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NLO n-jet cross-section

Now consider n-jet cross-section at NLO.  At scale µ the result reads 

• So the NLO result compensates the LO scale dependence. The residual 
dependence is NNLO.

• Notice also that a good scale choice automatically resums large 
logarithms to all orders, while a bad one spuriously introduces large logs 
and ruins the PT expansion 

• Scale dependence and normalisation start being under control only 
at NLO, since compensation mechanism kicks in  

• Scale variation is conventionally used to estimate theory uncertainty, but 
the validity of this procedure should not be overrated (see later) 
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NLO calculations
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NLO accuracy requires to dress a process with one real or one 
virtual parton 

virtual 

real 

LO

NLO

requires loop 
integration over 

We will not have the time to do detailed NLO calculations, but let 
us look a bit more in detail at the issue of divergences/subtraction



Regularization

Regularisation: a way to make intermediate divergent quantities meaningful 

• In QCD dimensional regularisation is today the standard procedure, 
based on the fact that d-dimensional integrals are more convergent if 
one reduces the number of dimensions.

• Divergences become intermediate poles in 1/ε

• This procedure works both for UV divergences and IR divergences

Alternative regularization schemes: photon mass (EW), cut-offs, Pauli-Villard ... 
Compared to those methods, dimensional regularizatiom has the big virtue that it leaves 
the regularized theory Lorentz invariant, gauge invariant, unitary etc. 
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• N.B. to preserve the correct dimensions a mass scale µ is needed
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Subtraction and slicing methods

• Consider e.g. an n-jet cross-section with some arbitrary infrared safe jet 
definition.  At NLO, two divergent integrals, but the sum is finite 

• Since one integrates over a different number of particles in the final 
state, real and virtual need to be evaluated first, and combined then 

• This means that one needs to find a way of removing divergences before 
evaluating the phase space integrals

Two main ideas
- phase space slicing ⇒ not much used at NLO because of numerical 

issues, revived at NNLO 
- subtraction method ⇒ most used at NLO, many variations at NNLO
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Subtraction method

• The real cross-section can be written schematically as 

where FJ is the arbitrary jet-definition 

• The matrix element has a non-integrable divergence 

|Mn+1|2 =
1
x
M(x)

where x vanishes in the soft/collinear divergent region  

2 Re{MV · M�
0} =

1
�
V

• IR divergences in the loop integration regularized by taking D=4-2ε 
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• The n-jet cross-section becomes 

Subtraction method
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• Infrared safety of the jet definition implies 
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• One can then add and subtract the analytically computed divergent part 
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Subtraction method

• This can be rewritten exactly as 

⇒ Now both terms are finite and can be evaluated numerically

• Subtracted cross-section must be calculated separately for each process, 
but automated now. It must be valid everywhere in phase space 

• Systematised in the seminal papers of Catani-Seymour (dipole subtraction, 
’96) and Frixione-Kunszt-Signer (FKS method, ’96) 

• Subtraction used in all recent NLO applications and public codes (Event2, 
Disent, MCFM, NLOjet++, Madgraph5@aMC@NLO, POWHEG ... ) 
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Ingredients at NLO

set of subtraction terms  

tree graph rates with N+1 partons 
➔ soft/collinear divergences 
tree graph rates with N+1 partons 
➔ soft/collinear divergences 

set of subtraction terms  

A full N-particle NLO calculation requires:

virtual correction to N-leg process 
➔ divergence from loop integration,
    use e.g.  dimensional regularization 

bottleneck 
for a very 
long time 

9



Britto, Cachazo, Feng ’04

1) “... we show how to use generalized unitarity to read off the (box) 
coefficients. The generalized cuts we use are quadrupole cuts ...”

NB: non-zero 
because cut gives 
complex momenta

Aim: NLO loop integral without doing the integration

Virtual one-loop: two breakthrough ideas

Quadrupole cuts:  4 on-shell conditions on 4 dimensional loop 
momentum) freezes the integration. But rational part of the amplitude, 
coming from D=4-2ε not 4, must be computed separately. 
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Aim: NLO loop integral without doing the integration

Ossola, Pittau, Papadopolous ’06

2) The OPP method: “We show how to extract the coefficients of 4-, 3-, 2- and 
1-point one-loop scalar integrals....”

Contents
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1. Introduction

The current TEVATRON collider and the upcoming Large Hadron Collider need a good
understanding of the standard model signals to carry out a successful search for the Higgs
particle and physics beyond the standard model. At these hadron colliders QCD plays an
essential role. From the lessons learned at the TEVATRON we need fixed order calculations
matched with parton shower Monte Carlo’s and hadronization models for a successful
understanding of the observed collisions.

For successful implementation of numerical algorithms for evaluating the fixed order
amplitudes one needs to take into account the so-called complexity of the algorithm. That
is, how does the evaluation time grows with the number of external particles. An algo-
rithm of polynomial complexity is highly desirable. Furthermore algebraic methods can be
successfully implemented in efficient and reliable numerical procedures. This can lead to
rather different methods from what one would develop and use in analytic calculation.

