9lkyOzsMtMrhJC/8OJBEa/+jTf/xkmyB00saCiquunuChIpDLrut7O2vrG5tZ3bye/u7R8cFo6OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Mbz1xbUSs7nGccD+iAyVCwSha6aHLhoJck/Kj7BWKbsmdg6wSLyNFyFDvFb66/ZilEVfIJDWm47kJ+hOqUTDJp/luanhC2YgOeMdSRSNu/Mn84ik5t0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDKv+RKgkRa7YYlGYSoIxmb1P+kJzhnJsCWVa2FsJG1JNGdqQ8jYEb/nlVdIsl7zLUuWuUqxVszhycApncAEeXEENbqEODWCg4Ble4c0xzovz7nwsWtecbOYE/sD5/AEk54/m</latexit>

� = 2
l

Model: Bosonic atoms trapped in an optical lattice

J
U

<latexit sha1_base64="DOIBXEjeuOIaM4xnQt8Lihflchs="></latexit>

Ĥ = �J

X

i

(b̂ib̂
†
i+1

+ b̂
†
i
b̂i+1) +

U

2

X

i

n̂i(n̂i � 1)

Experiment: Initial state
<latexit sha1_base64="KUPKmr01nmeJkpqKeyd3+4nu2x0=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjVhF8JJAcoS9zd5lye7esbsnhBDwL9hqbye2/hVbf4mb5AqT+GDg8d4MM/PClDNtXPfbKWxsbm3vFHdLe/sHh0fl45OWTjJFqE8SnqhOiDXlTFLfMMNpJ1UUi5DTdji6nfntJ6o0S+SjGac0EDiWLGIEGyu1fdSLY3TfL1fcqjsHWideTiqQo9kv//QGCckElYZwrHXXc1MTTLAyjHA6LfUyTVNMRjimXUslFlQHk/m5U3RhlQGKEmVLGjRX/05MsNB6LELbKbAZ6lVvJv7ndTMT3QQTJtPMUEkWi6KMI5Og2e9owBQlho8twUQxeysiQ6wwMTahpS2hmJZsKN5qBOukdVX16tXaQ63SqOfxFOEMzuESPLiGBtxBE3wgMIIXeIU359l5dz6cz0VrwclnTmEJztcvcO6VbA==</latexit>

U � J

sudden quench!

<latexit sha1_base64="pSeAkLuDS1q6lYl0V01nEL3Ndts=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIp1WXBjbiqYNpCEspkOmmHziPMTIQSuvMX3Orenbj1R9z6JU7bLGzrgQuHc+7l3nvilFFtXPfbKW1sbm3vlHcre/sHh0fV45OOlpnCxMeSSdWLkSaMCuIbahjppYogHjPSjce3M7/7RJSmUjyaSUoijoaCJhQjY6UgNBL6MGQM3verNbfuzgHXiVeQGijQ7ld/woHEGSfCYIa0Djw3NVGOlKGYkWklzDRJER6jIQksFYgTHeXzk6fwwioDmEhlSxg4V/9O5IhrPeGx7eTIjPSqNxP/84LMJDdRTkWaGSLwYlGSMWgfnf0PB1QRbNjEEoQVtbdCPEIKYWNTWtoS82nFhuKtRrBOOld1r1lvPDRqrWYRTxmcgXNwCTxwDVrgDrSBDzCQ4AW8gjfn2Xl3PpzPRWvJKWZOwRKcr19K+Jb9</latexit>

! U ⌧ J

<latexit sha1_base64="kmlT+GJ9ZczX3ilRkFSPHMLzHmA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eoo0QsLERInhJIDnC3mYvWbK7d+zuCeGIf8FWezux9b/Y+kvcJFeYxAcDj/dmmJkXJpxp47rfTmFtfWNzq7hd2tnd2z8oHx41dZwqQn0S81i1Q6wpZ5L6hhlO24miWISctsLR7dRvPVGlWSwfzTihgcADySJGsLGSf3/juW6vXHGr7gxolXg5qUCORq/80+3HJBVUGsKx1h3PTUyQYWUY4XRS6qaaJpiM8IB2LJVYUB1ks2Mn6MwqfRTFypY0aKb+nciw0HosQtspsBnqZW8q/ud1UhNdBxmTSWqoJPNFUcqRidH0c9RnihLDx5Zgopi9FZEhVpgYm8/CllBMSjYUbzmCVdK8qHq16uXDZaVey+Mpwgmcwjl4cAV1uIMG+ECAwQu8wpvz7Lw7H87nvLXg5DPHsADn6xeripRq</latexit>

