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NLO n-jet cross-section

Now consider n-jet cross-section at NLO. At scale u the result reads

2

Jrlfj{;g(u) = a ()" " Aps, €, ... ) + ag(p)™ (B(pi,ei, ...) —nbgln %) + ...
0

* So the NLO result compensates the LO scale dependence. The residual
dependence is NNLO.

* Scale dependence and normalisation start being under control only
at NLO, since compensation mechanism kicks in

* Notice also that a good scale choice automatically resums large
logarithms to all orders, while a bad one spuriously introduces large logs
and ruins the PT expansion

* Scale variation is conventionally used to estimate theory uncertainty, but
the validity of this procedure should not be overrated (see later)

2



NLO calculations

NLO accuracy requires to dress a process with one real or one
virtual parton

requires loop

integration over

virtual

We will not have the time to do detailed NLO calculations, but let
us look a bit more in detail at the issue of divergences/subtraction
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Regularization

Regularisation: a way to make intermediate divergent quantities meaningful

* |[n QCD dimensional regularisation is today the standard procedure,
based on the fact that d-dimensional integrals are more convergent if
one reduces the number of dimensions.

dA] o[
T d=4—2 4
/ 2mni M / (27m)d €S

* N.B.to preserve the correct dimensions a mass scale |1 is needed

: : : : Ldx L dx 1
* Divergences become intermediate poles in |/¢ — = || ——=—
0 0

* This procedure works both for UV divergences and IR divergences



Subtraction and slicing methods

* Consider e.g.an n-jet cross-section with some arbitrary infrared safe jet
definition. At NLO, two divergent integrals, but the sum is finite

oo = / doi, + / do?,
n—+1 n
4

* Since one integrates over a different number of particles in the final
state, real and virtual need to be evaluated first, and combined then

* This means that one needs to find a way of removing divergences before
evaluating the phase space integrals

Two main ideas
- phase space slicing = not much used at NLO because of numerical

issues, revived at NNLO
- subtraction method = most used at NLO, many variations at NNLO
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Subtraction method

* The real cross-section can be written schematically as

d()‘}é = dPn+1 ’Mn—l—l ‘2Ffr{+1(p17 e 7pn—|—1)

where Fl is the arbitrary jet-definition

* The matrix element has a non-integrable divergence

1
Miia” = —M(z)

where x vanishes in the soft/collinear divergent region

* |IR divergences in the loop integration regularized by taking D=4-2¢
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Subtraction method

* The n-jet cross-section becomes

1
dx 1
oRLO = /0 x1+EM($)Fﬁ]+1($) + EVFW{

* |nfrared safety of the jet definition implies

zliir%)FnJH(x) =F;)

 KLN cancelation guarantees that

lim M(x) =V

x—0

* One can then add and subtract the analytically computed divergent part

1 1 1
dax dax dx 1
J J J J J
— F — VF VF —VF
ONLO /0 x1+€,/\/l(£12‘) nt1(2) /o pEm s + /o o VI,

$1+€



Subtraction method

* This can be rewritten exactly as

- X b
d
ol = / L (M(2)FY., — V) + O(1)VF?
0

$1—|—e
. v,

= Now both terms are finite and can be evaluated numerically

* Subtracted cross-section must be calculated separately for each process,
but automated now. It must be valid everywhere in phase space

* Systematised in the seminal papers of Catani-Seymour (dipole subtraction,
'96) and Frixione-Kunszt-Signer (FKS method, '96)

* Subtraction used in all recent NLO applications and public codes (Event2,
Disent, MCFM, NLOjet++, Madgraph5@aMC@NLO, POWHEG ...)
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Ingredients at NLO

A full N-particle NLO calculation requires:
M tree graph rates with N+| partons

-> soft/collinear divergences

[J virtual correction to N-leg process
-> divergence from loop integration,
use e.g. dimensional regularization

M set of subtraction terms

———————————————

bottleneck
for a very
long time



Virtual one-loop: two breakthrough ideas

Aim: NLO loop integral without doing the integration

l) “.. we show how to use generalized unitarity to read off the (box)
coefficients. The generalized cuts we use are quadrupole cuts ...”

o

NB: non-zero
because cut gives

complex momenta /p— | —C&

Britto, Cachazo, Feng "04

Quadrupole cuts: 4 on-shell conditions on 4 dimensional loop
momentum) freezes the integration. But rational part of the amplitude,
coming from D=4-2¢ not 4, must be computed separately.
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One-loop: two breakthrough ideas

Aim: NLO loop integral without doing the integration

2) The OPP method: “We show how to extract the coefficients of 4-, 3-, 2- and
[-point one-loop scalar integrals....”