The leading order parton level generators are well understood. Generators have been
constructed using algebraic manipulation programs to calculate the tree amplitudes directly
from Feynman diagrams. However, such a direct approach leads to an algorithm of double
factorial complexity. Techniques such as helicity amplitudes, color ordering and recursion

– 1 –

Coefficients can be determined by solving a purely algebraic system of 
equations at integrand level. Clever choices make the systems almost 
block-diagonal. 
[In D-dimensions: sufficient to include also pentagons.] 
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One-loop: two breakthrough ideas



NLO: one-loop amplitudes 
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Main one-loop amplitude providers:

‣BlackHat(https://blackhat.hepforge.org/)

‣Collier (https://collier.hepforge.org)

‣GoSam (https://gosam.hepforge.org) 

‣Golem95 (https://golem.hepforge.org/)

‣Helac-NLO/Helac-1Loop (https://helac-phegas.web.cern.ch) 

‣Ninja (https://ninja.hepforge.org/)

‣Njet (https://www.physik.hu-berlin.de/de/pep/tools/njet)

‣NLOX (http://www.hep.fsu.edu/~nlox/)

‣OpenLoops (https://openloops.hepforge.org) 

‣Recola/Recola2 ( https://recola.hepforge.org) 

✓ Fast, automated generation and numerical evaluation of one-loop amplitudes

✓ Easy interface with Sherpa, Herwig, POWHEG, and others

✓ QCD only, or full SM (QCD+EW) 

https://collier.hepforge.org
https://gosam.hepforge.org
https://golem.hepforge.org/
https://helac-phegas.web.cern.ch
https://ninja.hepforge.org/
https://www.physik.hu-berlin.de/de/pep/tools/njet
http://www.hep.fsu.edu/~nlox/
https://openloops.hepforge.org
https://recola.hepforge.org


NLO: multi-purpose tools 
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1. MadGraph5_aMC@NLO (https://launchpad.net/mg5amcnlo)  

• Full automation of NLO QCD and EW


• Process generation via FeynRules/UFO. Supports parton showers via aMC@NLO


2. Sherpa+OpenLoops (https://sherpa.hepforge.org, https://openloops.hepforge.org)  

• SHERPA handles phase space, subtraction, matching, and showering


• OpenLoops provides fast NLO matrix elements. Efficient for multi-leg processes


3. Herwig+Matchbox (https://herwig.hepforge.org)  

• Herwig’s Matchbox module enables automated NLO QCD corrections and matching


• Works with external amplitude providers (OpenLoops, MadGraph, etc.)


4. POWHEG-BOX (http://powhegbox.mib.infn.it)  

• NLO with matching to parton showers (POWHEG method)


• Semi-automated; requires user input for new processes


5. MCFM (https://mcfm.fnal.gov)  

• Parton-level code for NLO calculations (less automated)


• Mostly SM processes. Mostly based on analytic calculations, very stable and fast 


… 

https://launchpad.net/mg5amcnl
https://openloops.hepforge.org
https://herwig.hepforge.org
http://powhegbox.mib.infn.it
https://mcfm.fnal.gov


Automated NLO
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Example: single Higgs production processes (similar results available for 
all SM processes of similar complexity, backgrounds to Higgs studies) 

✓A solved problem



NLO: the present
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Today focus on 

‣ automation of NLO for BSM signals 

‣ loop-induced processes: higher-order, but enhanced by gluon PDF

‣ automation of NLO electroweak corrections (necessary to match 
accuracy of NNLO)

‣ automation of NLO in SMEFT 

➡ Practical limitation: high-multiplicity difficult because of numerical 
instabilities, long run-time on clusters to obtain stable results         
(edge: about 6 particles in the final state, depending on the process)

Comparison to at least NLO is the standard now in most 
LHC analyses 



What lead to this remarkable progress? 

The fact that 

1. leading order can be computed automatically and efficiently (e.g. via 
recursion relations) 

2.one can reduce the one-loop to product of tree-level amplitudes
3. it was well understood how to subtract singularities 
4. the basis of master integrals was known 

NLO revolution? 
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But for item 2. everything was there since the time of Passarino-Veltman 
(even item 2. was understood, but no efficient/practical method exited). 
We will later on compare this to the current status of NNLO 



Uncertainties 
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The seemingly unpleasant feature that cross sections depend on the 
renormalization and factorization scales can be turned into a useful tool: it 
provides an estimate of the theoretical uncertainty associated with missing 
higher-order corrections.

Example: Let us consider again the R-ratio. 
Fix the renormalization scale to the scale at which the hard process occurs 
(Q) and vary it up and down by a factor 2 

NB: 

• the factor 2 is conventional

• it is a procedure that seems to work well 
in practice, but with limitations

• in complicated processes large degree of 
freedom in the choice of the central scale
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‣ Scale variation is not a perfect procedure to assess the theory uncertainty 
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Figure 1. Scale dependence of the LO and NLO cross sections for tt̄+ 1-jet production at the Tevatron (left) and
the LHC (right) as taken from Ref. [34], with the renormalization scale (µr) and the factorization scale (µf ) set to µ.
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Figure 2. Scale dependence of the LO and NLO
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quark in pp̄→ tt̄+jet+X at the Tevatron as taken from
Ref. [34] with µ= µf = µr.
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1. LHC example of NLO: tt+1jet

