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Motivation - Exploring the macroscopic quantum world numerically

Macroscopic worldMicroscopic world
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F = ma

Macroscopic quantum effects?

Quantum physics Classical physics

(decoherence)

very rare, low 

temperatures
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H

Gigantic Hilbert space (N particles)
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dim(H) ⇠ exp(N)

Physics we know 
(needs very few states)Disorder

Noise

Interaction range

Reasons:

What else is out there?

Motivation - Macroscopic quantum world
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H

Disorder

Noise

Interaction range

Quantum Computers/Simulators fight:

Applications: Engineering material properties, enhanced sensing, computing … ?

Fundamental question: Does quantum physics hold on the large scale?

Coherent control:

Gigantic Hilbert space (N particles)
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dim(H) ⇠ exp(N)

Motivation - Macroscopic quantum world



Classical simulations of the macroscopic quantum world
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(time-evolution & steady states)

Motivation:

Model experiments & benchmark the status of quantum platforms (quantum advantage?)
Find new emergent macroscopic phenomena
Fundamentally understand quantum many-body physics from a classical complexity perspective



A tour through numerical methods for simulating large-scale quantum physics (classically) 
Motto: Do it from scratch to better understand quantum physics and classical limitations

Structure: Theory lecture part + tutorial-style

Language used: Julia, https://julialang.org/ (open source, easy, fast linear algebra)

Outline (may vary)

1. 20/10: Basic concepts: Numbers on computers, basic exact diagonalization (ED)     
    Tutorial: ED on a simple spin model

3. 22/10: Mean-field, Runge-Kutta 
    Tutorial: A mean-field simulation of the transverse Ising model

2. 21/10: A better ED, sparse matrices, Krylov space. Open systems. 
    Tutorial: Spin-model simulations using Krylov space

4. 23/10: How to go beyond: Matrix product states

Hands-on advanced numerical methods for 
quantum many-body dynamics

https://julialang.org/
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~ ⌘ 1 … always!



Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

Tutorial: ED on a simple spin-model

Part 1: Brief summary about numbers in digital memory and the linear algebra of quantum mechanics

Part  2: Exact diagonalization

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlC zgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQ Kpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>=



Integers on a computer

Integers (signed, example with 4 bits)

Representable range of numbers (n bits):

Computers are digital, they work with bit (true/false) representations of numbers

0 0 0 1 0 0 1 0 0 0 1 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 1 10 0 0 0

Latin: digitus = finger

Bit vector:
<latexit sha1_base64="RVj0a2B6kpZ1NGcfncnnfnpSZDE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRLR6rLgxmVF+4A2lMlk0g6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKsiaNRaw6PtFM cMmayFGwTqIYiXzB2v7oduq3n5jSPJaPOE6YF5GB5CGnBI30EPSdfrniVJ0Z7FXi5qQCORr98k8viGkaMYlUEK27rpOglxGFnAo2KfVSzRJCR2TAuoZKEjHtZbNTJ/aZUQI7jJUpifZM/TuRkUjrceSbzojgUC97U/E/r5tieONlXCYpMknni8JU2Bjb07/tgCtGUYwN IVRxc6tNh0QRiiadhS2+IiOGE5OLu5zCKmldVN1a9er+slKv5QkV4QRO4RxcuIY63EEDmkBhAC/wCm/Ws/VufVif89aClc8cwwKsr1+Ab5Xh</latexit>

d0
<latexit sha1_base64="faeoqi6G7yGpT/aJIjXqblE9tqI=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRLR6rLgxmVF+4A2lMlk0g6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKsiaNRaw6PtFM cMmayFGwTqIYiXzB2v7oduq3n5jSPJaPOE6YF5GB5CGnBI30EPR5v1xxqs4M9ipxc1KBHI1++acXxDSNmEQqiNZd10nQy4hCTgWblHqpZgmhIzJgXUMliZj2stmpE/vMKIEdxsqURHum/p3ISKT1OPJNZ0RwqJe9qfif100xvPEyLpMUmaTzRWEqbIzt6d92wBWjKMaG EKq4udWmQ6IIRZPOwhZfkRHDicnFXU5hlbQuqm6tenV/WanX8oSKcAKncA4uXEMd7qABTaAwgBd4hTfr2Xq3PqzPeWvBymeOYQHW1y/bDpYa</latexit>

di
<latexit sha1_base64="BegPDba7z/3I91c3voLcZgUjU+g=">AAAB/XicbVDLSsNAFJ3UV62vqks3wSK4KolodVlw47KifUAbymRy0w6dTMLMjVBC8Qvc6he4E7d+ix/gfzhts7CtBy4czrmXe+/xE8E1Os63VVhb39jcKm6Xdnb39g/Kh0ctHaeKQZPFIlYdn2oQ XEITOQroJApo5Ato+6Pbqd9+AqV5LB9xnIAX0YHkIWcUjfQQ9N1+ueJUnRnsVeLmpEJyNPrln14QszQCiUxQrbuuk6CXUYWcCZiUeqmGhLIRHUDXUEkj0F42O3VinxklsMNYmZJoz9S/ExmNtB5HvumMKA71sjcV//O6KYY3XsZlkiJINl8UpsLG2J7+bQdcAUMxNoQy xc2tNhtSRRmadBa2+IqOACcmF3c5hVXSuqi6terV/WWlXssTKpITckrOiUuuSZ3ckQZpEkYG5IW8kjfr2Xq3PqzPeWvBymeOyQKsr1+CBpXi</latexit>

d1
<latexit sha1_base64="or0L/XOgAEavldimWC1ZZeX4sTg=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAiuSlK0uiy4cVnRPqANZTK5aYdOJmFmIpRQ/AK3+gXuxK3f4gf4H07bLGzrgQuHc+7l3nv8hDOlHefbWlvf2NzaLuwUd/f2Dw5LR8ctFaeSYpPGPJYdnyjk TGBTM82xk0gkkc+x7Y9up377CaVisXjU4wS9iAwECxkl2kgPQb/aL5WdijODvUrcnJQhR6Nf+ukFMU0jFJpyolTXdRLtZURqRjlOir1UYULoiAywa6ggESovm506sc+NEthhLE0Jbc/UvxMZiZQaR77pjIgeqmVvKv7ndVMd3ngZE0mqUdD5ojDlto7t6d92wCRSzceG ECqZudWmQyIJ1SadhS2+JCPUE5OLu5zCKmlVK26tcnV/Wa7X8oQKcApncAEuXEMd7qABTaAwgBd4hTfr2Xq3PqzPeeualc+cwAKsr1+DnZXj</latexit>

d2Sign bit

1 0 0 1 1 0 1 0 1 0 1 1 1 1 0 0 1 1 0 1 1 1 1 0 1 1 1 11 0 0 0

<latexit sha1_base64="Zsm/+SLtK9iHUKqk40GLZRZWsP0=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0A a8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A06c7vFklt2p0DLxMtICTLUusWfTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dXjtGJ1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5T lBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ47zsVcqX9xelaiVLKA9HcAyn4MEVVOEOalAHAo/wAq/w5jw7786H8zlrzTnZzCHMwfn6BXRvllE=</latexit>

m = +0
<latexit sha1_base64="1BKj4A7sCWF4Ndl+wv6+sGuVNw0=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0A a8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A0687rFklt2p0DLxMtICTLUusWfTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dXjtGJ1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5T lBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ47zsVcqX9xelaiVLKA9HcAyn4MEVVOEOalAHAo/wAq/w5jw7786H8zlrzTnZzCHMwfn6BXYGllI=</latexit>

m = +1
<latexit sha1_base64="pO4YMO2fhbh7zkKqDUNt3vtXL8A=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjO9Qlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QcNEiaasTiMR6VZA DBNcsTpwEKwVa0ZkIFgzGN5O/OYT04ZH6gFGMfMl6SseckrASg2Jb/DZebdYcsvuFHiZeBkpoQy1bvGn04toIpkCKogxbc+NwU+JBk4FGxc6iWExoUPSZ21LFZHM+On02jE+sUoPh5G2pQBP1b8TKZHGjGRgOyWBgVn0JuJ/XjuB8NpPuYoTYIrOFoWJwBDhyeu4xzWj IEaWEKq5vRXTAdGEgg1obkugyZDB2ObiLaawTBrnZa9Svry/KFUrWUJ5dISO0Sny0BWqojtUQ3VE0SN6Qa/ozXl23p0P53PWmnOymUM0B+frF3edllM=</latexit>

m = +2
<latexit sha1_base64="uoflxY7fit6TraUKL+w1LCVmCnw=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMgCGHXR/QiBLx4jGAekCxhdtKbjJmZXWZmhbDk4hd41S/wJl79Ez/A/3CS7MFECxqKqm66u4KYM21c98vJLS2vrK7l1wsbm1vbO8XdvYaOEkWhTiMeqVZA NHAmoW6Y4dCKFRARcGgGw5uJ33wEpVkk780oBl+QvmQho8RYqSHwNT456xZLbtmdAv8lXkZKKEOtW/zu9CKaCJCGcqJ123Nj46dEGUY5jAudRENM6JD0oW2pJAK0n06vHeMjq/RwGClb0uCp+nsiJULrkQhspyBmoBe9ifif105MeOWnTMaJAUlni8KEYxPhyeu4xxRQ w0eWEKqYvRXTAVGEGhvQ3JZAkSGYsc3FW0zhL2mclr1K+eLuvFStZAnl0QE6RMfIQ5eoim5RDdURRQ/oGb2gV+fJeXPenY9Za87JZvbRHJzPH3k0llQ=</latexit>

m = +3
<latexit sha1_base64="CyXuoH3iMci5bZ08ArITaI2E49c=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIexKjF6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaA NeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6Aadl7uFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5T lBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LkVUqX9+VitZIllINjOIEz8OAKqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BXrLllU=</latexit>

m = +4
<latexit sha1_base64="TyxhJV2RO8JcarLvKKLywoxN0gU=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIeyKiV6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaA NeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6Aadl7uFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5T lBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LkVUrl+8titZIllINjOIEz8OAKqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BXxillY=</latexit>

m = +5
<latexit sha1_base64="xTaNwx1MpMsBPqH4I6JwhVX/3Do=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoMgCGFXNHoRAl48RjAPSJYwO5lNxszMLjOzQlhy8Qu86hd4E6/+iR/gfzhJ9mASCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0A a8qZpHXDDKetWFEsAk6bwfB24jefqNIskg9mFFNf4L5kISPYWKkh0A06q3SLJbfsToGWiZeREmSodYs/nV5EEkGlIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUokF1X46vXaMTqzSQ2GkbEmDpurfiRQLrUcisJ0Cm4Fe9Cbif147MeG1nzIZJ4ZKMlsUJhyZCE1eRz2m KDF8ZAkmitlbERlghYmxAc1tCRQeUjO2uXiLKSyTxnnZq5Qv7y9K1UqWUB6O4BhOwYMrqMId1KAOBB7hBV7hzXl23p0P53PWmnOymUOYg/P1C335llc=</latexit>

m = +6
<latexit sha1_base64="ItSgv/OkaTy6ZrchEQupcPblDes=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIeyKJl6EgBePEcwDkiXMTmaTMTOzy8ysEJZc/AKv+gXexKt/4gf4H06SPZjEgoaiqpvuriDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaA NeVM0rphhtNWrCgWAafNYHg78ZtPVGkWyQcziqkvcF+ykBFsrNQQ6AadV7qFoltyp0DLxMtIETLUuoWfTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXjtGp1bpoTBStqRBU/XvRIqF1iMR2E6BzUAvehPxP6+dmPDaT5mME0MlmS0KE45MhCavox5T lBg+sgQTxeytiAywwsTYgOa2BAoPqRnbXLzFFJZJ46LklUtX95fFajlLKAfHcAJn4EEFqnAHNagDgUd4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BX+Qllg=</latexit>

m = +7

<latexit sha1_base64="5R4qlVw5L76rXS1jBrKYoeTXtq0=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5leISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWEiuAHX/XZWVtfWNzYLW8Xtnd29/dLBYcPEqabMp7GIdSsk hgmumA8cBGslmhEZCtYMh3cTv/nEtOGxeoRRwgJJ+opHnBKwki/x7bnbLZXdijsFXiZeTsooR71b+un0YppKpoAKYkzbcxMIMqKBU8HGxU5qWELokPRZ21JFJDNBNj12jE+t0sNRrG0pwFP170RGpDEjGdpOSWBgFr2J+J/XTiG6CTKukhSYorNFUSowxHjyOe5xzSiI kSWEam5vxXRANKFg85nbEmoyZDC2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyji6AW9ojfn2Xl3PpzPWeuKk88coTk4X78etpYp</latexit>

m = ! 0
<latexit sha1_base64="8Tj3Pr05E1Y55TVt4x2Y0tKYWWc=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYnfQmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0XBpzGPVSsk GjiT4BtmOLQSBUSEHJrh8G7iN59AaRbLRzNKIBCkL1nEKDFW8gW+Pfe6pbJbcafAy8TLSRnlqHdLP51eTFMB0lBOtG57bmKCjCjDKIdxsZNqSAgdkj60LZVEgA6y6bFjfGqVHo5iZUsaPFX/TmREaD0Soe0UxAz0ojcR//PaqYlugozJJDUg6WxRlHJsYjz5HPeYAmr4 yBJCFbO3YjogilBj85nbEioyBDO2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyhi6AW9ojfn2Xl3PpzPWeuKk88coTk4X78gTZYq</latexit>

m = ! 1
<latexit sha1_base64="UGVFwJtc8OS24ztiYv3JOy6cZ2M=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItklil5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2Q GCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby8q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYU xNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSaNS9qrlq4fLUq2aJZRHJ+gUnSMPXaMaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXIeSWKw==</latexit>

m = ! 2
<latexit sha1_base64="rekZxpwlazg1ep/H6fuN53OsndU=">AAAB/3icbVDLTgJBEOzFF+IL9ehlIjHxItn1gV5MSLx4xMQFEtiQ2WEWJszMbmZmTQjh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+o6ThWhPol5rJoh 1pQzSX3DDKfNRFEsQk4b4eBu4jeeqNIslo9mmNBA4J5kESPYWMkX6PbsolMsuWV3CrRMvIyUIEOtU/xpd2OSCioN4VjrlucmJhhhZRjhdFxop5ommAxwj7YslVhQHYymx47RiVW6KIqVLWnQVP07McJC66EIbafApq8XvYn4n9dKTXQTjJhMUkMlmS2KUo5MjCafoy5T lBg+tAQTxeytiPSxwsTYfOa2hAoPqBnbXLzFFJZJ/bzsVcpXD5elaiVLKA9HcAyn4ME1VOEeauADAQYv8ApvzrPz7nw4n7PWnJPNHMIcnK9fI3uWLA==</latexit>

m = ! 3
<latexit sha1_base64="D/pXYuoYeyLa5zbtExMiqBltMXw=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1iF5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2Q aOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1 fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLVw+VUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJRKWLQ==</latexit>

m = ! 4
<latexit sha1_base64="mita/uNyNBgU62lWMKo80juvraM=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1gl5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2Q aOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1 fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLlYerUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJqmWLg==</latexit>

m = ! 5
<latexit sha1_base64="BJq7EPe8YDm2VNe+WYbvN1W9ilI=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0WoT2Ieq1aI NeVMUt8ww2krURSLkNNmOLyb+M0nqjSL5aMZJTQQuC9ZxAg2VvIFuj2vdktlt+JOgZaJl5My5Kh3Sz+dXkxSQaUhHGvd9tzEBBlWhhFOx8VOqmmCyRD3adtSiQXVQTY9doxOrdJDUaxsSYOm6t+JDAutRyK0nQKbgV70JuJ/Xjs10U2QMZmkhkoyWxSlHJkYTT5HPaYo MXxkCSaK2VsRGWCFibH5zG0JFR5SM7a5eIspLJPGRcWrVq4eLsu1ap5QAY7hBM7Ag2uowT3UwQcCDF7gFd6cZ+fd+XA+Z60rTj5zBHNwvn4BKECWLw==</latexit>

m = ! 6
<latexit sha1_base64="km6PhNTtglrvRg4dCePeU9AU16I=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1Cl5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2Q GCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby+q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYU xNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSeOy7FXK1w9XpVolSyiPTtApOkceqqIaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKdeWMA==</latexit>

m = ! 7

To not store the double zeros, usual convention is:

1 0 0 1 1 0 1 0 1 0 1 1 1 1 0 0 1 1 0 1 1 1 1 0 1 1 1 11 0 0 0

<latexit sha1_base64="8Tj3Pr05E1Y55TVt4x2Y0tKYWWc=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYnfQmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0XBpzGPVSsk GjiT4BtmOLQSBUSEHJrh8G7iN59AaRbLRzNKIBCkL1nEKDFW8gW+Pfe6pbJbcafAy8TLSRnlqHdLP51eTFMB0lBOtG57bmKCjCjDKIdxsZNqSAgdkj60LZVEgA6y6bFjfGqVHo5iZUsaPFX/TmREaD0Soe0UxAz0ojcR//PaqYlugozJJDUg6WxRlHJsYjz5HPeYAmr4 yBJCFbO3YjogilBj85nbEioyBDO2uXiLKSyTxkXFq1auHi7LtWqeUAEdoxN0hjx0jWroHtWRjyhi6AW9ojfn2Xl3PpzPWeuKk88coTk4X78gTZYq</latexit>

m = ! 1
<latexit sha1_base64="UGVFwJtc8OS24ztiYv3JOy6cZ2M=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItklil5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2Q GCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby8q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYU xNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSaNS9qrlq4fLUq2aJZRHJ+gUnSMPXaMaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXIeSWKw==</latexit>

m = ! 2
<latexit sha1_base64="rekZxpwlazg1ep/H6fuN53OsndU=">AAAB/3icbVDLTgJBEOzFF+IL9ehlIjHxItn1gV5MSLx4xMQFEtiQ2WEWJszMbmZmTQjh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+o6ThWhPol5rJoh 1pQzSX3DDKfNRFEsQk4b4eBu4jeeqNIslo9mmNBA4J5kESPYWMkX6PbsolMsuWV3CrRMvIyUIEOtU/xpd2OSCioN4VjrlucmJhhhZRjhdFxop5ommAxwj7YslVhQHYymx47RiVW6KIqVLWnQVP07McJC66EIbafApq8XvYn4n9dKTXQTjJhMUkMlmS2KUo5MjCafoy5T lBg+tAQTxeytiPSxwsTYfOa2hAoPqBnbXLzFFJZJ/bzsVcpXD5elaiVLKA9HcAyn4ME1VOEeauADAQYv8ApvzrPz7nw4n7PWnJPNHMIcnK9fI3uWLA==</latexit>

m = ! 3
<latexit sha1_base64="D/pXYuoYeyLa5zbtExMiqBltMXw=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1iF5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2Q aOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1 fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLVw+VUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJRKWLQ==</latexit>

m = ! 4
<latexit sha1_base64="mita/uNyNBgU62lWMKo80juvraM=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1gl5MSLx4xMQFEtiQ2aGBCTOzm5lZE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjzrRx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShQFn0Y8Uq2Q aOBMgm+Y4dCKFRARcmiGo7up33wCpVkkH804hkCQgWR9Romxki/w7UWlWyy5ZXcGvEq8jJRQhnq3+NPpRTQRIA3lROu258YmSIkyjHKYFDqJhpjQERlA21JJBOggnR07wWdW6eF+pGxJg2fq34mUCK3HIrSdgpihXvam4n9eOzH9myBlMk4MSDpf1E84NhGefo57TAE1 fGwJoYrZWzEdEkWosfksbAkVGYGZ2Fy85RRWSeOy7FXLlYerUq2aJZRHJ+gUnSMPXaMaukd15COKGHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXJqmWLg==</latexit>

