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The beta-function
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The renormalized coupling is
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So, one immediately obtains

B = —boog(p) + ...

Integrating the differential equation one finds at lowest order
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Where A is the scale at which the coupling would become infinite
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More on the beta-function

Roughly speaking:
(a) quark loop vacuum polarization diagram gives a negative contribution

to bo ~ - 2nf/ 127

(o

(2)

(b) gluon loop gives a positive contribution to bo ~ | INc /127

gj ZE o (W) A

(b) /B
Since (b) > (a) = boocp> 0 - | J
= overall negative beta-function in QCD NG Bso
While in QED (b) =0 :> b OFD < 0 g
fqep = 3704 + * ;



More on the beta-function

« QCD: perturbative picture valid for scales u >> Aqcp (about 200 MeV)

» QED: perturbative picture valid for scales u << Aqep

Question: why does nobody talk about Agep!?

Answer:

AQED = M €XP { } ~ 1090G€V >> Mpianck

2bga(me)

i.e. QED is not a consistent theory up to arbitrary high scales



Back to the QCD beta-function

Perturbative expansion of the beta-function:

| | | | |

6 = B function of QCD with three light flavours

B = —a?(p) > bia (1) [ S bar scheme
1

2 loop

3 loop

——— Gl

b — 11NC — 4nfTR
v 127

B(as)

_ 17N62 — BNCnf — SOan
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! 2472

* nf is the number of active flavours (depends on the scale)
* today, the beta-function known up to five loops, but only first two
coefficients are independent of the renormalization scheme



Renormalization Group Equation

Consider a dimensionless quantity A, function of a single scale Q.The
dimensionless quantity should be independent of Q. However in quantum
field theory this is not true, as renormalization introduces a second scale p

But the renormalization scale is arbitrary. The dependence on it must cancel
in physical observables up to the order to which one does the calculation.

So, for any observable A one can write a renormalization group equation
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Scale dependence of A enters through the running of the coupling:
knowledge of A(1, a,(Q?)) allows one to compute the variation of A with

Q given the beta-function
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Measurements of the running coupling

Uncertainty on as (and PDF) is in several cases the dominant source of

uncertainty to provide precise theory predictions B

o |
Procedure to compute world average in PDG: ST =N
» subdivide observables in categories wor

NNPDF31 e PDF fits

* provide an average for each category o

HERAPDF20jets

i

* provide an average of all categories ..
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Measurements of the running coupling

Current Status

overall consistent picture: os from very
different observables compatible

s is not so small at current scales

Os decreases slowly at higher energies
(logarithmic only)

higher order corrections are and will
remain important
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Active flavours & running coupling

The active field content of a theory modifies the running of the couplings
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Constrain New Physics by measuring the running at high scales?
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O(S(Q2)

Measurements of the running coupling
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Recap

We have then discussed the UV behaviour of QCD

* discussed renormalisation of UV divergences

* introduced the running of the coupling constant and the beta-function

* discussed measurements of the coupling constant



Next

In the following we will concentrate on the perturbative regime of QCD.
In particular, we’'ll discuss generic properties of QCD amplitudes

* Soft-collinear divergences and how they are dealt with

* Kinoshita-Lee-Nauenberg theorem

* The concept of infrared finiteness

* Sterman Weinberg jets



The soft approximation

Let’s consider again the R-ratio

q

2 Leading order result

_o(ete — hadrons
K= olete — utp- ~Ne ) e
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The soft approximation

Let’s consider again the R-ratio

We have seen a good agreement between
2 the leading order result and data, but
there are various unanswered questions

* Since free quarks do not exist, why is

the leading order result so good!?

* In particular, why can one identify the
cross-sections for the production of
quarks to that of hadrons!?

* Can one probe QCD further by
testing more exclusive observables!?



Quark-hadron duality

The reliability of parton-level calculations to describe hadron-level
observables is known as quark-hadron duality.

