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Causarum Investigatio
“Investigate the causes”



Inequality constraints



Some causal structures that admit of inequality constraints



Inequality constraints
by brute-force
guantifier elimination



Bell scenario
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Bell scenario

X = fx(S5,\,Ax)
Y = fy(T,N\, Ay)
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Bell scenario
X = fx(S,N)
Y = fy(T,N)
() P"‘
Pxy|sT = LA0X, 1x (5,M)0Y, fy (TN FA

One can absorb local hidden variables into the common cause hidden
variable



Bell scenario

%\F G/% Prg

PxysT = 21,9 9x,£(5)0v,g(1) Pr.c ([ 9)

Gearing: The hidden variable can be taken to stipulate the functional
dependences X=f(S) and Y=g(T)



PXY|ST — Z:f’g 5X,f(S)5Y,g(T)PF,G(fa g)
If X,Y,S,T are binary, A can have cardinality 16

Pxy|st = PXY|ST(£Uy‘St) dfg -= PF,G(f7 g)
r,y,s,t e {0,1} f.ge{LF Ry Ry}

Poojs = IR, Rs + 8,0 + 1.8, + §1.1

Poojol = fRg.Ry + @8, F + LR, T F 0<qr, <1Vf,g

16 linear equalities + inequalities
Do linear quantifier elimination on the 16 ¢’s.



This yields the conditional independence relations and
the 8 CHSH inequalities

PX|ST — PX|S % Zx:y PXY|ST(173J’OO) T % szy PXY|ST($ZJ’OU
Py st = Pyir LS oy Pxyisr(zyl10) + 357 Pxyisr(zylll) < 3

+ 7 others

Corresponding to the 8 frustrated four-node networks

> 22X X >
DL T

Clauser, Horne, Shimony and Holte, Phys. Rev. Lett.23, 880 (1967)



DAGs for which one can deduce the cardinalities of latent
variables in this manner are termed gearable
(R. Evans, Annals of Statistics, 46, 2623 (2018))



The triangle scenario is an
example of a DAG that is not
gearable

Triangle



Techniques for determining upper bounds on cardinalities of the latent
variables in more general causal structures

R. Evans, Annals of Statistics, 46, 2623 (2018)
D. Rosset, N. Gisin, and E. Wolfe. Quantum Inf. & Comp. 18, 0910 (2018)
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A, B, Cbinary = X, Y, Z to be 6-valued



Causal structure Parameters
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With more than one latent variable,
we require nonlinear quantifier elimination
which scales badly



The inflation technique for
deriving inequality constraints



Inflation DAGSs
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Sameness up to copy-indices
Let X € Nodes(G), X' © Nodes(G’)

X~X
denotes that X’ contains exactly one copy of every node in X

ansubgraph, (X') ~ ansubgraph(X).

Denotes that X ~ X’ and that an edge is present between two nodes
in X" iff it is present between the two associated nodes in X.



G’ € inflations(G)

if and only if
VA; € nodes(G") : ansubgraph (A;) ~ ansubgraph(A).
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Spiral Inflation

Large Inflation



model M on DAG G

M’ =G — G’ Inflation of M
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with symmetry constraint:

Py, = Py,



model M on DAG G M’ =G — G’ Inflation of M

A Paixivi  Payxive

Paxy b b
AA B1|Y1Z4 B2|Y1Zo
PB|YZ X, Y;

Poixizi, Peoyx.z,

X1 Yi
X Y P i Px, Px,
X
P, - AA Pyl Py2
Z A PZ Z2 PZl PZQ

with symmetry constraints:
Paixivi = Pa1xvs
Ppiiviz, = PByviz,

Peoix12z, = Peuix.2,



suppose G’ € inflations(G)

then
M' = Inflationg_,¢/ (M)
if and only if

VA,L',AJ' S nodes(G’) : PAi|PaG/(Ai) - PAijac;/(Aj)'



