Hands-on advanced numerical methods for
quantum many-body dynamics

A tour through numerical methods for simulating large-scale quantum physics (classically)
Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)
Tutorial: ED on a simple spin model

2.21/10: A better ED, sparse matrices, Krylov space. Open systems.
Tutorial: Spin-model simulations using Krylov space

3. 22/10: Mean-field, Runge-Kutta
Tutorial: A mean-field simulation of the transverse Ising model

4.23/10: How to go beyond: Matrix product states



https://julialang.org/

[Last time

Not all quantum problems are linear. Also in quantum mechanics, when making e.g. a mean-field approximation (e.g.
a product state approximation for spin models, or in the Gross-Pitaevskii equations for ultra-cold bosonic gases) the
problem becomes non-linear. However the state-space drastically decreases in this case (from exponential to linear
growth with system size). The model is essentially equivalent to “classical spins”, entanglement is neglected.
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H

Runge-Kutta methods are a general tool to simulate
dynamics of linear and non-linear problems. Formally
derived from Taylor expansions using multiple steps. In
particular the 4-th order method is a good compromise
(stable, small error for reasonable time-step).

As example mean-field problem we showed how to simulate
dynamics of a transverse Ising model in mean-field and
compared to exact results. Generally mean-field works well
in low-excitation regimes and for high connectivity
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This time

Part 1: Tensors and “tensor-networks”
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dl dl dl

Part 2: Bi-partite entanglement and bi-partite state compression

Part 3: Matrix product states (MPS) and the time-evolving block
decimation algorithm (TEBD) and application examples
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Example of MPS simulations
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Tensors

We have learned how to use tensor products and sparse matrices to construct matrices, €.g. for a unitary gate:

CNOT =
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Rethinking state-vectors and gates

State = Vector
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We may also think about the state-vector as a n-dimensional state-tensor (n indices)
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Tensors

1 1 1
— Z Z g Ciyig...ip ’il’ig...in>

11=0122=0 1y, =0 _69_

Equivalently the two-qubit gate acting on qubits 2 and 4, can be written as a 4-dimensional tensor:

1 0 0 O
0O 1 0 O 3.3 . 1 1 1 1 .

CNOT = O 0 O 1 CNOT = Z ZMCL |CL> <b| — . P P B Magai |CLQCL4> <b2b4|
0O 0 1 O a=0 b=0 a2=0a4=00by=00b4=0

.. implicit meaning: |CL26L4> <b2b4| =1® |CL2> <b2| RI1L |a4> <b4|

1

11 1 1 11 11 1
CNOT [¢) S‘ Y S: S: (S: My MS;Z‘iCzlbgzgm) i1a213a4) = Sj Sj Sj Sj Ciria...jn |71727374)

14=0

The updated state tensor is obtained from a tensor contraction (summation over joint indices)
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Tensors
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To make this more intuitive: Introduce a diagrammatic notation

« ¥

Complex number
A v;

Vector
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Matrix
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3D tensor
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j — 17 o o o 7d2



Tensors

Contractions of tensors:

Matrix-Vector product:

------------

O(d1ds) multiplications

Useful for avoiding messy indexing in tensor operationsl|

Allows easy estimations of numerical complexity!

Tensor-matrix contraction:

O (d2 X 2 ) multiplications



Tensors

State-vector vs. state-tensor

State = Vector
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Tensors
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Application of CNOT gate
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Note: Full matrix-vector multiplication would be ((2°)
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Tensors

1 1 1
- Z Z § :C’i1’i2...in '517/2

11=0122=0 1y, =0

in)

Contraction in code:

1 1

611222324 — § E

bo=0b4=0

b2b4C
1214 1 baizby

# define index 1 =

dims = (2, 2, 2, 2)

“multi-dimensional array”

c = zeros(T, dims)
cl1, 2, 1, 1] =
# state |01 0 0>
# ... should go to |0 1 0 1>

tc = Array{T}(undef, dims) # only allocated

# define order 12, i4, b2,
M = zeros(T, dims)

M[1, 1, 1, 1]
M[1, 2, 1, 2]
M[2, 2, 2, 1]
M[2, 1, 2, 2]