D D D
AN — Z (di1i2i3i4 Iz'(1i2)i3i4) + Z (Ci1i27§3 Ii(lig)ig) + Z (bil’bé 12(122))

[i1]i4] [i1]73] [i1]i2]

A O

Ossola, Pittau, Papadopolous 06

Coefficients can be determined by solving a purely algebraic system of
equations at integrand level. Clever choices make the systems almost
block-diagonal.
[In D-dimensions: sufficient to include also pentagons.]
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NLO: one-loop amplitudes

Main one=-loop amplitude providers:
> BlackHat(https://blackhat.hepforge.org/)

> Collier (https://collier.hepforge.org)

» GoSam (https://gosam.hepforge.org)
» Golem95 (https://golem.hepforge.org/)
» Helac-NLO/Helac-1Loop (https://helac-phegas.web.cern.ch)

> Ninja (https://ninja.hepforge.org/)
> Njet (https://www.physik.hu-berlin.de/de/pep/tools/njet)

> NLOX (http://www.hep.fsu.edu/~nlox/)

» OpenLoops (https://openloops.hepforge.org)
> Recola/Recola2 ( https://recola.hepforge.org)

v Fast, automated generation and numerical evaluation of one-loop amplitudes
v Easy interface with Sherpa, Herwig, POWHEG, and others
v QCD only, or full SM (QCD+EW)


https://collier.hepforge.org
https://gosam.hepforge.org
https://golem.hepforge.org/
https://helac-phegas.web.cern.ch
https://ninja.hepforge.org/
https://www.physik.hu-berlin.de/de/pep/tools/njet
http://www.hep.fsu.edu/~nlox/
https://openloops.hepforge.org
https://recola.hepforge.org

NLO: multi-purpose tools

1. MadGraph5_aMC@NLO (https://launchpad.net/mg5amcnlo)
e Full automation of NLO QCD and EW

® Process generation via FeynRules/UFO. Supports parton showers via aMC@NLO

2. Sherpa+OpenLoops (https://sherpa.hepforge.org, https://openloops.hepforge.org)

e SHERPA handles phase space, subtraction, matching, and showering

e OpenlLoops provides fast NLO matrix elements. Efficient for multi-leg processes

3. Herwig+Matchbox (https://herwig.hepforge.orqg)

e Herwig’s Matchbox module enables automated NLO QCD corrections and matching
e Works with external amplitude providers (OpenLoops, MadGraph, etc.)

4. POWHEG-BOX (http://powhegbox.mib.infn.it)
e NLO with matching to parton showers (POWHEG method)

e Semi-automated; requires user input for new processes

5. MCFM (https://mcfm.fnal.gov)

e Parton-level code for NLO calculations (less automated)

e Mostly SM processes. Mostly based on analytic calculations, very stable and fast


https://launchpad.net/mg5amcnl
https://openloops.hepforge.org
https://herwig.hepforge.org
http://powhegbox.mib.infn.it
https://mcfm.fnal.gov

Automated NLO

Example: single Higgs production processes (similar results available for
all SM processes of similar complexity, backgrounds to Higgs studies)

Process Syntax Cross section (pb)

Single Higgs production LO 13 TeV NLO 13 TeV

1 34.8% +1.2% 1 20.2% +1.1%
gl  pp—H (HEFT) pp>h 1.593 +0.003 - 10! +31-5% f”:,n 3.261+0.010 - 10 J_f”_g:yo jlhe%
g2  pp—Hj (HEFT) pPp>hj 8.367£0.003 - 100 FH% 1% 1.422+0.006 - 100 FRAT 1%
g3  pp— Hjj (HEFT) pPP>hijj 3.020+0.002 -10° F30I% 1A% 512440.020 100 F390% +1-2%
g4  pp—+Hjj (VBF) pp>hjj$swtw-z  1.987+0.002-10° FL7E LT 1.000+0.006 - 100 05 0%
g5  pp—Hjjj (VBF) PpP>hjjjsswtw-z 2824+0005-10-1 F5T% 1A% 3.085+0.010 -10-1 FEO% +10%
g6  pp—s HW= 1195+ 0.002 . 100 *+33% +19% 14194 0.005 . 100 217 +1-9%