‣ Scale variation for ratios (asymmetries etc.) underestimates the uncertainty 

Cross-section Asymmetry 

‣ Ambiguities in the central scale choice (more so for more complicated 
processes) 
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Scale choice: example of W+3 jets

... large logarithms can appear in some distributions, invalidating even an NLO prediction.
Bern et al. ’09

2. LHC example of NLO: W+3jets



Is NNLO needed? 
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LHC data clearly already requires NNLO
Same conclusion in all measurements examined so far

 With more data NLO likely to be insufficient

NLO

NNLO



Why is NNLO difficult
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calculation of two-loop 
master integrals (when many 
scales are involved)

methods to cancel 
(overlapping) divergences 
before integration

�
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Cancelation manifest after phase space integration, but to have fully 
differential results must achieve cancelation before integration



Ingredients for NNLO 
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At NNLO the situation is very different from NLO

1. leading order of very limited importance  
2. no procedure to reduce two-loop to tree-level (unitarity approaches 

still face many outstanding issues)
3. subtraction of singularities far from trivial 
4. basis set of master integrals not known, integrals not all/always 

known analytically
And all this even for simple processes (no full result exists for any 2 → 4 
scattering process) 

What changed in the last years (and is undergoing more changes) 

1. technology to compute integrals
2. extension of systematic subtraction to NNLO 



NNLO: status 

23
Different colour: different way to handle intermediate divergences 

✓2 to 2 processes in the SM 
➡ frontier is 2 to 3 



NNLO: one highlight 
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Recent milestone: NNLO calculation of three jet production at the LHC

Recently applied to compute event shapes at the LHC, which might be 
used to fit the strong coupling  

Shape dependent NNLO effects. 
NNLO improves description of data 

Alvarez et al JHEP 03 (2023) 129



Application of 3jet@NNLO
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Alvarez et al JHEP 03 (2023) 129

Since 𝛼s ≈ 0.1, c ≈ 10 implies that 1% shift in 

𝛼s leads to ≈ 1% shift in predictions 

➠ good prospects for the precision 
determination of 𝛼s and its running 
through TeV scales from LHC data 

<latexit sha1_base64="mvbaryYk3t1yN4f+YE1RDpIrgj4="></latexit>
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ttH at approximate NNLO
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Two-loop pp → ttH amplitudes still missing. 

Idea: approximate with amplitudes with a soft Higgs 
emitted off heavy quarks 

Test the procedure at 
NLO

‣approximation not that great. It works better for the qq than the gg channel



ttH at approximate NNLO
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Two-loop pp → ttH amplitudes still missing. 

Idea: approximate with amplitudes with a soft Higgs 
emitted off heavy quarks 

Size of approx. 
NNLO

‣approximation works better for qq then gg channel

‣but two-loop corrections are very small (below a %)



ttH at approximate NNLO
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 estimated uncertainty on 
the total cross section at the 
few percent level 

⇒

Interesting to validate this 
once full NNLO is available 



NNLO uncertainty? 
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NNLO scale uncertainty bands of 1-2%. 

Is the theory uncertainty indeed 1-2%? 

From G. Salam
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t

Gluon fusion Higgs 
production (in the large mt 

effective theory)

Vector boson fusion Higgs 
production (in the structure 
function approximation, i.e. 

double DIS process)

P1

P2

fq(x1)

fq(x2)
x2P2

x1P1

γ∗, Z

l−

l+

N3LO: only 3 LHC process known so far 

Drell Yan (W and Z bosons 
to leptons)  



Higgs production at N3LO
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• O(100000) interference diagrams (1000 at NNLO)


• 68273802 loop and phase space integrals (47000 at NNLO)


• about 1000 master integrals (26 at NNLO) 




Higgs production at N3LO
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Anastasiou et al 1602.00695

• N3LO finally stabilizes the perturbative expansion 


• also matched to resummed calculation (essentially no impact on 
central value at preferred scale mH/2 )



Error budget: one example
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Gluon-fusion Higgs productions (known to N3LO fully differential)
Error budget as of 2018 More data; lattice 

determination 𝛼s;

progress in 𝛼s fits

Removed by 

Czakon et al ’21

can be removed

Reduced by factor 2 
through mixed EW-
QCD calculations

Missing N3LO PDFs


Missing N4LO 

Dulat, Lazopoulos, Mistlberger ’18 



Summary of perturbative calculations

• LO: fully automated. Edge: up to 8-10 final-state particles 

• NNLO: the current focus. Most 2 → 2 processes known.  First 2 → 3 
calculations for the LHC. 

• NLO: also automated. Edge: up 4-6 final-state particles 

• NNNLO: the frontier. Only 3 processes known: fully inclusive Higgs 
production via gluon fusion (large mt effective theory), vector boson 
fusion (factorised approximation) and Drell Yan production 
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Discuss all-order resummation in the example of the thrust variable

The most popular one is the thrust in e+e- collisions 

Event shapes are sensitive to QCD radiation. They can be used to 
classify events and to measure the strong coupling constant.