1.0 # |00>

= 1.0 # |01>
= 1.0 # |10>

1.0 # |11>

b4

|0>, index 2 =

| 00>
|01>
|11>
| 10>

S = O

-]
~ N~ N~

CNOT
CNOT
CNOT
CNOT
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p—t =t



Tensors

0) —
1) ——
1 1 1
o 0) ——
= E E E Citig...in [2102 - . -Zn>
11=012=0 i =0 0> _69_
b b # define index 1 = |0>, index 2 = |1>
204
611222324 — § E 1914 C’Ll botsby dims = (2, 2, 2, 2)
bo=0 b4=0
c = zeros(T, dims)
cl1, 2, 1, 1] =
] ) ] # state |0 1 0 0>
Three ways of doing the contraction in code # ... should go to [0 1 0 1>
I. Loops with multi-dimensional arrays tc = Array{T}(undef, dims) # only allocated
# apply CNOT gate to indices 2 and 4 # define order i2, i4, b2, b4
for i1 = 1:2 M = zeros(T, dims)
for i2 = 1:2 Mi1, 1, 1, 1] = 1.0 # |00> —> |00>
for i3 = 1:2 MI1, 2, 1, 2] = 1.0 # |01> —> |01>

M[2, 2, 2, 1]
M[2, 1, 2, 2]

1.0 # |10> —> |11>
1.0 # |11> —> |10>

-

for i4 = 1:2

tc[il, i2, i3, i4] = 0.0
§)

for b2 = 1:2 Cost C)(Q )

for b4 = 1:2

tc[il, i2, i3, i4] += M[i2, i4, b2, b4] x c[il, b2, i3, b4] multiplications,

end very obvious

end
end

end Contra:

end
Cumbersome to code

end




Tensors

0) —
1) ——
1 1 1 0>
E E E Ciqis.. n 2122 >
11=0129=0 15, =0 O> —69—
1 1 # define index 1 = |0>, index 2 = |1>
. — baby dims = (2, 2, 2, 2)
Ciyigigia — E : E :'A42214 Ci1bgigby
b2=0b4=0 c = zeros(T, dims)
cl1, 2, 1, 1] =
# state |0 1 0 0>
# ... should go to |0 1 0 1>

Three ways of doing the contraction in code

. . . e . . tc = Array{T}(undef, dims) # only allocated
I1. Fallback to matrix-matrix multiplication routines

# define order i2, i4, b2, b4

A B . . . . . . ' M= ZEI"OS(T, dims)
E zimacicaPereayr ... this 1s a matrix multiplication! MIL 1, 1, 1] = 1.0 # |00> ~> |00>
€1,¢2 M[1, 2, 1, 2] = 1.0 # |01> —> |01>
MI2, 2, 2, 1] = 1.0 # |10> —> |11>
# apply CNOT gate to indices 2 and 4 using matrix mutliplications Mz, 1, 2, 2] = 1.0 # |11> —> |[10>
# order in c: 1il, b2, i3, b4 Pro:

c_perm = permutedims(c, (2, 4, 1, 3)) # new order: b2, b4, il, i3 More compact

_ Built-in matrix multiplications can be very fast
c_perm_mat = reshape(c_perm, 4, 4)

M_mat = reshape(M, 4, 4) # order (i2, i4), (b2, b4) @LAS routines,e.g.INTEL MK]_)

tc_perm_mat @t * c_perm@# now order: i2, i4, 1il, i3

tc_perm = reshape(tc_perm_mat, (2, 2, 2, 2))
tc = permutedims(tc_perm, (3, 1, 4, 2))

Contra:
Easy to make mistakes
Permutations add memory allocations




Tensors

11 1
E E E Civin..in [1192 . ip)

7,1:0 22:0 ’Ln—O

_ E : E : b2b4
611222324 1214 C'Ll bai3by

ba=0b4=0

Three ways of doing the contraction in code

I1. Fallback to matrix-matrix multiplication routines

. and using a package doing it for you.