1.2%

g7 pp fé.gt?
* +0.9%
g8 PP —0.6%
+1.9%

+1.1%

g10  pp | | I I 0.9%
* +0.7%
g11* pp —0.6%
g12° pp— PP>h 3325 0139 0% -16% 1 003" Tow 15w
g.13* pp— HWEy pp>huwpna 2.518+0.006 - 10-3 F)-T% 9% 3.309+0.011 - 10-3 g;;,; e
gl4* pp—HIW= pp>hzuwpn 3.763 £ 0.007 - 102 j};}.,:f;; 0% 5.292+0.015 -1072 jg;*}(.,fg t}ﬁ:ﬁ;
gl15* pp—HZZ pp>hzz 2.093+0.003 - 1072 Fpu% H1I% 2,538+ 0.007 - 1073 FO% 0%
g16  pp— Htt pp>ht t~ 3.579+0.003 - 10~ jg?;?‘;; e 4.608+0.016 - 10! jg;g:;;; fif,;g;:
g17  pp—Htj pp>htt] 4.994+0.005 - 1072 F23% +12% 6328 +0.022 - 102 fi;g; My
g.18  pp— Hbb (4f) pp>hbb~ 4.983+0.002 -10-1 F3I% 1A% 6.085+0.026 - 1071 Fpav +16%
g19  pp— Hitj PP>htt~ j 2.674+0.041 - 1071 F3E% +26% 394440025 .10 F3I% F25%
* 7. : -2 +45.6% +1.8% -2 47.9% +1.8%
2.20*  pp— Hbbj (4f) pp>hbb~ j 7.367+0.002 - 1072 FO% 1% 0.0344+0.032 -1072 0% HISE




NLO: the present

Today focus on
> automation of NLO for BSM signals
> loop-induced processes: higher-order, but enhanced by gluon PDF

> automation of NLO electroweak corrections (necessary to match
accuracy of NNLO)

» automation of NLO in SMEFT

= Practical limitation: high-multiplicity difficult because of numerical
instabilities, long run-time on clusters to obtain stable results
(edge: about 6 particles in the final state, depending on the process)

Comparison to at least NLO is the standard now in most
LHC analyses



NLO revolution?

What lead to this remarkable progress!?
The fact that

|.leading order can be computed automatically and efficiently (e.g. via
recursion relations)

2.one can reduce the one-loop to product of tree-level amplitudes

3.it was well understood how to subtract singularities
4.the basis of master integrals was known

But for item 2. everything was there since the time of Passarino-Veltman
(even item 2. was understood, but no efficient/practical method exited).
We will later on compare this to the current status of NNLO



Uncertainties

The seemingly unpleasant feature that cross sections depend on the
renormalization and factorization scales can be turned into a useful tool: it
provides an estimate of the theoretical uncertainty associated with missing
higher-order corrections.

Example: Let us consider again the R-ratio.
Fix the renormalization scale to the scale at which the hard process occurs
(Q) and vary it up and down by a factor 2 {1 ——————

Q=M, L0 ——

1.08 Rhad/R(O) NLO ——=—- -

NB: 1.06 k. NNLO = === _

* the factor 2 is conventional 1.04 b .:_.:::.:;.,,..__2 e .

* it is a procedure that seems to work well 45 | o
in practice, but with limitations 1

* in complicated processes large degree of g | conyetional range i

freedom in the choice of the central scale 006 | 05<x,<2, |

o1 1 10

!..lR / Q



|. LHC example of NLO: tt+ | jet

Cross-section Asymmetry
1500 - —— 0.04 —_— ———
t i e .
0.02 V5 = 1.96 TeV
Vs = 14TeV o
DT jet > 20GeV 0 PT . jet > 20GeV A
1000 - 002k ]
—0.04 i
—0.06 i
500
—0.08 o
——  NLO (CTEQ6M) 01l = NLO (CTEQ6M) i
0 e e —0.12 e e
0.1 1 10 0.1 1 10
/ey M/mt

» Scale variation is not a perfect procedure to assess the theory uncertainty

» Ambiguities in the central scale choice (more so for more complicated
processes)

» Scale variation for ratios (asymmetries etc.) underestimates the uncertainty
|18



2. LHC example of NLO:W+3jets

Scale choice: example of W+3 jets

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 200 350 400 450 500
[ h- I L ' L] ' L ' L ' L] ' L) l . l . A L] ' L] ' L] ' L) I L I ] I ) l L ' L ' L
i - W +3jets+X - 10O ’ ] —_— W +3jets+X —- 10
— 0'F =, - — NLO _ 0'F — - — NLO
> s 1 Vs = 14TeV . > = — Vs = 14Tev
g | e 1 S | ;
', ) S B, -
- - - S Wy = by = H
B:h = ~ .-—_.q E m s .
= R ALMEE L'_ - - = | BT > 206GV il < 3
-8 B E; >22GeV, In'l <25 —— -8 P E; > 200V, In'l <25 —
10 E | £, > 30Gev, M) > 20Gev _'-L""" E 10 E | 2, > 0Gev, 8] > 200GV
[ | & « 04 (siscone] BlackHat+Sherpa I ] [ | & « 04 [siscoze] BlackHat+Sherpa
I I T TR TP B | ] I I T T NN NP NP R M B
Tt 1 -t - &+t &+ttt
71 -— LO/NLO 15— LO/NLO B NLO scale dependence
6 - -
5 — PateTe st e ¥
i !
3 e -
2 o i
|| messs s
0P~ i PRttt ety
Y A M M - : A N M M M A N 1 N
0 50 100 150 200 250 300 350 400 450 500 0 100 150 20 250 00 350 400 450 500
Second Jet E, [GeV ] Second Jet E [GeV ]

... large logarithms can appear in some distributions, invalidating even an NLO prediction.
Bern et al.’09
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Is NNLO needed?