Injectable sets of observed variables
in the inflation DAG



{A2C1} is an injectable set
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{B2C5} is not an injectable set
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{B1 B>} is not an injectable set



suppose G’ € inflations(G)

Consider

V C ObservedNodes(G)

V'’ C ObservedNodes(G’)
such that

V ~V

V'’ € InjectableSets(G’) and V € ImagesInjectableSets(G)

if and only if
ansubgraph, (V') ~ ansubgraph(V).



model M on DAG G M’ =G — G’ Inflation of M
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{A,C1} is an injectable set

PAlCl — § PA1|X1Y2P01|X121PX1PY2P21
X1Y> 24

Pac = Y PaxyPoxzPxPyPz
XYZ

Pac compatible with M ——> P4,¢, = Pac compatible with M’
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model M on DAG G M’ =G — G’ Inflation of M
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{A, B} is not an injectable set
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model M on DAG G

Paxy
Pplyz

Poixz
Px

Lo

M’ =G — G’ Inflation of M
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model M on DAG G M’ =G — G’ Inflation of M

Paxy {2‘;\ Pa,xv,

Pplyz 7\ Ppiviz,

Poixz Y Poyx,z,
X % Py X, vi Px,
; : Py /‘t %« Py,
Z A Pz ,&\\‘ Z ﬂ;‘{BI\E in
A

{A, B} is not an injectable set

PAlBl — (Z PA1X1Y2PY2PX1> <Z PBlYlleYlPZ1>

X1Y2 Z1Y1

Pap = Z PAoxyPByzPxPyPz
XY Z

P4p compatible with M # P4, B, = Pap compatible with M’



model M on DAG G M’ =G — G’ Inflation of M

Paixy /E‘;\ Pa,ixv,

Ppiyz 7\ Ppi vz,

Peixz Y Pox,z,
X Y Px X1 Y Px,
:_4 : Py /‘t %« Pr
7 A P ﬁ‘\\(_ , ;KB 1\: in
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Injectable sets: {A},{B:},{C1},{4:C1}, {B:C}}

(PA’ Pp, Pc, Pac, PBC) (PAl y PBl y PCl 3 PAlC1 3 PB1C'1)
compatible with M ; compatible with M’

where P4, =Pgy Pa,c, =Pac
PBl — PB PBlCl — PBC
Po, = Pe



model M on DAG G M’ =G — G’ Inflation of M
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Injectable sets: {A,},{B1},{C1}, {42}, {B>},{C:},
{A1B1},{A1, B}, {B1C1},{B1,Ca},{C1, A1 },{C1, A2},
{A1B1C1}



M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

{PV/ V' e S’}
where Py = Py for VI ~ V
is compatible with M’

{PV .V € S} —
1s compatible with M



M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

{PV/ V' e 8/}
where Py = Py for VI ~ V
is not compatible with M’

1s not compatible with M



model M on DAG G M’ =G — G’ Inflation of M

Paixy /E‘;\ Pa,ixv,

Ppiyz 7\ Ppi vz,

Peixz Y Pox,z,
X Y Px X1 Y Px,
:_4 : Py /‘t %« Pr
7 A P ﬁ‘\\(_ , ;KB 1\: in
1 7

Injectable sets: {A},{B:},{C1},{4:C1}, {B:C}}

(PA’ Pp, Pc, Pac, PBC) (PAl y PBl y PCl 3 PAlC1 3 PB1C'1)
compatible with M ; compatible with M’

where P4, =Pgy Pa,c, =Pac
PBl — PB PBlCl — PBC
Po, = Pe



Deriving
causal compatibility inequalities
by the inflation technique



Let Is be an inequality that acts on
the family of distributions {Py : V € S}

such that whenever

(Py: VeSS — Isis satisfied for
is compatible with M {Py :V €S}

we say that

ls 1s a causal compatibility inequality for model M
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Pys+Pp+Po—PyPp—Ppc—Pac <1

causal compatibility inequality




M’ =G — G’ Inflation of M

S C ImagesInjectableSets(G) S’ C InjectableSets(G’)
Is/ is a causal compatibility inequality for model M’