# apply CNOT gate to indices 2 and 4 using TensorOperations
using TensorOperations
@tensor tclil, i2, i3, i4] = M[i2, i4, b2, b4] x c[il, b2, i3, b4]

_ O

-)
~ N~ N~

-

—B—

# define index 1 = |0>, index 2 = |1>
dims = (2, 2, 2, 2)

c = zeros(T, dims)

cl1, 2, 1, 1] = 1.0

# state |01 0 0>

# ... should go to |0 1 0 1>

tc = Array{T}(undef, dims) # only allocated
# define order i2, i4, b2, b4

M = zeros(T, dims)
M[1, 1, 1, 1] 1.0 # |00> —> |00>

M[1, 2, 1, 2] = 1.0 # |01> —> |01>
M[2, 2, 2, 1] = 1.0 # |10> —> |11>
M[2, 1, 2, 2] = 1.0 # |11> —> |10>

(nice package, can optimize multi-tensor-
contraction ordering at compile time)

https://jutho.github.io/TensorOperations.jl

Pro:
More compact

Built-in matrix multiplications can be very fast

(BLAS routines, e.g. INTEL MKL)

Contra:
Still can add unnecessary overhead



This time

Part 1: Tensors and “tensor-networks”

] &
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Part 2: Bi-partite entanglement and bi-partite state compression

Part 3: Matrix product states (MPS) and the time-evolving block
decimation algorithm (TEBD) and application examples
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Examples: MPS simulations
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Bipartite entanglement and state compression

Assume a pure state of our many-body system (qubits/spins or bosons, ...)

coaaoa9aacoaicaaaaaaaacaacaaaaa — |¢>
Bipartition: Block A Block B
v N
Definition: ‘¢ > # ‘¢> A |X> B “Blocks A and B are entangled”

How to quantify the amount of entanglement?

State in block A State in block B
pa = trp ([¢) () pB = tra ([9) ()
Example: Say the total state is a non-entangled product state V) = |9) 4 1X) 5
... then: pa=19) (P4 pe = |x) Xlp

AN /

Pure states!

The state of each block contains all information of the state in that block!



Bipartite entanglement and state compression

Assume a pure state of our many-body system (qubits/spins or bosons, ...)

200000000000000000000000000000 — )
Bipartition: Block A Block B
v~ N
Definition: ‘¢ > # ‘¢> A |X> B “Blocks A and B are entangled”
Example: Say the total state of just two qubits is maximally entangled: ) = 7 (10) 4 10) 5 +11) 4 |1) )

wothen: pa = trp (|9)(W]) = (O[)(|0)p + (1|9) (¥[1) 5

) !=%(IO>A!0> (0]af O\BHM!BH Wzaﬂl )a|l)p(1]a(l|p)

L Idea: Use the entropy of the
(’0><0|A - ’1><1’A) — (8 l) reduced density matrix as
2/ A

entanglement measure!

A_l
/OA—2

The state of a sub-block is a maximally mixed state!



Bipartite entanglement and state compression

Assume a pure state of our many-body system

coaaoa9aacoaicaaaaaaaacaacaaaaa — |¢>
Bipartition: Block A Block B
v N
Definition: ‘¢ > # ‘¢> A |X> B “Blocks A and B are entangled”

How to quantify the amount of entanglement?

State in block A State in block B

pa = trp (|¢)(¥|) pB = tra (|¢)(¥])

true for purc states on

von Neumann entanglement entropy: the full system

/
) ) ) /
Sun(pa) = —tra [palogy(pa)l = = > Aalogy(Xa) = Sux(ps)
o A

Eigenvalues of p 4



Bipartite entanglement and state compression

Assume a pure state of our many-body system

0000000000005000000000000000000

= [th)
Bipartition: Block A Block B
da = dim(H ) wlog. da <dim(Hp) =dp
Entanglement entropy: | Syn(pa) = —tra [pa logs(pa)] Z Ao logs(Aa) = Syn(pB)
No entanglement

Maximum entanglement

M =1Xx1=0  Sin(pa) =0

1
Ao = —  Sin(pa) =logy(da)
da

).