———
ATLAS
— WZoi

— ® ATLAS Vs=13TeV (m,  66-116 GeV), 3.2 fb”
— A ATLAS Vs=8TeV (m,  66-116 GeV), 20.3 fb"
— ™ ATLAS V{s=7 TeV (m, 66-116 GeV), 4.6 fb”
— V DO Vs=1.96 TeV (m,  60-120 GeV), 8.6 fb"

& CDF V5=1.96 TeV (corr. tom, _ 60-120 GeV), 7.1 fb”

T

NNPDF3.0, un=uF=(mw+mz)/2

Illlllllllllllll

L I L 'l 1 I Il 1 L l 1 L 1 I L

== MATRIX NNLO, pp—->WZ (mz_,“ 66-116 GeV)

= MCFM NLO, pp—WZ (m, 66-116 GeV)
P CT14nlo, pn=uF=mwz/2

g - = =MCFM NLO, pp—WZ (m, 60-120 GeV)
. CT14nlo, u_=p _=m,;,/2
1 1 I 1 L

__—~ NNLO
“—NLO

|llll|llll|lll Il ||

|

—

1.4

llllllll Illlllll

BERRRRRRERA

R
[

1
——:—4}’:4__
-

1

1

1

1

—r—
- >

Ll

Vs [TeV]

LHC data clearly already requires NNLO
Same conclusion in all measurements examined so far
With more data NLO likely to be insufficient
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Why is NNLO difficult

calculation of two-loop methods to cancel
master integrals (when many (overlapping) divergences
scales are involved) before integration

/ dP,,2Re| M>H0P MITee| / AP, d®12Re| MO0 METS / AP, dPo| M7 |,

1 1
/dq)n { (&4—4 + (1/3—3 + ...t ao) — (
€ €

Cancelation manifest after phase space integration, but to have fully
differential results must achieve cancelation before integration
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Ingredients for NNLO

At NNLO the situation is very different from NLO

|. leading order of very limited importance
2. no procedure to reduce two-loop to tree-level (unitarity approaches
still face many outstanding issues)
3. subtraction of singularities far from trivial
4. basis set of master integrals not known, integrals not all/always
known analytically
And all this even for simple processes (no full result exists for any 2 — 4
scattering process)

What changed in the last years (and is undergoing more changes)

|. technology to compute integrals
2. extension of systematic subtraction to NNLO

22



NNLO: status

Antenna | | H*.jet |
| | | - ZUt VH oy

2)ets N

e - epZes | Z¥bie o

N-jettiness Wijet  yiX  WH+ijet

SD/subtractlong H ZH ZZ WwW WZ

Colourful zw wH Z Wy HH &

qr e +e§—>5 jets

Z O(a)

W+ cé—iet

Wiz | ol ozz D TR L D

y+X Zsjet Zy
nested soft-coll.

H

Nl v 2 to 2 processes in the SM

= {ontier is 2 to 3

Different colour: different way to handle intermediate divergences
23



NNLO: one highlight

Recent milestone: NNLO calculation of three jet production at the LHC

Recently applied to compute event shapes at the LHC, which might be

used to fit the strong coupling
Alvarez et al JHEP 03 (2023) 129

14

NNPDF30 pp = pp = Hyp o R

121 T — > |Pri - hiL
1 — —
> i 1Pl
5

s = S —— \ Shape dependent NNLO effects.
Elenppessnt—" NNLO improves description of data
0o 2000GeV§HT,12 '

10.00 0.05 0.10 0.15 0.20 0.25 0.30
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Application of 3jet@NNLO

d S ) /
RNNLO () = o3(as (1), 1) = RNNLO (o o)+ RNNLO (o ) (ay — s 0) + . ..

dos (048 (:u) 9 :u)

s NNPDF30 MMHT2014  pup = pup = Hp
15 1 wemsms HERAPDF2() ~ == (CT18

4 RNNLQ/ (()4870) ) 1(5)#'

1000GeV < Hrpy < 1500GeV

_ \
NNLO 0 | |
_ R (CVS,O) ) \ 2‘3_ NNLO QCD

. . . . . 1500GeV < Hrpy < 2000GeV
Since as=0.1,c = |0 implies that |% shift in X L