M = 100

Hard to simulate long times, but several tunneling 

times feasible

<latexit sha1_base64="qXD8m9ETQnbAemRElTVUBpPkq9k=">AAACE3icbVDLSsNAFJ3UV62vqjvdDBahbmpSinZZceNGqWgf0MQwmU7boTNJmJkUSgj4E/6CW927E7d+gFu/xGmbha0euHA4517uvccLGZXKNL+MzNLyyupadj23sbm1vZPf3WvKIBKYNHDAAtH2kCSM+qShqGKkHQqCuMdIyxteTvzWiAhJA/9ejUPicNT3aY9ipLTk5g/u3NgWHI5ukqItBoF78RB3rk/LTnLi5gtmyZwC/iVWSgogRd3Nf9vdAEec+AozJGXHMkPlxEgoihlJcnYkSYjwEPVJR1MfcSKdePpDAo+10oW9QOjyFZyqvydixKUcc093cqQGctGbiP95nUj1qk5M/TBSxMezRb2IQRXASSCwSwXBio01QVhQfSvEAyQQVjq2uS0eT3I6FGsxgr+kWS5ZZ6XKbaVQq6bxZMEhOAJFYIFzUANXoA4aAINH8AxewKvxZLwZ78bHrDVjpDP7YA7G5w9Gt51v</latexit> S
v
N
(⇢

[M
/
2
]

A
)

<latexit sha1_base64="eeuFjJ3ZHfOLrLgVKxw3MXsjNX4="></latexit>

time [1/J]

<latexit sha1_base64="7I6LF0bwbjN6/95Gs5B0+iLUlKo=">AAACEHicbVA9TwJBEN3DL8SvUwsLm43EBBtyZ4hSkthYGYwiJBwhe8sCG3bvLrtzJORyf8K/YKu9nbH1H9j6S1zgCgFfMsnLezOZmedHgmtwnG8rt7a+sbmV3y7s7O7tH9iHR086jBVlDRqKULV8opngAWsAB8FakWJE+oI1/dHN1G+OmdI8DB5hErGOJIOA9zklYKSuffLQTTwl8fguLcEF9iIVRhBi6NpFp+zMgFeJm5EiylDv2j9eL6SxZAFQQbRuu04EnYQo4FSwtODFmkWEjsiAtQ0NiGS6k8weSPG5UXq4HypTAeCZ+nciIVLrifRNpyQw1MveVPzPa8fQr3YSHkQxsIDOF/VjgacvmjRwjytGQUwMIVRxcyumQ6IIBZPZwhZfpgUTirscwSp5uiy7V+XKfaVYq2bx5NEpOkMl5KJrVEO3qI4aiKIUvaBX9GY9W+/Wh/U5b81Z2cwxWoD19QtkN5x4</latexit>

SvN(t) / t

<latexit sha1_base64="7ZJwVxKtEUoumSkWHya/4UNZbpQ=">AAACGXicbVC7SgNBFJ2Nrxhfq5Y2g0FImrArQVMGbKwkonlAdllmJ5NkyMzOMjMbCMu2/oS/YKu9ndha2folTh6FSTxw4XDOvdx7TxgzqrTjfFu5jc2t7Z38bmFv/+DwyD4+aSmRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmHo5up3x4TqaiIHvUkJj5Hg4j2KUbaSIENH4LUkxyO77KSLkMvliLWAnpMDEoeHtJyYBedijMDXCfughTBAo3A/vF6AiecRBozpFTXdWLtp0hqihnJCl6iSIzwCA1I19AIcaL8dPZJBi+M0oN9IU1FGs7UvxMp4kpNeGg6OdJDtepNxf+8bqL7NT+lUZxoEuH5on7CoPl1GgvsUUmwZhNDEJbU3ArxEEmEtQlvaUvIs4IJxV2NYJ20LivuVaV6Xy3Wa4t48uAMnIMScME1qINb0ABNgMETeAGv4M16tt6tD+tz3pqzFjOnYAnW1y/YU5/d</latexit>