Two qubit examples:

9 =105~ sa= (g o)

el VI

)= 5104105+ 10105 pa=

= O

. R 1 1
S(5a) = —1logy(1) = 0 S(pa) = ~23 lozy (5 ) = om2) = 1



Bipartite entanglement and state compression

QQQQQQQQQQQQQQEQQQQQQQQQQQQQQ p— ‘¢>
d
General state in some basis: ) = Z ¢ ili)ali) B (Clij = ¢ij
i =1

Singular value decomposition (SVD) of the coefficient matrix (also known as Schmidt decomposition)

d
Ci,j = Z ui,ozsoz,ozv;,j C =USV' U,V unitary, S: real & diagonal
@87
... linear algebra textbook

“Singular values”

Now we can compute the entropy of a subsystem after the SVD

i) (7]

p=> ¢y > cijlin)(i'y pa=> (nlpln)s  pa=)_> ¢ Cin
i 5 i\

n ' n



Bipartite entanglement and state compression

QQOQQOQQQQQQQQEOQQQQQQQQOQQOQ — ‘¢>
Singular value decomposition (SVD) dg =dp =d
d d U,V unitary, S: real & diagonal
@D: C"’iAjB Ci i = Ui oS vr o
v ijz—l vl = ) St (C)ij =cij C=USV!
'J — (@7

Now we can compute the entropy of a subsystem after the SVD

p=> chi Y cijlini'y pa=> (nlpln)s pa=>_> i Cinli)(i]
i g i\

n ' on

* * * (Exercise)




Bipartite entanglement and state compression
aaaaaaaaaaaaaaiaaaaaaaaaaaoaa — ‘¢>

Singular value decomposition d _ de = d
(SVD) ATEET

U,V unitary, S: real & diagonal

d
) = Z Ci,j

d
1)Al7) B Ci,j = Zuz‘,asa,a“;,j (C)i,j =c¢ij C=TUSV'
ij=1 2 S

pa= (sa.a)la)al

(84
d
The SVD diagonalizes the reduced density matrix SyN (ﬁA) = — Z(Sa,a)Q 10g2 [(Sa,a)2]
(8

Singular (Schmidt values) are the square root of the eigenvalues of the reduced density matrix

(Saa)® X

Upper limit of entanglement entropy: max[Syn(p4)] = log,(d)

We can now make an approximation: What if we just keep the largest singular values? >

(87

Then max|[Syn(pa)] =1ogy(X) ... and we now have a state approximation with limited bipartite entanglement

Remark: This is the origin of the naming of an algorithm denoted as “density matrix renormalization group” (DMRG)



Bipartite entanglement and state compression

d
Example for a bipartite “quantum system”  |¢)) = E Ci.;j

d
. y . . — . *
’L]> Cij = Uz,ozsa,ozva,j
1,7=1 o

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

using FilelIO

using LinearAlgebra
using Plots

using LaTeXStrings

let
C = Float64.(load("cat.png"))
U, S, V = svd(C)
p = plot(logl0.(S.”2),
xlabel = L"\alpha", ylabel = L"\log(s_{\alpha,\alpha}"2)",

legend = false)
display(p)

end




Bipartite entanglement and state compression

d d
Example for a bipartite “quantum system” ) = Ci.j 37) Cij = E ui,asa,avz j
i =1 o

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

d = 1536

julia> C
1536x1536 Matrix{Float64}:
0.909804 0.901961 0.894118
.909804 ©0.901961 0.898039
.905882 0.901961 ©.898039
.901961 ©0.898039 0.894118
.901961 ©0.901961 0.898039
.909804 ©.901961 0.898039
.905882 ©.898039 0.894118

0

0

0

0

0

.890196
.894118
.898039
.898039
. 898039
. 898039
.894118
. 886275
.878431
.878431
.878431
.87451

.894118
.901961
.901961
.898039
.898039
. 898039
. 898039
.89019%
.882353
.882353
.878431
.87451

.9019%61
.909804
.909804
.901961
.898039
.898039
.898039
.898039
.886275
.886275
.882353
.878431

.909804
.913725
.909804
.901961
.894118
.898039
.898039
.901961
.886275
.886275
.886275
.882353

.913725
.917647
.909804
.898039
.89019%6
.894118
.898039
.901961
.886275
.886275
.886275
.882353