15 1

as leads to = | % shift in predictions

m sood prospects for the precision : I ‘ | | 20006V < Hr

0.00 0.05 0.10 0.15 0.20 0.25 0.30

determination of as and its running T
through TeV scales from LHC data Alvarez et al JHEP 03 (2023) 129

25



ttH at approximate NNLO

Two-loop pp = ttH amplitudes still missing.

|dea: approximate with amplitudes with a soft Higgs
emitted off heavy quarks

<

Vs = 13 TeV Vs =100 TeV
o |fb] 99 qq 99 qq
oLO 261, 23055 2323.7
AoNLo 88.62 7.826 8205 217.0
TNLO H|soft 61.98 7.413 5612 206.0

Ao NNLO,H|soft

D

—239.4(4)  65.45(1)

Test the procedure at
NLO

»approximation not that great. It works better for the than the gg channel
PP g qq g8

26
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ttH at approximate NNLO

Two-loop pp = ttH amplitudes still missing.

|dea: approximate with amplitudes with a soft Higgs .
emitted off heavy quarks e
Vs = 13 TeV Vs =100 TeV
o [tb] 99 qq 99 qq
ILO 261.58 129.47 23055 2323.7
AoNLoH 88.62 7.826 8205 217.0
AINLO Hsoft 61.98 7.413 5612 206.0 .
A 2.980(3)  2.622(0 239.4(4)  65.45(1 >ize of approx.
[ Aonmionlon | —2980(3)  2.622(0) | —2304(4)  65.45(1) NNLO

»approximation works better for qq then gg channel

»but two-loop corrections are very small (below a %)
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o [pb]

onnLo/onvo — 1[%]
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=
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T

ttH at approximate NNLO

UR = F = My + My /2

101

109}

-

I
—
-
I

8 13

Vs [TeV]

50

100

28

= estimated uncertainty on
the total cross section at the
few percent level

Interesting to validate this
once full NNLO is available
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NNLO uncertainty?

NNLQO scale uncertainty bands of 1-2%.
Is the theory uncertainty indeed 1-2%7

From G. Salam
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N3LO: only 3 LHC process known so far

Gluon fusion Higgs
production (in the large mt
effective theory)

Vector boson fusion Higgs

production (in the structure

function approximation, I.e.
double DIS process)

Drell Yan (W and Z bosons
to leptons)




Higgs production at N3LO

e O(100000) interference diagrams (1000 at NNLO)
e 68273802 loop and phase space integrals (47000 at NNLO)
e about 1000 master integrals (26 at NNLO)




Higgs production at N3LO

50}
40}
- 30:-
20f Anastasiou et al 1602.00695 |

100

| LO LO+LL NLO NLO+NLL NNLO
o ~ NNLO+NNLL — N3LO ~— N3LO+N3LL
0.5 1.0 1.5 2.0

pimy (U=HR=UF)

e N3LO finally stabilizes the perturbative expansion

¢ also matched to resummed calculation (essentially no impact on
central value at preferred scale mn/2 )
32



Error budget: one example

Gluon-fusion Higgs productions (known to N3LO fully differential)

Error budget as of 2018

12 -

10 -

5(PDF+ag)

OilOtotaix100%

S(EW)

=
i \ - 6(1/m¢)
“—

O(scale)
0 | ! 1 ! | 1 | 1 | ! 1 1 |

5(PDF-TH)

0 20 40 60
Collider Energy / TeV

Dulat, Lazopoulos, Mistlberger 18

33

More data; lattice
determination as;

progress in as fits

Removed by
Czakon et al '21

can be removed

Reduced by factor 2
through mixed EW-
QCD calculations

Missing N3LO PDFs

Missing N4LO




Summary of perturbative calculations

e | O:fully automated. Edge: up to 8-10 final-state particles

. :also automated. Edge: up 4-6 final-state particles

. :the current focus. Most 2 — 2 processes known. First 2 — 3
calculations for the LHC.

* NNNLO: the frontier. Only 3 processes known: fully inclusive Higgs
production via gluon fusion (large m; effective theory), vector boson
fusion (factorised approximation) and Drell Yan production
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Analytic resummation

Discuss all-order resummation in the example of the thrust variable

The most popular one is the thrust in e*e- collisions

1 - -
I'= —maxz |p; - 7
Q At ;
t=1-Tx1 T=0(1)
_ Thrust axis of the event
T

Event shapes are sensitive to QCD radiation. They can be used to
classify events and to measure the strong coupling constant.