SvN(t) / log(�)
<latexit sha1_base64="IshlL72tFq34cxQYn4hSFKNXC90=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZJStMuCG5cV7AOaWCbTSTt0HmFmUiihX+AvuNW9O3HrV7j1S5y2WdjWAxcO59zLvfdECaPaeN63U9ja3tndK+6XDg6Pjk/c07O2lqnCpIUlk6obIU0YFaRlqGGkmyiCeMRIJxrfzf3OhChNpXg004SEHA0FjSlGxkp91w3wiMIgUTIxElafTN8texVvAbhJ/JyUQY5m3/0JBhKnnAiDGdK653uJCTOkDMWMzEpBqkmC8BgNSc9SgTjRYba4fAavrDKAsVS2hIEL9e9EhrjWUx7ZTo7MSK97c/E/r5eauB5mVCSpIQIvF8Upg/bJeQxwQBXBhk0tQVhReyvEI6QQNjaslS0Rn5VsKP56BJukXa34N5XaQ63cqOfxFMEFuATXwAe3oAHuQRO0AAYT8AJewZvz7Lw7H87nsrXg5DPnYAXO1y9bfJnE</latexit>

� / 2
t

<latexit sha1_base64="3fugAMnc809goXTnSySySMxPD8U=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1WxvQiDLx4nOBeYK0lTdMtLE1Lkgqj7OyX8Ct41bs38erFq5/ErCviNv8Q+OX/PA9P8vcTRqWyrC+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHo+koRRTtqKKkZ6iSAo8hnp+qPrab37QISkMb9T44S4ERpwGlKMlLY889gZIgW5R+EVzNH36L0ToMHvzTOrVs3KBZfBLqAKCrU889sJYpxGhCvMkJR920qUmyGhKGZkUnFSSRKER2hA+ho5ioh0s/wrE3iqnQCGsdCHK5i7fycyFEk5jnzdGSE1lIu1qflfrZ+q8NLNKE9SRTieLQpTBlUMp7nAgAqCFRtrQFhQ/VaIh0ggrHR6c1v8aFLRodiLESxD57xmN2r123q12SjiKYMjcALOgA0uQBPcgBZoAwwewTN4Aa/Gk/FmvBsfs9aSUcwcgjkZnz/bxp/Q</latexit>

n̂i = b̂
†
i
b̂i

Linear growth



Example: Entanglement growth in long-range spin models

Transverse Ising model, variable range (realized e.g. in trapped ions)

JS, B. Lanyon, C. F. Roos, and A. J. Daley, Phys. Rev. X 3, 031015 (2013)

<latexit sha1_base64="EMKKX0YG0U+VTD+J4HYqX/HQpQU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhuLImIdiMU3EhXFewDmlhuppN22smDmYlQ0nyAG3/FjQtF3PoB7vwbp20W2npg4HDOudy5x404k8o0v42l5ZXVtfXcRn5za3tnt7C335BhLAitk5CHouWCpJwFtK6Y4rQVCQq+y2nTHV5P/OYDFZKFwZ0aRdTxoRcwjxFQWuoUitVOwgbple0JIIntgsBVnCZjdjoY39vAoz6kOmWWzCnwIrEyUkQZap3Cl90NSezTQBEOUrYtM1JOAkIxwmmat2NJIyBD6NG2pgH4VDrJ9JgUH2uli71Q6BcoPFV/TyTgSznyXZ30QfXlvDcR//PasfLKTsKCKFY0ILNFXsyxCvGkGdxlghLFR5oAEUz/FZM+6FqU7i+vS7DmT14kjbOSdVGybs+LlXJWRw4doiN0gix0iSroBtVQHRH0iJ7RK3oznowX4934mEWXjGzmAP2B8fkDzxubcQ==</latexit>

Jij =
J̄

|i� j|↵

time [J̄�1]

S
v
N

0

1

2

3

4

0 1 2 3 4 5

M = 20

M = 50

↵
=
3

↵ = 0.8

time [J̄�1]

0

1

2

3

4

0 1 2 3 4 5

M = 20

M = 50

Short range Long range

(b)

Infinite range

<latexit sha1_base64="4F+rdvqPrehVfH6B1pTg2lleXEM=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgBePEcwDkiX0TibJkNnZZWZWCEtufoFX/QJv4tUf8QP8DyfJHkxiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoJL1jDcCNaOFcMwEKwVjO9mfuuJKc0j+WgmMfNDHEo+4BSNldpdFPEIb91eseSW3TnIOvEyUoIM9V7xp9uPaBIyaahArTueGxs/RWU4FWxa6CaaxUjHOGQdSyWGTPvp/N4pubBKnwwiZUsaMlf/TqQYaj0JA9sZohnpVW8m/ud1EjOo+imXcWKYpItFg0QQE5HZ86TPFaNGTCxBqri9ldARKqTGRrS0JVA4ZmZqc/FWU1gnzauyd12uPFRKtWqWUB7O4BwuwYMbqME91KEBFAS8wCu8Oc/Ou/PhfC5ac042cwpLcL5+AThol/A=</latexit>