m = ! 5
<latexit sha1_base64="BJq7EPe8YDm2VNe+WYbvN1W9ilI=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBC8GHZFoxch4MVjBDcJJEuYncwmQ2Zml5lZISw5+AVe9Qu8iVc/xQ/wP5wkezCJBQ1FVTfdXWHCmTau++2srK6tb2wWtorbO7t7+6WDw4aOU0WoT2Ieq1aI NeVMUt8ww2krURSLkNNmOLyb+M0nqjSL5aMZJTQQuC9ZxAg2VvIFuj2vdktlt+JOgZaJl5My5Kh3Sz+dXkxSQaUhHGvd9tzEBBlWhhFOx8VOqmmCyRD3adtSiQXVQTY9doxOrdJDUaxsSYOm6t+JDAutRyK0nQKbgV70JuJ/Xjs10U2QMZmkhkoyWxSlHJkYTT5HPaYo MXxkCSaK2VsRGWCFibH5zG0JFR5SM7a5eIspLJPGRcWrVq4eLsu1ap5QAY7hBM7Ag2uowT3UwQcCDF7gFd6cZ+fd+XA+Z60rTj5zBHNwvn4BKECWLw==</latexit>

m = ! 6
<latexit sha1_base64="km6PhNTtglrvRg4dCePeU9AU16I=">AAAB/3icbVDLTgJBEJzFF+IL9ehlIjHxItk1Cl5MSLx4xMQFEtiQ2WGACTOzm5leE7Lh4Bd41S/wZrz6KX6A/+EAexCwkk4qVd3p7gpjwQ247reTW1vf2NzKbxd2dvf2D4qHRw0TJZoyn0Yi0q2Q GCa4Yj5wEKwVa0ZkKFgzHN1N/eYT04ZH6hHGMQskGSje55SAlXyJby+q3WLJLbsz4FXiZaSEMtS7xZ9OL6KJZAqoIMa0PTeGICUaOBVsUugkhsWEjsiAtS1VRDITpLNjJ/jMKj3cj7QtBXim/p1IiTRmLEPbKQkMzbI3Ff/z2gn0b4KUqzgBpuh8UT8RGCI8/Rz3uGYU xNgSQjW3t2I6JJpQsPksbAk1GTGY2Fy85RRWSeOy7FXK1w9XpVolSyiPTtApOkceqqIaukd15COKOHpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKdeWMA==</latexit>

m = ! 7
<latexit sha1_base64="bSGUEYLkPFERTdp7wYOlKMkpTm8=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBC8GHZFYy5CwIvHCOYByRJmJ7PJmJnZZWZWCEsufoFX/QJv4tU/8QP8DyfJHkxiQUNR1U13VxBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvA mnImad0ww2krVhSLgNNmMLyd+M0nqjSL5IMZxdQXuC9ZyAg2VmoIdIPOK91C0S25U6Bl4mWkCBlq3cJPpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9Orx2jU6v0UBgpW9Kgqfp3IsVC65EIbKfAZqAXvYn4n9dOTFjxUybjxFBJZovChCMTocnrqMcU JYaPLMFEMXsrIgOsMDE2oLktgcJDasY2F28xhWXSuCh55dLV/WWxWs4SysExnMAZeHANVbiDGtSBwCO8wCu8Oc/Ou/PhfM5aV5xs5gjm4Hz9AoRXlls=</latexit>

m = ! 8

Tip: When really pushing code performance it can sometimes help to use bitwise operations

<latexit sha1_base64="+pgHnggS995RDU/Wk3KG5OxQVFw=">AAACPHicbZBNS8MwGMfT+TbnW9Wjl+AQBGG0RaeXwcCLxwnuBbaupFm2hSVtSVJhlH4dP4afwKuCdz2JV8+mWw9u84GEX/7/5yHJ348Ylcqy3o3C2vrG5lZxu7Szu7d/YB4etWQYC0yaOGSh6PhI EkYD0lRUMdKJBEHcZ6TtT24zv/1IhKRh8KCmEXE5GgV0SDFSWvLMOoc1OPAc6PQTJ4UXmu2M7TknVpqd9F6DPRlzL6E1K+072qKZQVPPLFsVa1ZwFewcyiCvhmd+9gYhjjkJFGZIyq5tRcpNkFAUM5KWerEkEcITNCJdjQHiRLrJ7KcpPNPKAA5DoVeg4Ez9O5EgLuWU +7qTIzWWy14m/ud1YzW8cRMaRLEiAZ5fNIwZVCHMYoMDKghWbKoBYUH1WyEeI4Gw0uEu3OILNCEqy8VeTmEVWk7Frlau7i/L9WqeUBGcgFNwDmxwDergDjRAE2DwBF7AK3gzno0P48v4nrcWjHzmGCyU8fMLdF6q6A==</latexit>

m = d222 + d121 + d020 =
2!

i =0

di 2i

<latexit sha1_base64="rwh7uVSjMg/U1lBefE7wzDURpwE=">AAACHnicbVDLTgIxFO34RHyNunTTQEwgATJDFF2SuHGJiTwSQNIpBRo6nUl7x4RM2PsZfoFb/QJ3xq1+gP9hecQIeJKbnJxzH+3xQsE1OM6Xtba+sbm1ndhJ7u7tHxzaR8c1HUSKsioNRKAaHtFM cMmqwEGwRqgY8T3B6t7weuLXH5jSPJB3MApZ2yd9yXucEjBSx05l8sX7OCPzbnaczeFWNwCdw5lfzVTHTjsFZwq8Stw5SaM5Kh3726yhkc8kUEG0brpOCO2YKOBUsHGyFWkWEjokfdY0VBKf6XY8/csYnxmli3uBMiUBT9W/EzHxtR75nun0CQz0sjcR//OaEfSu2jGX YQRM0tmhXiQwBHgSDO5yxSiIkSGEKm7eiumAKELBxLdwxVNkyGBscnGXU1gltWLBLRUubs/T5dI8oQQ6RSmUQS66RGV0gyqoiih6RM/oBb1aT9ab9W59zFrXrPnMCVqA9fkDGjyfeg==</latexit>

(! 2(n ! 1) ), . . . , (2(n ! 1) ! 1) (n=64)
<latexit sha1_base64="4iN6F5j37G5JgFgllBBA0BNUqfk=">AAACGXicbVDLSgMxFM34rPU16lKEYBFc1DIjUrssuHFZwT6grSWTZtrQZGZI7ghl6MrP8Avc6he4E7eu/AD/w0w7C9t6IHByzn0kx4sE1+A439bK6tr6xmZuK7+9s7u3bx8cNnQYK8rqNBShanlE M8EDVgcOgrUixYj0BGt6o5vUbz4ypXkY3MM4Yl1JBgH3OSVgpJ590tFc4gvXeUjcyqSIO/0QdBFn955dcErOFHiZuBkpoAy1nv1jBtBYsgCoIFq3XSeCbkIUcCrYJN+JNYsIHZEBaxsaEMl0N5l+Y4LPjNLHfqjMCQBP1b8dCZFaj6VnKiWBoV70UvE/rx2DX+kmPIhi YAGdLfJjgSHEaSa4zxWjIMaGEKq4eSumQ6IIBZPc3BZPkRGDNBd3MYVl0rgsueVS+e6qUC1nCeXQMTpF58hF16iKblEN1RFFT+gFvaI369l6tz6sz1npipX1HKE5WF+/1yWfBA==</latexit>

! " 1018, . . . , 1018



Floating point numbers on a computer

Floating point numbers:                                                   … using 64 bits (“double precision”)

Important: Relative precision

Standard: IEEE-754

0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Sign bit (S) Exponent (E) Fraction (F)

11 bits 52 bits
Fractions should always be normalized, 

therefore we can gain a bit and store only
<latexit sha1_base64="U0SW2/w/8AfqB3uMrqyLKaR7QPM=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwFRLR6rIgiMuK9gFtKJPppB06mYSZG6GE4he41S9wJ279Fj/A/3DaZmGrBy4czrmXe+8JEsE1uu6XVVhZXVvfKG6WtrZ3dvfK+wdNHaeKsgaNRazaAdFM cMkayFGwdqIYiQLBWsHoeuq3HpnSPJYPOE6YH5GB5CGnBI107zk3vXLFddwZ7L/Ey0kFctR75e9uP6ZpxCRSQbTueG6CfkYUcirYpNRNNUsIHZEB6xgqScS0n81OndgnRunbYaxMSbRn6u+JjERaj6PAdEYEh3rZm4r/eZ0Uwys/4zJJkUk6XxSmwsbYnv5t97liFMXY EEIVN7fadEgUoWjSWdgSKDJiODG5eMsp/CXNM8erOhd355VaNU+oCEdwDKfgwSXU4Bbq0AAKA3iGF3i1nqw36936mLcWrHzmEBZgff4AA9aVkw==</latexit>

1.F

Then, in binary represented numbers are

fraction:

exponent convention:

<latexit sha1_base64="QtK7Rbj0l3Fr7Y/+83hR3miLtVI=">AAACQXicbVDPaxNBGJ2trU1j1bUevQwNQgo17MQaeykUJNBjBJMUsskyO/k2GTL7g5lvhbDsX+Sf4V/g0fbswVvp1YuTZA829cHA47338c33wkxJg57309l5srv3dL92UH92+PzFS/fV0cCkuRbQ F6lK9XXIDSiZQB8lKrjONPA4VDAMF59W/vAraCPT5AsuMxjHfJbISAqOVgrcrh9znAuuim5JL2iXvqPMa7+31FcQYdM3eRwU8oKVk4KxknYD6Z+2J9LXcjbHkyoeuA2v5a1BHxNWkQap0AvcX/40FXkMCQrFjRkxL8NxwTVKoaCs+7mBjIsFn8HI0oTHYMbF+tySvrXK lEapti9Bulb/nSh4bMwyDm1ydZzZ9lbi/7xRjtH5uJBJliMkYrMoyhXFlK66o1OpQaBaWsKFlvavVMy55gJtww+2hJovAEvbC9tu4TEZtFus0/rw+axx2akaqpE35Jg0CSMfySW5Ij3SJ4J8Iz/IDbl1vju/nTvnfhPdcaqZ1+QBnD9/AasTrOI=</latexit>

E = E ! 1023 =

!
11"

i =1

Ei 2i

#

! 1023

<latexit sha1_base64="e0rol+x81voBLmxB6i3wEXB6g1g=">AAACJHicbVDLSgMxFM3UV62vUZdugkWoC8tM0epGKIjgsqJ9QF9k0kwbmnmQ3BHK0F/wM/wCt/oF7sSFG3f+h5m2gm09EDiccy/n5jih4Aos69NILS2vrK6l1zMbm1vbO+buXlUFkaSsQgMRyLpD FBPcZxXgIFg9lIx4jmA1Z3CV+LUHJhUP/HsYhqzlkZ7PXU4JaKlj5iS+xLkT+7h9h5vAPaaw+0sK7aZHoE+JiK9HHTNr5a0x8CKxpySLpih3zO9mN6CRx3yggijVsK0QWjGRwKlgo0wzUiwkdEB6rKGpT3RkKx7/aISPtNLFbiD18wGP1b8bMfGUGnqOnkxOVPNeIv7n NSJwL1ox98MImE8nQW4kMAQ4qQd3uWQUxFATQiXXt2LaJ5JQ0CXOpDiSDBgkvdjzLSySaiFvF/Nnt6fZUnHaUBodoEOUQzY6RyV0g8qogih6RM/oBb0aT8ab8W58TEZTxnRnH83A+PoBvbyjxQ==</latexit>

r = ( ! 1)S " f " 2E

Example:
<latexit sha1_base64="k9GOPK/xw2i6VnZslJNzdu9qvAI=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAhCMSStbd0IBUFcVrAPaGOZTCft0MmDmYlQQj7Cz/AL3OoXuBNduvA/nLRZ2NYDMxzOuZd773FCRoU0zS9tZXVtfWMzt5Xf3tnd29cPDlsiiDgmTRywgHcc JAijPmlKKhnphJwgz2Gk7YyvU7/9SLiggX8vJyGxPTT0qUsxkkrq68Weh+QIIxbfJPAKlh5MWFR/fF5KMlJOdcso1yp9vWAa5hRwmVgZKYAMjb7+0xsEOPKILzFDQnQtM5R2jLikmJEk34sECREeoyHpKuojjwg7nh6VwFOlDKAbcPV8Cafq344YeUJMPEdVpieIRS8V //O6kXQv7Zj6YSSJj2eD3IhBGcA0ITignGDJJoogzKnaFeIR4ghLlePcFIejMZGJysVaTGGZtEqGVTUqdxeFejVLKAeOwQk4AxaogTq4BQ3QBBg8gRfwCt60Z+1d+9A+Z6UrWtZzBOagff8CJ2+igA==</latexit>

F = 2 0 + 2 ! 2 + 2 ! 3 = 1 .375
<latexit sha1_base64="AZvxrdTVgOlfyHWznOPMjSI+UCE=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVaUmKVjdCQQSXFewD2lgm00k7dDIJMxOhhHyFn+EXuNUvcKduxf9w0mZhWw8MnHvOvdy5xw0ZlcqyPo2l5ZXVtfXcRn5za3tn19zbb8ogEpg0cMAC0XaR JIxy0lBUMdIOBUG+y0jLHV2nfuuRCEkDfq/GIXF8NODUoxgpLfXMUtdHaogRi28SeAUrD7FtJfBUEwuWYDGrS9A+Sd2eWbDK1gRwkdgZKYAM9Z750+0HOPIJV5ghKTu2FSonRkJRzEiS70aShAiP0IB0NOXIJ9KJJ2cl8FgrfegFQj+u4ET9OxEjX8qx7+rO9Ag576Xi f14nUt6lE1MeRopwPF3kRQyqAKYZwT4VBCs21gRhQfVfIR4igbDSSc5scQUaEZXoXOz5FBZJs1K2q+Xzu7NCrZollAOH4AgUgQ0uQA3cgjpoAAyewAt4BW/Gs/FufBhf09YlI5s5ADMwvn8BycWiuw==</latexit>

E = 2 10 + 2 0 ! (210 ! 1) = 2

<latexit sha1_base64="d9ZStCNNqbwfRJIFyY1Wh21m2s0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BQTxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBou heJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9N1u8WSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2 hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUIGVww==</latexit>

F0
<latexit sha1_base64="wbadRJgN/GoqFeAZi2IWjegf6iU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BQTxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBou heJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9P1usWSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2 hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUhiVxA==</latexit>

F1
<latexit sha1_base64="+K+KKVjGRi3YUWo6l6cf8ak5POs=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGjR4DgniMaB6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1eLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0RxaPBIRqrtMQ1S hNBAgRLasQIWeBJa3uhm6reeQGkRhY84jsEN2CAUvuAMjfRw26v0iiW7bM9AV4mTkRLJUO8Vf7r9iCcBhMgl07rj2DG6KVMouIRJoZtoiBkfsQF0DA1ZANpNZ6dO6JlR+tSPlKkQ6Uz9O5GyQOtx4JnOgOFQL3tT8T+vk6B/7aYijBOEkM8X+YmkGNHp37QvFHCUY0MY V8LcSvmQKcbRpLOwxVNsBDgxuTjLKaySZqXsVMuX9xelWjVLKE9OyCk5Jw65IjVyR+qkQTgZkBfySt6sZ+vd+rA+5605K5s5Jguwvn4BU6+VxQ==</latexit>

F2
<latexit sha1_base64="SuxD87Tu2zqybGhSqPWYrSbCxaU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BETxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBou heJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9N1u8WSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2 hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8ATuiVwg==</latexit>

E0
<latexit sha1_base64="BMRseQMAG5IT24n9EQE6i4xjEr0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BETxGNA9IljA7mSRDZmeXmV4hLMEv8Kpf4E28+i1+gP/hJNmDiRY0FFXddHcFsRQGXffLya2srq1v5DcLW9s7u3vF/YOGiRLNeJ1FMtKtgBou heJ1FCh5K9achoHkzWB0PfWbj1wbEakHHMfcD+lAib5gFK10f9P1usWSW3ZnIH+Jl5ESZKh1i9+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP52dOiEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PsTcX/vHaC/Ss/FSpOkCs2X9RPJMGITP8mPaE5Qzm2 hDIt7K2EDammDG06C1sCTUccJzYXbzmFv6RxVvYq5Yu781K1kiWUhyM4hlPw4BKqcAs1qAODATzDC7w6T86b8+58zFtzTjZzCAtwPn8AUH+Vww==</latexit>

E1

<latexit sha1_base64="tinAVKaJrC44KDfkoWA/3qfA2BQ=">AAACMHicbZC7TsMwFIYdrqXcAowsFhUSC1FS2sJYiYWxSPQitaFyXKe16iSW7SCqqC/CY/AErPAEMCEGFp4CJ81AW45k6dP/n6Nz/HucUals+8NYWV1b39gsbBW3d3b39s2Dw5aMYoFJE0csEh0P ScJoSJqKKkY6XBAUeIy0vfF16rcfiJA0Cu/UhBM3QMOQ+hQjpaW+WXEsG/YQ5yJ6hBnzAJbvk/PqxXRJd2xtOLVp3yzZlp0VXAYnhxLIq9E3v3uDCMcBCRVmSMquY3PlJkgoihmZFnuxJBzhMRqSrsYQBUS6Sfa7KTzVygD6kdAvVDBT/04kKJByEni6M0BqJBe9VPzP 68bKv3ITGvJYkRDPFvkxgyqCaVRwQAXBik00ICyovhXiERIIKx3o3BZPoDFRaS7OYgrL0CpbTs2q3lZK9VqeUAEcgxNwBhxwCergBjRAE2DwBF7AK3gzno1349P4mrWuGPnMEZgr4+cXsuKmfA==</latexit>

1.0 ! 1.0 ± 2! 53 ! 1.0 ± 10! 16

This means in practice: Keep units normalized and consider everything below 1e-16 zero 
<latexit sha1_base64="DqpzyCl5U4QZlIezxlOld3Pbzag=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWaMoksSNy4xkU8CI3nTvIEOPR+7e0jIhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l3opLxZcadv+tnJr6xubW/ntws7u3v5B8fCooaJEMqyzSESy5YFC wUOsa64FtmKJEHgCm97wduo3RygVj8IHPY7RDaAfcp8z0EZ67Aw8kLSDTwkfUadbLNllewa6SpyMlEiGWrf40+lFLAkw1EyAUm3HjrWbgtScCZwUOonCGNgQ+tg2NIQAlZvOvp7QM6P0qB9JM6GmM/XvRQqBUuPAM5sB6IFa9qbif1470f6Nm/IwTjSGbB7kJ4LqiE4r oD0ukWkxNgSY5OZXygYggWlT1EKKJ2GIemJ6cZZbWCWNi7JTKV/dX5aqlayhPDkhp+ScOOSaVMkdqZE6YUSSF/JK3qxn6936sD7nqzkruzkmC7C+fgGP8ppM</latexit>

! ! 1 definitely!