This duality relies on the time separation between a hard scattering (partons
are produced) and a soft process (quarks hadronize). Since the two processes
happen at very different time-scales there is not quantum interference and
the soft process does not alter the hard momentum flow “too much”

With this in mind, let’s apply the parton description and look for a better
approximation of R, i.e. let’s compute QCD corrections, at least in some
approximation



The soft approximation

QCD corrections are only in the final state, i.e. corrections to 7" — ¢q

At leading order: P1

M§ = a(p1)(—iex")v(p2)

Emit one gluon: P2

_ N AV S .
My = alpn)(igatr) PED Cieryoten o
o ey k,e
b alp)(-ier") (L (gt (pa)
D2
Consider the soft approximation: k& < p1, p2 = factorization of

soft part (crucial
MM

. o € €
mo=a(py) ((—iey™)(—igst®)v(ps)) <plk _ p2k> for resummed
i P2 calculations)
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Soft divergences

The squared amplitude becomes

‘M5§g|2 — Z

pol

— ’chﬂchgg

w(p1) ((—iey")(—igst®)v(ps2)) (E - @) ‘2

pk  p2k

2p1p2
(p1k)(p2k)

The above is a Lorentz-invariant amplitude. Go to the centre-of-mass frame:




Soft divergences

The squared amplitude becomes

|Mc/fcig‘2 — Z

pol

= |Myl°Cry:

2

a(p1) ((—iey™)(—igst®)v(ps)) (ple - pQé)

pik  p2k

2p1p2
(p1k)(p2k)

Including phase space, in this frame, in terms of energy and angle of the
gluon one contains

d°k 2p1p2
ddgqg| Myggl® = dgql Myql” 2w(2m)3 Crg, (p1k)(p2k)
do 2a,CR 1

= dpyq|M,q|*wdwd cos 0

2w w?(1 — cos? )
The differential cross section becomes
200,Cp dw dbf do

T w sin @ 27

doqgg = dogg



Soft & collinear divergences

Cross section for producing a qg-pair and a gluon is infinite (IR divergent)

200,Cp dw df do

T w sin @ 27

do qqg — do qq

w —0: soft divergence

0 — 0: collinear divergence

But the full O(as) correction to R is finite, because one must include a
virtual correction which cancels the divergence of the real radiation

200,Cp dw df do

T w sin @ 2w

dgqé,’v ~ _dgqq



Soft & collinear divergences

w —0 soft divergence: the four-momentum of the emitted particle

approaches zero, typical of gauge theories, even if matter (radiating
particle) is massive

O — 0 collinear divergence: particle emitted collinear to emitter.
Divergence present only if all particles involved are massless

NB: the appearance of soft and collinear divergences discussed in the
specific contect of ete- = qq are a general property of QCD
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Infrared finiteness

Cancellation of IR divergences in R is not a miracle. It follows directly from
unitarity provided the measurement is inclusive enough

W<m %
Loo integration
— > g

In the infrared region real and virtual are kinematically equivalent but for a
(-1) from unitarity

' PS integration

“K

Compute and regulate real and virtual separately, until a cancelation of

divergences is achieved
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KLN Theorem

Kinoshita-Lee-Nauenberg theorem: Infrared singularities in a massless
theory cancel out after summing over degenerate (initial and final) states

hard hard + soft gluon 2 collinear partons

Physically a hard parton can not be distinguished from a hard parton plus a
soft gluon or from two collinear partons with the same energy.They are

degenerate states.
Hence, one needs to add them to get a physically sound observable
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Infrared safety (= finiteness)

S0, the R-ratio is an infrared safe quantity.

In perturbation theory one can compute only IR-safe quantities, otherwise
get infinities, which can not be renormalized away (why not...?)

So, the natural questions are:

* are there other |IR-safe quantities!?
* what property of R guarantees its |IR-safety?

23



Sterman-VVeinberg jets

First formulation of cross-sections which are finite in perturbation theory
and describe the hadronic final state

Introduce two parameters € and 0O:

a pair of Sterman-VWeinberg jets are

two cones of opening angle O that

contain all the energy of the event

excluding at most a fraction ¢ -

Why finite? the cancelation between
real and virtual is not destroyed in
the soft/collinear regions

Eit+Ea+E;< ek
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Sterman-VVeinberg jets

Let’s compute the O(as) correction to the Sterman-VVeinberg jet cross-
section in the soft-collinear approximation

a) We have a Born term og which is completely within the Sterman-

Weinberg jet definition: since there are only two quarks they keep all the
energy inside the cones