↵ = 0

<latexit sha1_base64="7xuEGy11sIjAAjCn6F9mdrCv6zM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexK1FyEgBdPEsE8IFnC7KSTDJl9MDMrhCXgF3jVL/AmXv0VP8D/cDbZg0ksaCiquunu8iLBlbbtbyu3tr6xuZXfLuzs7u0fFA+PmiqMJcMGC0Uo2x5VKHiADc21wHYkkfqewJY3vk391hNKxcPgUU8idH06DPiAM6pT6f7m0u4VS3bZnoGsEicjJchQ7xV/uv2QxT4GmgmqVMexI+0mVGrOBE4L3VhhRNmYDrFjaEB9VG4yu3VKzozSJ4NQmgo0mal/JxLqKzXxPdPpUz1Sy14q/ud1Yj2ougkPolhjwOaLBrEgOiTp46TPJTItJoZQJrm5lbARlZRpE8/CFk/SMeqpycVZTmGVNC/KzlW58lAp1apZQnk4gVM4BweuoQZ3UIcGMBjBC7zCm/VsvVsf1ue8NWdlM8ewAOvrF6Fflek=</latexit>

N = 50

G. S. Bentsen, A. J. Daley, JS, “Entanglement dynamics in spin chains with structured long-range interactions”, Springer (2022)

<latexit sha1_base64="xetDNqAjs51uON1WZkaFwCw1QCs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRXsRCl48SQX7Ae1Ssmm2DU2yS5IVytK/4MWDIl79Q978N2bbPWjrg4HHezPMzAtizrRx3W+nsLG5tb1T3C3t7R8cHpWPTzo6ShShbRLxSPUCrClnkrYNM5z2YkWxCDjtBtPbzO8+UaVZJB/NLKa+wGPJQkawyaT7m5o7LFfcqrsAWideTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjidlwaJpjEmUzymfUslFlT76eLWObqwygiFkbIlDVqovydSLLSeicB2CmwmetXLxP+8fmLChp8yGSeGSrJcFCYcmQhlj6MRU5QYPrMEE8XsrYhMsMLE2HhKNgRv9eV10qlVvatq/aFeaTbyOIpwBudwCR5cQxPuoAVtIDCBZ3iFN0c4L86787FsLTj5zCn8gfP5AwffjY4=</latexit>

N = 20
<latexit sha1_base64="Q/OePAP0PwhL9OmIyaPeQOTKArI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVqr0IBS+epIL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNL9zaU7KFfcqjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzWGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCup8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6oelfV2kOt0qjncRThBE7hHDy4hgbcQRNaQGAMz/AKb45wXpx352PRWnDymWP4A+fzBwxujZE=</latexit>

N = 50

<latexit sha1_base64="xetDNqAjs51uON1WZkaFwCw1QCs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRXsRCl48SQX7Ae1Ssmm2DU2yS5IVytK/4MWDIl79Q978N2bbPWjrg4HHezPMzAtizrRx3W+nsLG5tb1T3C3t7R8cHpWPTzo6ShShbRLxSPUCrClnkrYNM5z2YkWxCDjtBtPbzO8+UaVZJB/NLKa+wGPJQkawyaT7m5o7LFfcqrsAWideTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjidlwaJpjEmUzymfUslFlT76eLWObqwygiFkbIlDVqovydSLLSeicB2CmwmetXLxP+8fmLChp8yGSeGSrJcFCYcmQhlj6MRU5QYPrMEE8XsrYhMsMLE2HhKNgRv9eV10qlVvatq/aFeaTbyOIpwBudwCR5cQxPuoAVtIDCBZ3iFN0c4L86787FsLTj5zCn8gfP5AwffjY4=</latexit>

N = 20
<latexit sha1_base64="Q/OePAP0PwhL9OmIyaPeQOTKArI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVqr0IBS+epIL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNL9zaU7KFfcqjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzWGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCup8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6oelfV2kOt0qjncRThBE7hHDy4hgbcQRNaQGAMz/AKb45wXpx352PRWnDymWP4A+fzBwxujZE=</latexit>