In practice, pick a time unit by normalizing an energy

(above)

<latexit sha1_base64="GyGf3nV779epqg6RMzZyDtiDxvI=">AAACLXicbVDLSsNAFJ34rPVVdelmsAiuSiK+lgU3LivYBzS1TKY3OnQyCTM3Ygn5Dj/DL3CrX+BCEHfibzhpu9DqgYHDOfdy7pwgkcKg6745c/MLi0vLpZXy6tr6xmZla7tl4lRzaPJYxroTMANS KGiiQAmdRAOLAgntYHhe+O070EbE6gpHCfQidqNEKDhDK/Urnp9E1Kv5CPeYhZrxQs6pjyICQz33OptYcJ/EChTmeb9SdWvuGPQv8aakSqZo9Cuf/iDmaWS3uWTGdD03wV7GNAouIS/7qYGE8SG7ga6litnkXjb+Wk73rTKgYaztU0jH6s+NjEXGjKLATkYMb82sV4j/ ed0Uw7NeJlSSIig+CQpTSTGmRU90IDRwlCNLGNfC3kr5LSsKsm3+Sgk0GwIWvXizLfwlrcOad1I7vjyq1k+mDZXILtkjB8Qjp6ROLkiDNAknD+SJPJMX59F5dd6dj8nonDPd2SG/4Hx9A1SgqhE=</latexit>

± 1.fraction ! 10exponent

<latexit sha1_base64="DaOBYg/aKGU9Z6iGyprobLV6I70=">AAACJXicbVDLSgMxFM3UV62vqks3wSK0iMNMta0boeDGZQX7gHZaMmnahmYeJHeEMvQb/Ay/wK1+gTsRXLnyP0wfgq0eCJyccy8nOW4ouALL+jASK6tr6xvJzdTW9s7uXnr/oKaCSFJWpYEIZMMl ignusypwEKwRSkY8V7C6O7ye+PV7JhUP/DsYhczxSN/nPU4JaKmTzkl8hbNndq5t4RZwjylsm+elws8l387rgdOCWeikM5ZpTYH/EntOMmiOSif91eoGNPKYD1QQpZq2FYITEwmcCjZOtSLFQkKHpM+amvpE5znx9EtjfKKVLu4FUh8f8FT9vRETT6mR5+pJj8BALXsT 8T+vGUHv0om5H0bAfDoL6kUCQ4An/eAul4yCGGlCqOT6rZgOiCQUdIsLKa4kQwZj3Yu93MJfUsubdtEs3F5kysV5Q0l0hI5RFtmohMroBlVQFVH0gJ7QM3oxHo1X4814n40mjPnOIVqA8fkNx4ShQw==</latexit>

r = ( ! 1)0 " 1.375" 22 = +5 .5

<latexit sha1_base64="ucbvDeLhX/eY/btX4BRm9NEp7D4=">AAACXHicbVBNS8NAEN3GqrX1oyp48bJYBEEtSf28FARBPFawWmhq3Gw3unTzwe5EKKF/z//gxZs3r3p2k0awrQML772ZN7M8NxJcgWm+FYy54vzCYmmpXFleWV2rrm/cqTCWlLVpKELZcYligges DRwE60SSEd8V7N4dXKb9+xcmFQ+DWxhGrOeTp4B7nBLQklN99HATW3gfXzmmjRsPyaE1yphlH2S0MaYNnPOjlNv9EFRutFXsOwlvmqOH5ESbrxz+O8v1MqdaM+tmVngWWDmoobxaTvVDb6exzwKggijVtcwIegmRwKlgo7IdKxYROiBPrKthQHymekmWxAjvaqWPvVDq FwDO1L+OhPhKDX1XT/oEntV0LxX/63Vj8M57CQ+iGFhAx4e8WGAIcRor7nPJKIihBoRKrv+K6TORhIIOf+KKK8mAQZqLNZ3CLLhr1K3T+vHNce3iNE+ohLbRDtpDFjpDF+gatVAbUfSKPtEX+i68G0WjYqyMR41C7tlEE2Vs/QDBA67i</latexit>

f = 1 + F0 2! 1 + F1 2! 2 + F2 2! 3 + á á á= 1 +
51!

i =0

Fi 2! i ! 1



Linear algebra of quantum mechanics

The state-vector can be anything:

Let’s define a state-vector as a general concept (not limited to linear quantum mechanics)

State = Vector Operators = Matrix

<latexit sha1_base64="0Ligr7fWulmNxXz2pE6Ls+i0RHM=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BLx4jmAckS5iddJIxs7PLTK8Qllz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiOdR5JCPdCpgB KRTUUaCEVqyBhYGEZjC6nfrNJ9BGROoBxzH4IRso0RecoZUandiIrugWS27ZnYGuEi8jJZKh1i3+dHoRT0JQyCUzpu25Mfop0yi4hEmhkxiIGR+xAbQtVSwE46ezayf0zCo92o+0LYV0pv6dSFlozDgMbGfIcGiWvan4n9dOsH/jp0LFCYLi80X9RFKM6PR12hMaOMqx JYxrYW+lfMg042gDWtgSaDYCnNhcvOUUVknjouxVylf3l6VqJUsoT07IKTknHrkmVXJHaqROOHkkL+SVvDnPzrvz4XzOW3NONnNMFuB8/QJSPZd8</latexit>

! i

<latexit sha1_base64="y/PQNX4FxDXl9NLZWkvlNj5qZuA=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4KjOi1WVBFy4r2Ae2Q8mkt21oJjMkd4QydOsXuNUvcCdu/Q8/wP8wbWdhqwcCh3Pu5dycIJbCoOt+ObmV1bX1jfxmYWt7Z3evuH/QMFGiOdR5JCPdCpgB KRTUUaCEVqyBhYGEZjC6nvrNR9BGROoexzH4IRso0RecoZUebmgHRQiGet1iyS27M9C/xMtIiWSodYvfnV7EkxAUcsmMaXtujH7KNAouYVLoJAZixkdsAG1LFbMxfjq7eEJPrNKj/Ujbp5DO1N8bKQuNGYeBnQwZDs2yNxX/89oJ9q/8VKg4QVB8HtRPJMWITr9Pe0ID Rzm2hHEt7K2UD5lmHG1JCymBZiPAie3FW27hL2mclb1K+eLuvFStZA3lyRE5JqfEI5ekSm5JjdQJJ4o8kxfy6jw5b8678zEfzTnZziFZgPP5AyTwmGc=</latexit>

D ! 1
<latexit sha1_base64="31sSj57ODn1QJXqJ8JsWr5tDvzs=">AAACBHicbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkUeECemUCzR0OpP2jgkhbP0Ct/oF7oxb/8MP8D8sMAsBT9Lk5Jx7c25PEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyA FApqKFBCM9bAwkBCIxjeTv3GE2gjIvWAoxj8kPWV6AnO0EqPFdpGEYKhlU6+4BbdGegq8VJSICmqnfxPuxvxJASFXDJjWp4boz9mGgWXMMm1EwMx40PWh5alitkYfzy7eELPrNKlvUjbp5DO1L8bYxYaMwoDOxkyHJhlbyr+57US7N34Y6HiBEHxeVAvkRQjOv0+7QoN HOXIEsa1sLdSPmCacbQlLaQEmg0BJ7YXb7mFVVK/KHql4tX9ZaFcShvKkhNySs6JR65JmdyRKqkRThR5Ia/kzXl23p0P53M+mnHSnWOyAOfrF0MlmHo=</latexit>

D ! D

<latexit sha1_base64="P3+NPJ1jgFjYTdzzM5jby1zMkvA=">AAACAXicbVDLSsNAFL3xWeur6tLNYBFcSElEq8uCG5cV7APaUCbTm3bsZBJmJkIJXfkFbvUL3Ilbv8QP8D9M2ixs64ELh3Pu5d57vEhwbWz721pZXVvf2CxsFbd3dvf2SweHTR3GimGDhSJUbY9q FFxiw3AjsB0ppIEnsOWNbjO/9YRK81A+mHGEbkAHkvucUZNKrWEv4eePk16pbFfsKcgycXJShhz1Xumn2w9ZHKA0TFCtO44dGTehynAmcFLsxhojykZ0gJ2UShqgdpPpuRNymip94ocqLWnIVP07kdBA63HgpZ0BNUO96GXif14nNv6Nm3AZxQYlmy3yY0FMSLLfSZ8r ZEaMU0KZ4umthA2posykCc1t8RQdoclycRZTWCbNi4pTrVzdX5Zr1TyhAhzDCZyBA9dQgzuoQwMYjOAFXuHNerberQ/rc9a6YuUzRzAH6+sX9V6X1A==</latexit>

hi,j

In general: Complex elements

<latexit sha1_base64="X/wyJwYW75Kw3GCaPzr0Lgf3Nuc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqxuh4MZlBfuANpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TNqC2Hhg4nHPvnXuPGwmuwLK+jKXlldW19cJGcXNre2fX3NtvqTCWlDVpKELZcYli ggesCRwE60SSEd8VrO2OrzO/fc+k4mFwB5OIOT4ZBtzjlICW+malNwgh6fkERq6XTNK0DBV8hb0ynOAfVYuVvlmyqtYUeJHYOSmhHI2++aln09hnAVBBlOraVgROQiRwKlha7MWKRYSOyZB1NQ2Iz5STTE9K8bFWBtgLpX4B4Kn6uyMhvlIT39WV2ZZq3svE/7xuDN6l k/AgioEFdPaRFwsMIc7ywQMuGQUx0YRQyfWumI6IJBR0ikUdgj1/8iJpnVbtWvX89qxUr+VxFNAhOkJlZKMLVEc3qIGaiKIH9IRe0KvxaDwbb8b7rHTJyHsO0B8YH9/Fq5za</latexit>

úy (t) = f (t, y (t))

<latexit sha1_base64="FpftDbYvHgDs5xJT8qM7skVDotE=">AAACB3icbVDLSsNAFJ3UV62vqks3g0Wom5KIVpcFNy4r2Ae0oUymk3boZBJnboQQ+gF+gVv9Anfi1s/wA/wPJ20WtvXAhcM593IPx4sE12Db31ZhbX1jc6u4XdrZ3ds/KB8etXUYK8paNBSh6npE M8ElawEHwbqRYiTwBOt4k9vM7zwxpXkoHyCJmBuQkeQ+pwSM5PYDAmPPT5NpFc4H5Ypds2fAq8TJSQXlaA7KP/1hSOOASaCCaN1z7AjclCjgVLBpqR9rFhE6ISPWM1SSgGk3nYWe4jOjDLEfKjMS8Ez9e5GSQOsk8MxmFlIve5n4n9eLwb9xUy6jGJik80d+LDCEOGsA D7liFERiCKGKm6yYjokiFExPC188RSYMpqYXZ7mFVdK+qDn12tX9ZaVRzxsqohN0iqrIQdeoge5QE7UQRY/oBb2iN+vZerc+rM/5asHKb47RAqyvX4ikmlY=</latexit>

y (t)

Schrödinger equation
<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AY JrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBo fmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d
dt

|! ! = " i öH |! !

<latexit sha1_base64="wOjtTRdBEZg9mTkk5+JqhuAy04g=">AAACI3icbVDLSsNAFJ34rPUVdeHCzWARXJVEtLoRCm5cVrAPaEKZTCft0JlJmJkIIeRrxJ1+iTtx48LPcO+kzcK2Hhg495x7uXdOEDOqtON8WSura+sbm5Wt6vbO7t6+fXDYUVEiMWnjiEWyFyBF GBWkralmpBdLgnjASDeY3BV+94lIRSPxqNOY+ByNBA0pRtpIA/vY40iPgzBLc3gLvQnRmRcrmg/smlN3poDLxC1JDZRoDewfbxjhhBOhMUNK9V0n1n6GpKaYkbzqJYrECE/QiPQNFYgT5WfTD+TwzChDGEbSPKHhVP07kSGuVMoD01mcqxa9QvzP6yc6vPEzKuJEE4Fn i8KEQR3BIg04pJJgzVJDEJbU3ArxGEmEtclsbkvA8/laIhNWkZO7mMoy6VzU3Ub96uGy1myUiVXACTgF58AF16AJ7kELtAEGOXgGr+DNerHerQ/rc9a6YpUzR2AO1vcvO3CliQ==</latexit>

y = |! !
<latexit sha1_base64="GbApKR8yBsLt7b5qDssEo+yIgrc=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARW5CSiFY3QsFNlxWsLTShTKaTdujkwsyJUEIfwcfwCdzqE7gTNy5c+h5O2ixs6w8DP/85h3PmcyPBFZjml5FbWV1b38hvFra2d3b3ivsHDyqMJWUtGopQ dlyimOABawEHwTqRZMR3BWu7o9u03n5kUvEwuIdxxByfDALucUpAR73iqVeGM2z7BIaul4wnZahU8A22hwRwA9sjBokdKT7pFUtm1ZwKLxsrMyWUqdkr/tj9kMY+C4AKolTXMiNwEiKBU8EmBTtWLCJ0RAasq21AfKacZPqhCT7RSR97odQvADxN/04kxFdq7Lu6M71c LdbS8L9aNwbv2kl4EMXAAjpb5MUCQ4hTOrjPJaMgxtoQKrm+FdMhkYSCZji3xZVEw0m5WIsUls3DedWqVS/vLkr1WkYoj47QMSojC12hOmqgJmohip7QC3pFb8az8W58GJ+z1pyRzRyiORnfv+AIo+A=</latexit>

f (t, y (t)) = öH |! ! (linear)

Ordinary differential equation

Linearized density matrix Two classical particles
<latexit sha1_base64="4HlXt6k84PSdIuNwibPKyRurU/A=">AAACH3icbVDLSsNAFJ34rPVVdelmsAgupCRFqxuh4MZlhb6gjWEynbRDJ5MwM5GGkA/wM/wCt/oF7sRtP8D/cNJmYVsvzHA451zuvccNGZXKNKfG2vrG5tZ2Yae4u7d/cFg6Om7LIBKYtHDAAtF1 kSSMctJSVDHSDQVBvstIxx3fZ3rnmQhJA95UcUhsHw059ShGSlNOqdz3kRq5XhKn8A72Jo51CcPsmzjVDFXtp6Z2mRVzVnAVWDkog7waTumnPwhw5BOuMENS9iwzVHaChKKYkbTYjyQJER6jIelpyJFPpJ3MjknhuWYG0AuEflzBGfu3I0G+lLHvame2ulzWMvI/rRcp 79ZOKA8jRTieD/IiBlUAs2TggAqCFYs1QFhQvSvEIyQQVjq/hSmuQGOiUp2LtZzCKmhXK1atcv14Va7X8oQK4BScgQtggRtQBw+gAVoAgxfwBt7Bh/FqfBpfxvfcumbkPSdgoYzpL5HboXs=</latexit>

y = [ x1, p1, x2, p2]T
<latexit sha1_base64="Nvzx6Bg9jlzscmN/QYWaIdsolmw=">AAACO3icbZDLSsNAFIYn9VbrLerSzWARXJSSFK1uxIIblxV6gzaWyXTSDp1cmJkIIeRxfAyfwK0uXIsbceveSRulF38Y+PjPOZw5vx0wKqRhvGm5ldW19Y38ZmFre2d3T98/aAk/5Jg0sc983rGR IIx6pCmpZKQTcIJcm5G2Pb5J6+0HwgX1vYaMAmK5aOhRh2IkldXXr3sukiPbiaMEXsFuj4/8fmyWzKQEf7nyx5UZv6J8677R14tG2ZgILoOZQRFkqvf1j97Ax6FLPIkZEqJrGoG0YsQlxYwkhV4oSIDwGA1JV6GHXCKseHJoAk+UM4COz9XzJJy4sxMxcoWIXFt1pmeJ xVpq/lfrhtK5tGLqBaEkHp4uckIGpQ/T1OCAcoIlixQgzKn6K8QjxBGWKtu5LTZHYyITlYu5mMIytCpls1o+vzsr1qpZQnlwBI7BKTDBBaiBW1AHTYDBI3gGL+BVe9LetU/ta9qa07KZQzAn7fsHlFCsrQ==</latexit>

y = [ ! 1,1, ! 1,2, ! 2,1, ! 2,2]T

<latexit sha1_base64="MRPfNOa9epHBRJiqUzLc2X4GaEM=">AAACPXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKRi9C1Bw8RjAayIYwO+nokNkHM71iWPI9foZf4FXxA3ITr16dJCsaY8FAUdVN9ZQXSaHRtt+sqemZ2bn5zEJ2cWl5ZTW3tn6tw1hxqPJQhqrmMQ1S BFBFgRJqkQLmexJuvM75wL+5B6VFGFxhN4KGz24D0RacoZGaudMydVH4oOnO/jcrHuxSd89FeMDkTKDu0RNaTj3qFH+8LoLuNXN5u2APQSeJk5I8SVFp5vpuK+SxDwFyybSuO3aEjYQpFFxCL+vGGiLGO+wW6oYGzOQ2kuFXe3TbKC3aDpV5AdKh+nsjYb7WXd8zkz7D O/3XG4j/efUY28eNRARRjBDwUVA7lhRDOuiNtoQCjrJrCONKmFspv2OKcTTtjqV4inUAB704f1uYJNf7BadYOLw8yJeKaUMZskm2yA5xyBEpkQtSIVXCySN5Ji/k1Xqy+ta79TEanbLSnQ0yBuvzC5P0rTk=</latexit>

D ! (2 ! 64) Bits = D ! 16 Bytes

<latexit sha1_base64="swPteWmSXAYf0rz+mhguS2p4Uo4=">AAAB/3icbVDLTgIxFO3gC/GFunTTSExckRmj6JLEjUtMHCCBCemUCzR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUc/B5LGPdDpkB KRT4KFBCO9HAolBCKxzfzvzWI2gjYvWAkwSCiA2VGAjO0Ep+tx+j6ZUrbtWdg/4lXk4qJEejV/62OZ5GoJBLZkzHcxMMMqZRcAnTUjc1kDA+ZkPoWKpYBCbI5sdO6ZlV+nQQa/sU0rn6O5GxyJhJFNrJiOHIrHoz8T+vk+LgJsiESlIExReLBqmkGNPZz2lfaOAoJ5Yw roW9lfIR04yj7WdpS6jZGHBqe/FWW/hLmhdVr1a9ur+s1Gt5Q0VyQk7JOfHINamTO9IgPuFEkGfyQl6dJ+fNeXc+FqMFJ88ckyU4nz+b8ZcY</latexit>. . .