T ≡
1
Q

max
nT

∑
i

| ⃗pi ⋅ ⃗nT |

⃗nT ⃗nT

τ ≡ 1 − T ≪ 1 T = 𝒪(1)
Thrust axis of the event

35

Analytic resummation 



For massless particles 
p1 p2

p3

T = max{x1, x2, x3} xi =
2Ei

Q
0 ≤ xi ≤ 1 ∑

i

xi = 2 τ({xi}) = 1 − max{x1, x2, x3}

The differential cross section reads with one real emission

➥ divergent at x1 = 1 

Σ(τ) = 1 + ∫ [dΦ3] |M({xi} |2 θ(τ − τ({xi})

= 1 +
CFαs

2π ∫
1

0
dx1 ∫

x1

0
dx2

x2
1 + x2

2

(1 − x1)(1 − x2)
θ(τ({xi}) − τ) + perm .

36

Sketch of leading order calculations



Virtual corrections 

The value of the event shape provides a bound on the integration 
region, which effectively shields it from singularities at xi =1.

p1 p2

p3

T = max{x1, x2, x3} = 1

Σ(τ) = 1 +
CF αs

2π ∫
1

0
dx1 ∫

x1

0
dx2

x2
1 + x2

2

(1 − x1)(1 − x2)
[θ(τ({xi}) − τ) − 1] + perm .

τ = 0

Including virtual corrections (same matrix element but opposite sign):   

i.e.

Σ(τ) = 1 −
CFαs

2π ∫
1−τ

0
dx1 ∫

x1

0
dx2

x2
1 + x2

2

(1 − x1)(1 − x2)
+ perm .
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Sketch of leading order calculations



x1

x2

1

1

x1 = 1
x2 + x3 = 1

collinear: 2 || 3 

x2 = 1
x1 + x3 = 1

collinear: 1 || 3 

x3 = 1
x1 + x2 = 1

collinear: 1 || 2 

p3 soft

Real radiation constrained 
to this grey region 
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The full phase space for real emissions 

Grey: allowed integration region

Edges: of the triangle correspond to 
collinear regions

Vertices: of the triangle correspond to 
soft-collinear regions   

Kinematic plane



x1

x2

1

1

x1 = 1
x2 + x3 = 1

collinear: 2 || 3 

x2 = 1
x1 + x3 = 1

collinear: 1 || 3 

x3 = 1
x1 + x2 = 1

collinear: 1 || 2 

p3 soft

Vetoed 
regiVetoed region

Imposing a requirement on the event 
shape constraints the integration 
region away from all singularities

→ vetoed region  
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Kinematic plane



x1

x2

1

1

x1 = 1
x2 + x3 = 1

collinear: 2 || 3 

x2 = 1
x1 + x3 = 1

collinear: 1 || 3 

x3 = 1
x1 + x2 = 1

collinear: 1 || 2 

Imposing a requirement on the event 
shape constraints the integration 
region away from all singularities

→ vetoed region  

p3 soft

Real-virtual cancellation occurs 
everywhere but for the vetoed region 
which is therefore the only one 
contributing to the answer 

Vetoed region

The full calculation gives 

Σ(τ) = 1 +
αsCF

π {[A1 ln2(1/τ) + B1 ln τ] + regular at τ → 0} + 𝒪(α2
s )
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Kinematic plane



A more standard way to illustrate this relies on the Lund plane: it uses the 
(log of) transverse momentum and the rapidity of the emitted gluon with 
respect to the “Born” direction 

τ =
kt

Q
e−|η|

η
ln

kt

Q

x
1 ∼

1

x 2
∼ 1 Collinear

Coll
ine

ar τ = τ0

Large angle and soft

ln τ = ln
kt

Q
− |η |

In terms of these variables one 
has in the soft and collinear 
limit  

Vetoed region

Σ(τ < τ0) = 1 + G12L2 + G11L + …
Area of the vetoed region 

Edges of collinear regions 

L ≡ ln τ0
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The Lund plane



dΣ
dv

Correct behaviour: exponential suppression at small v, consistent with 
the fact that the probability of no emitting is zero  

Fixed order 
calculations 
divergent 

In the region where fixed 
order perturbation theory break 
down: one needs to resum 
emissions to all orders in 
perturbation theory 

αsL ∼ 1

v

Σ(v) ∼ exp{Lg1(αsL) + g2(αsL) + αs(αsL)}
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Breakdown of fixed order 



Assume that, for a single soft-collinear gluon, the following parametrization 
holds  

V(k) = dℓ ( kt

Q )
a

e−bℓ|ηℓ|gℓ(ϕ)

This can be verified, and the coefficientsa, bl, dl, and gl(p for soft emissions 
collinear to a “leg” l  , can be determined numerically 

aℓ, bℓ, dℓ, gℓ(ϕ)
ℓ

Continous globalness means: a1 = a2… = a
ln

kt

Q

Vetoed 
region

non-global 

ln
kt

Q

Vetoed 
region

Not 
continuously 
global 
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Single emission properties
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η

/Q

V({p},k) = v
~

V({p
},k

) =
 v

~

2 << z1  ~ 1

collinear limit, z
1<
< z 2 

~ 1

co
l. l

im
it, 

z

large angle and soft

leg 1
parametrization

leg 1
parametrization

leg 2
parametrization

v  Q1/a
tk ∼

tk  Q∼

v  Q1/(a+b1)kt ∼

v  Q1/(a+b2)
tk ∼

Figure 1: The η–ln(kt/Q) plane for a single emission, together with a representation

(shaded area) of the region in kt and η over which the integrand of eq. (2.10b) is non

zero. The specific positions of the lines correspond to the case of an observable with

a1 = a2 → a = 1 and b1 = 1, b2 = 3/2. For simplicity, the φ-dependence of the problem

has been neglected. The insets correspond to a magnification by a factor of order ln 1/v.