N = 50

Permutation symmetric Hilbert 

sub-space (Dicke states)

<latexit sha1_base64="/xd3gI4XI6hT8CqlklWtWas+4iI=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjNStBuh4EZcVbAPbIdyJ820oUlmSDJCGfoXgiv9E3fi1rU/4tq0nYVtPRA495x7uTcniDnTxnW/ndza+sbmVn67sLO7t39QPDxq6ihRhDZIxCPVDkBTziRtGGY4bceKggg4bQWjm6nfeqJKs0g+mHFMfQEDyUJGwFjpcYivcTcAhe96xZJbdmfAq8TLSAllqPeKP91+RBJBpSEctO54bmz8FJRhhNNJoZtoGgMZwYB2LJUgqPbT2cUTfGaVPg4jZZ80eKb+nUhBaD0Wge0UYIZ62ZuK/3mdxIRVP2UyTgyVZL4oTDg2EZ5+H/eZosTwsSVAFLO3YjIEBcTYkBa2BGKyWCsYUTMp2KC85VhWSfOi7F2WK/eVUq2aRZZHJ+gUnSMPXaEaukV11EAESfSMXtGb8+K8Ox/O57w152Qzx2gBztcvAf2eyw==</latexit>

h = J̄

<latexit sha1_base64="KjRFL83kc6cIiQpbM0S9/6CRCME="></latexit>

|ω(t = 0)→ =

N⊗

i

|↑→
<latexit sha1_base64="Gj85yWx9e/2Ggzbe2NB+xomxGiM="></latexit>

ĤTI =

∑

j>i

Jij ω̂
z
i ω̂

z
j + hx

∑

i

ω̂
x
i



Reminder - GP simulations with Runge-Kutta

<latexit sha1_base64="bBrI+z731XIVcx77dA+XnnQpJbA="></latexit>

d

dt
 (x, t) = �i

✓

p̂2

2m
+ V (x) + g| (x, t)|2

◆

 (x, t)

Solving it with RK4

1001 grid points

<latexit sha1_base64="NNoLkWJieGFvSXKrV8w+7jZbFY4=">AAACMHicbZDLSgMxFIYz9VbrrepSF8EiuCozRasboeBGXFWwF2hryaRn2tBkZkwyhTLMxqdxa59GV+LWdxBMLwt7ORD4+f9zODmfG3KmtG1/Wqm19Y3NrfR2Zmd3b/8ge3hUVUEkKVRowANZd4kCznyoaKY51EMJRLgcam7/bpzXBiAVC/wnPQyhJUjXZx6jRBurnT19wLe46UlCYyeJC4I8FxLchJeIDbDTzubsvD0pvCycmcihWZXb2d9mJ6CRAF9TTpRqOHaoWzGRmlEOSaYZKQgJ7ZMuNIz0iQDViidXJPjcOB3sBdI8X+OJ+38iJkKpoXBNpyC6pxazsbkycyXpg14VNSLt3bRi5oeRBp9O/+BFHOsAj2nhDpNANR8aQahk5gxMe8TQ0obp/BKRZAwvZ5HOsqgW8k4xf/V4mSsVZ+TS6ASdoQvkoGtUQveojCqIolf0ht7RyBpZH9aX9T1tTVmzmWM0V9bPH6JjqMI=</latexit>

J =
1

2ma2
⌘ 1

<latexit sha1_base64="csIdQKxvnP+ou7Aou+wzYtmaf+Q=">AAACHHicdVDLSgMxFM34rPVVdekmWARXQ6Yd+9gV3LisYB/YjiWTZtrQTGZIMkJp+xdu7de4E7eCHyOYPgQr9cCFwzn3cu89fsyZ0gh9WhubW9s7u6m99P7B4dFx5uS0rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cDPzG09UKhaJez2MqRfinmABI1gb6WHcjhXrsPFjrpPJIrtUKueLeYhsx3WR6xqSQyVULkPHRnNkwRLVTuar3Y1IElKhCcdKtRwUa2+EpWaE00m6nSgaYzLAPdoyVOCQKm80v3gCL43ShUEkTQkN5+rviREOlRqGvukMse6rv95MXOv5Eg+oXme1Eh2UvBETcaKpIIsbgoRDHcFZMrDLJCWaDw3BRDLzBiR9LDHRJr/VJeEkbfL6CQX+T+o52ynY13dutlJYJpcC5+ACXAEHFEEF3IIqqAECBHgGL2BqTa1X6816X7RuWMuZM7AC6+MbfZyiwQ==</latexit>