Hamiltonian, Gate, Observables, 
Time-evolution operator

Hilbert space of dimension D



Linear algebra of quantum mechanics
<latexit sha1_base64="MRPfNOa9epHBRJiqUzLc2X4GaEM=">AAACPXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKRi9C1Bw8RjAayIYwO+nokNkHM71iWPI9foZf4FXxA3ITr16dJCsaY8FAUdVN9ZQXSaHRtt+sqemZ2bn5zEJ2cWl5ZTW3tn6tw1hxqPJQhqrmMQ1S BFBFgRJqkQLmexJuvM75wL+5B6VFGFxhN4KGz24D0RacoZGaudMydVH4oOnO/jcrHuxSd89FeMDkTKDu0RNaTj3qFH+8LoLuNXN5u2APQSeJk5I8SVFp5vpuK+SxDwFyybSuO3aEjYQpFFxCL+vGGiLGO+wW6oYGzOQ2kuFXe3TbKC3aDpV5AdKh+nsjYb7WXd8zkz7D O/3XG4j/efUY28eNRARRjBDwUVA7lhRDOuiNtoQCjrJrCONKmFspv2OKcTTtjqV4inUAB704f1uYJNf7BadYOLw8yJeKaUMZskm2yA5xyBEpkQtSIVXCySN5Ji/k1Xqy+ta79TEanbLSnQ0yBuvzC5P0rTk=</latexit>

D ! (2 ! 64) Bits = D ! 16 Bytes

Ultimately this will mean a memory limitation

Double precision

Single precision
<latexit sha1_base64="Bgnhy7ffcsO01rUgVdrUQzeTj+Q=">AAACFnicbVDJSgNBFOyJW4xb1JteGoPgQcKMaMwxqAePEcwCmRB6Oi9Jk56F7jdiGAJ+hl/gVb/Am3j16gf4H3aWg0ksaCiq3qNelxdJodG2v63U0vLK6lp6PbOxubW9k93dq+owVhwqPJShqntM gxQBVFCghHqkgPmehJrXvx75tQdQWoTBPQ4iaPqsG4iO4AyN1Moe0BsXhQ+a0iJ1T12ER0yuBgh62Mrm7Lw9Bl0kzpTkyBTlVvbHbYc89iFALpnWDceOsJkwhYJLGGbcWEPEeJ91oWFowExsMxn/YUiPjdKmnVCZFyAdq383EuZrPfA9M+kz7Ol5byT+5zVi7BSbiQii GCHgk6BOLCmGdFQIbQsFHOXAEMaVMLdS3mOKcTS1zaR4ivUBR7048y0skupZ3inkL+7Oc6XCtKE0OSRH5IQ45JKUyC0pkwrh5Im8kFfyZj1b79aH9TkZTVnTnX0yA+vrF7rSnyc=</latexit>

D ! 8 Bytes

System of spins/qubits É

1

<latexit sha1_base64="MVah99nfYJMAZKHJXHmw2OwrBCc=">AAACIHicbVBLTgJBFOzBH+IPdemmI5q4MGTGKOqO6EKXmAiSMEh6mgd06Pmk+42BTLiAx/AEbvUE7oxL3XsPm89CwUo6qVS9l3pdXiSFRtv+tFJz8wuLS+nlzMrq2vpGdnOrosNYcSjzUIaq6jEN UgRQRoESqpEC5nsS7rzu5dC/ewClRRjcYj+Cus/agWgJztBIjeyeU6AuCh80dez7c+qyKFJhjzoF99BF6GFydTFoZHN23h6BzhJnQnJkglIj++02Qx77ECCXTOuaY0dYT5hCwSUMMm6sIWK8y9pQMzRgJr+ejH4zoPtGadJWqMwLkI7U3xsJ87Xu+56Z9Bl29LQ3FP/z ajG2zuqJCKIYIeDjoFYsKYZ0WA1tCgUcZd8QxpUwt1LeYYpxNAX+SfEU6wIOe3GmW5gllaO8U8if3BznioVJQ2myQ3bJAXHIKSmSa1IiZcLJI3kmL+TVerLerHfrYzyasiY72+QPrK8f7smiTQ==</latexit>

16 ! 109 " 16 GB

Remark: Of course, a generic Hamiltonian would need memory           , but we never need to store             elements 
for typical few-body Hamiltonians… when e.g. using Krylov space methods (see below)

doable on 
current hardware

<latexit sha1_base64="jq5fWT9bOvgBdyYHPXjzbse3v28=">AAACE3icbVDLSgMxFL3js9ZX1aWbYBFclZki1WVBFy4r2Ae0Y8mkmTY0yQxJRijD/ITgSv/Enbj1A/wR16btLGzrgcC559zLvTlBzJk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjhJFaJNEPFKdAGvK maRNwwynnVhRLAJO28H4Zuq3n6jSLJIPZhJTX+ChZCEj2Fip09NMoNvHar9UdivuDGiVeDkpQ45Gv/TTG0QkEVQawrHWXc+NjZ9iZRjhNCv2Ek1jTMZ4SLuWSiyo9tPZvRk6t8oAhZGyTxo0U/9OpFhoPRGB7RTYjPSyNxX/87qJCa/9lMk4MVSS+aIw4chEaPp5NGCK EsMnlmCimL0VkRFWmBgb0cKWQGSLtcJjarKiDcpbjmWVtKoVr1ap3V+W67U8sgKcwhlcgAdXUIc7aEATCHB4hld4c16cd+fD+Zy3rjn5zAkswPn6BT/hnnA=</latexit>

! D 2
<latexit sha1_base64="jq5fWT9bOvgBdyYHPXjzbse3v28=">AAACE3icbVDLSgMxFL3js9ZX1aWbYBFclZki1WVBFy4r2Ae0Y8mkmTY0yQxJRijD/ITgSv/Enbj1A/wR16btLGzrgcC559zLvTlBzJk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjhJFaJNEPFKdAGvK maRNwwynnVhRLAJO28H4Zuq3n6jSLJIPZhJTX+ChZCEj2Fip09NMoNvHar9UdivuDGiVeDkpQ45Gv/TTG0QkEVQawrHWXc+NjZ9iZRjhNCv2Ek1jTMZ4SLuWSiyo9tPZvRk6t8oAhZGyTxo0U/9OpFhoPRGB7RTYjPSyNxX/87qJCa/9lMk4MVSS+aIw4chEaPp5NGCK EsMnlmCimL0VkRFWmBgb0cKWQGSLtcJjarKiDcpbjmWVtKoVr1ap3V+W67U8sgKcwhlcgAdXUIc7aEATCHB4hld4c16cd+fD+Zy3rjn5zAkswPn6BT/hnnA=</latexit>

! D 2

Remark: This is only the limit of exact state vector simulations, in practice with advanced methods, much larger 
systems are easily simulable (e.g. matrix product states, later)

On a classical computer… how far can we go?

<latexit sha1_base64="lYb9+ocjF1tPZKZj5MDpPc/saWI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9lVqR4LXjxWsB/QXUo2zbah2SQkWbGU/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jMw0oU0iudSdGBvKmaBN yyynHaUpTmNO2/Hodua3H6k2TIoHO1Y0SvFAsIQRbJ0UChRipbR8Qpd+r1zxq/4caJUEOalAjkav/BX2JclSKizh2Jhu4CsbTbC2jHA6LYWZoQqTER7QrqMCp9REk/nNU3TmlD5KpHYlLJqrvycmODVmnMauM8V2aJa9mfif181schNNmFCZpYIsFiUZR1aiWQCozzQl lo8dwUQzdysiQ6wxsS6mkgshWH55lbQuqkGtWru/qtRreRxFOIFTOIcArqEOd9CAJhBQ8Ayv8OZl3ov37n0sWgtePnMMf+B9/gD5TZD4</latexit>

n ! 30

<latexit sha1_base64="PvIicaKj8tv17B8mfJYKuoC5WP8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EgB48RjAPSNYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQ vIECJW8nmtMokLwVjG5mfuuJayNi9YDjhPsRHSgRCkbRSq1bck0qj6pXLLlldw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88idCJSlyxRaLwlQSjMnsd9IXmjOU Y0so08LeStiQasrQJlSwIXjLL6+SZqXsVcvV+4tSrZrFkYcTOIVz8OASanAHdWgAgxE8wyu8OYnz4rw7H4vWnJPNHMMfOJ8/t7yOfg==</latexit>

D = 2 n



Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

Tutorial: ED on a simple spin-model

Part 1: Brief summary about numbers in digital memory and the linear algebra of quantum mechanics

Part  2: Exact diagonalization

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlC zgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQ Kpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>=



Exact Diagonalization
Exact simulations of quantum mechanics often loosely described as: Exact Diagonalization (ED)

Summary: Hamiltonian is Hermitian:

There exists a 
unitary matrix:

<latexit sha1_base64="GmqRFrmcntH5JoObPnmKaYuympU=">AAACEHicbVBLSgNBEO2Jvxh/42fnpjEIrsKMaHQjBNxkGcF8IImhptOTNOn50F0jxJBLeAK3egJ34tYbeADvYSeZhUl8UPDqvSqqeF4shUbH+bYyK6tr6xvZzdzW9s7unr1/UNNRohivskhGquGB 5lKEvIoCJW/EikPgSV73BrcTv/7IlRZReI/DmLcD6IXCFwzQSB37qNUHpOWHVhd69IbOuo6ddwrOFHSZuCnJkxSVjv3T6kYsCXiITILWTdeJsT0ChYJJPs61Es1jYAPo8aahIQRct0fT78f01Chd6kfKVIh0qv7dGEGg9TDwzGQA2NeL3kT8z2sm6F+3RyKME+Qhmx3y E0kxopMoaFcozlAODQGmhPmVsj4oYGgCm7viKRhwHJtc3MUUlkntvOAWC5d3F/lSMU0oS47JCTkjLrkiJVImFVIljDyRF/JK3qxn6936sD5noxkr3Tkkc7C+fgFYBJwu</latexit>

öH   = öH
<latexit sha1_base64="jddwmx3edgOtY9Eqqrco5bQS9eM=">AAACA3icbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkYeBCemUDjS0nUl7x4RMWPoFbvUL3Bm3fogf4H9YYBYCnqTJyTn35tyeIBbcgOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiKWvQSES6HRDD BFesARwEa8eaERkI1gpGt1O/9cS04ZF6gHHMfEkGioecErDSY60LXDKDa71iyS27M+BV4mWkhDLUe8Wfbj+iiWQKqCDGdDw3Bj8lGjgVbFLoJobFhI7IgHUsVcTG+Ons4Ak+s0ofh5G2TwGeqX83UiKNGcvATkoCQ7PsTcX/vE4C4Y2fchUnwBSdB4WJwBDh6e9xn2tG QYwtIVRzeyumQ6IJBdvRQkqgyYjBxPbiLbewSpoXZa9Svrq/LFUrWUN5dIJO0Tny0DWqojtURw1EkUQv6BW9Oc/Ou/PhfM5Hc062c4wW4Hz9AunrmFA=</latexit>

D ! D matrix

<latexit sha1_base64="c20OdoyJt0v7o7mu//SHrkfz7ZE=">AAACKnicbVDLSgNBEJyNr/iOesxlMAheDLui0YsQ8OIxgnlANobe2UkyZPbBTK8Qlj34NV486K94C179CI9ukhVMYkFDTVU3PV1OKIVG0xwbuZXVtfWN/ObW9s7u3n7h4LChg0gxXmeBDFTLAc2l 8HkdBUreChUHz5G86QxvJ37ziSstAv8BRyHveND3RU8wwFTqFor2AJA2HmPbhX5Cb+jv+8xKuoWSWTanoMvEykiJZKh1C9+2G7DI4z4yCVq3LTPETgwKBZM82bIjzUNgQ+jzdkp98LjuxNMjEnqSKi7tBSotH+lU/TsRg6f1yHPSTg9woBe9ifif146wd92JhR9GyH02 W9SLJMWAThKhrlCcoRylBJgS6V8pG4AChmluc1scBUOOybzmBNKdRGUtBrNMGudlq1K+vL8oVStZaHlSJMfklFjkilTJHamROmHkmbyQN/JuvBofxtj4nLXmjGzmiMzB+PoBlkmnKA==</latexit>

öV   = öV ! 1

Diagonal matrix

<latexit sha1_base64="prQcNh+544n1PxsyLkJ7N1qgH2w=">AAACPHicbVDLSgMxFM3UV62vqks3wSK4KGVGtLoRCiK4rGAf0JYhk9626WQeJJlCGeZ3/Ay/wK2Ce12JW9em0yK29UDIuefcy02OE3ImlWm+GZmV1bX1jexmbmt7Z3cvv39Ql0EkKNRowAPRdIgE znyoKaY4NEMBxHM4NBz3ZuI3RiAkC/wHNQ6h45G+z3qMEqUlO19py8izYzfBAztmRX2PdFUcJvgap5Y7EVIDfo1bezhVdWXnC2bJTIGXiTUjBTRD1c5/tLsBjTzwFeVEypZlhqoTE6EY5ZDk2pGEkFCX9KGlqU88kJ04/WmCT7TSxb1A6OMrnKp/J2LiSTn2HN3pETWQ i95E/M9rRap31YmZH0YKfDpd1Is4VgGexIa7TABVfKwJoYLpt2I6IIJQpcOd2+II4oJKdC7WYgrLpH5Wssqli/vzQqU8SyiLjtAxOkUWukQVdIeqqIYoekTP6AW9Gk/Gu/FpfE1bM8Zs5hDNwfj+ASzBrho=</latexit>!

k

hi,k vk,j =
!

k

vi,k ek,j = Ej vi,j

<latexit sha1_base64="fGbLxvuzCvsYB6OmUnOa8VjlXP0=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0GIIGFXNHoMePEYwTwgG8LspJOMmX040xsIS05+hl/gVb/Am3j15Af4H+4mOZjEgoaaqm56utxQCo2W9W0sLa+srq1nNrKbW9s7u+beflUHkeJQ4YEMVN1l GqTwoYICJdRDBcxzJdTc/k3q1wagtAj8exyG0PRY1xcdwRkmUss8yjs9hrR62orF2cOIOvAYiQEdTJ4tM2cVrDHoIrGnJEemKLfMH6cd8MgDH7lkWjdsK8RmzBQKLmGUdSINIeN91oVGQn3mgW7G4zNG9CRR2rQTqKR8pGP170TMPK2Hnpt0egx7et5Lxf+8RoSd62Ys /DBC8PlkUSeSFAOaZkLbQgFHOUwI40okf6W8xxTjmCQ3s8VVrA+Y5mLPp7BIqucFu1i4vLvIlYrThDLkkByTPLHJFSmRW1ImFcLJE3khr+TNeDbejQ/jc9K6ZExnDsgMjK9fHx2gaw==</latexit>

( öV )i,j ! vi,j

<latexit sha1_base64="0JhOqzUJeauaRfzrDjurMbXa7Qc=">AAACGXicbVDJSgNBEO2JW4zbqEcRGoMQQcKMaPQY8JJjBLNAJoSeTiVp07PYXRMIQ05+hl/gVb/Am3j15Af4H06Wg0l8UPD6vSqq67mhFBot69tIrayurW+kNzNb2zu7e+b+QVUHkeJQ4YEMVN1l GqTwoYICJdRDBcxzJdTc/u3Yrw1AaRH49zgMoemxri86gjNMpJZ5nHN6DGnprBWL84cRdeAxEgPamz5bZtbKWxPQZWLPSJbMUG6ZP0474JEHPnLJtG7YVojNmCkUXMIo40QaQsb7rAuNhPrMA92MJ2eM6GmitGknUEn5SCfq34mYeVoPPTfp9Bj29KI3Fv/zGhF2bpqx 8MMIwefTRZ1IUgzoOBPaFgo4ymFCGFci+SvlPaYYxyS5uS2uYn3AcS72YgrLpHqRtwv5q7vLbLEwSyhNjsgJyRGbXJMiKZEyqRBOnsgLeSVvxrPxbnwYn9PWlDGbOSRzML5+AfECoE8=</latexit>

( öH )i,j ! hi,j

<latexit sha1_base64="fGbLxvuzCvsYB6OmUnOa8VjlXP0=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0GIIGFXNHoMePEYwTwgG8LspJOMmX040xsIS05+hl/gVb/Am3j15Af4H+4mOZjEgoaaqm56utxQCo2W9W0sLa+srq1nNrKbW9s7u+beflUHkeJQ4YEMVN1l GqTwoYICJdRDBcxzJdTc/k3q1wagtAj8exyG0PRY1xcdwRkmUss8yjs9hrR62orF2cOIOvAYiQEdTJ4tM2cVrDHoIrGnJEemKLfMH6cd8MgDH7lkWjdsK8RmzBQKLmGUdSINIeN91oVGQn3mgW7G4zNG9CRR2rQTqKR8pGP170TMPK2Hnpt0egx7et5Lxf+8RoSd62Ys /DBC8PlkUSeSFAOaZkLbQgFHOUwI40okf6W8xxTjmCQ3s8VVrA+Y5mLPp7BIqucFu1i4vLvIlYrThDLkkByTPLHJFSmRW1ImFcLJE3khr+TNeDbejQ/jc9K6ZExnDsgMjK9fHx2gaw==</latexit>

( öV )i,j ! vi,j

The j-th column of the matrix v is the eigenvector corresponding to the j-th eigenvalue:

<latexit sha1_base64="1P3Gm9lHB/5zI1ZZOL56noeYbMs=">AAACGHicbVDLSgNBEJyNrxhfUY96GAxCBAm7otFjQASPEcwDsiHMTjrJmNmHM72BsOTiZ/gFXvULvIlXb36A/+FukoNJLGioqeqmp8sJpNBomt9Gaml5ZXUtvZ7Z2Nza3snu7lW1HyoOFe5LX9Ud pkEKDyooUEI9UMBcR0LN6V8nfm0ASgvfu8dhAE2XdT3REZxhLLWyh3m7x5DenLQicfowsuExFAMKk1crmzML5hh0kVhTkiNTlFvZH7vt89AFD7lkWjcsM8BmxBQKLmGUsUMNAeN91oVGTD3mgm5G4ytG9DhW2rTjq7g8pGP170TEXK2HrhN3ugx7et5LxP+8Roidq2Yk vCBE8PhkUSeUFH2aRELbQgFHOYwJ40rEf6W8xxTjGAc3s8VRrA+Y5GLNp7BIqmcFq1i4uDvPlYrThNLkgByRPLHIJSmRW1ImFcLJE3khr+TNeDbejQ/jc9KaMqYz+2QGxtcviJOgHw==</latexit>

( öE )i,j ! ei,j

<latexit sha1_base64="0iXnEuqnXON5hMVGyM/Je5yh00o=">AAACG3icbVDJSgNBEO1xjXEb9ejBxiB4kDAjbseACB4VzAKZMPR0KkknPYvdNUIYcvQz/AKv+gXexKsHP8D/sBPnoNEHBY/3qqiqFyRSaHScD2tmdm5+YbGwVFxeWV1btzc2azpOFYcqj2WsGgHT IEUEVRQooZEoYGEgoR4Mzsd+/Q6UFnF0g8MEWiHrRqIjOEMj+fYO+Jk46I+oB7epuKNeGySyXLvw+75dcsrOBPQvcXNSIjmufPvTa8c8DSFCLpnWTddJsJUxhYJLGBW9VEPC+IB1oWloxELQrWzyyIjuGaVNO7EyFSGdqD8nMhZqPQwD0xky7Olpbyz+5zVT7Jy1MhEl KULEvxd1UkkxpuNUaFso4CiHhjCuhLmV8h5TjKPJ7teWQLEB4Mjk4k6n8JfUDsvuSfn4+qhUOckTKpBtskv2iUtOSYVckitSJZzck0fyRJ6tB+vFerXevltnrHxmi/yC9f4FXWKhog==</latexit>

ei,j ! ! i,j Ej

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs=">AAACmniclVHbSiNBEO0Z3fWy7hr1UR8aw4LsQ5jZ9fYiiCIo+qBgRiGTDTU9NUmTnovdNUoI+RX/yw/wP+wk86BxX7agqdOn6lDFqahQ0pDnvTju3PyXrwuLS8vfVr7/WK2trQcmL7XApshVru8j MKhkhk2SpPC+0AhppPAu6p+O63ePqI3Ms1saFNhOoZvJRAogS3Vqz2EPiAd/wxi6nE8+59MUHE3zGQ8fSoh5eIUJadntEWidP1XsjIZXouB/pDMa/m6lTq3uNbxJ8M/Ar0CdVXHdqb2GcS7KFDMSCoxp+V5B7SFokkLhaDksDRYg+tDFloUZpGjaw4mPI/7TMjFPcm1f RnzCvlcMITVmkEa2MwXqmdnamPxXrVVSctgeyqwoCTMxHZSUilPOx0fhsdQoSA0sAKGl3ZWLHmgQZE/3YUqkoY80sr74sy58BsHvhr/f2LvZrR/vVw4tsk22zXaYzw7YMTtn16zJhDPv/HL+OLvulnviXriX01bXqTQb7EO4t28idcZs</latexit>

öV   öH öV = öE ! öH öV = öV öE ! öH = öV öE öV  

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlC zgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQ Kpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>=

<latexit sha1_base64="98zLZoExWxdjmLLPA6cXbb+zeGs=">AAACIXicbZDLSsNAFIYn9VbrLerSzWApuCqJaHUjFETosoK9QBPCZDppp51cmDkRSugT+Bg+gVt9AnfiTlz7Hk4vC9v6w8DPf87hnPn8RHAFlvVl5NbWNza38tuFnd29/QPz8Kip4lRS1qCxiGXb J4oJHrEGcBCsnUhGQl+wlj+8ndRbj0wqHkcPMEqYG5JexANOCejIM0tOnwCuYWfIIHOSPvcGY3yD77zB38Qzi1bZmgqvGntuimiuumf+ON2YpiGLgAqiVMe2EnAzIoFTwcYFJ1UsIXRIeqyjbURCptxs+p0xLumki4NY6hcBnqZ/JzISKjUKfd0ZEuir5dok/K/WSSG4 djMeJSmwiM4WBanAEOMJG9zlklEQI20IlVzfimmfSEJBE1zY4kui8Uy42MsUVk3zvGxXypf3F8VqZU4oj07QKTpDNrpCVVRDddRAFD2hF/SK3oxn4934MD5nrTljPnOMFmR8/wILxaQb</latexit>

öH |! j ! = Ej |! j !