4

QO
N
)
e
S—



Sterman-VVeinberg jets

Let’s compute the O(as) correction to the Sterman-VVeinberg jet cross-
section in the soft-collinear approximation

b) We have a virtual term which is also completely within the Sterman-
Weinberg jet definition (only two quarks)

S 2 E j]. T JcosO
jet,virt 89 (.H(“) « COS
o — _CF — Oborn [) 0 =

lo Jc —Ccos- 6

—
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Sterman-VVeinberg jets

Let’s compute the O(as) correction to the Sterman-VVeinberg jet cross-
section in the soft-collinear approximation

c) We have a real term: the emitted gluon can be emitted also outside the
jet provided it carries only little energy, or.

5
jet,real,c 8s o dly T dcos6
1 =CF —> Oborn [ »_

J 0 J 0

D D)
< lo |. | —cos-6
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Sterman-VVeinberg jets

Let’s compute the O(as) correction to the Sterman-VVeinberg jet cross-
section in the soft-collinear approximation

d) .. or it can carry a considerable fraction of energy provided it is emitted
inside the cones

1°>¢F q
V<0
e’ e

- S Edly [ % dcos8 T dcos
jet,real,d 8s dl d COS  COS
G] — CF ?O'bom / _» -+
- 0

JeE /(;) . | — COS2 6 JaT—06 | — COS2 6

Ol
=
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Sterman-VVeinberg jets

Adding all the contributions, the Sterman-VVeinberg jet cross-section up to
O(ds) in the soft-collinear approximation is given by

200, C
o1 = 0y <1+ a Flneln52>

/ T \
Effective expansion a.-expansion enhanced by
parameter in QCD is a double log: left-over from

often a,Cr./m not a, real-virtual cancellation
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Sterman-VVeinberg jets

Adding all the contributions, the Sterman-VVeinberg jet cross-section up to
O(ds) in the soft-collinear approximation is given by

200, C
o1 = 0y (1—|— a Flneln52>

7

* if more gluons are emitted, one gets for each gluon
- a power of o, Cr./7
- a soft logarithm In €
- a collinear logarithm In 6
* if £ and/or 0 become too small the above result diverges

* if the logarithms are large, fixed order become unreliable (diverge).
One needs to resum large infrared and collinear logarithms to all
orders in the coupling constant
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Jets

* Jets were discovered in the late 70s in electron-position collision

* They provided the first direct evidence for the gluon

* In the 80s and 90s jets provided many other stringent tests of QCD at LEP
* Today jets are a powerful tools to look for New Physics at the LHC

Gluon discovery: 3jet event in ete- High energy di-jet event at CMS




Infrared safety: definition

An observable O is infrared and collinear safe if

On_|_1(k1,k2, .. .,ki,kj, .. kn) — On(kl,kg, .. k@ + ]Cj, .. kn)

whenever one of the ki/'k; becomes soft or ki and k; are collinear

i.e. the observable is insensitive to emission of soft particles or to collinear
splittings
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Infrared safety: examples

Infrared safe ?

» energy of the hardest particle in the event NO
» multiplicity of gluons NO
» momentum flow into a cone in rapidity and angle YES

p cross-section for producing one gluon with E > Emin and 8 > 8min NO

) jet cross-sections DEPENDS

Only for infrared safe quantities is a comparison of data and theory well
defined to all orders in perturbation theory
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Other IR safe quantities

Event shapes: describe the shape
of the event, but are largely
insensitive to soft and collinear
branching

* widely used to measure as

* measure color factors

e test QCD

* learn about non-perturbative
physics

Typical Value for:

Name of Definition QCD
Observable calculation
L pini| | i fresummed)
Thrust T = max | | | >3 >|/2 [resummed
[IRRE AR Ola?)
Thrust major Like T. lltm-—nu Togyand 1, in 0 A3 <IND ola2)
plane L n_
. , Like T, however T . and .. In : )
Thrust minor o _, mmo 0 0 <12 Olee?)
direction L to Wpand My,
Oblateness O =Tna- Trin 0 <1/3 0 Ol 2]
. | S=15 (Q,+ Q:l; Q,=.= 83 I;"U ; one
Sphericity . <32 < _ )
pREHE Eigenvalues of §oB = Zip; P, 2ia I | (notinfrared
& : — 3 safe)
Lipf
. none (not
Aplanarity A=15 .
P ) A=150Q, 0 0 <12 infrared safe)
M3 ( X"E-i ) Zip{)‘.es,
Jet (Hemis- (S¢: Hemispheres L tanT)
phere) masses | M7 = max(M;.M?) 0 <1/3 <12 |resummed)
Mp=IM;- M= | 0 <1/3 0 Ole?)
B —Z'Esz|ﬁ"ﬁT|-B =B B <1/2N3) <12
T 5y 15 T=B++B-| O =V =N resummed)
Jet broadening < & hi ~f_
- Ol ce?)