| i|
2

<latexit sha1_base64="4NCWV9wu90aGSTAKaZsgc35MFVY=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNFqxuh4EZcVbAPaYeSSdM2NMkMyR2hDP0Kt/Zr3IlbF36MYNrOwj4OXO7hnHvJzQkiwQ247o+T2djc2t7J7ub29g8Oj/LHJ3UTxpqyGg1FqJsBMUxwxWrAQbBmpBmRgWCNYHg/9RuvTBseqmcYRcyXpK94j1MCVnoZPOI77BbdUidfsG0GvEq8lBRQimon/9vuhjSWTAEVxJiW50bgJ0QDp4KNc+3YsIjQIemzlqWKSGb8ZHbwGF9YpYt7obalAM/U/xsJkcaMZGAnJYGBWfam4lov0GTIYJ3ViqF36ydcRTEwRec39GKBIcTTYHCXa0ZBjCwhVHP7DUwHRBMKNr7FR+Q4Z/PyltNZJfVS0SsXr5+uCpVymlwWnaFzdIk8dIMq6AFVUQ1RJNEbekcTZ+J8OJ/O13w046Q7p2gBzvcfWnqgWw==</latexit>

hJ = 0.02

<latexit sha1_base64="EAbj9vLXsZand7M9yaeh80xZkmk=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwFRKp1Y1QcOOygn1AGspkOmmHziPMTIQS+hlu7de4E7fixwhO2yzs48CFwzn3cu89UcKoNp734xS2tnd294r7pYPDo+OT8ulZS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2NHmd++5UoTaV4MeOEhBwNBI0pRsZKwQjBB+i51W5Ce+WK53pzwHXi56QCcjR65d9uX+KUE2EwQ1oHvpeYMEPKUMzIpNRNNUkQHqEBCSwViBMdZvOTJ/DKKn0YS2VLGDhX/09kiGs95pHt5MgM9ao3Ezd6kUIjYjZZQWri+zCjIkkNEXhxQ5wyaCScRQP7VBFs2NgShBW1b0A8RAphYwNcXsInJZuXv5rOOmnduH7NvX2uVuq1PLkiuACX4Br44A7UwRNogCbAQII38A6mztT5cD6dr0VrwclnzsESnO8/kQKhkA==</latexit>

ka = 0.4⇡

periodic boundaries

<latexit sha1_base64="tmzcXiZ2qCBQLgWOkGIiMCnEL1E=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKiV6EgBfxFME8IFnC7KSTjJmZXWZmhbDkH7yar/EmXr35MYKTZA/mUdBQVHXT3RVEnGnjuj9OZmNza3snu5vb2z84PMofn9R1GCsKNRryUDUDooEzCTXDDIdmpICIgEMjGN5P/cYrKM1C+WxGEfiC9CXrMUqMlep9fIdLj518wS26M+BV4qWkgFJUO/nfdjeksQBpKCdatzw3Mn5ClGGUwzjXjjVEhA5JH1qWSiJA+8ns2jG+sEoX90JlSxo8U/9PJERoPRKB7RTEDPSyNxXXeoEiQzDrrFZserd+wmQUG5B0fkMv5tiEeJoK7jIF1PCRJYQqZt/AdEAUocZmt7hEjHM2L285nVVSvyp65WLp6bpQKafJZdEZOkeXyEM3qIIeUBXVEEUv6A29o4kzcT6cT+dr3ppx0plTtADn+w/6M5+x</latexit>

g = 5J

Our BEC get’s destroyed!

This is known as dynamical 

instability!



Dynamical instability of a superfluid

An experiment on stability of superfluid currents in the Bose-Hubbard model:

J. Mun, P. Medley, G. K. Campbell, L. G. Marcassa, D. E. Pritchard, and 

W. Ketterle, Phys. Rev. Lett. 99, 150604 (2007)

lattice starts suddenly moving

 … amount of kick “momentum kick”