<latexit sha1_base64="ami4EiimU1x+bNqEbtodbhu1C+A=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0HwIGFXNHoMePEYwTwgWZfZSSeZZPbhzGwgLHvyM/wCr/oF3sSrJz/A/3A2ycEkFjQUVd10d3kRZ1JZ1rextLyyurae28hvbm3v7Jp7+zUZxoJClYY8FA2P SOAsgKpiikMjEkB8j0PdG9xkfn0IQrIwuFejCByfdAPWYZQoLbnmUSvqMTdh6UPS7DspbsFjzIZ4qKWzfuqaBatojYEXiT0lBTRFxTV/Wu2Qxj4EinIiZdO2IuUkRChGOaT5ViwhInRAutDUNCA+SCcZv5HiE620cScUugKFx+rfiYT4Uo58T3f6RPXkvJeJ/3nNWHWu nYQFUawgoJNFnZhjFeIsE9xmAqjiI00IFUzfimmPCEKVTm5miyfIAFSWiz2fwiKpnRftUvHy7qJQLk0TyqFDdIxOkY2uUBndogqqIoqe0At6RW/Gs/FufBifk9YlYzpzgGZgfP0CARGhig==</latexit>

! [j ]
i ! vi,j

<latexit sha1_base64="vtBvaQ4uvnmds7NuTaJ0OFvPpec=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARXGhJRKsboSCCywr2Ak0Mk+mknWZyYWYilJCn8DF8Arf6BO7UrfgeTtoKtvWHgZ/vnMM587sxo0IaxodWWFhcWl4prpbW1jc2t/TtnaaIEo5JA0cs4m0X CcJoSBqSSkbaMScocBlpuf5VXm89EC5oFN7JYUzsAPVC6lGMpEKOfmyJJHB82HdSeuRnVtyn92lnYGeKXcJrZwBz5PxCvWxUjJHgvDEnpgwmqjv6t9WNcBKQUGKGhOiYRiztFHFJMSNZyUoEiRH2UY90lA1RQISdjr6VwQNFutCLuHqhhCP6dyJFgRDDwFWdAZJ9MVvL 4X+1TiK9CzulYZxIEuLxIi9hUEYwzwh2KSdYsqEyCHOqboW4jzjCUiU5tcXlyCcyz8WcTWHeNE8qZrVydntarlUnCRXBHtgHh8AE56AGbkAdNAAGj+AZvIBX7Ul70961z3FrQZvM7IIpaV8/qi+nhA==</latexit>!

k

hi,k ! [j ]
k = Ej ! [j ]

i

<latexit sha1_base64="ami4EiimU1x+bNqEbtodbhu1C+A=">AAACGXicbVDLSgNBEJz1GeNr1aMIg0HwIGFXNHoMePEYwTwgWZfZSSeZZPbhzGwgLHvyM/wCr/oF3sSrJz/A/3A2ycEkFjQUVd10d3kRZ1JZ1rextLyyurae28hvbm3v7Jp7+zUZxoJClYY8FA2P SOAsgKpiikMjEkB8j0PdG9xkfn0IQrIwuFejCByfdAPWYZQoLbnmUSvqMTdh6UPS7DspbsFjzIZ4qKWzfuqaBatojYEXiT0lBTRFxTV/Wu2Qxj4EinIiZdO2IuUkRChGOaT5ViwhInRAutDUNCA+SCcZv5HiE620cScUugKFx+rfiYT4Uo58T3f6RPXkvJeJ/3nNWHWu nYQFUawgoJNFnZhjFeIsE9xmAqjiI00IFUzfimmPCEKVTm5miyfIAFSWiz2fwiKpnRftUvHy7qJQLk0TyqFDdIxOkY2uUBndogqqIoqe0At6RW/Gs/FufBifk9YlYzpzgGZgfP0CARGhig==</latexit>

! [j ]
i ! vi,j

The columns of V are the “eigenkets”
<latexit sha1_base64="QG3RGEeR2DIYuY4vpL6Ib6wUuYA=">AAACG3icbZDLSgMxFIYz9VbrrerShcEiVJAyI1pdFty4rGAv0BmGTHraps1cTDKFMszSx/AJ3OoTuBO3LnwA38P0srCtPwR+/nMO5+TzIs6kMs1vI7Oyura+kd3MbW3v7O7l9w/qMowFhRoNeSia HpHAWQA1xRSHZiSA+B6Hhje4HdcbQxCShcGDGkXg+KQbsA6jROnIzR8X7QGoxI56zO2nZy7DNjzGbIiHbsLO+6mbL5glcyK8bKyZKaCZqm7+x26HNPYhUJQTKVuWGSknIUIxyiHN2bGEiNAB6UJL24D4IJ1k8pEUn+qkjTuh0C9QeJL+nUiIL+XI93SnT1RPLtbG4X+1 Vqw6N07CgihWENDpok7MsQrxmApuMwFU8ZE2hAqmb8W0RwShSrOb2+IJooGNuViLFJZN/aJklUtX95eFSnlGKIuO0AkqIgtdowq6Q1VUQxQ9oRf0it6MZ+Pd+DA+p60ZYzZziOZkfP0CwAeh4A==</latexit>

(|! j ! )i " vi,j

… the rows are the “eigenbras” (complex conjugated eigenvectors), which follows from
<latexit sha1_base64="lQ+xmRnDR5ktlmA+9VyT4hPq+JM=">AAACI3icbZDJSgNBEIZ74hbjFvXopTGInsKMaPQiBETIMYJZIBNDTaeTNOlZ6K4RwpBH8DF8Aq/6BN7EiwePvoed5ZDFgoaP/6+iqn8vkkKjbX9bqZXVtfWN9GZma3tndy+7f1DVYawYr7BQhqru geZSBLyCAiWvR4qD70le8/q3I7/2xJUWYfCAg4g3fegGoiMYoJFa2VO3B0irj24bunTMJXozgTs647WyOTtvj4sugzOFHJlWuZX9ddshi30eIJOgdcOxI2wmoFAwyYcZN9Y8AtaHLm8YDMDnupmMPzSkJ0Zp006ozAuQjtXZiQR8rQe+Zzp9wJ5e9Ebif14jxs51MxFB FCMP2GRRJ5YUQzpKh7aF4gzlwAAwJcytlPVAAUOT4dwWT0Gf49Dk4iymsAzV87xTyF/eX+SKhWlCaXJEjskZccgVKZISKZMKYeSZvJI38m69WB/Wp/U1aU1Z05lDMlfWzx/AoqMt</latexit>

öV   öH = öE öV  

… has real eigenvalues

s.t.

<latexit sha1_base64="AvGSFWVLa08vC44xL2vsxMQ4Y4s=">AAACQ3icbZDLSgMxFIYzXmu9VV26CRbBVZkRqW6EghuXFewF2lpOMmkbmrmQnBHK0Bfxady40DfwGdyJCzeCmbaCrR4IfPz/OZyTn8VKGnTdV2dpeWV1bT23kd/c2t7ZLezt102UaC5qPFKRbjIw QslQ1FCiEs1YCwiYEg02vMr8xr3QRkbhLY5i0QmgH8qe5IBW6hbO2gNAWr9r+9CnU6aXP/Dbs2IAOGAs9cbdQtEtuZOif8GbQZHMqtotfLb9iCeBCJErMKbluTF2UtAouRLjfDsxIgY+hL5oWQwhEKaTTn43psdW8Wkv0vaFSCfq74kUAmNGAbOd2YVm0cvE/7xWgr2L TirDOEER8umiXqIoRjSLivpSC45qZAG4lvZWygeggaMNdG4L0zAUOJ7XWKT8LCpvMZi/UD8teeVS+easWCnPQsuRQ3JETohHzkmFXJMqqRFOHsgjeSYvzpPz5rw7H9PWJWc2c0Dmyvn6BtM8sCs=</latexit>

öV   öV = öV öV   = 1



Exact Diagonalization

A diagonalization gives us a full spectral decomposition:
<latexit sha1_base64="VE+Hycyl8MnKrtG+nA5Fv2IR6ko=">AAACKHicbZDLSsNAFIYnXmu9RV26GSyCCymJaHUjFETosoK9QBPCZDpph0wuzJwIJfQlfAyfwK0+gTvpVvA9nF4E2/rDgZ//nMOZ+fxUcAWWNTJWVtfWNzYLW8Xtnd29ffPgsKmSTFLWoIlIZNsn igkeswZwEKydSkYiX7CWH96N+60nJhVP4kcYpMyNSC/mAacEdOSZ506fAK7hW+yoLPJCfK/LCRnkTtrnXjh0fEl+vWeWrLI1EV429syU0Ex1z/x2ugnNIhYDFUSpjm2l4OZEAqeCDYtOplhKaEh6rKNtTCKm3HzyqyE+1UkXB4nUFQOepH83chIpNYh8PRkR6KvF3jj8 r9fJILhxcx6nGbCYTg8FmcCQ4DEi3OWSURADbQiVXL8V0z6RhIIGOXdFs9GoxlzsRQrLpnlRtivlq4fLUrUyI1RAx+gEnSEbXaMqqqE6aiCKntErekPvxovxYXwao+noijHbOUJzMr5+AHs7pvA=</latexit>

öH =
!

k

Ek |! k ! " ! k |

With this we can solve Schrödinger equation time-evolution

<latexit sha1_base64="FSY8dir+vXLwWM9JvID9UCOx1yk=">AAACMHicbZDNSgMxFIUz/tb6N+rSTbAIbiwzoq0boeCmywrWCp1SMplMG0wyQ3JHKOM8ii/hK7jVva5Elz6Fae3CqhcCh3Pu5d58YSq4Ac97debmFxaXlksr5dW19Y1Nd2v7yiSZpqxNE5Ho65AY JrhibeAg2HWqGZGhYJ3w5nycd26ZNjxRlzBKWU+SgeIxpwSs1XfrQawJzaMij6C4C1LDA03UQDB8hg/zQEvMCxwMCeAm/hn33YpX9SaF/wp/KipoWq2++xFECc0kU0AFMabreyn0cqKBU8GKcpAZlhJ6Qwasa6UikplePvlggfetE+E40fYpwBP350ROpDEjGdpOSWBo fmdj87+sm0F82su5SjNgin4vijOBIcFjWjjimlEQIysI1dzeiumQWGJgmc5sCWVRtlD83wj+iqujql+rnlwcVxq1KZ4S2kV76AD5qI4aqIlaqI0oukeP6Ak9Ow/Oi/PmvH+3zjnTmR00U87nF6gKqjI=</latexit>

d
dt

|! ! = " i öH |! !
<latexit sha1_base64="ZQyF3ww+dqQ2jGUgu67E2uZ0GEo=">AAACN3icbVDLSgNBEJyNr/he9ehlMAjxYNgVjYIEBC8eIxgTyMYwO+mYIbMPZnqFsOzH+Bl+gVc9evKkePUPnDwO0VgwUFRV0z3lx1JodJw3Kzc3v7C4lF9eWV1b39i0t7ZvdZQoDjUeyUg1fKZB ihBqKFBCI1bAAl9C3e9fDv36AygtovAGBzG0AnYfiq7gDI3Uts+9PmDqxVoU8SCjFZp6KqCQ3aWHIyYyitTrMaRXNJvKVpyDrG0XnJIzAp0l7oQUyATVtv3hdSKeBBAil0zrpuvE2EqZQsElZCteoiFmvM/uoWloyALQrXT0yYzuG6VDu5EyL0Q6UqcnUhZoPQh8kwwY 9vRfbyj+5zUT7J61UhHGCULIx4u6iaQY0WFjtCMUcJQDQxhXwtxKeY8pxtH0+muLr5hpaNiL+7eFWXJ7VHLLpZPr48JFedJQnuySPVIkLjklF+SKVEmNcPJInskLebWerHfr0/oaR3PWZGaH/IL1/QMCe6wP</latexit>

|! (t)! = e! i t öH |! (t = 0) !

Time-evolution operator
(matrix exponential)

Diagonalization allows to compute the matrix exponential, and to compute exact evolution (no time-stepping needed)

<latexit sha1_base64="n9lQw5wcnY2sfYlYYU5uH8CF7kw=">AAACMnicbVDLSgMxFM34tr6qLt0Ei+BCyoxIdSMU3LhUsA/olCGT3towmQfJHaGM8wV+jeBKv0R34ta1a9NpF7b1QMjJOfdyb46fSKHRtt+thcWl5ZXVtfXSxubW9k55d6+p41RxaPBYxqrtMw1S RNBAgRLaiQIW+hJafnA18lsPoLSIozscJtAN2X0k+oIzNJJXPnJ9xQLAzE0Gwgsei0vm9JK6PZDIvCw4kblXrthVuwCdJ86EVMgEN175x+3FPA0hQi6Z1h3HTrCbMYWCS8hLbqohYTxg99AxNGIh6G5WfCenR0bp0X6szImQFurfjoyFWg9D31SGDAd61huJ/3mdFPsX 3UxESYoQ8fGgfiopxnSUDe0JBRzl0BDGlTC7Uj5ginE0CU5N8cN8+l2EmJdMUM5sLPOkeVp1atXa7VmlXptEtkYOyCE5Jg45J3VyTW5Ig3DyRJ7JK3mzXqwP69P6GpcuWJOefTIF6/sXYwOrfw==</latexit>

! ! k |! l " = "k,l

<latexit sha1_base64="K0UtEGMOio8HhMxzRtwZE8lQo00=">AAACLnicbZC7SgNBFIZn4y3GW9TSwsEgWIVdkWgjBGwsI5gLZGM4MztJhsxemDkrhCWlT2Njoa8iWIitj2DpbpLCJP4w8PGfczhnfhYpadC2P6zcyura+kZ+s7C1vbO7V9w/aJgw1lzUeahC3WJg hJKBqKNEJVqRFuAzJZpseJPVm49CGxkG9ziKRMeHfiB7kgOmVrd47A4AaePB9aBPp0yvqesDDhhLnHG3WLLL9kR0GZwZlMhMtW7xx/VCHvsiQK7AmLZjR9hJQKPkSowLbmxEBHwIfdFOMQBfmE4y+ciYnqaOR3uhTl+AdOL+nUjAN2bks7Qzu9As1jLzv1o7xt5VJ5FB FKMI+HRRL1YUQ5qlQj2pBUc1SgG4lumtlA9AA8c0u7ktTMNQ4HjeY6HysqicxWCWoXFedirlyt1FqVqZhZYnR+SEnBGHXJIquSU1UiecPJFn8krerBfr3fq0vqatOWs2c0jmZH3/AqPaqLg=</latexit>

öV   öV = 1
<latexit sha1_base64="PnwYWMfQ2B7+CQlu+LjpCfldg68=">AAACHnicbVDLSsNAFJ34rPXRqEs3wSK4KolIdVlw48JFBfuANpTJ5KYdOsmEmRulhH6JGxf6K+7Erf6JS6ePhW09cOFwzr2cywlSwTW67re1tr6xubVd2Cnu7u0flOzDo6aWmWLQYFJI1Q6oBsET aCBHAe1UAY0DAa1geDPxW4+gNJfJA45S8GPaT3jEGUUj9exS9w4iVLw/QKqUfOrZZbfiTuGsEm9OymSOes/+6YaSZTEkyATVuuO5Kfo5VciZgHGxm2lIKRvSPnQMTWgM2s+nj4+dM6OETiSVmQSdqfr3Iqex1qM4MJsxxYFe9ibif14nw+jaz3mSZggJmwVFmXBQOpMW nJArYChGhlCmuPnVYQOqKEPT1UJKoOgQcLyoBVKEY1OVt1zMKmleVLxqpXp/Wa5V56UVyAk5JefEI1ekRm5JnTQIIxl5Jq/kzXqx3q0P63O2umbNb47JAqyvX4xuo7Q=</latexit>!

<latexit sha1_base64="zI1q/3KCUr0NoJIH8KGfH12ElDI=">AAACNXicdZBNS8MwGMfT+TbnW9Wjl+AQ5mW0IlMPwsCLxwnuBdZa0izdwtK0JKkwyj6LH8NP4FXPHrypV7+C6VbBbfpA4J///3l4kp8fMyqVZb0ahaXlldW14nppY3Nre8fc3WvJKBGYNHHEItHx kSSMctJUVDHSiQVBoc9I2x9eZXn7nghJI36rRjFxQ9TnNKAYKW155kXFGRKVOvGAesMxdHyBfi7Hdxxewn9jzyxbVWtScFHYuSiDvBqe+eH0IpyEhCvMkJRd24qVmyKhKGZkXHISSWKEh6hPulpyFBLpppMvjuGRdnowiIQ+XMGJ+3siRaGUo9DXnSFSAzmfZeZfWTdR wbmbUh4ninA8XRQkDKoIZrxgjwqCFRtpgbCg+q0QD5BAWGmqM1s0G80q42LPU1gUrZOqXavWbk7L9VpOqAgOwCGoABucgTq4Bg3QBBg8gCfwDF6MR+PNeDc+p60FI5/ZBzNlfH0DN2Ss9A==</latexit>

(|! k ! " ! k |)n = |! k ! " ! k |

<latexit sha1_base64="CMIvb0Wzq1GkBsQrCgUfY8zcGv4=">AAACUnicbVLLSgMxFE3ru76qLt0Ei6ALy4xIdVMQRHBZwVahU4dMemvDJDNDckco4/yZn+HGreBKv8CVaTvg80Lg3HPuIzkkSKQw6DjPpfLM7Nz8wuJSZXlldW29urHZMXGqObR5LGN9EzADUkTQ RoESbhINTAUSroPwbKxf34M2Io6ucJRAT7G7SAwEZ2gpv9rxQsDMS4zYw/2cNj2TKj+kmacVhfw2O5ggkSM9t3ROi/Kh8EObBJp95Q90Oqbp7Od+tebUnUnQv8AtQI0U0fKrr14/5qmCCLlkxnRdJ8FexjQKLiGveKmBhPGQ3UHXwogpML1s8v6c7lqmTwextidCOmG/ d2RMGTNSga1UDIfmtzYm/9O6KQ5OepmIkhQh4tNFg1RSjOnYTNoXGjjKkQWMa2HvSvmQacbRWv5jy9SpsS/ubxf+gs5h3W3UG5dHtdNG4dAi2SY7ZI+45JickgvSIm3CySN5IW/kvfRU+ijbXzItLZeKni3yI8orn+T7tQE=</latexit>

|! (t)! =
!

k

e! i tE k |" k ! " " k |! (t = 0) !

