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Causarum Investigatio
“Investigate the causes”



Simpson’s paradox
In statistics
and its causal resolution



P(recovery | drug) > P(recovery | no drug)
P(recovery | drug, male) < P(recovery | no drug, male)
P(recovery | drug, female) < P(recovery | no drug, female)
Recovery probability

180/300 = 60% 70/100 = 70%

20/100 = 20% 90/300 = 30%

200/400 = 50% 160/400 = 40%




P(recovery | drug) > P(recovery | no drug)

P(recovery | drug, male) < P(recovery | no drug, male) \/

P(recovery | drug, female) < P(recovery | no drug, female) \/

Biological
Sex

Therefore: stratify the data by the common cause




Berkson’s paradox

In statistics

and its causal
resolution




Birth weight paradox

P(mortality | born to smoker) > P(mortality | born to nonsmoker)

P(mortality | born to smoker, LBW) < P(mortality | born to nonsmoker, LBW)

Can a mother being a smoker really reduce the risk of mortality for low
birth weight children?



Birthweight



Birthweight



Birthweight
Other
conditions



Birth weight paradox
P(mortality | born to smoker) > P(mortality | born to nonsmoker) \/

P(mortality | born to smoker, LBW) < P(mortality | born to nonsmoker, LBW)

Birthweight

Other
conditions

Therefore: marginalize over colliders on the
“backdoor path”



Estimating causal effects requires knowledge of when
correlations between variables can be induced or
removed by conditioning and marginalizing over other
variables

Broad problem of deducing conditional
independence relations from causal structure



Preliminaries



Here, we take:

causal relationships between systems to be
facts about the world (ontic)

probabilities to be the degrees of belief of a
rational agent (epistemic)



Causal theory



The law of projectile motion
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The law of projectile motion
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The law of projectile motion

__ v2sin?9 causal
29 relation




The law of projectile motion
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Inferential theory



Definition: Probability Distribution on variable A

Let A denote the variable and its set of values
Py:A—R: ar— Py(a)
Va € A:0< Pyla) <1
YacAPala) =1

Let P, denote the set of distributions on A.

Some notation:

P,y = [0] 4 shorthand for £4 = 040



Definition: Joint Probability Distribution on variables A and B
Psp:Ax B —R: (a,b) — Pyg(ab)
V(a,b) € Ax B:0< Pyp(ab) <1
> acApeB Paplab) =1

Let P,p denote the set of distributions on AB.



Definition: Marginal Distribution on A of a joint distribution on AB

Va € A1 Pg(a) := > pep Pap(ab)

Definition: Marginalizing over B

>.B-Pap = Pa:ii Pap— Py



Definition: Conditional Probability Distribution for A given B
Pyp:AxB—=R: (a,b) — Pypglaldb)

V(a,b) e Ax B:0< PA|B(a|b) <1
Vb € B : Yaea Paplalb) = 1



The conditional that is defined by a joint distribution

1
Py p= PapPp

Note: taking products

Papc = RapcSaBTc
means

Va,b,c: Pagc(abec) = Rypco(abe)Sap(ab)To(c)



The conditional that is defined by a joint distribution
Pyp=PapPz'  Note:defined only for b : Pg(b) > O

Check:

_ Puyp(ab) __  Pyp(ab)
Py p(alb) = 5205y = P\ 5(ad)

0 < Pyp(alb) <1

>.a PA|B(a|b) =1




The conditional that is defined by a joint distribution
_ —1
P AlB — PapP B
The joint distribution that is defined by a conditional and a marginal

Pap = Py pPB



For any ordering of variables, one can write:

Papcpe = PapepelrBlopEY0|1DEFDIEPE

Proof:
PapcpE = PAlBcpEPBCDE
PpcpE = PjcpEfCDE
PepE = Fo|\pef’DE
Ppg = Pp|plE



Bayesian inversion

PpiaPa
PA|B —  Pg

Proof: Pap = PA|BPB
Pap = Ppjafa



Def'n: A and B are marginally independent

Pap = Palp Denote this
Ppla = Pp (A L B)
Pap = Pa

Expressed as a set of polynomial equality constraints on P,g:

Va,b: Psp(ab) (ZPAB(a,b ) (ZPAB(a’b)>



Def’'n: A and B are conditionally independent given C

Papjc = PajcPB|c
Ppiac = Ppic
Papc = Pac
PapcPc = PacPpc

Denote this
(A L B|C)