.462745
.45098

.447059
.454902
.454902
.439216
.427451
.423529
.431373
.439216
.443137
.427451

.462745
.458824
.454902
.45098

.45098

.447059
.439216
.435294
.439216
.47451

.478431
.435294

.45098  0.447059
.458824 0.454902
.454902 0.454902
.447059 0.447059
.443137 0.443137
.447059 0.45098

.45098 .458824
.447059 0.462745
.454902 0.458824
.482353 0.462745
.486275 0.466667
.447059 0.454902

.454902
.45098
.45098
.45098
.458824
.466667
.470588
.47451
.454902
.439216
.447059
.458824

.462745
.439216
.427451
.447059
.470588
.478431
.47451

.470588
.458824
.447059
.454902
.466667

. 466667
.423529
.407843
.439216
.478431
.486275
.470588
.458824
.470588
.470588
.47451
.47451

.898039 0.89019 0.886275
.898039 0.890196 0.882353
.898039 0.89019 0.882353
.898039 0.89019 0.882353
.894118 0.886275 0.878431

(SIS ENGS SIS IS B SIS IS IS
(SIS ENGS IS IS IS B IS IS IS
(SIS SSRGS G IR BGS IRECSIN G B GS INGS
(SIS IESSTNCGS B GS IRCSINGS B GSRRECSIN G B G RNAS
SIS IS IS RS IS RS IS IS IR S S RS
[SECSEESEGS RIS IS B EECSEN S IS IS
(SIS NSNS IS RGNS B NG EN S B S IS
(SIS IESSTECS G IRCS RGBS IRCSINGS B GSINCS
[SEUSEESEES IS I IS B EECSR S IS IS
[SEUSEESEEGS RIS IS B IS IS IS IS
(SRS EESEEGS IS IS IS B IGS I SES
(SIS ISR I G RGNS BEGS IRCSIN G B S NGS |
(SIS SSRGS B GSRCS RN GS IS IECS IS B GS INGS |
[SEUSEESEES IS I IS B EECSIN S I SIS

.870588 0.870588 0.87451
.87451 .87451 .87451
.878431 0.87451 .870588
.882353 0.87451 .870588
.878431 0.878431 0.87451
.882353 0.882353 0.878431
.882353 0.882353 0.878431
.878431 ©0.878431 0.87451
.87451 .870588 ©0.866667
.870588 0.866667 0.866667
.87451 .870588 ©.870588
.87451 .87451 .878431

.87451
.87451
.870588
. 866667
.882353
.882353
.878431
.882353
.882353
.878431
.87451
.866667

.878431
.878431
.87451

.87451

.878431
.878431
.878431
.878431
.882353
.878431
.878431
.87451

.878431
.878431
.882353
.882353
.87451

.87451

.878431
.878431
.878431
.878431
.878431
.878431

.87451

.878431
.882353
.886275
.878431
.878431
.878431
.878431
.878431
.878431
.878431
.878431

.878431
.87451
.870588
.870588
.870588
.87451
.878431
.87451
.866667
.866667
.87451
.882353

.6

.576471
.580392
.603922
.611765
.639216
.662745
.678431
.701961
.717647
.717647
.7019%61

.588235
.588235
.6

.592157
.592157
.619608
.643137
.654902
.666667
.690196
.701961
.705882

.564706
.592157
.619608
.6

.592157
.611765
.627451
.631373
.639216
.658824
.678431
.690196

.560784
.588235
.619608
.592157
.6

.603922
.607843
.611765
.619608
.635294
.654902
.670588

.576471
.588235
.596078
.576471
.596078
.592157
.592157
.592157
.603922
.623529
.639216
.65098

.596078
.592157
.588235
.588235
.588235
.584314
.584314
.584314
.592157
.603922
.619608
.631373

.603922
.6

.596078
.615686
.588235
.588235
.588235
.584314
.580392
.584314
.6

.615686

[SEUSESES ISR RS BRGNS
[SEUSEESES B RINGSIN S B INGS RCS R GSI S
[SEUSEECSEES BTG RS RS TNGS ICS R CSIS
(SIS IS BECSINCS BN S BECSTNGS B CS R CS I S
[SEUSEECSES B EINCS IS B TINGS ICS REGSIS
(SIS IS BECSINCS I S RS TGS BCS REGSIGS
[SEUSESES RIS RS BRGNS IS IS
[SEUSEECSES B ENCSIN S B INGS R CS RS IS
[SEUSEECSEES B TRCS RS B TNGS BCS RN GS I S
[SEESEESS IS BECSINCS IN S BECSTRGS B CS R GSIS