<latexit sha1_base64="5nXQNOr74Npc3CQmNeQp/nxRQ8s=">AAACznichVFda9swFJW9ry77yrbHvWgLg+5hwS4j60ugMAZ9zGBpC3FiZEWOhSXZSNeFIMRe9/v2th+w/zHZdUvTDHbhwuHccz84N6sFNxBFv4Pw3v0HDx8dPB48efrs+Yvhy1dnpmo0ZXNaiUpf ZMQwwRWbAwfBLmrNiMwEO8/KL239/JJpwyv1HbY1W0qyUTznlICn0uEvm2iJmVvZjx3iDicFAXyKweEpxolpZGrVNPJ8rgm1hzc66JUfVspZ9dbhwfQ/8rZY4q8+k5KBTeqCp6VLMk2u8c2s6bV67z7oBridEfj2jHQ4isZRF3gfxD0YoT5m6fBPsq5oI5kCKogxiziq YWmJBk4Fc4OkMawmtCQbtvBQEcnM0nbeO/zeM2ucV9qnAtyxtzsskcZsZeaVkkBh7tZa8l+1RQP58dJyVTfAFL1alDcCQ4XbR+I114yC2HpAqOb+VkwL4j0H/+6dLd4b71XrS3zXhX1wdjSOJ+PJt0+jk0nv0AF6g96hQxSjz+gEnaIZmiMaHAerYBMU4Sy8DF3440oa Bn3Pa7QT4c+/7tPfMg==</latexit>

e! i öHt =
!

n =0

(! it öH )n

n!
=

!

n =0

(! it
"

k Ek |! k " #! k |)n

n!
=

!

k

e! i tE k |! k " #! k |

Summary: Hamiltonian is Hermitian:

There exists a 
unitary matrix:

<latexit sha1_base64="GmqRFrmcntH5JoObPnmKaYuympU=">AAACEHicbVBLSgNBEO2Jvxh/42fnpjEIrsKMaHQjBNxkGcF8IImhptOTNOn50F0jxJBLeAK3egJ34tYbeADvYSeZhUl8UPDqvSqqeF4shUbH+bYyK6tr6xvZzdzW9s7unr1/UNNRohivskhGquGB 5lKEvIoCJW/EikPgSV73BrcTv/7IlRZReI/DmLcD6IXCFwzQSB37qNUHpOWHVhd69IbOuo6ddwrOFHSZuCnJkxSVjv3T6kYsCXiITILWTdeJsT0ChYJJPs61Es1jYAPo8aahIQRct0fT78f01Chd6kfKVIh0qv7dGEGg9TDwzGQA2NeL3kT8z2sm6F+3RyKME+Qhmx3y E0kxopMoaFcozlAODQGmhPmVsj4oYGgCm7viKRhwHJtc3MUUlkntvOAWC5d3F/lSMU0oS47JCTkjLrkiJVImFVIljDyRF/JK3qxn6936sD5noxkr3Tkkc7C+fgFYBJwu</latexit>

öH   = öH
<latexit sha1_base64="jddwmx3edgOtY9Eqqrco5bQS9eM=">AAACA3icbVDLTgIxFO3gC/GFunTTSExckRmj6JJEFi4xkYeBCemUDjS0nUl7x4RMWPoFbvUL3Bm3fogf4H9YYBYCnqTJyTn35tyeIBbcgOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiKWvQSES6HRDD BFesARwEa8eaERkI1gpGt1O/9cS04ZF6gHHMfEkGioecErDSY60LXDKDa71iyS27M+BV4mWkhDLUe8Wfbj+iiWQKqCDGdDw3Bj8lGjgVbFLoJobFhI7IgHUsVcTG+Ons4Ak+s0ofh5G2TwGeqX83UiKNGcvATkoCQ7PsTcX/vE4C4Y2fchUnwBSdB4WJwBDh6e9xn2tG QYwtIVRzeyumQ6IJBdvRQkqgyYjBxPbiLbewSpoXZa9Svrq/LFUrWUN5dIJO0Tny0DWqojtURw1EkUQv6BW9Oc/Ou/PhfM5Hc062c4wW4Hz9AunrmFA=</latexit>

D ! D matrix

<latexit sha1_base64="c20OdoyJt0v7o7mu//SHrkfz7ZE=">AAACKnicbVDLSgNBEJyNr/iOesxlMAheDLui0YsQ8OIxgnlANobe2UkyZPbBTK8Qlj34NV486K94C179CI9ukhVMYkFDTVU3PV1OKIVG0xwbuZXVtfWN/ObW9s7u3n7h4LChg0gxXmeBDFTLAc2l 8HkdBUreChUHz5G86QxvJ37ziSstAv8BRyHveND3RU8wwFTqFor2AJA2HmPbhX5Cb+jv+8xKuoWSWTanoMvEykiJZKh1C9+2G7DI4z4yCVq3LTPETgwKBZM82bIjzUNgQ+jzdkp98LjuxNMjEnqSKi7tBSotH+lU/TsRg6f1yHPSTg9woBe9ifif146wd92JhR9GyH02 W9SLJMWAThKhrlCcoRylBJgS6V8pG4AChmluc1scBUOOybzmBNKdRGUtBrNMGudlq1K+vL8oVStZaHlSJMfklFjkilTJHamROmHkmbyQN/JuvBofxtj4nLXmjGzmiMzB+PoBlkmnKA==</latexit>

öV   = öV ! 1

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs=">AAACmniclVHbSiNBEO0Z3fWy7hr1UR8aw4LsQ5jZ9fYiiCIo+qBgRiGTDTU9NUmTnovdNUoI+RX/yw/wP+wk86BxX7agqdOn6lDFqahQ0pDnvTju3PyXrwuLS8vfVr7/WK2trQcmL7XApshVru8j MKhkhk2SpPC+0AhppPAu6p+O63ePqI3Ms1saFNhOoZvJRAogS3Vqz2EPiAd/wxi6nE8+59MUHE3zGQ8fSoh5eIUJadntEWidP1XsjIZXouB/pDMa/m6lTq3uNbxJ8M/Ar0CdVXHdqb2GcS7KFDMSCoxp+V5B7SFokkLhaDksDRYg+tDFloUZpGjaw4mPI/7TMjFPcm1f RnzCvlcMITVmkEa2MwXqmdnamPxXrVVSctgeyqwoCTMxHZSUilPOx0fhsdQoSA0sAKGl3ZWLHmgQZE/3YUqkoY80sr74sy58BsHvhr/f2LvZrR/vVw4tsk22zXaYzw7YMTtn16zJhDPv/HL+OLvulnviXriX01bXqTQb7EO4t28idcZs</latexit>

öV   öH öV = öE ! öH öV = öV öE ! öH = öV öE öV  

… has real eigenvalues

s.t.

<latexit sha1_base64="AvGSFWVLa08vC44xL2vsxMQ4Y4s=">AAACQ3icbZDLSgMxFIYzXmu9VV26CRbBVZkRqW6EghuXFewF2lpOMmkbmrmQnBHK0Bfxady40DfwGdyJCzeCmbaCrR4IfPz/OZyTn8VKGnTdV2dpeWV1bT23kd/c2t7ZLezt102UaC5qPFKRbjIw QslQ1FCiEs1YCwiYEg02vMr8xr3QRkbhLY5i0QmgH8qe5IBW6hbO2gNAWr9r+9CnU6aXP/Dbs2IAOGAs9cbdQtEtuZOif8GbQZHMqtotfLb9iCeBCJErMKbluTF2UtAouRLjfDsxIgY+hL5oWQwhEKaTTn43psdW8Wkv0vaFSCfq74kUAmNGAbOd2YVm0cvE/7xWgr2L TirDOEER8umiXqIoRjSLivpSC45qZAG4lvZWygeggaMNdG4L0zAUOJ7XWKT8LCpvMZi/UD8teeVS+easWCnPQsuRQ3JETohHzkmFXJMqqRFOHsgjeSYvzpPz5rw7H9PWJWc2c0Dmyvn6BtM8sCs=</latexit>

öV   öV = öV öV   = 1

Exact simulations of quantum mechanics often loosely described as: Exact Diagonalization (ED)



Exact Diagonalization 

Create random Hamiltonian

Compute V and E

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs=">AAACmniclVHbSiNBEO0Z3fWy7hr1UR8aw4LsQ5jZ9fYiiCIo+qBgRiGTDTU9NUmTnovdNUoI+RX/yw/wP+wk86BxX7agqdOn6lDFqahQ0pDnvTju3PyXrwuLS8vfVr7/WK2trQcmL7XApshVru8j MKhkhk2SpPC+0AhppPAu6p+O63ePqI3Ms1saFNhOoZvJRAogS3Vqz2EPiAd/wxi6nE8+59MUHE3zGQ8fSoh5eIUJadntEWidP1XsjIZXouB/pDMa/m6lTq3uNbxJ8M/Ar0CdVXHdqb2GcS7KFDMSCoxp+V5B7SFokkLhaDksDRYg+tDFloUZpGjaw4mPI/7TMjFPcm1f RnzCvlcMITVmkEa2MwXqmdnamPxXrVVSctgeyqwoCTMxHZSUilPOx0fhsdQoSA0sAKGl3ZWLHmgQZE/3YUqkoY80sr74sy58BsHvhr/f2LvZrR/vVw4tsk22zXaYzw7YMTtn16zJhDPv/HL+OLvulnviXriX01bXqTQb7EO4t28idcZs</latexit>

öV   öH öV = öE ! öH öV = öV öE ! öH = öV öE öV  

Check equations:

E comes out as vector

Precision of diagonalization algorithm (not quite double, but enough)

Time evolution with matrix exponential

Also possible, build matrix exponential directly with built-in routines:

Warning: Make sure exp is not element-wise exponential!

<latexit sha1_base64="g/jBng27p/L/Of2JEmsB33HOYgo=">AAACTHicbZDLSgMxFIYz9V5vVZdugkXQhWVGvG0EQQSXFawtdGrJpKcamswMyRmhjPNaPoZ7wa0+gTsRTKezsOqBwJf/3JI/iKUw6LovTmlqemZ2bn6hvLi0vLJaWVu/MVGiOTR4JCPdCpgBKUJo oEAJrVgDU4GEZjA4H+WbD6CNiMJrHMbQUewuFH3BGVqpW6n7A8DUj43Ywd2MnvomUd0BTX2tKGS36V5OIkN6YeWM5uUWLQWaFZdHOh5w6u5m3UrVrbl50L/gFVAlRdS7lTe/F/FEQYhcMmPanhtjJ2UaBZeQlf3EQMz4gN1B22LIFJhOmv88o9tW6dF+pO0Jkebqz46U KWOGKrCViuG9+Z0bif/l2gn2TzqpCOMEIeTjRf1EUozoyEbaExo4yqEFxrWwb6X8nmnG0Zo9sWVs08gX77cLf+Fmv+Yd1Q6vDqpnR4VD82STbJEd4pFjckYuSZ00CCdP5JW8kXfn2flwPp2vcWnJKXo2yESUZr8BP3q0Eg==</latexit>

|! (t)! =
!

k

e! i tE k |Ek ! " Ek |! (t = 0) !



Plan for today

010000000001011000000000000000000000000000000000000000000 0 0 0 0 0 0 0 0

Tutorial: ED on a simple spin-model

Part 1: Brief summary about numbers in digital memory and the linear algebra of quantum mechanics

Part  2: Exact diagonalization

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlC zgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQ Kpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>=



Tutorial: Motivation — Analog spin-model quantum simulation

Long-range transverse Ising model

<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

Experiments implementing long-range spin-models effectively (e.g. with trapped ions)

P. Richerme, et al. Nature 511, 198 (2014) 
JQI Maryland

P. Jurcevic, et al. Nature 511, 202 (2014) 
Innsbruck

Long-range XY model

<latexit sha1_base64="fCCaiH8THu65zewDjxmLi2GxYp0=">AAAC5nicjVJNb9NAEF2bAqV8NNAjl1UjpKLQyK6g7YFKlbhUnFKpaYPiYK0343ibXdvaHVdYlgW/gBviyt/iB3Dpr+gmzaGJe2Ck1Ty9ebNvNbNRLoVBz/vruA/WHj56vP5k4+mz5y82Wy9fnZus 0Bz6PJOZHkTMgBQp9FGghEGugalIwkU0/TSrX1yBNiJLz7DMYaTYJBWx4AwtFbaug4QhPQmrQCs6+FLTIxqYQoWV+HhZ0882v7M5kBDjzlwaGDFR7Gv1rQ4FXWUuaWeZKxuqcqYKtJgk+Naa7f2fW6dxz+49brsNVeeOW9hqe11vHrQJ/AVok0X0wta/YJzxQkGKXDJj hr6X46hiGgWXUG8EhYGc8SmbwNDClCkwo2q+k5q+scyYxpm2J0U6Z+92VEwZU6rIKhXDxKzWZuR9tWGB8eGoEmleIKT81iguJMWMzhZMx0IDR1lawLgW9q2UJ0wzjvYbLLlEmk0BazsXf3UKTXC+1/X3ux9O37eP9xcTWievyTbZIT45IMfkhPRIn3Cn51w5350fbuL+ dH+5v2+lrrPo2SJL4f65ATdd6Zw=</latexit>

öHXY =
!

i<j

Ji,j
"
ö! x

i ö! x
j + ö! y

i ö! y
j

#
= 2

!

i<j

Ji,j
"
ö! +

i ö! !
j + ö! !

i ö! +
j

#

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXgg ag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4 X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i ! j |!

<latexit sha1_base64="2X1kn9Fxpjnizg0925hy25YL2Ws=">AAACH3icbVBLSgNBFOzx/zfq0k1jEOImzIi/peDGpYKJQiaGN52XpElPz9D9RoghB/AYnsCtnsCduM0BvIedz8IkFjQUVfV4rytKlbTk+31vbn5hcWl5ZXVtfWNzazu3s1u2SWYElkSiEvMQgUUl NZZIksKH1CDEkcL7qH018O+f0FiZ6DvqpFiNoallQwogJ9Vy+VCBbirkYQuIh1Y2Y6jJx2cempFeoCOX8ov+EHyWBGOSZ2Pc1HI/YT0RWYyahAJrK4GfUrULhqRQ2FsLM4spiDY0seKohhhttTv8TI8fOqXOG4lxTxMfqn8nuhBb24kjl4yBWnbaG4j/eZWMGhfVrtRp RqjFaFEjU5wSPmiG16VBQarjCAgj3a1ctMCAINffxJbIQBup53oJpluYJeXjYnBWPL09yV+ejRtaYfvsgBVYwM7ZJbtmN6zEBHthb+ydfXiv3qf35X2PonPeeGaPTcDr/wLyY6Lu</latexit>

! ö! z
i "(t)

<latexit sha1_base64="pZ6eUWxVorojdt0XAI0U7lAw9cI=">AAACVnicbZDLSgMxFIbT0dpab6Mu3QSLUDdlRrS6KRTcuKxgL9KWkknTGprJDMkZSxnm2XwNfQBd6huIaTuLXjwQ+PjOOZzwe6HgGhznI2NtbWd3cvndwt7+weGRfXzS1EGkKGvQQASq7RHNBJes ARwEa4eKEd8TrOWN72f91itTmgfyCaYh6/lkJPmQUwJG9e3n7phB3A01L0HVuUxwFS/MIJhIolQwwdgwaLxkulGYwpJbG0r6dtEpO/PCm+CmUERp1fv2l9mmkc8kUEG07rhOCL2YKOBUsKTQjTQLCR2TEesYlMRnuhfPI0jwhTEDPAyUeRLw3C5vxMTXeup7ZtIn8KLX ezP5X68TwfCuF3MZRsAkXRwaRgJDgGd54gFXjIKYGiBUcfNXTF+IIhRM6itXPEVMsknBBOOux7AJzauyWynfPF4Xa5U0ojw6Q+eohFx0i2roAdVRA1H0hj7RN/rJvGd+rayVW4xamXTnFK2UZf8BKHm3iQ==</latexit>

|! (t = 0) ! = |" . . . "#" . . . "!

<latexit sha1_base64="qx9XYrU+JbdncjAYkKD8PMdpIh0=">AAACdXicdVFNa9tAEF0pSZO4Seq0xxBY6jb00LpSyNelYPClxxTqJGA5YrQe22uvVmJ3FOoI/9Beeuxf6LVrW4Q6SQcW3rz3hhneJrmSloLgp+evrW+82Nzarr3c2d17Vd9/fWWzwgjsiExl5iYB i0pq7JAkhTe5QUgThdfJpD3Xr+/QWJnp7zTNsZfCUMuBFECOius/2nEpP45n/AuPFOihQh6NgHhk5TCFWN7er/TjeW+Wvk//m6gMz6njBzWuN4JmsCj+FIQVaLCqLuP676ifiSJFTUKBtd0wyKlXgiEpFM5qUWExBzGBIXYd1JCi7ZWLhGb8vWP6fJAZ9zTxBfvvRAmp tdM0cc4UaGQfa3PyOa1b0OCiV0qdF4RaLBcNCsUp4/O4eV8aFKSmDoAw0t3KxQgMCHKfsrIlMTBBmtVcMOHjGJ6Cq+NmeNY8/XbSaJ1VEW2xA/aWfWAhO2ct9pVdsg4T7Je37u16e94f/9B/5x8trb5XzbxhK+V//gupUr7x</latexit>

Ci,j = ! ö! z
i ö! z

j " # ! ö! z
i "! ö! z

j "

<latexit sha1_base64="OcukhQnfZ3oYnzEpuN1c2r+uErY=">AAACO3icbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVjTaRgI1lBPOAJITZySQZMju7zNw1hGX/xt/wB2y1sRYsxNbeyaPIwwMDh3Pu4d45Xii4Bsf5sFJr6xubW+ntzM7u3v6BfXhU1UGkKKvQQASq7hHN BJesAhwEq4eKEd8TrOYN7sZ+7YkpzQP5CKOQtXzSk7zLKQEjte3b5oBB3Aw1z0HROU9wEU+VTjCURKlgiBcp6DkhadtZJ+9MgFeJOyNZNEO5bX+ZNI18JoEKonXDdUJoxUQBp4IlmWakWUjogPRYw1BJfKZb8eSfCT4zSgd3A2WeBDxR5xMx8bUe+Z6Z9An09bI3Fv/z GhF0b1oxl2EETNLpom4kMAR4XBrucMUoiJEhhCpubsW0TxShYKpd2OIpYupLMqYYd7mGVVK9yLuF/NXDZbZUmFWURifoFOWQi65RCd2jMqogip7RK3pD79aL9Wl9Wz/T0ZQ1yxyjBVi/fypprzc=</latexit>

|! (t = 0) ! = |"" . . . "!

D. Porras & I. J. Cirac, Phys. Rev. Lett. 92, 207901 (2004)



Tutorial: Constructing a Hamiltonian and simulating dynamics

In a many-body system, how do we construct Hamiltonian matrices for such spin model?

Transverse Ising model

What Hamiltonian terms actually mean: All terms are matrices:

spin #i spin #j

spin #i spin #i

<latexit sha1_base64="7DkSofWaBXimTPQukQ1CX6OTcX8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSlK0uiy4cSUV7APatEwmk3boJBNmboQS8h9uXOivuBO3LvwTl07bLGzrgQuHc+7lXI4XC67Btr+ttfWNza3twk5xd2//4LB0dNzSMlGUNakUUnU8opng EWsCB8E6sWIk9ARre+Pbqd9+YkpzGT3CJGZuSIYRDzglYKR+tX+Pe8BDprGhg1LZrtgz4FXi5KSMcjQGpZ+eL2kSsgioIFp3HTsGNyUKOBUsK/YSzWJCx2TIuoZGxAS56ezrDJ8bxceBVGYiwDP170VKQq0noWc2QwIjvexNxf+8bgLBjZvyKE6ARXQeFCQCg8TTCrDP FaMgJoYQqrj5FdMRUYSCKWohxVNkzCBb1Dwp/MxU5SwXs0pa1YpTq1w9XJbrtby0AjpFZ+gCOega1dEdaqAmokihZ/SK3qwX6936sD7nq2tWfnOCFmB9/QIE1qHC</latexit>

2N ! 2N

“tensor product” = “Kronecker product”

<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

<latexit sha1_base64="AephYVQ8a1J0IF9ZTMQnx3+ka98=">AAAEKXicpVNNbxMxEHV3+ShbPlI4IS6jRkRciHYRClwqVeLCsUikrZRNI9txEhOvd2XPItLVSvwaLhzgr3ADrvwJjnjTqMk2BVEYydLzm3kzoyebZUpaDMNvG55/5eq165s3gq2bt27faWzfPbBp brjo8lSl5ohRK5TUoosSlTjKjKAJU+KQTV9U+cO3wliZ6tc4y0Q/oWMtR5JTdNRg27sfTyhCbOU4oQN5fAKr9zfu3toN4mGKFuIUZSIsQJxQnDBWROUZtyI6Lk5KWCYuqF1SwVnPtQ5/alCtE+xCHAet+mpBzMRY6iJzIiPflUEELQirwtCBKIiFHi6Tv1U9/hvZpWbB /6ngH3e8pCF1hweNZtgO5wHrIFqAJlnE/qDx0+l4ngiNXFFre1GYYb+gBiVXwi2VW5FRPqVj0XNQUzeqX8zfcAkPHTOEUWrc0QhzdlVR0MTaWcJcZfUi7PlcRV6U6+U4et4vpM5yFJqfDhrlCjCF6kPAUBrBUc0coNxItyvwCTWUo/s2tSnM0KnAss6xVA1LZ1V03ph1 cPCkHXXanVdPm3udhWmb5AHZIY9IRJ6RPfKS7JMu4d5774P3yfvsf/S/+F/976el3sZCc4/Uwv/xC1k2U6w=</latexit>

ö! z
i ö! z

j = á á á! 1 ! ö! z ! 1 ! 1 ! ö! z ! 1 ! á á á=

á á á!
!