Expressed as a set of polynomial equality constraints on P,gc

‘v’a b C . PABC‘ abc (Z PABc(a b C ) = (Z PAB(;((IHC)) (Z PABC(CL;E)C))
b’

a’'b’ a’



Semi-graphoid axioms

X1Y|Z) e (Y LX|2)
X1LYW|Z)= (X LY|Z)
X1LYWI|Z)= (X LY |ZW)
X 1LY |Z)and (X LW |ZY)
= (X LYW|Z)

Symmetry:
Decomposition:
Weak Union:

Contraction:

(
(
(
(



Compatibility constraints
for latent-free causal
structures



Causal structure Parameters

e Pgiep

PplaB
OO o
Pp
OBROEE

Papcpe = PriopPpiapfo|aPBPA

A distribution is said to be compatible with a given
causal structure if there are parameters that yield it



Causal structure Parameters

E = fp(C,D,N\g)
D = fp(A,B,Ap)
C = fc(A,N\e)

B = fp(AB)

A= fa(Ay)

PspcpE = ) ZA OB, f5(C.DAR)OD, o (ABAD)OC, fr (AN OB, f(AR)O A, FA(AL)
E?"'? A
XPAEPADPACPABP/\A



Causal structure Parameters

Pgicp = XA 08, f,(C,D.AR) AR
PpiaB = 2Ap 9D, f(A,BAp)AD
Pola = 2Ac 90, fo (AN PAc

Pp =2 Ag 5BafB(AB)PAB

° a PA= 2N 04,f4(A 0PN

PapcpE = A ZA 0B, f5(C.DAROD, fp(ABAD)OC, fo (AN OB, f5(AR)OA, Fa(A4)
E?"'? A

XPAEPADPACPABP/\A
= PricpPpiaplo|aPBPA



Causal structure Parameters

o Pgiep
PplaB
oS oI
Pp
OERO R

PapcpE = PrjcpFPplato|aPBPa



If X4, X,,. .., X, have causal relations described by a DAG G, then
the set of compatible distributions are those of the form:

PXl,Xg,...,Xn — Hz PXi|ParentSG(X@-)

This is sometimes called the causal Markov condition



If X1, X,,. .., X, have causal relations described by a DAG G, then
the set of compatible distributions are those of the form:

PX1,X2,...,Xn — H@ PX”ParentSG(X@)

— ZAl,---,An PXl,...,Xn|A1,...,ARPAl,...,An By prob. theory
T

PXl,...,Xn|A1,...,An — H,,;Zl 5Xi,f@-(PaG(Xi),Ai) By assumption of determinism
Pr oA, = Hf’:l Py, By independence in the DAG
n
PXla'“:Xn — ZAl,...,An H%:]_ (6X’Laf’L(Pa'G(X1)5A’L)PA%)

[T (XA, 0x,.f:(Pac (X:),00) Pa,)
n
11;=1 PXi|PaG(X?L)




Another form of the causal Markov condition

For a causal structure G, the compatible distributions are such that
for every variable X

X 1 Nondescendentsg (X )|Parentsg (X)



Proof:

Recall the causal Markov condition:

PXl,Xg,...,Xn — Hz PX”ParentSG(X%-)

P(X,Pa(X),Nd(X))
P(Pa(X),Nd(X)) ’

_ P(X|Pa(x))HYePa(X),Nd(X) P(Y[Pa(Y)) by Markov

HYePa(X),Nd(X) P(Y|Pa(Y)) ’

— P(X|Pa(X)).

P(X|Pa(X),Nd(X)) = by Prob. theory

X 1 Nondescendentsg (X )|Parentsg (X)



X 1 Nondescendentsg (X )|Parentsg(X)

[J’ilJ-)i.zl

(Xo L {X1, Xy})

(Xa L 514 | {X1, Xo})
(X4 Xa} | Xy)
[

Xs L{J'il Xoj | { X3, Xy})



Semi-graphoid axioms

X1Y|Z) < (Y LX|Z)

X LYW|Z)= (X LY|Z)

X LYW|Z)= (X LY |ZW)
X 1LY |Z)and (X LW |ZY)
= (X LYW |Z)

Symmetry:
Decomposition:
Weak Union:

Contraction:

(
(
(
(



X 1 Nondescendentsg (X )|Parentsqg(X)