B, =max(B, B_)

0 <1/(2V3)

<1/2V3)

= i
Energy-Energy _ EiEj[ " (resummed)
Correlations FFC("_c;‘ 2 B2 N LX) [ | k\()|(,l:|k
i.] vis/ye = 0 T 0 T 0 ¢ -
Asymmetry of s
EEC AEEC(y) = EEC(n-y) - EEC(y) Ola?)
( w20 w20 w2

Differential
2-jet rate

Raly-Ay) - Raly)
Ay

Daly) =

(resummed)
Ola?)
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1/0 do/dT

30

10

Example: spin of the gluon

| I | l | l | | | '
" Thrust distribution at LEP /g~
— —-—-— Vector gluon /5 —
— —— Scalar ' -
- /l —_
. o -
/
s
- /;‘7 =
- o/ -
- o w 7
s
r— s / —
_ EY _
4
- l/ // -
5/7
| | L | | | | |
6 7 .8 9 1
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40 —

o
-

Event Fraction (%)

Example: non-abelian nature of QCD

oo
-

Pt
-

Abelian
U(L) 4

e Data

XBZ

60 80

36
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Example: fits of colour fators

|

* SU3) QCD

|  ALEPH 4-jet \_,ﬁ,‘i' ,

L [ - L L] L l L] L] L] L] l . L . L) l L]

SU(S)

Combined result
Fits of colour factors from 4-jet

rates and event shapes

| Z‘i\()ml,% ;
DELPHI FF -

| (4 =2.80+0.21
Cr = 1.30 & 0.09

SU(H),

o
#/}r’ .,.'"

Well compatible with QCD:
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Recap

Brief recap on the infrared behaviour of QCD

* we have seen that soft and collinear divergences arise universally in
QCD calculations

* these divergences cancel in e*e- observables in inclusive observables
(KLN theorem)

* we have performed a first genuine QCD calculation: the cross-section
for Sterman Weinberg jets in e*e- collisions

* perturbative QCD can be used to compute jet-cross section and other
infrared-safe event shape variables

* comparison of theory and calculations provide stringent tests of QCD
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Partons in the initial state

e We talked a lot about final state QCD effects

* This is the only thing to worry about at e*e- colliders (LEP)
* Hera/Tevatron/LHC involve protons in the initial state

* Proton are made of QCD constituents

Next we will focus mainly on aspects related to initial state effects

i i
| —p €
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The parton model

Basic idea of the parton model: intuitive picture where in a high transverse
momentum scattering partons behave as quasi free in the collision

— cross section is the incoherent sum of all partonic cross-sections

/dxld:czf( 1)( )fz( )(:1:2) (x1725) S = T1X98

NB: This formula is wrongl/incomplete (see later)

%) (2;): parton distribution function (PDF) is the probability to find parton
i in hadron j with a fraction x; of the longitudinal momentum (transverse
momentum neglected), extracted from data

o(z1128): partonic cross-section for a given scattering process, computed in
perturbative QCD
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Sum rules

Momentum sum rule: conservation of incoming total momentum

Conservation of flavour: e.g. for a proton

In the proton: u, d valence quarks, all other quarks are called sea-quarks

[ How can parton densities be extracted from data?]
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Deep inelastic scattering

Easier than processes with two incoming hadrons is the scattering of a
lepton on a (anti)-proton

Ql'!b Q2 = 25030 GeV?, y =10.56. x=0.50

- H1 Run 122145 Event 69506
/ Date 19/09/1995
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Deep inelastic scattering