0
0
0
0
0
0
0
0
0
0
0
0




Bipartite entanglement and state compression

d
Example for a bipartite “quantum system”  |¢)) = E Ci.;j

d
. y . . — . *
’L]> Cij = Uz,ozsa,ozva,j
1,7=1 o

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

“exponential drop”

0 500 1000 1500




Bipartite entanglement and state compression

Example for a bipartite “quantum system”

d

E : Ci,j

1,J=1

V) =

d
. y . . — . *
’L]> Cij = uz,asa,ava,j
«

The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

Doing a SVD of this matrix, let’s look at the singular values:

Let’s keep only the larges singular value, enforce x =1

let

C = Float64.(load("cat.png"))
U, S, V = svd(C)
chi =1

@views C_cut = U[:, 1:chi] % Diagonal(S[1l:chil]) % V'[1:chi,

p = plot(Gray. (C_cut))
display(p)

end

: ]




Bipartite entanglement and state compression

d

d
© Example for a bipartite “quantum system”  |¢)) = E Ci ilig) Cij = E Ui o Sor, 0V j
1,7=1 o

“ The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

“ Doing a SVD of this matrix, let’s look at the singular values:

Let’s keep only the largest singular value, enforce X =1 Syn <0

C
>
. -

Product state cat
(mean-field cat)

Bad approximation




Bipartite entanglement and state compression

d

d
© Example for a bipartite “quantum system”  |¢)) = E Ci ilig) Cij = E Ui o Sor, 0V j
1,7=1 o

“ The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

“ Doing a SVD of this matrix, let’s look at the singular values:

Let’s keep only the largest few singular values X =2 SyNn <1

Almost product
state cat

Bad approximation




Bipartite entanglement and state compression

d
© Example for a bipartite “quantum system”  |¢)) = E Ci.;j

d
. y . . — . *
’L]> Cij = Uz,asa,ava,j
1,7=1 o

“ The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

“ Doing a SVD of this matrix, let’s look at the singular values:

Let’s keep only the largest few singular values X = 16 Syn <4

slightly entangled cat
state cat

Ok approximation




Bipartite entanglement and state compression

d
© Example for a bipartite “quantum system”  |¢)) = E Ci.;j

d
. y . . — . *
’L]> Cij = uz,asa,ozva,j
«

1,J=1

“ The matrix C describes all properties of the bi-partite quantum system, i.e. it can be a matrix with
numbers describing a gray-scale value of a picture, e.g. a cat:

“ Doing a SVD of this matrix, let’s look at the singular values:

Let’s keep only the largest few singular values x = 128 Syn <7

Y < 1536

C
>
. -

Slightly entangled cat

Excellent approximation




This time

Part 1: Tensors and “tensor-networks”

] &

dl dl dl

Part 2: Bi-partite entanglement and bi-partite state compression

Part 3: Matrix product states (MPS) and the time-evolving block
decimation algorithm (TEBD) and application examples

0.5

7 —1() 0.9

Example of MPS simulations

ka/m




Matrix product states - The main idea

Many-body quantum state (M local dimension d, e.g. qubits, bosons, ....):

C =USV!
Matrix product state: '—.—'—.—'—’— ee _’_'
il 7:2 ’i3 ’LM

... can be done iteratively with SVDs

— A

combine indices 2.,....M iterate this




Matrix product states - The main idea

Matrix product state:

11 12 13 LM

Note 1: Diagonal singular value matrices can be multiplied into other tensors

do
P =l — 00— —0
Note 2: Another way to think about this decomposition:
1] 2] 3] M —1]  [M]

29.\/00.. 29\ (®
(,,) ,, ,, ,, ’ Matrix product

/

“Matrices of kets”

Hence the name: Matrix product state



Matrix product states - The main idea

Matrix product state:

11 12 13 LM

Note 3: A product state is a special case of a matrix product state:

If all horizontal dimensions are: Yi = 1

ae-g — P00 - 6

Cit,in,...,inm Ci1Cig -+ - Cipy

No entanglement!