Sketch of leading order calculations

. - P3
For massless particles ;

P1 P,

2F.
T = max{x, x, x3} Xx; = 31 0<x<1 in =2 t({x;}) = 1 — max{x, xy, x5}

The differential cross section reads with one real emission

() =1+ [[d<b3] | M((x} 120G = 2({x,])

&l X+ x5

en 1 1
=1+ > ?le L dxii(l - O(t({x;}) — 7) + perm.

w divergent at x; = |



Sketch of leading order calculations

%
Virtual corrections __Q___

P1 1%

T = max{x},x,, x3} =1 =0

Including virtual corrections (same matrix element but opposite sign):

9(7({xi}) — 1) — 1)+ perm.

X 2_|_ 2
dXIJ dx, T h
0 (I = x)(1 —xy)

CFas :
(1) =1+
2 ),
l.e.

X1

Cra, = xlz + x22
2(7)=1- dx; | dx,
2 )y 0 (1 = x)(1 = xp)

+ perm.

The value of the event shape provides a bound on the integration
region, which effectively shields it from singularities at x; =1.

-



Kinematic plane

The full phase space for real emissions

X2 — 1
X2
s tx=1 ~ ps soft
| collinear: 1 || 3 -

x1=1
X, +x3=1

collinear: 2 || 3
collinear: 1 || 2

Real radiation constrained 1
to this grey region

Grey: allowed integration region

Edges: of the triangle correspond to
collinear regions

Vertices: of the triangle correspond to
soft-collinear regions




Kinematic plane

szl

xp+x3=1 i i
p Mt _ pssott Imposing a requirement on the event

shape constraints the integration
region away from all singularities

collinear: 1 || 3

Vetoed region

x =1 — vetoed region

collinear: 1 || 2




Kinematic plane

X2:1

= 1 : :
g At - pasoft Imposing a requirement on the event
collinear: 1 || 3 shape constraints the integration
region away from all singularities

Vetoed region

x =1 — vetoed region
X, +x3=1

collinear: 2 || 3

Real-virtual cancellation occurs
everywhere but for the vetoed region
which is therefore the only one
contributing to the answer

collinear: 1 || 2

The full calculation gives

a.Cr 5 ,
S(0) =1+ { (A, In%(1/7) + B, In7] + regular at 7 — o} + O(a)



The Lund plane

A more standard way to illustrate this relies on the Lund plane: it uses the
(log of) transverse momentum and the rapidity of the emitted gluon with
respect to the “Born” direction

n terms of these variables one
» 7 has in the soft and collinear

Vetoed region

}4OS pue a|bue abie]

Imit
%/ T = ﬁe_liﬂ
0
Z
1/
Z(T<TO)=1+G12L2+G11L+-H LEIHTO

ﬂ;



Breakdown of fixed order

\ Fixed order In the region where a L ~ 1fixed
calculations order perturbation theory break

divergent down: one needs to resum
emissions to all orders in
perturbation theory

2(v) ~ expiLg(a,L) + g,(a.L) + ala,Ll)}

<V

Correct behaviour: exponential suppression at small v, consistent with
the fact that the probability of no emitting is zero

i



Single emission properties

Assume that, for a single soft-collinear gluon, the following parametrization
holds

V(k) = d, (%) e~ g ()

This can be verified, and the coefficients a,, b,, d,, g,(¢) for soft emissions
collinear to a“leg” ', can be determined numerically

Continous globalness means: a; = a,... = a
lrlﬁ lnﬁ
A ¢ A 2
> >
Vetoed Vetoed
region N\, region
Not
non-global continuously
global




Single emission properties

lllustration of mismatch between exact definition and parametrization:

Amh@
—
k. ~ ;
t Q N OO/ n .
ﬁ’; e Mismatches between exact and
& Q/. . . .
N %, soft-collinear approximation are
& K4
N Sh NNLL
P ) <
kt~V1/(a+b2) Q O UE /\/
U%; ke~ yl/i@+b)
£ .
o
=
o
S
%
@ \\
A Z
N A4
- Q)
R\
leg 1'
parametrization
r - _yla
leg 2 leg 1 kg~ v Q
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Extension to all orders?

Key properties for all-order calculations: coherence and factorisation

* A soft gluon couples to fast partons via an eikonal
current, sensing only their collective colour charge.
When emitters are close together, it cannot resolve
them individually — leading to colour coherence

* If two emissions are widely separated, their radiation
patterns do not overlap, interference terms are
suppressed and the emissions factorize — i.e. they
are independent




Two emissions: non-abelian terms

For two emissions, non-abelian contributions simply

o () k] | My _joop na (K) + a5 (u”) J [dk\1[dky] | My 4 (Ky, k)8 (k — kg — k)

= a2k | M) 1 foln == +
U 271'