{PV/ V' € 8/}
where Py = Py for Vi ~ V
is compatible with M’

|

I/ 1s satisfied for
{PV/ V' € 8/}
where Py = Py for VI ~ V

{PV 'V € S} —
1s compatible with M

Is is satisfied for
D —
{PV 'V € 8}



M’ =G — G’ Inflation of M

S C ImagesInjectableSets(G) S’ C InjectableSets(G’)
Is/ is a causal compatibility inequality for model M’

{PV 'V € S}
1s compatible with M

|

Is is satisfied for
{PV 'V € 8}

ls 1s a causal compatibility inequality for model M



M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is is a causal compatibility Is: 1s a causal compatibility
inequality for model M inequality for model M’



1s a causal compatibility 1s a causal compatibility

inequality for M : inequality for M’
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Pys+Pp+Po—PyPp—Ppc—Pac <1

causal compatibility inequality




(Pascy» Peicys Paygy)  — (Paycys Peicys Pa, B, ) satisty
1s a valid set of marginals Py, +Pp,+Pc,—Pa,B,—PB,0,—FPa,c, <1

Linear quantifier elimination



Consider binary X, Yand Z

:IPXYZ with Px,Py,Pz,ny,Pyz,sz asS marginals

s

Marginal compatibility constraints
Px =) Pxy =) ,Pxz
Py =) «Pxy =) ,Pvz
Pz => «Pxz=> v Pyz
Px+ty+Fz —FPxy —FPyz—FPxz <1



How this is proven:

:lQXYZ with Px,Py,Pz,ny,Pyz,PXZ asS marginals

Va,y : Pxy(zy) = >, Qxyz(2yz)
Vy,z: Pyz(yz) = 22, Qxyz(xyz)
Va,z: Pxz(xz) = ., Qxvz(zyz)
Vo : Px(r) =2, , @xyz(xyz)
vy Py(y) =, Q 7 (zy2) Linear quantifier
Py(z) =32, , Qxv(zy?) g elimination
7,920 < Qxyzloyz) <1 Vr: Px(z) =), Pxy(zy) =), Pxz(zz)

Vy: Py(y) =2, Pxvy(zy) =2, Prz(yz)
Vz:Pz(z) =2, Pxz(xz) = 2, Pyz(yz)
Vr,y,z: Px(x) + Py (y) + Pz(2z) — Pxy(xzy) — Pyz(yz) — Pxz(zz) <1



(PA1C'17P31C'17PA1B1) — (PA1C'17P31C'17PA1B1) SatiSfy
1s a valid set of marginals Py, +Pp,+Pc,—Pa,B,—PB,0,—FPa,c, <1

Linear quantifier elimination

(Pa,cys PB,cys Pa.B,)

G

\
Q /\@ .;1.| J_.|' H'_ —_ -|r:l.'I|H| —_ j::'l|-|r:ll'i'|

D,

is compatible with M’

(Pa,c,s P,cys Pa,B,)

is compatible with M’ — Pa,+Pp,+Po,—FPa, P, —Pp,c,—Pa,c, <1

This is a causal compatibility
inequality for M’



1s a causal compatibility 1s a causal compatibility

inequality for M : inequality for M’
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Pys+Pp+Po—PyPp—Ppc—Pac <1

causal compatibility inequality

rules out
Papc = 3[000] 4+ £[111]
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P4(1)Pp(1)Pc(1)
< Pap(11)Pc(1) + Ppc(11)Pa(1)
-+ Pﬂc(ll)PB(l) -+ PABC(OOG)

causal compatibility inequality
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P4(1)Pp(1)Pa(1) Py, (1)Pp,(1)Pc, (1)
< Pap(11)Po(1) + Ppe(11)Pa(1) < Pa,,(11)Pc, (1) + PB,c, (11) Pa, (1)