Further details are given in the text.

shaded region. If one makes the assumption that one can extend the soft and collinear

parametrisation (2.1) into the hard collinear region, then one finds, using eq. (2.6),
that for a given fixed z(!), the observable scales as ka!+b!

t . The scales associated with
the lateral corners of the shaded region are then

kt ∼ v1/(a!+b!)Q . (2.11)

In practice, in the hard collinear region, the observable V ({p̃}, k) may depart from

its soft and collinear parametrisation (2.1). Such a situation is illustrated in the
right-hand inset of fig. 1, which represents the true boundary of the shaded region
(solid line), V ({p̃}, k) = v, and the boundary that would be obtained based on

the soft-collinear parametrised form for V (dashed line). As long as the difference
between the true form of the observable and the parametrisation is just a non-zero

z(!)-dependent factor of order 1, then eq. (2.11) remains valid. Furthermore, when
evaluating eq. (2.10b), replacing the true observable V ({p̃}, k) with its parametrised

– 13 –

Mismatches between exact and 
soft-collinear approximation are 
NNLL  

Illustration of mismatch between exact definition and parametrization: 
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Single emission properties



Key properties for all-order calculations: coherence and factorisation  

• A soft gluon couples to fast partons via an eikonal 
current, sensing only their collective colour charge. 
When emitters are close together, it cannot resolve 
them individually — leading to colour coherence

• If two emissions are widely separated, their radiation 
patterns do not overlap, interference terms are 
suppressed and the emissions factorize — i.e. they 
are independent ✗ ✔︎

=
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Extension to all orders? 



For two emissions, non-abelian contributions simply   

k

k1

k2 kk
+

αCMW
s (k2

t )

αCMW
s = αMS

s (1 + KCMW αMS
s

2π )αs(k2
t ) = αs(μ2)(1 + αsβ0 ln

k2
t

μ2 )

α2
s (μ2)[dk] |M1−loop,N.A.(k) + α2

s (μ2)∫ [dk1][dk2] |MN.A.(k1, k2)δ3(k − k1 − k2)

= α2
s (μ2)[dk] |M(k, μ) |2 (β0 ln

k2
t

μ2
+

KCMW

2π )

⇒ [dk]αCMW
s (kt) |M(k, μ) |2

Catani, Marchesini, Webber 1991 46

Two emissions: non-abelian terms



Accounting for the mismatch in the observable one obtains

k

k1

k2

Σ(v) = 1 − ∫ [dk]αCMW
s (k2

t ) |M2(k) |Θ(V − v(k))

−∫ [dk1][dk2] |MNA(k1, k2) |2 [Θ(V − v(k1, k2) − Θ(V − v(k))]

k

k1

k2

[Θ(V − v(k1, k2) − Θ(V − v(k))] → 0

O(αs)  correction relative to single gluon 
emission (formally NNLL correction) 

✗

𝒪(αs)
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Two emissions: non-abelian terms



angular scales are effectively emitted independently. A priori however, there is no

reason to believe that emissions are widely separated in rapidity — on the contrary
it is straightforward to see13 that, for a typical event, any given region of rapidity of

size ∆η → 1 is likely to contain emissions.

ln 1/

ln kt

η

/Qln kt

η

/Q

Figure 2: Illustrative pattern of emissions (dots) in the ln kt–η plane (as in figure 1)

given that the event shape has a value of order v (corresponding to the dashed boundary).

Left: emissions (grey) below the dotted line would each individually give a value of the

observable < εv and can be ignored (see text). Right: the remaining emissions (black)

can be grouped into clusters local in rapidity, each cluster then being replaced by a single

emission (red).

This is illustrated in the left-hand diagram of fig. 2, which shows a possible
configuration of emissions (dots) that gives a value of order v for the observable. To

work around the problem of a ‘dense’ distribution of emissions in rapidity, we separate
the emissions into two groups by introducing a small parameter ε: emissions that

individually would lead to a value of the observable smaller than εv are coloured
grey, and the remaining ones are coloured black. Most observables have the property

(to be formalised below as part of the rIRC conditions) that the ‘grey’ emissions
(dense in rapidity) can be removed from the ensemble without significantly altering
the value of the observable. Therefore we are free to study configurations without

these grey emissions.
As a next step we group the remaining ‘black’ emissions into clusters that are

local in rapidity.14 The number of clusters per square of unit rapidity and ln 1/kt is
13Neglecting non-global logarithms, the naive ‘primary-emission’ probability of there being no

emissions in a region of size∆η centred on rapidity η is roughly P → exp
(
−∆η

∫ Qe−η

Q0

dkt

kt

2CFαs(k
2

t )
π

)
,

where Q0 is a non-perturbative cutoff. This differs substantially from 1, and since the neglected
non-global effects generally lead to extra suppression [12], it is an upper bound on the full single-
logarithmic expression for the probability.