-

as(ktz) = as(/zz)(l + a,fyIn ,u_tZ

Catani, Marchesini, Webber 1991



Two emissions: non-abelian terms

Accounting for the mismatch in the observable one obtains

2(v)=1-

[V () | M) | O(V — v(k)

[dki1[dky] | Mya(ky k) |2 [OV = v(ky, ky) — OV — v(k))]

O(a,) correction relative to single gluon
emission (formally NNLL correction)

/- VZ
k, k

= =

X

OV = vk, ky) — OV = v(k))| — 0

i



Generalising to many emissions

Coherence to all orders implies that emissions can be treaded
independently if they are sufficiently separated in rapidity

However, emissions are not well-separated: e.g. there are about |0 units of
rapidity at the LHC and typical events have > 10 particles

A Ink,/Q




Generalising to many emissions

Coherence to all orders implies that emissions can be treaded
independently if they are sufficiently separated in rapidity

However, emissions are not well-separated: e.g. there are about |0 units of
rapidity at the LHC and typical events have > 10 particles

A Ink,/Q A Ink,/Q
= =
n n
V
‘ \ —_— \ \
- \\ b \\ e GV
\ [} AN [} .
e °

Step |: Emissions which lead to an observable ev (¢ <<I) can be neglected for
recursive infrared safe observables — ignore grey emissions



Generalising to many emissions

—
=3
=~
S

—

In k,/Q

4 . 4
7/ . . 7/ .
® . e
e~

Step 2: emissions “clusters” can be replaced by “clustered” emissions (red
dots) for recursive collinear safe observables

Now the emissions of clusters can be considered independent



The answer

Putting together these ideas one obtains a resummed result of the
form

LL NLL

Z(V) — (1 4 C( as) eLgl(aSL)+g2(aSL)+aSg3(aSL)

Almost all of the result comes from the exponentiation of the one

gluon result, i.e. depends only on {a,, b,,d,, g,(¢)} (plus the coupling
in the right scheme and at the right scale)

All effects that are not a pure exponentiation of the one-gluon result
come from “multiple emission” corrections and can be compute

through finite integrals (difference between many emissions and the
sum of them)



Parton showers

Despite the high sophistication of exact higher-order calculations,
these are limited to low number of particles in the final state

we have also seen that sometimes large logarithms can spoil the
convergence of fixed-order calculations (series not convergent)

now we adopt a different approach: we seek for an approximate result
such that enhanced terms are taken into account to all orders

this leads to a parton shower picture, which can be implemented in
computer simulations known as Monte Carlo event generators

[Parton showers enter essentially any experimental study at current coIIiders]
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Parton showers

1 TeV-I
Hard process 2

Parton shower:
Energy degradation of
particles from the hard

collision, producing
more particles during
evolution

degradation

| Gev]

nKnpp..... KnnKnmn

Parton showers are ubiquitous at the LHC
Modelling QCD processes, event simulation, background estimates, unfolding, detector simulation, ...
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Core ingredient

Probability, in the soft-collinear limit, of NOT emitting a gluon above transverse
momentum K

| a,Cr (¢ dE d6
P(no single gluon above k) =1 — 7 O(EO — k)

T

In the soft-collinear limit (gluons emitted independently), the probability of
nothing happening is the exponential of the one gluon result

a.Cr (€ dE dO
— — —O(Ef —k,)
E 6

P(no emission above k,) = A(Q, k,) = exp

T

This is called Sudakov form factor: it corresponds to the probability of
evolving from scale Q to k¢ without emissions
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Core ingredient

In terms of the Sudakov form factor, the probability of the first emission

becomes
dP d

dk,,  dk,

A(Q, k1)

This probability can be generated easily numerically: generate a flat random
number 0 < 7 < I and find k, ; such that r = A(Q, %, )

If k, | is smaller than a fixed-cut-off stop, otherwise allow each new emission
to branch further. This gives rise to a “shower” of soft-collinear emissions.

NB: All parton showers employ an explicit infrared cutoff, which marks the
scale below which perturbative evolution is terminated and hadronization
effects take over.
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lllustration of shower evolution

\ A
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Key elements of parton showers

Ingredients/ambiguities: | 2

* Splitting kernels / matrix elements /L/A_

* Ordering variable ]

e Recoil Dipole recoil in k-
ordered shower:

* Vetoed region emission 2 takes recoil
from |.This is wrong in

* Colour/spin treatments a large phase space
region

Design principle for modern parton showers:

All elements of the shower should respect the absence of crosstalk
between disparate scales, i.e. it should respect QCD
factorisation
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Key elements of parton showers

The development of parton shower has seen a dramatic change in recent
years. Key new elements of modern parton showers include

* Improvements in the accuracy of the parton shower

* Numerical procedure to validate the accuracy

* Understanding that some parton showers have lower accuracy
= can be disregarded when assessing theory uncertainties

ALARIC, DEDUCTOR, PANSCALES, HERWIGY, ...
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Tests of parton shower accuracy

Formally test the logarithmic accuracy of parton showers by comparing to
analytic calculations in the limit of very small coupling

NLL accuracy test for vy23 NLL accuracy test for S; ¢

1.05 PanGlobal(B,- =0) |’

— as=0.016 | |

__ 115§ — as=0.008 ' '.

= as =0.0016 .