<latexit sha1_base64="+YW6X/ThBov+Ck8hBj2pw9gW1ks=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe9Eo40QsBGrCF4SSI6wt9lLluzuHbt7QggB/4Kt9nZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ndzK6tr6Rn6zsLW9s7tX3D+o6zhVhPok5rFqhlhTziT1DTOcNhNFsQg5bYSD24nfeKJKs1g+mmFCA4F7kkWMYGOlRopukH923ymW3LI7BVomXkZKkKHWKf60uzFJBZWGcKx1y3MTE4ywMoxwOi60U00TTAa4R1uWSiyoDkbTc8foxCpdFMXKljRoqv6dGGGh9VCEtlNg09eL3kT8z2ulJroORkwmqaGSzBZFKUcmRpPfUZcpSgwfWoKJYvZWRPpYYWJsQnNbQjEu2FC8xQiWSf287FXKlw8XpWoliycPR3AMp+DBFVThDmrgA4EBvMArvDnPzrvz4XzOWnNONnMIc3C+fgH9V5Uk</latexit>

u = U/J

mean-field theory

3D

1D: mean-field failed badly

… no clear transition

Measure fraction of particle in the condensate



In 1D: We can use MPS simulations

Momentum distributions Condensate fraction

<latexit sha1_base64="+YW6X/ThBov+Ck8hBj2pw9gW1ks=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe9Eo40QsBGrCF4SSI6wt9lLluzuHbt7QggB/4Kt9nZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ndzK6tr6Rn6zsLW9s7tX3D+o6zhVhPok5rFqhlhTziT1DTOcNhNFsQg5bYSD24nfeKJKs1g+mmFCA4F7kkWMYGOlRopukH923ymW3LI7BVomXkZKkKHWKf60uzFJBZWGcKx1y3MTE4ywMoxwOi60U00TTAa4R1uWSiyoDkbTc8foxCpdFMXKljRoqv6dGGGh9VCEtlNg09eL3kT8z2ulJroORkwmqaGSzBZFKUcmRpPfUZcpSgwfWoKJYvZWRPpYYWJsQnNbQjEu2FC8xQiWSf287FXKlw8XpWoliycPR3AMp+DBFVThDmrgA4EBvMArvDnPzrvz4XzOWnNONnMIc3C+fgH9V5Uk</latexit>

u = U/J

Dynamical instability of a superfluid
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We can use MPS to simulate the loss in condensate fraction at a certain time:

mean-field does not work!

Dynamical instability of a superfluid

<latexit sha1_base64="3pHYxZ2mobL/+ky2EUZfhMu9sy0=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe8kaBohYCNWEbwkkBxhb7OXLNndO3b3hBAC/gVb7e3E1r9i6y9xk1xhEh8MPN6bYWZemHCmjet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyHt1O/+USVZrF8NKOEBgL3JYsYwcZKzRTdIP/ivlssuWV3BrRKvIyUIEO9W/zp9GKSCioN4VjrtucmJhhjZRjhdFLopJommAxxn7YtlVhQHYxn507QmVV6KIqVLWnQTP07McZC65EIbafAZqCXvan4n9dOTVQNxkwmqaGSzBdFKUcmRtPfUY8pSgwfWYKJYvZWRAZYYWJsQgtbQjEp2FC85QhWSeOy7F2VKw+VUq2axZOHEziFc/DgGmpwB3XwgcAQXuAV3pxn5935cD7nrTknmzmGBThfv/2flSU=</latexit>

u = U/J



Take-away messages

We discussed several numerical methods for the simulation of quantum dynamics:

Full quantum state dynamics is linear:

- Exact diagonalization solves the Schrödinger equation

- Physical Hamiltonians are sparse, Krylov space methods make use of that

A tour through numerical methods for simulating large-scale quantum physics 

(classically)

<latexit sha1_base64="Tse1OSF2IZpocSaJfc6bpOYDcE0=">AAAB83icbVDLSsNAFL2pr1pfVZdugkWom5KIVpcFNy4r2Ae0oUymk3boZBJnboQS+h0u3Ki49WNc+jdO2iy09cDA4Zx7uWeOHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YlmgkvWQo6CdWPFSOgL1vEnt5nfeWJK80g+4DRmXkhGkgecEjSS1w8Jjv0gnc6qeD4oV5yaM4e9StycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1K/USzmNAJGbGeoZKETHvpPPTMPjPK0A4iZZ5Ee67+3khJqPU09M1kFlIve5n4n9dLMLjxUi7jBJmki0NBImyM7KwBe8gVoyimhhCquMlq0zFRhKLpyXTgLv94lbQvam69dnV/WWnU8zaKcAKnUAUXrqEBd9CEFlB4hGd4hTcrsV6sd+tjMVqw8p1j+APr8wceD5Hu</latexit>

y(t)