14We refer to clusters rather than to individual emissions in order to ensure the infrared and
collinear safety of our discussion. The concept is made more precise below.
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Generalising to many emissions
Coherence to all orders implies that emissions can be treaded 
independently if they are sufficiently separated in rapidity

However, emissions are not well-separated: e.g. there are about 10 units of 
rapidity at the LHC and typical events have ≫ 10 particles 
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Step 1: Emissions which lead to an observable v  (  <<1) can be neglected for 
recursive infrared safe observables → ignore grey emissions

ϵ ϵ
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Generalising to many emissions



angular scales are effectively emitted independently. A priori however, there is no

reason to believe that emissions are widely separated in rapidity — on the contrary
it is straightforward to see13 that, for a typical event, any given region of rapidity of

size ∆η → 1 is likely to contain emissions.

ln 1/

ln kt

η

/Qln kt

η

/Q

Figure 2: Illustrative pattern of emissions (dots) in the ln kt–η plane (as in figure 1)

given that the event shape has a value of order v (corresponding to the dashed boundary).

Left: emissions (grey) below the dotted line would each individually give a value of the

observable < εv and can be ignored (see text). Right: the remaining emissions (black)

can be grouped into clusters local in rapidity, each cluster then being replaced by a single

emission (red).

This is illustrated in the left-hand diagram of fig. 2, which shows a possible
configuration of emissions (dots) that gives a value of order v for the observable. To

work around the problem of a ‘dense’ distribution of emissions in rapidity, we separate
the emissions into two groups by introducing a small parameter ε: emissions that

individually would lead to a value of the observable smaller than εv are coloured
grey, and the remaining ones are coloured black. Most observables have the property

(to be formalised below as part of the rIRC conditions) that the ‘grey’ emissions
(dense in rapidity) can be removed from the ensemble without significantly altering
the value of the observable. Therefore we are free to study configurations without

these grey emissions.
As a next step we group the remaining ‘black’ emissions into clusters that are

local in rapidity.14 The number of clusters per square of unit rapidity and ln 1/kt is
13Neglecting non-global logarithms, the naive ‘primary-emission’ probability of there being no

emissions in a region of size∆η centred on rapidity η is roughly P → exp
(
−∆η

∫ Qe−η

Q0

dkt

kt

2CFαs(k
2

t )
π

)
,

where Q0 is a non-perturbative cutoff. This differs substantially from 1, and since the neglected
non-global effects generally lead to extra suppression [12], it is an upper bound on the full single-
logarithmic expression for the probability.

14We refer to clusters rather than to individual emissions in order to ensure the infrared and
collinear safety of our discussion. The concept is made more precise below.

– 22 –

Step 2: emissions “clusters” can be replaced by “clustered” emissions (red 
dots) for recursive collinear safe observables

Now the emissions of clusters can be considered independent 
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Generalising to many emissions



Putting together these ideas one obtains a resummed result of the 
form 
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The answer

Almost all of the result comes from the exponentiation of the one 
gluon result, i.e. depends only on  (plus the coupling 
in the right scheme and at the right scale) 

{aℓ, bℓ, dℓ, gℓ(ϕ)}

LL NLL NNLL

Σ(v) = (1 + C(αs) eLg1(αsL)+g2(αsL)+αsg3(αsL)

All effects that are not a pure exponentiation of the one-gluon result 
come from “multiple emission” corrections and can be compute 
through finite integrals (difference between many emissions and the 
sum of them)  



Parton showers

Despite the high sophistication of exact higher-order calculations, 
these are limited to low number of particles in the final state 

we have also seen that sometimes large logarithms can spoil the 
convergence of fixed-order calculations (series not convergent) 

now we adopt a different approach: we seek for an approximate result 
such that enhanced terms are taken into account to all orders

this leads to a parton shower picture, which can be implemented in 
computer simulations known as Monte Carlo event generators 

Parton showers enter essentially any experimental study at current colliders
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Parton showers
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Parton shower: 
Energy degradation of 
particles from the hard 

collision, producing 
more particles during 

evolution

Modelling QCD processes, event simulation, background estimates, unfolding, detector simulation, … 

Parton showers are ubiquitous at the LHC 



Core ingredient
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Probability, in the soft-collinear limit, of NOT emitting a gluon above transverse 
momentum kt: 

P(no single gluon above kt) = 1 −
αsCF

π ∫
Q dE

E
dθ
θ

Θ(Eθ − kt)

In the soft-collinear limit (gluons emitted independently), the probability of 
nothing happening is the exponential of the one gluon result 

P(no emission above kt) ≡ Δ(Q, kt) = exp [−
αsCF

π ∫
Q dE

E
dθ
θ

Θ(Eθ − kt)]

This is called Sudakov form factor: it corresponds to the probability of 
evolving from scale Q to kt without emissions 



Core ingredient
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In terms of the Sudakov form factor, the probability of the first emission 
becomes  

dP
dkt,1

=
d

dkt,1
Δ(Q, kt,1)

This probability can be generated easily numerically: generate a flat random 
number  and find  such that  0 < r < 1 kt,1 r = Δ(Q, kt,1)

If  is smaller than a fixed-cut-off stop, otherwise allow each new emission 
to branch further. This gives rise to a “shower” of soft-collinear emissions.   

kt,1

NB: All parton showers employ an explicit infrared cutoff, which marks the 
scale below which perturbative evolution is terminated and hadronization 
effects take over.