1 0
0 1

"
!

!
" 1 0
0 1

"
!

!
1 0
0 1

"
!

!
1 0
0 1

"
!

!
" 1 0
0 1

"
!

!
1 0
0 1

"
! . . .

<latexit sha1_base64="orSBKkmaZBeU8C2nn6mbTQsCxJM=">AAADLnicjZJNbxMxEIa9y1dZvlI4IiGLCMQp2kUo9FKpEheORSJtpWwa2d5JYsVrr+xZlGi1x/4aLhzgryBxQFz5CRzxbgNtkh46kqVX78wzY43NCyUdxvGPILxx89btOzt3o3v3Hzx81Nl9fORM aQUMhFHGnnDmQEkNA5So4KSwwHKu4JjP3zX5409gnTT6Iy4LGOVsquVECobeGu8Gz9IZQ5o6Oc3ZWJ4u9qM0M+hoalDm4ChNc4Yzzquk/u9dQk6rRU0vElfUNt2ifbrZNko5TKWuCo9YuaijhL6kMU3TKPYiiVLQ2UXyH7ZFtcUN1eLXpa41q73wuNONe3EbdFskK9El qzgcd/54TpQ5aBSKOTdM4gJHFbMohQLfvXRQMDFnUxh6qZkfNarah6zpC+9kdGKsPxpp614mKpY7t8y5r2w27TZzjXlVbljiZG9USV2UCFqcD5qUiqKhza+gmbQgUC29YMJKf1cqZswygf7vrE3hls0B63WPG5XVflXJ5mK2xdHrXtLv9T+86R70V0vbIU/Jc/KKJOQt OSDvySEZEBGcBZ+Dr8G38Ev4PfwZ/jovDYMV84SsRfj7L9Rk/9Y=</latexit>

ö! x
i = á á á! 1 ! ö! x ! 1 ! á á á= á á á!

!
1 0
0 1

"
!

!
0 1
1 0

"
!

!
1 0
0 1

"
! . . .

1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Transverse Ising model

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA=">AAAC5HiclVFNbxMxEPUuBUr4CvTIxSIi4kK0i6BFqpAq9dJjKzVtpWyIZr2ziYnXXtmzVaNV/gE3xLX/qof+E45400glTQ8wluXnN19PM2mppKMoug7CBxsPHz3efNJ6+uz5i5ftV69PnKmswL4w ytizFBwqqbFPkhSelRahSBWeptP9xn96jtZJo49pVuKwgLGWuRRAnhq1r5IJEE+cHBcwkt8+8K+8laQ4lrouCyArL+atmHcXJ0laXR7fQv9kmSHHu/6boM5uUxJDskC3ViriTQUf3oDoH5P+v/+o3Yl60cL4OoiXoMOWdjhq/04yI6oCNQkFzg3iqKRhDZakUOilVQ5L EFMY48BDDV7nsF6Mf87feSbjubH+auIL9u+MGgrnZkXqI72+ibvra8j7fIOK8i/DWuqyItTiplFeKU6GN7vkmbQoSM08AGGl18rFBCwI8htf6ZJamCLNV7nUqKwZVXx3MOvg5GMv3u59PvrU2dteDm2TvWFv2XsWsx22xw7YIeszEewGEHwPpmEe/gh/hr9uQsNgmbPF Viy8/AOLMd5b</latexit>

ö! !
i =

!

"
#

1
1

. . .

$

%
& !

'
0 1
0 0

(
!

!

"
#

1
1

. . .

$

%
&

<latexit sha1_base64="6f/Aw5vy/n2qAOUlvAT8ZGFtJx8=">AAACTHicbZDPSiNBEMZ74vpvVt2oRy/NhhUvhhlZdS9CYC8eIxgVMjHU9FSSJj09Q3eNbBjyND6NFw+7p30PD4IIdmKQjW5Bw4/vq6KqvzhX0lIQ/PUqC58Wl5ZXVv3Pa+sbX6qbWxc2K4zAlshU Zq5isKikxhZJUniVG4Q0VngZD39O/MsbNFZm+pxGOXZS6GvZkwLISd3qSTQA4pGV/RSu9/kJ96MY+1KXeQpk5K+xH/BdHvIomkLgR6iTN7NbrQX1YFr8I4QzqLFZNbvVxyjJRJGiJqHA2nYY5NQpwZAUCsd+VFjMQQyhj22HGlK0nXL6zTH/5pSE9zLjniY+Vf+dKCG1 dpTGrtPdN7DvvYn4P69dUO9Hp5Q6Lwi1eF3UKxSnjE8y44k0KEiNHIAw0t3KxQAMCHLJzm2JDQyRxvNanKlkElX4PpiPcHFQD4/qh2ffa42jWWgrbId9ZXssZMeswU5Zk7WYYLfsjv1mf7x778F78p5fWyvebGabzVVl6QXXALH5</latexit>

ö! ! =
!

0 1
0 0

"

<latexit sha1_base64="nuai/NoD+VHCftcq4OSnlbuhqzc=">AAACR3icbVBNSwMxFMzWr7p+VT16CRbBU9kVrV6EghePFawK3aVks681NJssSVYty/4Vf40XD3r3V3iTHk3rIlYdCAwz7zEvE6WcaeN5b05lbn5hcam67K6srq1v1Da3rrTMFIUOlVyqm4ho4ExA xzDD4SZVQJKIw3U0PJv413egNJPi0oxSCBMyEKzPKDFW6tVOgiGYPIjlvSBKyfsCn2I3iGDARJ4mxCj2ULg+DgLXcwMQ8bfYq9W9hjcF/kv8ktRRiXavNrYpNEtAGMqJ1l3fS02YE2UY5VC4QaYhJXRIBtC1VJAEdJhPf1jgPavEuC+VfcLgqfpzIyeJ1qMkspP2vlv9 25uI/3ndzPRPwpyJNDMg6FdQP+PYSDypC8dMATV8ZAmhitlbMb0lilBjS51JiRSxVRazWiR5PKnK/13MX3J10PCbjaOLw3qrWZZWRTtoF+0jHx2jFjpHbdRBFD2iJ/SCXp1n5935cMZfoxWn3NlGM6g4n6vXssE=</latexit>

|!" =
!

1
0

"
<latexit sha1_base64="5hTMI8H1Wy885XMV+I8y+ZNmEho=">AAACJXicbVDLSsNAFJ3UV62vqODGzWAR3FiSotVlwY3LCvYBbSyTybQdOnkwcyOUmJ9x40J/xZ0IrvwNl07aLGzrgYEz59zLuRw3ElyBZX0ZhZXVtfWN4mZpa3tnd8/cP2ipMJaUNWkoQtlxiWKC B6wJHATrRJIR3xWs7Y5vMr/9yKTiYXAPk4g5PhkGfMApAS31zaPqQ8LP7RT3gPtM4fzbN8tWxZoCLxM7J2WUo9E3f3peSGOfBUAFUaprWxE4CZHAqWBpqRcrFhE6JkPW1TQgOsxJpven+FQrHh6EUr8A8FT9u5EQX6mJ7+pJn8BILXqZ+J/XjWFw7SQ8iGJgAZ0FDWKB IcRZGdjjklEQE00IlVzfiumISEJBVzaX4koyZpDOa24ovKwqe7GYZdKqVuxa5fLuolyv5aUV0TE6QWfIRleojm5RAzURRU/oGb2iN+PFeDc+jM/ZaMHIdw7RHIzvX6e3pSU=</latexit>

2i ! 1 ! 2i ! 1
<latexit sha1_base64="2Ipfal0k2yMeujuu3hzGFyJpJhY=">AAACK3icbVDLSgMxFM3UV62vUZe6CBbBjWWmaHVZcONKKtgHtLVk0rQNzUyG5I5Qhtn4NW5c6K+4Utz6Dy5N2wFt64HA4Zx7OTfHCwXX4DjvVmZpeWV1Lbue29jc2t6xd/dqWkaKsiqVQqqGRzQT PGBV4CBYI1SM+J5gdW94NfbrD0xpLoM7GIWs7ZN+wHucEjBSxz4s3sc3+BRznOAWcJ9p/Kt07LxTcCbAi8RNSR6lqHTs71ZX0shnAVBBtG66TgjtmCjgVLAk14o0Cwkdkj5rGhoQk9eOJ79I8LFRurgnlXkB4In6dyMmvtYj3zOTPoGBnvfG4n9eM4LeZTvmQRgBC+g0 qBcJDBKPK8FdrhgFMTKEUMXNrZgOiCIUTHEzKZ4iQwbJrOZJ0R1X5c4Xs0hqxYJbKpzfnuXLpbS0LDpAR+gEuegCldE1qqAqougRPaEX9Go9W2/Wh/U5Hc1Y6c4+moH19QNLk6Zb</latexit>

2N ! i ! 2N ! i

<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

All spin-operators can be fully constructed from spin-lowering operators only

<latexit sha1_base64="yU0FzzosSEMbOPacF3GCu+Lw3TY=">AAACQnicbZDJSgNBEIZ7XGPcoh69NAZBCIYZl+hFCHjxGMEskImhptNJmvQsdNeIIeRBfBovHvQRfAVv4sWDBzvLwUn8oeHnqyqq+vciKTTa9ru1sLi0vLKaWkuvb2xubWd2dis6jBXjZRbKUNU8 0FyKgJdRoOS1SHHwPcmrXu96VK8+cKVFGNxhP+INHzqBaAsGaFAzc+p2AamrRceHprh/pFc0SY5pbobkmpmsnbfHovPGmZosmarUzHy7rZDFPg+QSdC67tgRNgagUDDJh2k31jwC1oMOrxsbgM91YzD+3JAeGtKi7VCZFyAd078TA/C17vue6fQBu3q2NoL/1eoxti8b AxFEMfKATRa1Y0kxpKOkaEsozlD2jQGmhLmVsi4oYGjyTGzxFPQ4DpPMC2VraKJyZoOZN5WTvFPIn9+eZYuFaWgpsk8OyBFxyAUpkhtSImXCyBN5Jq/kzXqxPqxP62vSumBNZ/ZIQtbPL2dFsIc=</latexit>

ö! x
i = ö! !

i + ö! +
i

<latexit sha1_base64="725EMeZPqDBFPHWeSrcGDJPKy+s=">AAACYnicbZDLSgMxFIbT8VbrrbVLXQSLIEjLjGh1IxTcuKxoL9AZy5k0bUMzF5IzQi19MB/FlRsX+gYuTS8L23og8Oc75+ckvx9LodG231PW2vrG5lZ6O7Ozu7d/kM0d1nWUKMZrLJKRavqguRQh r6FAyZux4hD4kjf8wd2k33jhSosofMJhzL0AeqHoCgZoUDv76PYBqatFL4C2eH6lt3SRnC/di7S4QpYc7WzBLtnToqvCmYsCmVe1nf1xOxFLAh4ik6B1y7Fj9EagUDDJxxk30TwGNoAebxkZQsC1N5p+fkxPDenQbqTMCZFO6V/HCAKth4FvJgPAvl7uTeB/vVaC3Rtv JMI4QR6y2aJuIilGdJIk7QjFGcqhEcCUMG+lrA8KGJq8F7b4CgYcx4vMj2RnbKJyloNZFfWLklMuXT1cFirleWhpckROyBlxyDWpkHtSJTXCyBv5IF/kO/VpZayclZ+NWqm5J08Wyjr+BT+FuP8=</latexit>

ö! z
i = ö! +

i ö! !
i ! ö! !

i ö! +
i

<latexit sha1_base64="gH/BfrzsHJoLeLWl+ZXvR5HXQ8o=">AAACM3icbZC7SgNBFIZn4/0etbQZjEJEDLsi0UYQbCwVjAlkk3B2djYZMnth5qwQlryAT2NjoW8idmJrb+kkpsjFHwZ+vnMO58zvJVJotO13Kzc3v7C4tLyyura+sbmV39550HGqGK+wWMaq5oHm UkS8ggIlryWKQ+hJXvW614N69ZErLeLoHnsJb4TQjkQgGKBBrfyB2wGkrhbtEJrH9JIWx8HJUdP1od3KF+ySPRSdNc7IFMhIt638j+vHLA15hEyC1nXHTrCRgULBJO+vuqnmCbAutHnd2AhCrhvZ8Dd9emiIT4NYmRchHdLxiQxCrXuhZzpDwI6erg3gf7V6isFFIxNR kiKP2N+iIJUUYzqIhvpCcYayZwwwJcytlHVAAUMT4MQWT0GXY3+SebH0+yYqZzqYWfNwWnLKpfLdWeGqPAptmeyRfVIkDjknV+SG3JIKYeSJPJNX8ma9WB/Wp/X115qzRjO7ZELW9y8U4apq</latexit>

ö! + = (ö! ! ) 

Tutorial: Constructing a Hamiltonian and simulating dynamics

<latexit sha1_base64="DfmS3JFUEU/PA2I9e41PbB2pb9Y=">AAACRXicbZDNSsNAFIUn/hv/qi7dDBbBVUlEqhtBcOOygm2FppTJ5KYOncyEmYlaQt7Ep3HjQl/Ah3An4k4nbRGrHhg4fPde7p0Tppxp43kvzszs3PzC4tKyu7K6tr5R2dxqaZkpCk0quVRXIdHA mYCmYYbDVaqAJCGHdjg4K+vtG1CaSXFphil0E9IXLGaUGIt6lXowAJMHWUqUkrcFPsFuEEKfiTxNiFHsrnA9HASu7wYgom/Yq1S9mjcS/mv8iamiiRq9ykcQSZolIAzlROuO76WmmxNlGOVQuEGmISV0QPrQsVaQBHQ3H/2vwHuWRDiWyj5h8Ij+nMhJovUwCW2nve9a /66V8L9aJzPxcTdnIs0MCDpeFGccG4nLsHDEFFDDh9YQqpi9FdNrogg1NtKpLaEiNshimoWSR2VU/u9g/prWQc2v1+oXh9XT+iS0JbSDdtE+8tEROkXnqIGaiKJ79ICe0LPz6Lw6b877uHXGmcxsoyk5n1/V2rLa</latexit>

|!" =
!

0
1

"



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

<latexit sha1_base64="V23B2BkfI2m4vGRh0e6xt1nJ1J8=">AAACJHicbVC7TsMwFHV4lvIKICYWiwqJqXIQKoyVWBiLRB9SE1WO47RWHSeyHaQqysewMMCvsCEGFr6DESfNQFuOZOncc+7VvT5+wpnSCH1Za+sbm1vbtZ367t7+waF9dNxTcSoJ7ZKYx3LgY0U5 E7SrmeZ0kEiKI5/Tvj+9K/z+E5WKxeJRzxLqRXgsWMgI1kYa2afulOrMQTl0dQzLAqF8ZDdQE5WAq8SpSANU6IzsHzeISRpRoQnHSg0dlGgvw1Izwmled1NFE0ymeEyHhgocUeVl5fk5vDBKAMNYmic0LNW/ExmOlJpFvumMsJ6oZa8Q//OGqQ5vvYyJJNVUkPmiMOXQ /LTIAgZMUqL5zBBMJDO3QjLBEhNtElvY4ktsoskXNT/mQRGVsxzMKuldNZ1Ws/Vw3Wi3qtBq4Aycg0vggBvQBvegA7qAgAw8g1fwZr1Y79aH9TlvXbOqmROwAOv7F6J7pTA=</latexit>

|10! " |00!

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics

Structured matrices, that could be 
build more efficiently, but this is safe.



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics

Julia: Arrays passed by reference



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

long-range Ising model
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXgg ag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4 X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i ! j |!

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

long-range Ising model
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

Hamiltonian can be fully constructed from spin-operators

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXgg ag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4 X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i ! j |!

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

long-range Ising model
<latexit sha1_base64="vXqnQouwgbUA7ReQS5LgI3juczo=">AAACYnicbVFNSyNBEO2MumrU3ahHPTQbBEEJM4tfBxcEL+pJwaiQiUNNpyfppHtm6K4R4zD/cP+Ad/0DXvVg5+NgzBY09XivHlW8DlMpDLruc8mZmZ37Mb+wWF5aXvn5q7K6dmOSTDNeZ4lM9F0I hksR8zoKlPwu1RxUKPlt2Dsd6LcPXBuRxNfYT3lTQTsWkWCAlgoqkd8BpGdB7mtFr88L+pf6JlNBLo67Bb2wfdf24ZBvRFvBff5UBGKK6dId2gkeR+YJORD3jzSoVN2aOyw6DbwxqJJxXQaVV7+VsEzxGJkEYxqem2IzB42CSV6U/czwFFgP2rxhYQyKm2Y+zKOgW5Zp 0SjR9sVIh+xXRw7KmL4K7aQC7Jjv2oD8n9bIMDpq5iJOM+QxGy2KMkkxoYNwaUtozlD2LQCmhb2Vsg5oYGi/YGJLqKHHsbC5eN9TmAY3f2reQW3/aq96cjBOaIFskN9km3jkkJyQM3JJ6oSRf+SNvJOP0otTdlad9dGoUxp71slEOZufAte5qQ==</latexit>

öHTI =
!

i<j

Ji,j ö! z
i ö! z

j + hx

!

i

ö! x
i

We have the Hamiltonian, so now we need to simulate the dynamics with the Hamiltonian

<latexit sha1_base64="leKqOchVGM96IBiALKJQXaO90KY=">AAACG3icbZC7SgNBFIZn4y3G26qlhYNBsDHsikYbIWAjqSKYCyQxnJ3MJpPMXpiZFcJmSx/DJ7DVJ7ATWwsfwPdwcilM4g8DP/85h3Pmc0LOpLKsbyO1tLyyupZez2xsbm3vmLt7FRlEgtAyCXgg ag5IyplPy4opTmuhoOA5nFad/s2oXn2kQrLAv1eDkDY96PjMZQSUjlrmYbEVs16Cr3HDFUDiYhIP2Wlv+NAAHnYhaZlZK2eNhReNPTVZNFWpZf402gGJPOorwkHKum2FqhmDUIxwmmQakaQhkD50aF1bHzwqm/H4Iwk+1kkbu4HQz1d4nP6diMGTcuA5utMD1ZXztVH4 X60eKfeqGTM/jBT1yWSRG3GsAjyigttMUKL4QBsggulbMemCBqI0u5ktjoA+VSMu9jyFRVM5y9n53MXdebaQnxJKowN0hE6QjS5RAd2iEiojgp7QC3pFb8az8W58GJ+T1pQxndlHMzK+fgEM9qIS</latexit>

Jij =
J

|i ! j |!