(%) i1 X
(Xa L Xu})
(%) (% ) (X3 Lzuukl X5 })
(X4 Xat| Xq)
@ @ (X5 ukl Xo} | {X3, X4}

The semi-graphoid axioms then imply
(Xy L Xg | Xy)
({X4. X5} L Xo | {X1. X3})



d-separation



There is a graphical criterion for
testing conditional independences
called “d-separation”



X d-separated from Y by Z
in causal structure G
implies

X 1 Y|Z

in every probability distribution
compatible with G



Definition (path blocking) A path between node X and node Y is
blocked by a set of vertices Z if at least one of the following

conditions holds:

1. The path contains a noncollider node in Z (i.e., the mediary
in a chain or the tail of a fork)

2. The path contains a collider node not in Z and no

descendant of which is in Z.

Definition (d-separation) Given a DAG G with vertices V, two
disjoint sets of vertices X, Y € V are d-separated by a set of

vertices Z c V if and only if for every pair of vertices, X and Y,
from the sets X and Y, every path between X and Y is blocked

by the set of vertices Z.



Fork



(YD

Z is a complete common cause of X and Y, therefore

X1Y|Z

Pxv|z = Px1zPy|z



Reading
ability




Chain



Z is the full set of parents of Y, while X is a nondescendent, therefore
X1Y|Z

Pxy|z = Px|zPy |z






Collider



X and Y have no ancestors in common, therefore

X andY are independent when one marginalizes over Z

X 1Y

However, X and Y can become dependent if one conditions on Z



e PyiaB = 07,AB
Py = 3[04+ 3[1]4
° e Pg = [0l + 3[1]p

Psp = (3[0]4 + 5[1]14) (5[0l + 3[1]B)
= 2[0]4[0] g+ 2[0] a[1] g + 2[1] 401 s + [1]4[1] 5

_ 1
Pap|z = PziapPaBPy

Pap|z=0 = 3[0]4[0] g + 3[0][1]5 + 3[1]4[0] 5
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Birthweight

Other
conditions



If W is a descendent of a common effect of X and Y, then

X and Y can become dependent when one conditions over W



Putting it together



Definition (path blocking) A path between node X and node Y is
blocked by a set of vertices Z if at least one of the following

conditions holds:

1. The path contains a noncollider node in Z (i.e., the mediary
in a chain or the tail of a fork)

2. The path contains a collider node not in Z and no

descendant of which is in Z.

Definition (d-separation) Given a DAG G with vertices V, two
disjoint sets of vertices X, Y € V are d-separated by a set of

vertices Z c V if and only if for every pair of vertices, X and Y,
from the sets X and Y, every path between X and Y is blocked

by the set of vertices Z.



The d-separation theorem:

Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

Soundness

d-separation between Xand Y givenZin G
implies X ILY | Z in all distributions P compatible with G

Completeness

X 1Y | Zin all distributions P compatible with G
implies d-separation between Xand Y givenZin G



The d-separation theorem:

Consider a causal structure G and three disjoint subsets of variables X, Y and Z.
Soundness

X1;Y|ZinG t—p VPeCompg:XLY|ZinP

Completeness
VPe Compr: X LY|ZinP —= X1;Y|ZinG



Relevance to the causal compatibility problem



If all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation
relations are all the constraints on the distribution

Proof:
Recall the Markov condition characterizing all compatible distributions
for a latent-free DAG

We saw that this set can also be characterized by the set of conditional
independence relations described by the local Markov condition
together with semi-graphoid axioms

This set is equivalent to the one obtained from all d-separation
relations



If not all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation
relations are merely necessary conditions on the distribution



Example:

@ {X47X5} 1 X2|{X17X3}

Arduous to derive this from the

@ e local Markov condition and

applications of the semi-graphoid
axioms

Follows from d-separationin a
straightforward way



Causal structure Constraint on observed
probability distribution

Violation of constraint on
observed probability
distribution

Falsification of
causal structure







Observe P such that
S 1 C|T

Then under assumption of no fine-tuning









Applications



A\ B

Conditional independence relations

X1LT|S X 1T
Y LS|T Y LS
Selective Nonselective

no-signalling no-signalling



A

Conditional independence relations

X1T|S XL1T

Selective Nonselective
no-signalling no-signalling
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All scientific studies

gelll=Ye
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