Illustration of shower evolution 

Q0

Q1

Q2

Q3

Λ

. 

. 

. 

Q4

Q5

Q6

q g g g g gq q q q qg g

56



Key elements of parton showers

57

Design principle for modern parton showers: 

All elements of the shower should respect the absence of crosstalk 
between disparate scales, i.e. it should respect QCD 
factorisation 

Ingredients/ambiguities: 

• Splitting kernels / matrix elements

• Ordering variable 

• Recoil 

• Vetoed region  

• Colour/spin treatments

• …  

Dipole recoil in kt-
ordered shower: 
emission 2 takes recoil 
from 1. This is wrong in 
a large phase space 
region 

1 2



Key elements of parton showers
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The development of parton shower has seen a dramatic change in recent 
years. Key new elements of modern parton showers include  

• Improvements in the accuracy of the parton shower 

• Numerical procedure to validate the accuracy 

• Understanding that some parton showers have lower accuracy                
⇒ can be disregarded when assessing theory uncertainties 

A revolution in parton shower developments is ongoing. 
It will be crucial for Run 3, HL-LHC and FCC. 

ALARIC, DEDUCTOR, PANSCALES, HERWIG7, … 



Tests of parton shower accuracy
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Formally test the logarithmic accuracy of parton showers by comparing to 
analytic calculations in the limit of very small coupling



Tests of parton shower accuracy
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to be moderate for relatively inclusive observables like
event shapes [5]. In contrast, here we see that non-NNLL
showers differ from NNLL accuracy with coefficients
of order one. That suggests a potential non-negligible
phenomenological effect.
Figure 4 compares three PanGlobal showers with

ALEPH data [78] using Rivet v3 [79], illustrating
the showers in their NLL and NNLL variants, with
αMS
s ðMZÞ ¼ 0.118 for both. We use 2-jet NLO matching

[74], and the NODS color scheme [6], which guarantees
full-color accuracy in terms up to NLL for global event
shapes. Our showers are implemented in a pre-release of
PanScales [80] v0.2.0, interfaced to Pythia v8.311 [3] for
hadronization, with nonperturbative parameters tuned to
ALEPH [78,81] and L3 [82] data (starting from the Monash
13 tune [83], cf. Ref. [72] Sec. 5; the tune has only a modest
impact on the observables of Fig. 4). The impact of the
NNLL terms is significant and brings the showers into good
agreement with ALEPH data [78], both in terms of
normalization and shape. Some caution is required in
interpreting the results: given that the logarithms are not
particularly large at LEP energies, NLO 3-jet corrections
(not included) may also play a significant role and should
be studied in future work. Furthermore, the PanGlobal
showers do not include finite quark-mass effects. Still,
Fig. 4 suggests that NNLL terms have the potential to
resolve a long-standing issue in which a number of dipole
showers (including notably the Pythia 8 shower, but also the
PanGlobal NLL shower) required an anomalously large
value of αsðmZÞ≳ 0.130 [83] to achieve agreement with
the data.
The parton showers developed here are expected to

achieve NNLL (leading-color) accuracy also for nonglobal
event shapes such as hemisphere or jet observables, and
αnsLn−1 (NSL) accuracy [54,62–64,68,85,86] for the soft-
drop [87,88] family of observables, in the limit where either
their zcut parameter is taken small or βSD > 0. (We have not

carried out corresponding logarithmic-accuracy tests,
because the small zcut limit renders them somewhat more
complicated than those of Figs. 2 and 3. In the case of
nonglobal event shapes, there exist no reference calcula-
tions.) This is in addition to the NSL accuracy for energy
flow in a slice [89–91] and αnsL2n−2 (NNDL) accuracy for
subjet multiplicities [92] that was already achieved with the
inclusion of double-soft corrections [29].
Next objectives in the programme of bringing higher

logarithmic accuracy to parton showers should include
incorporation of full triple-collinear splitting functions (as
relevant for experimentally important observables such as
fragmentation functions), the extension to initial-state
radiation, and logarithmically consistent higher-order
matching for a variety of hadron-collider processes. The
results presented here, a significant advance in their own
right, also serve to give confidence in the feasibility and
value of this broad endeavor.
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FIG. 4. Results for the Thrust and Durham y23 [84] observables
with the PanGlobal showers compared to ALEPH data [78], using
αsðMZÞ ¼ 0.118. The lower (middle) panel shows the ratios of
the NNLL (NLL) shower variants to data.
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Novel parton showers reaching NLL and 
even NNLL accuracy for e+e- collisions

across the boundary (Ref. [72], Sec. 3)

F PS

F resum ¼ 1þ 8CFT2ðv; vhcÞ
!
hΔyi −

1

βobs
hΔln kti

"
; ð11Þ

with vhc ≡ v½1=ð1þβobsÞ&. Concentrating on the right-hand half
of the Lund plane in Fig. 1, it encodes the fact that a
positive y drift increases the number of events that pass the
constraint VðfkgÞ < v, because emissions to the left of the
boundary move to the right of the boundary, and vice versa
for a positive ln kt drift.
We are now in a position to write the ratio of ΣðvÞ in the

shower as compared to a resummation. Assembling the
contributions discussed above into Eq. (1) yields

ΣPSðvÞ
ΣresumðvÞ

− 1 ¼ 8CF

#
−hΔyiT2ðv; 1Þ

þ ½hΔyiþ hΔln kti&T2ðvhc; 1Þ

þ hΔln kti
!