";ZJ 1.10¢ "I' | — a—0 A :
i; -- NLL accurate q = , — @.=0.008

o = 08 — @,=0.0016 |2

- “ 0.80} — @0 |

PanGlob :_t.In:‘ ,'—' ) 0.75¢ ~= NLL accurate '
-05 -04 -03 -02 =01 0.0 -05 -04 -03 =02 =01 0.0
A=a.n\y>3 A=asIn5; o
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Tests of parton shower accuracy

5, 4 a5 values

3, N¢

2Cr

Thrust NNLL accuracy tests
10 F e e —>Z—>hadrons ..."'."_ process Z-qq H-gg
VS =Mz;=91.2 GeV - shower PG, PGy, PG3L, PGg-o PGg-1p PGEY
. 1L as(Mz) =0.118 i s, DS, B (8) (24,=,=, =) (3L,7,=,7) (34,7,4,7) (3L,4,4,4) L7/, 4) (47,7, 7)
3 2-jet@NLO ,\54"0 ™ Not EJ" Not ' | NNLL t NNLL t NNLL t | NNLL t
S 91t o i o O™ NNLLTT™ NNLLIT ok ®T ok T ok ®[ ok ¢
5 - | RS LA RN S RN (ERRR NS (ARERNS 4N RN ¢
2 s E a4
0.01} _=° . Bri m ;]: a il . b I ¢
= Bw | ® : T T T T . &
10 F NNLL|  osacbs 0 8 8 HE ¢
= | | | g Mppr ® 7% 7 T T 1A *
1.4} - < FCprd  ipk ot ot ot ¢
12 - 1 sabe e i 4 H e
Ry 0y e o e e = I M1 = I T+ = I+ L 48 o ¢ r 2
Y] S et ool B YL R (RN (AR (LRI
-O 0.6 -__ -==_j = NLL - 1_T-I;.I M : _I;.I 1 : T i | ’-_I F I | |’--I FE I | |,_ _I F I | |,_
9 1'4_ = - | | | - 32103210321032103210 3210
S 1:2 _:—_-_ 5f OI(ir_r)\o a_g[ln ps/In Zyne — 1] forA=al= —0.4
ool nNNLL] Novel parton showers reaching NLL and

0.6 0.7 0.8 0.9 1. even NNLL accuracy for e*e- collisions
v=T

Knowledge from resummations of event shapes crucial to achieve these
goals and validate them

60

1, Cx

Vs/Mz



Choices do matter

Example: vector boson fusion Higgs

production

2
§
3
5
107
1
12
10
% 8
Colour coherence strongly ~ 2
suppresses activity in the 2

central region
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Pseudorapidity of the Third Jet

IIIIIIII

—— LO + Vinaia dipole shower (antenna)
—— LO + PyrH1A Default

LO + Pyraia Dipole dipole shower (local)
SHERPfs 2 + PyTHIA 8.3

| | 1 | | I | | | | | | | | |
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Combining NNLO + parton shower

Merging NNLO and parton shower (NNLOPS) is a must to have the
best perturbative accuracy with a realistic description of final state
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Matching NNLO and parton showers

Matching NNLO and parton showers done for selected processes
and preserving the leading logarithmic accuracy of the shower

AR T R E I R R RN RE S
e

7z

UNNLOPS. = H Z

Geneva . v'2 to 2 processes with bosons
I V2 to 2 processes with heavy-quarks

NNLOPS H %, ™ next frontier processes with light jets?

2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024 2025

Not yet clear how to preserve accuracy of

PROGRESS

3

more accurate showers in the matching
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Summary progress in parton showers

Recent progress includes

* Higher perturbative accuracy: NLL and beyond for selected observables
thanks to improved shower algorithms, improved treatment of recoil,
and of soft-collinear subleading effects

* Development of formal tests of accuracy

* First NNLO + PS for increasing number of processes
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Summary progress in parton showers

Still many open questions

* Inclusion of yet higher logarithmic terms

* Inclusion of sub-leading color correlations and spin-correlation effects

* Better combination of QCD + QED + EW shower (EW Sudakov at
high energies)

* Systematic uncertainty estimates through shower variations

* Machine learning assisted tuning
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https://www.mpp.mpg.de/en/international-program
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