Matrix product states - The main 1dea

Example: Two spins 4, N AN Entanglement:  |)) # )4 |X)B
A B
Product state Entangled state
— A o L :
5 = WA ) = <= (WD + Wip)
pa=M W S(pa) =0 pa=5=s W A+ NN Spa) =1

Write states as “matrix product”:

= (1)) () =25 (1)
1x1 1\><1 / \
1 x 2 2 x 1

Key MPS idea: More entanglement g Larger matrices needed




Sketch: TEBD algorithm G. Vidal, Phys. Rev. Lett. 93, 040502 (2004)

The conceptionally most simple way to simulate time evolution: The TEBD algorithm

5 1 .. — w t _e—itﬁl -
L: 88 —Q DO ) = e (e = 0))

‘ [ | ] Perform a Trotter decomposition of Z H’L J [ L Hk l} 70

| I the unitary matrix:

—IAtZ H lAtﬁl,Qe—iAtﬁQ,;g

e v e

Order the terms to minimize the error from the non-cummutativity!

S. Lloyd, Science 273 (1996) A.T.Sornborger, E. D. Stewart, Phys. Rev. A 60, 1956 (1999)

_______________ dx
ﬂ_g_ SVD . la)
| g — — ﬂ

The new horizontal The gate builds up
dimension can grow entanglement

Truncation needed! Error
If the dynamics does not build up much entanglement

between the M-I bipartitions,
’ e= Y (500)

the error stays small and the simulation is exact! )
a=x-+



Further reading ... just scratching the surface in one lecture

Variational techniques L
. —“ﬂ— e.g. local updates to minimize energy
(e.g. ground-state finding = DMRG)

“density matrix renormalization group” S. White, 1992

Long range interactions: Matrix product operators (MPO) of Hamiltonians H = —HH—

“projected entangled pair states”

Elegant formulations for higher dimensional models (PEPS) D

Multi-scale entanglement renormalization ansatz (MERA): .:.:z:‘gé “Tonsor network trees”

Open systems: Density matrix as MPO 0= _Hﬂ_

Infinite systems (1ITEBD) ... exploiting translational symmetries:

A B AB AB

Further reading: Review article with references:

U. Schollwick, Ann. Phys. 326, 96 (2011), arXiv:1008.3477



This time

Part 1: Tensors and “tensor-networks”

] &

dl dl dl

Part 2: Bi-partite entanglement and bi-partite state compression

Part 3: Matrix product states (MPS) and the time-evolving block
decimation algorithm (TEBD) and application examples

0.5

7 Ji=li() 0.9

Examples: MPS simulations

ka/m




Example: Bose-Hubbard evolution

Model: Bosonic atoms trapped in an optical lattice

. . " U .

Experiment: Initial state VAT A AT A" AT AN U>J UK J _~e~e~o~o~o_

sudden quench!

(M /2]

SvN (IOA

|
NS

time [1/J]

from A.J. Daley, H. Pichler, IS, P. Zoller, Phys. Rev. Lett. 109, 020505 (2012)



Example: Entanglement growth in long-range spin models

Transverse Ising model, variable range (realized e.g. in trapped ions)

N —
A J _
=) =Q =) Hn= Jyoisi+h 6 Jy=p h=J
0 j>i 0
Short range Long range Infinite range
4EN =20 - 4N =20 - b logy(50/4+1)
3_N:5O - ; 3f_N:5O o 3t N — 50
z _ D | | ;
- [ ;0% i
1 : 1 ¢ - 1} j
0 of IR
0T TS 0 1 2 3 4 5 0 1 2 3 415
time [J 1] time [J '] time (J )

Permutation symmetric Hilbert
sub-space (Dicke states)

JS, B. Lanyon, C. F. Roos, and A. J. Daley, Phys. Rev. X 3,031015 (2013)

G. S. Bentsen, A. J. Daley, JS, “Entanglement dynamics in spin chains with structured long-range interactions”, Springer (2022)



Reminder - GP simulations with Runge-Kutta

d

£¢($,t) —

0.020

, 0015

il

0.010

0.005

0.000

o~

9 1

p

% -|—V(£E) +g‘¢($,t)‘2) ¢($at) B Ima’
time = (. norm =1.000000000

400 —200 0 200 400

Solving it with RK4
hJ = 0.02

1001 grid points

periodic boundaries

g=095J
ka =047
Our BEC get’s destroyed!