1

βobs
T2ðv; vhcÞ − T2ðvhc; 1Þ

"

þ
!
hΔyi −

1

βobs
hΔln kti

"
T2ðv; vhcÞ

$
¼ 0;

ð12Þ

up to NNLL. The lines account, respectively, for the shower
contributions to ΔK1, B2, K2 [using Eq. (10) and then
trading rapidity and kt integrations] and F . The fact that
they add up to zero ensures shower NNLL accuracy for
arbitrary global event shapes. The last line necessarily
involves real double-soft emissions in the soft-collinear
region, thus tying the other three lines (which just involve
the Sudakov nonemission probability) to the shower’s
double-soft emissions, as anticipated below Eq. (3). The
connection with the ARES NNLL formalism [51,52,58] is
discussed in Ref. [72], Sec. 4.
Besides the analytic proof, we also carry out a series of

numerical verifications of the NNLL accuracy of several
parton showers with the above elements, using a leading-
color limit 2CF ¼ CA ¼ 3. These tests help provide con-
fidence both in the overall picture and in our specific
implementation for final-state showers. Figure 2 shows a
suitably normalized logarithm of the ratio of the cumulative
shower and resummed cross sections, for a specific
observable, the two-to-three jet resolution parameter, y23,
for the Cambridge jet algorithm [73] in Z → qq̄ (left) and
H → gg (right) processes. Focusing on the PGsdf

βPS¼0 shower,
the plots show results with various subsets of ingredients. A
zero result indicates NNLL accuracy. Only with 2-jet NLO
matching [74], double-soft corrections [29], B2 [67,68]
terms, 3-loop running of αs [75,76], K2 contributions
[58,66], and the drift correction of this Letter does one
obtain agreement with the known NNLL predictions

[52,77]. For this shower and observable, the drift correction
dominates.
Tests across a wider range of observables and shower

variants are shown in Fig. 3 for a fixed value of
λ ¼ αs ln v ¼ −0.4. With the drifts and all other contribu-
tions included, there is good agreement with the NNLL
predictions [45–52,58,61,77].
Earlier work on NLL accuracy had found that the

coefficients of NLL violations in common showers tended

FIG. 2. Test of NNLL accuracy of the PanGlobal (PGsdf
β¼0)

shower for the cumulative distribution of the Cambridge y23
resolution variable, compared to known results for Z → qq̄ [52]
(left) and H → gg [77] (right). The curves show the difference
relative to NNLL for various subsets of ingredients. Starting from
the red curve, DS additionally includes double soft contributions
and 2-jet NLO matching; 3l includes 3-loop running of αs and
the Kresum

2 term. B2 in the legend refers only to its resummation
part, Bint;NLO

2 . Including all effects (blue line) gives a result that is
consistent with zero, i.e., in agreement with NNLL.

FIG. 3. Summary of NNLL tests across observables and shower
variants. Results consistent with zero (shown in green) are in
agreement with NNLL. The observables correspond to the event
shapes used in Ref. [5] and they are grouped according to the
power (βobs) of their dependence on the emission angle. All
showers that include the corrections of this Letter agree
with NNLL.
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Knowledge from resummations of event shapes crucial to achieve these 
goals and validate them 



Choices do matter
Example: vector boson fusion Higgs 
production 

61

Colour coherence strongly 
suppresses activity in the 

central region 

Default Pythia shower incorrectly 
fills the central region 



Combining NNLO + parton shower

62

Merging NNLO and parton shower (NNLOPS) is a must to have the 
best perturbative accuracy with a realistic description of final state



Matching NNLO and parton showers

63

Matching NNLO and parton showers done for selected processes 
and preserving the leading logarithmic accuracy of the shower

Not yet clear how to preserve accuracy of 
more accurate showers in the matching  

✓2 to 2 processes with bosons  
✓2 to 2 processes with heavy-quarks 
➡ next frontier processes with light jets? 



Summary progress in parton showers

Recent progress includes 

• Higher perturbative accuracy: NLL and beyond for selected observables 
thanks to improved shower algorithms, improved treatment of recoil, 
and of soft-collinear subleading effects

• Development of formal tests of accuracy       

• First NNLO + PS for increasing number of processes
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Summary progress in parton showers

Still many open questions  

• Inclusion of yet higher logarithmic terms 

• Inclusion of sub-leading color correlations and spin-correlation effects 

• Better combination of QCD + QED + EW shower (EW Sudakov at 
high energies) 

• Systematic uncertainty estimates through shower variations 

• Machine learning assisted tuning 
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