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“Investigate the causes”



Simpson’s paradox
in statistics

and its causal resolution



P(recovery | drug)  >  P(recovery | no drug)

P(recovery | drug, male)  <  P(recovery | no drug, male)

P(recovery | drug, female)  <  P(recovery | no drug, female)

drug no drug

male 180/300 = 60% 70/100 = 70%

female 20/100 = 20% 90/300 = 30%

combined 200/400 = 50% 160/400 = 40%

Recovery probability



P(recovery | drug)  >  P(recovery | no drug)

P(recovery | drug, male)  <  P(recovery | no drug, male)

P(recovery | drug, female)  <  P(recovery | no drug, female)

Therefore: stratify the data by the common cause

Biological 

Sex

Treatment

Recovery



Berkson’s paradox 
in statistics 

and its causal 
resolution



P(mortality | born to smoker)  >  P(mortality | born to nonsmoker)

P(mortality | born to smoker, LBW) <  P(mortality | born to nonsmoker, LBW)

Can a mother being a smoker really reduce the risk of mortality for low 
birth weight children?

Birth weight paradox



Birthweight

Smoking

Mortality



Birthweight

Smoking

Mortality



Other 

conditions

Birthweight

Smoking

Mortality



P(mortality | born to smoker)  >  P(mortality | born to nonsmoker)

P(mortality | born to smoker, LBW) <  P(mortality | born to nonsmoker, LBW)

Therefore: marginalize over colliders on the 

“backdoor path”

Birth weight paradox

Other 

conditions

Birthweight

Smoking

Mortality



Estimating causal effects requires knowledge of when 

correlations between variables can be induced or 

removed by conditioning and marginalizing over other 

variables

Broad problem of deducing conditional 

independence relations from causal structure 



Preliminaries



Here, we take:

causal relationships between systems to be 

facts about the world (ontic)

probabilities to be the degrees of belief of a 

rational agent (epistemic)



Causal theory



The law of projectile motion



The law of projectile motion

inferential 

relations



The law of projectile motion

causal 

relation



The law of projectile motion

causal 

relation



Inferential theory



Let A denote the variable and its set of values

Some notation:

shorthand for

Definition: Probability Distribution on variable A



Definition: Joint Probability Distribution on variables A and B



Definition: Marginal Distribution on A of a joint distribution on AB

Definition: Marginalizing over B



Definition: Conditional Probability Distribution for A given B



Note: taking products

means

The conditional that is defined by a joint distribution



The conditional that is defined by a joint distribution

Note: defined only

Check:



The conditional that is defined by a joint distribution

The joint distribution that is defined by a conditional and a marginal



For any ordering of variables, one can write:

Proof:



Proof:

Bayesian inversion



Def’n: A and B are marginally independent

Denote this

Expressed as a set of polynomial equality constraints on PAB:



Def’n: A and B are conditionally independent given C

Denote this

Expressed as a set of polynomial equality constraints on PABC



Semi-graphoid axioms



Compatibility constraints 

for latent-free causal 

structures



DC

A B

E

Causal structure Parameters

A distribution is said to be compatible with a given 

causal structure if there are parameters that yield it



DC

A B

E

Causal structure Parameters

Λ𝑬

Λ𝑪 Λ𝑫

Λ𝑩Λ𝑨
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A B

E

Causal structure Parameters

Λ𝑬

Λ𝑪 Λ𝑫
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DC

A B

E

Causal structure Parameters



If X1, X2,. . . , Xn have causal relations described by a DAG G, then 
the set of compatible distributions are those of the form:

This is sometimes called the causal Markov condition



If X1, X2,. . . , Xn have causal relations described by a DAG G, then 
the set of compatible distributions are those of the form:

Proof:   

By prob. theory

By assumption of determinism

By independence in the DAG



For a causal structure G, the compatible distributions are such that  
for every variable X

Another form of the causal Markov condition



Recall the causal Markov condition:

by Prob. theory

by Markov

Proof:



X3X4

X1 X2

X5



Semi-graphoid axioms



X3X4

X1 X2

X5

The semi-graphoid axioms then imply



d-separation



There is a graphical criterion for 
testing conditional independences 

called “d-separation”



X d-separated from Y by Z 
in causal structure G

implies

in every probability distribution 
compatible with G



Definition (d-separation) Given a DAG G with vertices V, two 
disjoint sets of vertices X, Y ∈ V are d-separated by a set of 
vertices Z ⊂ V if and only if for every pair of vertices, X and Y, 
from the sets X and Y, every path between X and Y is blocked 
by the set of vertices Z. 

Definition (path blocking) A path between node X and node Y is 
blocked by a set of vertices Z if at least one of the following 
conditions holds: 
1. The path contains a noncollider node in Z (i.e., the mediary 

in a chain or the tail of a fork) 
2.   The path contains a collider node not in Z and no 
descendant of which is in Z. 



Fork



X Y

Z

Z is a complete common cause of X and Y, therefore



Shoe 

size
Reading 

ability

Age



Chain



X

Y

Z

Z is the full set of parents of Y, while X is a nondescendent, therefore



Fire

Smoke

Alarm



Collider



X and Y have no ancestors in common, therefore

Z

X Y

X and Y are independent when one marginalizes over Z

However, X and Y can become dependent if one conditions on Z



Z

A B
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Other 

conditions
Smoking

Birthweight



If W is a descendent of a common effect of X and Y, then

W

X Y

X and Y can become dependent when one conditions over W

Z



Putting it together



Definition (d-separation) Given a DAG G with vertices V, two 
disjoint sets of vertices X, Y ∈ V are d-separated by a set of 
vertices Z ⊂ V if and only if for every pair of vertices, X and Y, 
from the sets X and Y, every path between X and Y is blocked 
by the set of vertices Z. 

Definition (path blocking) A path between node X and node Y is 
blocked by a set of vertices Z if at least one of the following 
conditions holds: 
1. The path contains a noncollider node in Z (i.e., the mediary 

in a chain or the tail of a fork) 
2.   The path contains a collider node not in Z and no 
descendant of which is in Z. 



Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

The d-separation theorem:

Completeness

Soundness
d-separation between X and Y given Z in G 

implies X ⫫Y | Z in all distributions P compatible with G

X ⫫Y | Z in all distributions P compatible with G 
implies d-separation between X and Y given Z in G 



Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

The d-separation theorem:

Completeness

Soundness



Relevance to the causal compatibility problem



If all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation 

relations are all the constraints on the distribution

Proof:
Recall the Markov condition characterizing all compatible distributions 

for a latent-free DAG

We saw that this set can also be characterized by the set of conditional 
independence relations described by the local Markov condition 

together with semi-graphoid axioms

This set is equivalent to the one obtained from all d-separation 
relations



If not all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation 

relations are merely necessary conditions on the distribution



X3X4

X1 X2

X5

Arduous to derive this from the 
local Markov condition and 
applications of the semi-graphoid 
axioms

Follows from d-separation in a 
straightforward way

Example:



Constraint on observed 
probability distribution

Causal structure

Violation of constraint on 
observed probability 
distribution

Falsification of 
causal structure



Tar

Smoking

Cancer

Gene

Tar

Smoking

Cancer

Vs.



Tar

Smoking

Cancer

Gene

Tar

Smoking

Cancer

Vs.

Observe PSTC such that

Then under assumption of no fine-tuning







Applications



Y

S T

X

Λ

Nonselective 

no-signalling

Selective 

no-signalling

Conditional independence relations



Y

S T

X

Λ

Nonselective 

no-signalling

Selective 

no-signalling

Conditional independence relations



DOI:10.1016/j.cden.2013.02.006



DOI:10.1371/journal.pmed.1002858





All scientific studies

Observational studies

Randomized controlled 

trials
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