+ PAc(ll)PB(l) + PAgc(OOO) + PA201 (11)P32(1) + PAlBIGI (000)

is a causal compatibility is a causal compatibility
inequality for M inequality for M’



(PAQBZCQ’PA132C27 Pa,B,cys PayBocys PA1B1C’1> Pa,B,yc,(111)
is a valid set of marginals — < Pa,B,c,(111) + Pp, ¢, 4, (111)

+ PA20132<111) + PAlBlcl (OOO>
Linear quantifier elimination

(PA232027 PA1B2C27 PAQB1C27 PAQBQC17PA1B101)
is compatible with M’

A1By1,Cy = Pa,B,c, = Pa,B, Pc,,

BC514A2 = Pp,c,a, = Pp,c,Pa,,
AxC11yBy = Pa,c,B, = Pa,c,Pg,,
As 1 3Bs 1 4Co = Pa,p,c, = Pa,Pp,Pc,
Pa,(1)Ps,(1) P, (1)
P P P P P 2 2 2
( AQBQ.CW AlBQij A2B.1027 128201 Pas5r01) > < Pa,(11)Pc,(1) + Pp,c, (11) Py, (1)
is compatible with M’ + Pa,c,(11)Pp, (1) + P4, B,c, (000)

This is a causal compatibility
inequality for M’
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Pa(1)Pp(1)Pc(1)
< Pap(11)Pc(1) + Ppc(11)Pa(1)
+ PAc(ll)PB(l) + PAgc(OOO)

-

PAQ(]')PBZ(]')PCQ(]')
< Pavsy (1) Pey (1) + Py (1) Pay (1)
+ PA201 (ll)PBz(l) + PAlB1C1 (OOO)
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P4 (1)Pp(1)Pc(1)
< Pap(11)Pc(1) + Ppe(11)Pa(1)
-+ Pﬂc(ll)PB(l) -+ PABC(OOG)

causal compatibility inequality

rules out

Pape = 3[001] + 4|010] + §[100]




Polynomial inequality

constraints for causal

compatibility with the
original DAG

-

Linear inequality constraints from
marginal compatibility
(from linear quantifier elimination)

+

Polynomial equality constraints
from causal compatibility with the
inflated DAG
(e.g., from d-separation relations)



The technique defines an algorithm for deriving causal
compatibility inequalities and for testing compatibility

Proof that this provides a convergent heirarchy of tests:
Navascués & Wolfe, J. Causal Inf. 8(1) 70 (2020)



Derivation of Bell
inequalities from inflation
technique



BB

: Zw y Pxv|sT(zy|00) +
4 Z gpxwf;’r(&y[lo
4 r=

T2 aey PXY|8T($Q\01)< \
1 i wpy PxyisT(zy|ll) < 4
4 TFY




Note that the derivation of the CHSH inequalities
from brute-force quantifier elimination did not
provide much conceptual insight into their origin



Bell model M
Px s
/ PY|T/\
Pxvy|sT = 2N Px|saPy | TafA

Pxy|sT
compatible with M

Inflated model M’

I3V

Pxo1Son
Px.151A
Py imon

Py i A
Pp

Pxo1son = Px1)51A

Pyyimon = Py 1A

Pxovo|SoTy = 2N Pxo|SonA Py ToA A
Pxovi1SoTy = 2N Pxo|SoA Py, Ty APA
Px1v181Ty = 2A Pxq 15, A Py moA A
Px,vy18:1 = 2A Pxq15:A Py iy APA

PXoYolsoTo’ PX0Y1|50T1’ PXlYo\SlTo’ PX1Y1|51T1

where PXz'Yj|5z‘Tj — PXY|ST
compatible with M’