<latexit sha1_base64="tbI5ZOCwuQ8INvVOSaf5golOwZE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9Vjw4rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjrZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVq4bV+VaNY+jAKdwBhfgwQ3U4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A382M9g==</latexit>

t
<latexit sha1_base64="M97AT9mAc5Ahq7g9bXCN0GzrAMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVq/vLSr2Wx1GEEziFc/DgGupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2Gwjdc=</latexit>

tn

<latexit sha1_base64="XyAY32EoEQpONGwOZGXTsS48L7s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiWj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfqQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw1s/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq16tev1wVanX8jiKcAKncA4e3EAd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wf/049T</latexit>

tn+1

<latexit sha1_base64="A4jEVcmO/KgG351Z6UNgE/3tMXM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSbdR95r164erWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxetkbI=</latexit>

k2
<latexit sha1_base64="tUY3yzRhek6xsZjKpAoC0on+MBI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi1WXBjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBm0/nQG1Zrbt1dgPwlXkFqUKA1rH76o5ilEUrDBNW677mJGWRUGc4Ezit+qjGhbErH2LdU0gj1IFtknpMzq4xIGCv7pCEL9edGRiOtZ1FgJ/OMetXLxf+8fmrCm0HGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uW/pHNR9xr1q/vLWrNR1FGGEziFc/DgGppwBy1oA4MEnuAFXp3UeXbenPflaMkpdo7hF5yPbxYpkbE=</latexit>

k1

<latexit sha1_base64="Qn4TDIFafCi7ZAmEhCpKKWr1oG0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4qC4LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jbDIbXA6qNbfuzoFWiVeQGhRoDapf/jAmqaDSEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VGJBdZDNM8/QmVWGKIqVfdKgufp7I8NC66kI7WSeUS97ufif109NdBtkTCapoZIsDkUpRyZGeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6jfv1wVWs2ijrKcAKncA4e3EAT7qEFbSCQwDO8wpuTOi/Ou/OxGC05xc4x/IHz+QMZMZGz</latexit>

k3

<latexit sha1_base64="YVHC38EaCNY54DAsRAIzG1kjBFE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sLpXe73nqhULBGPepbSIMZjwSJGsLaS78dYT8Iom86HjWG15tbdBdA68QpSgwLtYfXLHyXExFRowrFSA89NdZBhqRnhdF7xjaIpJlM8pgNLBY6pCrJF5jm6sMoIRYm0T2i0UH9vZDhWahaHdjLPqFa9XPzPGxgd3QYZE6nRVJDlochwpBOUF4BGTFKi+cwSTCSzWRGZYImJtjVVbAne6pfXSfeq7jXr1w+NWqtZ1FGGMziHS/DgBlpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDxq1kbQ=</latexit>

k4

In the first two lectures, we kept the quantum state-representation exact! 

Then going to systems with more than 30 qubits/spins is hard.

We discussed numbers and linear algebra on classical computers.

Matrix product states: a systematic way to compress information! The crucial 

quantity that makes classical simulations hard is not system size, but 

entanglement entropy!

A mean-field approximation can drastically reduce the state-space but 

makes the problem non-linear (and it’s a strong approximation).

<latexit sha1_base64="ct1885Jm2XA2QK1ujWl7R00xl3c=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRLx0WXBTZcV7APSUCbTSTt0HmFmIpSQnb/gVvfuxK0/4tYvcdJmYVsPDBzOuZd75oQxo9q47rdT2tjc2t4p71b29g8Oj6rHJ10tE4VJB0smVT9EmjAqSMdQw0g/VgTxkJFeOL3P/d4TUZpK8WhmMQk4GgsaUYyMlfwBR2aCEUtb2bBac+vuHHCdeAWpgQLtYfVnMJI44UQYzJDWvufGJkiRMhQzklUGiSYxwlM0Jr6lAnGig3QeOYMXVhnBSCr7hIFz9e9GirjWMx7ayTyiXvVy8T/PT0zUCFIq4sQQgReHooRBI2H+fziiimDDZpYgrKjNCvEEKYSNbWnpSsizii3FW61gnXSv6t5t/ebhutZsFPWUwRk4B5fAA3egCVqgDToAAwlewCt4c56dd+fD+VyMlpxi5xQswfn6Ben7mAQ=</latexit>

H

Mean-field relies on non-entangled product states. It’s an the limit of a matrix 

product state with bond dimension zero.

Then, one needs general ODE solvers. We introduced Runge-Kutta methods, 

which are generally a “swiss army knife tool”, especially the 4th order method