Tutorial: Constructing a Hamiltonian and simulating dynamics

<latexit sha1_base64="2X1kn9Fxpjnizg0925hy25YL2Ws=">AAACH3icbVBLSgNBFOzx/zfq0k1jEOImzIi/peDGpYKJQiaGN52XpElPz9D9RoghB/AYnsCtnsCduM0BvIedz8IkFjQUVfV4rytKlbTk+31vbn5hcWl5ZXVtfWNzazu3s1u2SWYElkSiEvMQgUUl NZZIksKH1CDEkcL7qH018O+f0FiZ6DvqpFiNoallQwogJ9Vy+VCBbirkYQuIh1Y2Y6jJx2cempFeoCOX8ov+EHyWBGOSZ2Pc1HI/YT0RWYyahAJrK4GfUrULhqRQ2FsLM4spiDY0seKohhhttTv8TI8fOqXOG4lxTxMfqn8nuhBb24kjl4yBWnbaG4j/eZWMGhfVrtRp RqjFaFEjU5wSPmiG16VBQarjCAgj3a1ctMCAINffxJbIQBup53oJpluYJeXjYnBWPL09yV+ejRtaYfvsgBVYwM7ZJbtmN6zEBHthb+ydfXiv3qf35X2PonPeeGaPTcDr/wLyY6Lu</latexit>

! ö! z
i "(t)

<latexit sha1_base64="pZ6eUWxVorojdt0XAI0U7lAw9cI=">AAACVnicbZDLSgMxFIbT0dpab6Mu3QSLUDdlRrS6KRTcuKxgL9KWkknTGprJDMkZSxnm2XwNfQBd6huIaTuLXjwQ+PjOOZzwe6HgGhznI2NtbWd3cvndwt7+weGRfXzS1EGkKGvQQASq7RHNBJes ARwEa4eKEd8TrOWN72f91itTmgfyCaYh6/lkJPmQUwJG9e3n7phB3A01L0HVuUxwFS/MIJhIolQwwdgwaLxkulGYwpJbG0r6dtEpO/PCm+CmUERp1fv2l9mmkc8kUEG07rhOCL2YKOBUsKTQjTQLCR2TEesYlMRnuhfPI0jwhTEDPAyUeRLw3C5vxMTXeup7ZtIn8KLX ezP5X68TwfCuF3MZRsAkXRwaRgJDgGd54gFXjIKYGiBUcfNXTF+IIhRM6itXPEVMsknBBOOux7AJzauyWynfPF4Xa5U0ojw6Q+eohFx0i2roAdVRA1H0hj7RN/rJvGd+rayVW4xamXTnFK2UZf8BKHm3iQ==</latexit>

|! (t = 0) ! = |" . . . "#" . . . "!

Obtain initial state with
<latexit sha1_base64="/ZvHXaPr8azWib9Zx95KLCY6ZwU=">AAACRXicbVC7SgNBFJ31GeMramkzGARt4m6QaCMEbKxEwaiQjeHuZJIMmZ1dZu6qYdlf8jf8ARsLLe3sxFYnD/B5YOBwzrncOyeIpTDouo/OxOTU9Mxsbi4/v7C4tFxYWT03UaIZr7FIRvoyAMOl ULyGAiW/jDWHMJD8IugdDvyLa66NiNQZ9mPeCKGjRFswQCs1C0d+j2Pqx0Zs4YG7ndED6ncBqW9EJ4Sr22Z6vFPO6CjVim4UaB3dUEvR0C8hyzcLRbfkDkH/Em9MimSMk2bhxY6zJOQKmQRj6p4bYyMFjYJJnuX9xPAYWA86vG6pgpCbRjr8cUY3rdKi7Ujbp5AO1e8T KYTG9MPAJkPArvntDcT/vHqC7f1GKlScIFdstKidSIoRHdRHW0JzhrJvCTAt7K2UdUEDQ1vyjy2BBlvasBjvdw1/yXm55FVKldPdYrUyrihH1skG2SIe2SNVckROSI0wckceyBN5du6dV+fNeR9FJ5zxzBr5AefjE/Pgsmk=</latexit>

|! (t = 0) ! = ö" x
N/ 2 |" . . . "!

To evaluate at specific times, introduce a 
stroboscopic evolution

<latexit sha1_base64="LK2M5+lkrtwTtbv+4MFJ7CQi1RA=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi0Ysg6CHHCEaFbAy9k44ZMvtgplcIy/6Jv+EPeNUfEG8i3vwHJw/BV8FAUVVN91SQKGnIdZ+dicmp6ZnZufnCwuLS8kpxde3CxKkWWBexivVVAAaV jLBOkhReJRohDBReBr2TgX95i9rIODqnfoLNEG4i2ZECyEqtYsXvAvH6tn+KioDTDj/ima9Djvl1tjuiMudfNh/Gq3mrWHLL7hD8L/HGpMTGqLWK7347FmmIEQkFxjQ8N6FmBpqkUJgX/NRgAqIHN9iwNIIQTTMb/i/nW1Zp806s7YuID9XvExmExvTDwCZDoK757Q3E /7xGSp3DZiajJCWMxGhRJ1WcYj4oi7elRkGqbwkILe2tXHRBgyBb6Y8tgYYeUl6wxXi/a/hLLvbKXqVcOdsvHVfGFc2xDbbJtpnHDtgxq7IaqzPB7tgDe2RPzr3z4rw6b6PohDOeWWc/4Hx8As+aqRY=</latexit>

öU(! t) = e ! i ! t öH

(time step is pure convenience, no approximation)



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics

Produce the plot for the spin-z evolution

Use simply: 
<latexit sha1_base64="e0H81FNMzRtUMTcnqyQUghnrxi8=">AAACKHicbZBLSgNBEIZ7fMb4irp00xiEiBBmRKLLgBuXEcwDMjHUdDpJk54H3TVCHHIIr+EF3OoN3Em2LjyHnWQQk1jQ8PP/VVT150VSaLTtsbWyura+sZnZym7v7O7t5w4OazqMFeNVFspQNTzQ XIqAV1Gg5I1IcfA9yeve4GaS1x+50iIM7nEY8ZYPvUB0BQM0Vjt37noKEjfSooBnI+r2AamrRc+Hh6e2oO6A42/azuXtoj0tuiycVORJWpV27tvthCz2eYBMgtZNx46wlYBCwSQfZd1Y8wjYAHq8aWQAPtetZPqpET01Tod2Q2VegHTq/p1IwNd66Hum0wfs68VsYv6X NWPsXrcSEUQx8oDNFnVjSTGkE0K0IxRnKIdGAFPC3EpZHxQwNBznthh0hs8oa8A4ixiWRe2i6JSKpbvLfLmUIsqQY3JCCsQhV6RMbkmFVAkjz+SVvJF368X6sD6t8ax1xUpnjshcWV8/poOmwQ==</latexit>

! ! (t)| ö" z
i |! (t)"



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics

<latexit sha1_base64="Yc+j3GP6Qk+aJAyHQinJyCaBfGI=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBdPEsE8IFnC7KQ3GTP7YGZWCEtO/oBX/QNv4tUv8Qf8DifJHkxiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2fao QsFDbGiuBbZjiTTwBLa80c3Ubz2hVDwKH/Q4Rjegg5D7nFFtpOYduSaO0yuW7LI9A1klTkZKkKHeK/50+xFLAgw1E1SpjmPH2k2p1JwJnBS6icKYshEdYMfQkAao3HR27YScGaVP/EiaCjWZqX8nUhooNQ480xlQPVTL3lT8z+sk2q+6KQ/jRGPI5ov8RBAdkenrpM8l Mi3GhlAmubmVsCGVlGkT0MIWT9IR6knBBOMsx7BKmhdlp1Ku3F+WatUsojycwCmcgwNXUINbqEMDGDzCC7zCm/VsvVsf1ue8NWdlM8ewAOvrF9pGlkw=</latexit>

N = 11



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics



1. Construct the many-body spin operators 

2. Construct the Hamiltonian 

3. Simulate dynamics from an initial non-equilibrium state 

4. Compute and plot observable dynamics

Tutorial: Constructing a Hamiltonian and simulating dynamics

<latexit sha1_base64="J8/Jw7tejD/cBU92T1wpsGWf/1Y=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgaphRidkIATcuI5gPJEN403lJmvR87O4RwpALeAG3egN34tZbeAHPYSeZhUkseFBUvUc9yo8FV9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqgokQzrLBKRbPmg UPAQ65prga1YIgS+wKY/up36zSeUikfhgx7H6AUwCHmfM9BG8jog4iHQG+ral+VuseTYzgx0lbgZKZEMtW7xp9OLWBJgqJkApdquE2svBak5EzgpdBKFMbARDLBtaAgBKi+dPT2hZ0bp0X4kzYSaztS/FykESo0D32wGoIdq2ZuK/3ntRPcrXsrDONEYsnlQPxFUR3Ta AO1xiUyLsSHAJDe/UjYECUybnhZSfAkj1JOCKcZdrmGVNC5st2yX769K1UpWUZ6ckFNyTlxyTarkjtRInTDySF7IK3mznq1368P6nK/mrOzmmCzA+voF5yiZDA==</latexit>

! = 1 .36



Even for a full coupling matrix, the 
Hamiltonian is very sparse!

Most elements are zero!

Elements in matrix:
<latexit sha1_base64="E/V/S0kPUawDWXVjcRVZeEIGZS8=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hd2g0WPAiyeJYB6QrGF20puMmX0w0yuEJRe/wKt+gTfx6p/4Af6Hs0kOJrGgoajqprvLi6XQaNvf1srq2vrGZm4rv72zu7dfODhs6ChRHOo8kpFqeUyD FCHUUaCEVqyABZ6Epje8zvzmEygtovAeRzG4AeuHwhecoZEa5Ye0fDvuFop2yZ6ALhNnRopkhlq38NPpRTwJIEQumdZtx47RTZlCwSWM851EQ8z4kPWhbWjIAtBuOrl2TE+N0qN+pEyFSCfq34mUBVqPAs90BgwHetHLxP+8doL+lZuKME4QQj5d5CeSYkSz12lPKOAo R4YwroS5lfIBU4yjCWhui6fYEDDLxVlMYZk0yiWnUrq4Oy9WK7OEcuSYnJAz4pBLUiU3pEbqhJNH8kJeyZv1bL1bH9bntHXFms0ckTlYX7+rVZcU</latexit>

22N

Non-zero elements:
<latexit sha1_base64="Ykv81p5nxwrEj9K6CsWoIdGiAqs=">AAACDHicbVBLSgNBFOyJvxh/oy7dNAYhbsJM0Ogy4MaVRjAfSMbwptOTNOn50N0TCEOu4Anc6gnciVvv4AG8hz3JLExiwYOi6j1eUW7EmVSW9W3k1tY3Nrfy24Wd3b39A/PwqCnDWBDaICEPRdsF STkLaEMxxWk7EhR8l9OWO7pJ/daYCsnC4FFNIur4MAiYxwgoLfVMs+uDGhLgyf20VHm6O++ZRatszYBXiZ2RIspQ75k/3X5IYp8GinCQsmNbkXISEIoRTqeFbixpBGQEA9rRNACfSieZJZ/iM630sRcKPYHCM/XvRQK+lBPf1ZtpTrnspeJ/XidW3rWTsCCKFQ3I/JEX c6xCnNaA+0xQovhEEyCC6ayYDEEAUbqshS+ugBFVU92LvdzCKmlWyna1fPlwUaxVs4by6ASdohKy0RWqoVtURw1E0Bi9oFf0Zjwb78aH8TlfzRnZzTFagPH1C4w3m00=</latexit>

O(2N )

This example:

Only 1% filled … let’s use Sparse Matrices!

<latexit sha1_base64="fz29S/YUjFoyhI+ydh+dxig6xQU=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaBohYGMlEcwHJEfY2+wlS3b3jt09IRz5C7ba24mtP8bWX+JecoVJfDDweG+GmXlBzJk2rvvtFDY2t7Z3irulvf2Dw6Py8UlbR4kitEUiHqlugDXl TNKWYYbTbqwoFgGnnWByl/mdZ6o0i+STmcbUF3gkWcgINpn0cOu5g3LFrbpzoHXi5aQCOZqD8k9/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaELqwxRGClb0qC5+ncixULrqQhsp8BmrFe9TPzP6yUmrPspk3FiqCSLRWHCkYlQ9jgaMkWJ4VNL MFHM3orIGCtMjI1naUsgZiUbircawTppX1W962rtsVZp1PN4inAG53AJHtxAA+6hCS0gMIYXeIU3Z+a8Ox/O56K14OQzp7AE5+sXPBaUMw==</latexit>

N = 10

Problem: We are currently wasting memory

We should be using sparse matrices  

= a data format where we only store the non-zero elements (with their index positions)

Tutorial: Constructing a Hamiltonian and simulating dynamics



Tutorial: Constructing a Hamiltonian and simulating dynamics

With our construction, changing to sparse matrices is trivial!



Tutorial: Constructing a Hamiltonian and simulating dynamics

Full version

Sparse version

Problem: A full diagonalization does not make use of the sparsity! 

<latexit sha1_base64="m7vFFw9PtNQurLhvx6pqNILVXhs=">AAACmniclVHbSiNBEO0Z3fWy7hr1UR8aw4LsQ5jZ9fYiiCIo+qBgRiGTDTU9NUmTnovdNUoI+RX/yw/wP+wk86BxX7agqdOn6lDFqahQ0pDnvTju3PyXrwuLS8vfVr7/WK2trQcmL7XApshVru8j MKhkhk2SpPC+0AhppPAu6p+O63ePqI3Ms1saFNhOoZvJRAogS3Vqz2EPiAd/wxi6nE8+59MUHE3zGQ8fSoh5eIUJadntEWidP1XsjIZXouB/pDMa/m6lTq3uNbxJ8M/Ar0CdVXHdqb2GcS7KFDMSCoxp+V5B7SFokkLhaDksDRYg+tDFloUZpGjaw4mPI/7TMjFPcm1f RnzCvlcMITVmkEa2MwXqmdnamPxXrVVSctgeyqwoCTMxHZSUilPOx0fhsdQoSA0sAKGl3ZWLHmgQZE/3YUqkoY80sr74sy58BsHvhr/f2LvZrR/vVw4tsk22zXaYzw7YMTtn16zJhDPv/HL+OLvulnviXriX01bXqTQb7EO4t28idcZs</latexit>

öV   öH öV = öE ! öH öV = öV öE ! öH = öV öE öV  

V would be a full matrix!

We have to be smarter to make use of sparse matrices 
in the time-evolution! !

Much more memory and time-efficient to construct the Hamiltonian!



Remark: For a system of bosons in a lattice, very similar construction possible

Introduce cutoff of Fock space basis on each site

J U
<latexit sha1_base64="ecJjVX61vmXiK9OqZLk/oVoCfZA=">AAACj3icdVFdS8MwFE3r15xfUx99CRuCMh2t6OaLMvBl+qTgVFhnSbN0C0vakqTCKP0b/jdf/R0+mG6VuU0vBM49536Ec72IUaks68Mwl5ZXVtcK68WNza3tndLu3pMMY4FJG4csFC8ekoTRgLQV VYy8RIIg7jHy7A1vMv35jQhJw+BRjSLS5agfUJ9ipDTllt6dAVKwBa/g6R10ZMzdhKbwaMx6LoU5SGjVTl+dHurD6g9HJ/nviuNM9QXCSTtNztLpwNmW/9IpcksVq2aNAy4COwcVkMe9W/p0eiGOOQkUZkjKjm1FqpsgoShmJC06sSQRwkPUJx0NA8SJ7CZj/1J4qJke 9EOhX6DgmP3dkSAu5Yh7upIjNZDzWkb+pXVi5V92ExpEsSIBnizyYwZVCLNjwB4VBCs20gBhQfVfIR4g7Z/SJ5vZ4vG0qE2x5y1YBE9nNbteu3g4rzTruT0FcADK4AjYoAGaoAXuQRtg8GWUjapxYu6aDfPabE5KTSPv2QczYd5+A303w3g=</latexit>

öH = ! J
!
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Define bosonic field operators and 
use Kroneckers as before

But: Number not conserved!
<latexit sha1_base64="a0i/FQPp2oikBpSJaB5Y+ds8zxk=">AAACDXicbVDLSgMxFM3UV62vqS7dBIvgqsyIVjdCQReupIJ9QDsOmTRtQ5PMkGTUMsw3+AVu9QvciVu/wQ/wP0zbWdjWAxcO59zLuZwgYlRpx/m2ckvLK6tr+fXCxubW9o5d3G2oMJaY1HHIQtkK kCKMClLXVDPSiiRBPGCkGQwvx37zgUhFQ3GnRxHxOOoL2qMYaSP5dvEKXkDhJx3JIUdP6f2Nb5ecsjMBXCRuRkogQ823fzrdEMecCI0ZUqrtOpH2EiQ1xYykhU6sSITwEPVJ21CBOFFeMnk9hYdG6cJeKM0IDSfq34sEcaVGPDCbHOmBmvfG4n9eO9a9cy+hIoo1EXga 1IsZ1CEc9wC7VBKs2cgQhCU1v0I8QBJhbdqaSQkkGhKdml7c+RYWSeO47FbKp7cnpWolaygP9sEBOAIuOANVcA1qoA4weAQv4BW8Wc/Wu/VhfU5Xc1Z2swdmYH39Auq7m34=</latexit>

D = nN
max

Tutorial: Constructing a Hamiltonian and simulating dynamics



Recap

0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

We discussed how to represent numbers as bits, and associated relative machine precisions ~1e-16

<latexit sha1_base64="0eRg/V+1PC64LyxGgs52JuDwtmc=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRLR6kYouHHZgn1AG8pketMOnUzCzEQoIV/gVr/Anbj1Y/wA/8Npm4VtPXDhcM693HuPH3OmtON8W4WNza3tneJuaW//4PCofHzSVlEiKbZoxCPZ9YlC zgS2NNMcu7FEEvocO/7kYeZ3nlEqFoknPY3RC8lIsIBRoo3UvB+UK07VmcNeJ25OKpCjMSj/9IcRTUIUmnKiVM91Yu2lRGpGOWalfqIwJnRCRtgzVJAQlZfOD83sC6MM7SCSpoS25+rfiZSESk1D33SGRI/VqjcT//N6iQ7uvJSJONEo6GJRkHBbR/bsa3vIJFLNp4YQKpm51aZjIgnVJpulLb4kE9SZycVdTWGdtK+qbq1607yu1Gt5QkU4g3O4BBduoQ6P0IAWUEB4gVd4szLr3fqwPhetBSufOYUlWF+/E++VFw==</latexit>=

It’s important to use sparse matrices.

<latexit sha1_base64="8moOeldeLRxkgFXoUGNZ8s/IOGA=">AAAC5HiclVFNbxMxEPUuBUr4CvTIxSIi4kK0i6BFqpAq9dJjKzVtpWyIZr2ziYnXXtmzVaNV/gE3xLX/qof+E45400glTQ8wluXnN19PM2mppKMoug7CBxsPHz3efNJ6+uz5i5ftV69PnKmswL4w ytizFBwqqbFPkhSelRahSBWeptP9xn96jtZJo49pVuKwgLGWuRRAnhq1r5IJEE+cHBcwkt8+8K+8laQ4lrouCyArL+atmHcXJ0laXR7fQv9kmSHHu/6boM5uUxJDskC3ViriTQUf3oDoH5P+v/+o3Yl60cL4OoiXoMOWdjhq/04yI6oCNQkFzg3iqKRhDZakUOilVQ5L EFMY48BDDV7nsF6Mf87feSbjubH+auIL9u+MGgrnZkXqI72+ibvra8j7fIOK8i/DWuqyItTiplFeKU6GN7vkmbQoSM08AGGl18rFBCwI8htf6ZJamCLNV7nUqKwZVXx3MOvg5GMv3u59PvrU2dteDm2TvWFv2XsWsx22xw7YIeszEewGEHwPpmEe/gh/hr9uQsNgmbPF Viy8/AOLMd5b</latexit>
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We describe systems with state-vectors (not only in QM). If the problem is linear (QM), an exact diagonalization of the 
Hamiltonian allows to simulate arbitrary time-evolution

In tutorial style we have seen how to construct many-body spin (or other) operators using Kronecker product functions. 
We used this to simulate dynamics in a transverse Ising spin model (which can e.g. be realized with trapped ions)