Bell model M Inflated model M’
A OXOL D
1 2wey PxvisT(xy|00) + 3 3, Pxysr(zy|01) 1 2wy Pxovolsemy (y|00) + 3 37, Pxovy|s,r (2y]01)
T Yoaey Pxyisr(zy|10) + 1 30, Pxy|sr(zylll) < 3 T 2wy Pxivolsimy (#y110) + 3370 0 Pxovipsom (2yl11) < §

Causal compatibility inequality in M Causal compatibility inequality in M’



Consider any distribution over 4 variables Q) x,x,v,v;
The marginals QXOYm QXOYl ; QXlYoa QXOYl satisfy

i Zx:y QX0YO ('Ty) + i Zx:y QXOYl (ZUy)
i Zm:y QXIYO (Cl?:y) T i Zx#?J QX1Y1 (%y) < i




Inflated model M’

/

& I GO

Take QXOXlYOYl () = PX0X1Y0Y1|5051T0T1 (|0101)

T 2wy @xovo (2Y) + 5 20, Qxoys (2Y)
T2y @10 (7Y) + 32,4, Qxivi (2y) < 5

i Z:L‘:y PXOYO|SOSlTOT1 (CC:U’OlOl) T i Zm:y PX0Y1|5051T0T1 (CE’ZJ‘OlOl)
i Zx:y Pxyvo1508: 701y (2y|0101) + i ch#y Py v11808: Ty Ty (zy[0101) < %

This is a marginal compatibility constraint



Inflated model M’

(X)) X (Yy) (v XoYo L S1Th|SoTo = Px,vo|SoTosiTs = PxovolSoTo
/ XoY1 L 5110|5011 = Px,vi180105:. 71 = Pxovi|80T

© @ A (D X1y L SoTy|$iTy — Px vy 18010571 = Px1v0|5.70

X171 L SoT0|51T7 = Px,vy|50105:70 = Pxivi|S:T

1 Yowey PxovolSositor (xy]0101) + £ 37— Px,v,|Ses, 101, (2/0101)
T 2wy PxivolSesi o (2y]0101) 4+ 537 . Px vy |sos,1om, (2y[0101) < 3

j> LS Pxovolsomy (zy]00) + 1 30 Py (y]01)

i Zazzy PX1Y0151T0 (ij‘l()) + i ECE#?J PX1Y1|SlT1 (:Ey‘ll) = %



Bell model M Inflated model M’
A OXOL D
1 2wey PxvisT(xy|00) + 3 3, Pxysr(zy|01) 1 2wy Pxovolsemy (y|00) + 3 37, Pxovy|s,r (2y]01)
T Yoaey Pxyisr(zy|10) + 1 30, Pxy|sr(zylll) < 3 T 2wy Pxivolsimy (#y110) + 3370 0 Pxovipsom (2yl11) < §

Causal compatibility inequality in M Causal compatibility inequality in M’



All the Bell inequalities for binary settings and outcomes

% szy PXy|ST(QCy’OO) + % Zaz:y PXY|ST(xy’01)
%Zm:y Pxy|s7(zy[10) + ﬁzm#y Pxy|sT(zy|11) < %

+ permutations corresponding to the 8 frustrated four-node networks
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Violation of Bell
Inequalities



Violation of Bell
Inequalities
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Witnessing need for
different structure
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(b) The coefficients of a quadratic inequality
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This causal compatibility inequality is

violated by the data

Ve
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0.02436 -
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Violation of certain
causal compatibility
Inequalities




Violation of certain
causal compatibility
Inequalities

\

or

Witnessing need for
different structure

Witnessing
quantumness
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Approaches to Bell arguments that follow essentially
the logic of the inflation technique:

Fine’s proof of CHSH inequalities
Hardy’s proof of Bell’s theorem
The Greenberger-Horne-Zeilinger proof of Bell’s theorem
Bell's theorem by way of Kochen-Specker noncontextuality
Braunstein-Caves entropic inequalities
Symmetric extensions / shareability of local correlations



Quantum Causal
Foundations Inference



Some causal structures that admit of inequality constraints
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