Protons made up of point-like quarks. N //k’
Different momentum scales involved: € 5
* hard photon virtuality (sets the resolution g 1
scale) Q Zp
* hard photon-quark interaction Q p
* soft interaction between partons in the 1Pmton

proton m, < Q

During the hard interaction, partons do not have time to interact among
them, they behave as if they were free

= approximate as incoherent scattering on single partons
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Deep inelastic scattering

Kinematics: o’
pP-q
Q°=—-q¢ s=(k+p)? xp;= =7 /’
2 is the virtuality at
which one probes the
proton (resolution scale)
LP
P
Partonic variables: <
X proton
. A A ~ ~_ P9 A .
p=ap s=(k+p)°=2k-p §= kY (P+q)°=2p-q—Q*=0
= T = TBj

Hence at leading order, the experimentally accessible xg; coincides with the
momentum fraction carried by the quark in the proton

do S
dg —a Q42M€m (1+(1-9) )}

Partonic cross section:
(apply QED Feynman rules and {

add phase space)
44



show that in the CM frame of the electron-quark system y is given

by (1 — cosf1)/2,with . the scattering angle of the electron in this frame

. . do
- show that the two particle phase space is |
: : 16W&ql
- show that the squared matrix element is sepk (1+ (1 —y)?)
, 1
- show that the flux factor is
dxpk

Hence derive that

46 G
= ¢?
dg ' Q

42ﬂ1%m(1+(1—y))
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Deep inelastic scattering

Hadronic cross section (factorization):

o () () 40
— = [ dx 7 () —
. o=/ YW
sing X = Xa /
e | D 6+> //k
k q
dy deJ Z fl U
LP
27‘(’ ozemsxg7 (p) D
— . Z P f . -
g ¢ Y, proton

|. at fixed xgj and y the cross-section scales with s

2. the y-dependence of the cross-section is fully predicted and is typical of

vector interaction with fermions = Callan-Gross relation

3. can access (sums of) parton distribution functions

4. Bjorken scaling: pdfs depend on x and not on Q2 (violated by logarithmic
radiative corrections, see later) 4



The structure function F»

4 )
do o>

_ emS ( )
dyde QA (1+ (1 =y°) Fa(x) qul ’
\_ _J

F2 is called structure function (describes structure/constituents of nucleus)

For electron scattering on proton

NB: use perturbative language of quarks and gluons despite the fact that

parton distribution are non-perturbative

Bjorken scaling: the fact the structure functions are independent of Q is a

direct evidence for the existence of point-like quarks in the proton
(violated by logarithmic corrections)
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The structure function F»

é )
do 27T042m8 5 (p)
Tyds — 0 (14 (1—y°) Fp(z) qul

. _J

F2 is called structure function (describes structure/constituents of nucleus)

For electron scattering on proton

NB: use perturbative language of quarks and gluons despite the fact that

parton distribution are non-perturbative

F2 gives only a linear combination of u and d. How can they be

extracted separately!?
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Isospin

[Neutron is like a proton with u & d exchanged]

For electron scattering on a proton

4

Fi(a) = ((gupla) + gaplo) )

For electron scattering on a neutron

@w@:x<%%@»+gw¢w>:x<§%@y+%%@0

F2 and F5 allow determination of u, and dj, separately

NB: experimentally get F, from deuteron: Fi(z) = FF(z) + F}(z)
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Sea quark distributions

Inside the proton there are fluctuations, and pairs of uu,dd,cc,ss ... can be

created
An infinite number of pairs can be created as long as they have very low

momentum, because of the momentum sum rules.

We saw before that when we say that the proton is made of uud what

we mean is

/0 dx (uy(z) — tp(x)) = 2 /o dx (dp(x) — dp(z)) =1

[
Photons interact in the same way with u(d) and G(a) V“) /

. +
How can one measure the difference!? 4
What interacts differently with particle
and antiparticle! VWW*/W- from neutrino scattering <
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Check of the momentum sum rule

Uy 0,267
dv O, Il
Us 0,066
ds 0,053
Ss 0,033
Cc 0,016
total 0,546

/1 deCEfi(p)(ilj) =1
0 i

=+ half of the longitudinal
momentum carried by gluons

v/W*- don’t interact with gluons
How can one measure gluon parton densities?
We need to discuss radiative effects first
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