This is known as dynamical
instability!



Dynamical instability of a superfluid

An experiment on stability of superfluid currents in the Bose-Hubbard model:

...amount of kick

J. Mun, P. Medley, G. K. Campbell, L. G. Marcassa, D. E. Pritchard, and
W. Ketterle, Phys. Rev. Lett. 99, 150604 (2007)

—

o [ S

“momentum kick”

lattice starts suddenly moving

Measure fraction of particle in the condensate

— 0.5 T

a dissipative 3D

= mean-field theory

2 03

C : )

8 superfluid

G 0.2 flow

=

8 0.1

=

S ol . . . . . MR
0 025 050 075 1.0 125 150 175 2.0

Interaction Strength u/uc

u=U/J

C.F.

0.75}

0.50%

0.25}

1D: mean-field failed badly

0 0.1 0.2 0.3
plpr]

... no clear transition




Dynamical instability of a superfluid

In 1D: We can use MPS simulations

Momentum distributions Condensate fraction

ka = 0.47

0.8
0.05 T T T T T T l ' : l
t=20 i,
"
tJ = 5 EEEEEEEEEE 0.7 _fr;q/./:"lll.'ll............. -
) . ]
0.04 i tJ = 10 CIC T T T ] —_’:‘1 0,.’ "'luln"nnnln...
O 6 =% Q,‘, l.nn.....
5 Y% ", 1
. % @, .""lnn
A e, "eang,
- 8 > —
0.03 | 05t % W, uw=L0 i
T, = ® :
§ 0 4 i '—: ’2 ”Q,’ ka — 0.27]' nEmEEEREEE
* - % », S
O 02 i ““““.....' D :g % 0,’/. ka, = 0_37'(' -
' ““‘ % “ '0,. ka = 0.47'(' PRRRRERIANE
‘:‘t“‘ 0.3 = ;E ”a" ”0,./ ka — 0_57]‘ N |
\. \“‘\-‘-‘-:“" i ! ‘,', ”3 .I"’/.
" o* LA '¢' .
OoO]. I~ “‘\‘\‘\‘\‘\ “““ 0.2 B ”4 "t . ,./. il
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\l\‘\‘ ““ L™ ‘s .I.
“"“.l ({1 ’;/‘ '," /././., ;
MLl 7, ’ iy
Lossss 0. 1 i ',”o,'l ”"'l,, ' ’.l./.,m.:-:.:.;
. e ] 1 1 b 4 Mg,
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Dynamical instability of a superfluid

We can use MPS to simulate the loss in condensate fraction at a certain time:

ACr(7) = |Cr(t = T) — Cr(t = 0)|/Cr(t = 0)

. . 1
7d =10 -4 0.9

L {08
0.4 P | . mean-field does not work!
0.

0.5
0.4

0.3
0.2

05 T I T |

ka/m

U u=U/J

New J. Phys. 12, 025014 (2010)



Take-away messages

A tour through numerical methods for simulating large-scale quantum physics

(classically)

We discussed numbers and linear algebra on classical computers.

We discussed several numerical methods for the simulation of quantum dynamics:
Full quantum state dynamics is linear:

- Exact diagonalization solves the Schrodinger equation

- Physical Hamiltonians are sparse, Krylov space methods make use of that

In the first two lectures, we kept the quantum state-representation exact! K H
Then going to systems with more than 30 qubits/spins is hard.

A mean-field approximation can drastically reduce the state-space but
makes the problem non-linear (and it’s a strong approximation).

y(t)
Then, one needs general ODE solvers. We introduced Runge-Kutta methods,
which are generally a “swiss army knife tool”, especially the 4th order method

Mean-field relies on non-entangled product states. It’s an the limit of a matrix
product state with bond dimension zero.

Matrix product states: a systematic way to compress information! The crucial
quantity that makes classical simulations hard is not system size, but
entanglement entropy!




