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Fully quantum
causal models






The causal theory



Focus on deterministic and reversible
evolution in closed systems:

Unitary evolution



invertible function

v
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For |X| = |Y]
finv-x 5y
e V()

where f"V is an invertible function

Unitary channel

v
U

E

For dm(Hy) = dim(Hy)
U L(Hx)— L(Hy)
A= U(A) ;= UAUT
where U IS a unitary operator



general function Reduced unitary
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where fI"V is an invertible function where U is a unitary channel



What is the definition of
causal influence
guantumly?



Classical

variable X has no influence on
variable Y if Y has a trivial
dependence on X

for a general function f
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Quantum

system X has no influence on
system Y if Y has a trivial
dependence on X

for a reduced unitary channel V
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The inferential theory



Joint states for systems that are common-
cause connected



Classical

State of knowledge P\
Normalization Z;A Py=1
Joint state Pap

Marginalization Pp =) ,Pan

Quantum

PA
Tra(pa) =1

PAB

pB = Tra(pan)



Marginal independence of A and B

Denote this

= pAX
PAB — PA Y PB (AJ_ B)



Conditional states for systems that are
cause-effect connected



Classical belief propagation

Pp =T'gja|Pa]

Stochastic map preserving
positivity and normalization

In terms of a conditional
Pp =) 4, PpaPa
> 5 Pla=1
Ppia >0

Quantum belief propagation

pB = Eplalpa)

Completely positive trace-
preserving map

In terms of a conditional

pp = Tra(pplapa)
Trp(ppja) = 1a

T
Ppia =0



The Choi-Jamiolkowski isomorphism
pB|A = (Pplar ®ida)(Q_; 4 [7)(Klar @ [K)(j|a)

Cpjalt) = Tralppa’)

Proof:  Tra(pplapa) = >0, @pjar(|7)(klar)(ilpalk)
= Pp1a(2,k l7)Ulapalk)(kla)
= ®pjalpa) QD



The Choi-Jamiolkowski isomorphism
pB|A = (Pplar ®ida)(Q_; 4 [7)(Klar @ [K)(j|a)

Cpjalt) = Tralppa’)

Pp|as 18 trace-preserving <> Trg(ppja) = Ia

proof:  Trp(ppia) = Trs |(@pa @ida)(E; 1) (klar @ k) (j]4)]
=2 i Irpo@piar (|7)(klar) |k)(J|a
=3, Trar (1) {kLar) 1) (]
= 4 S5klk) (il
=1a QED



The Choi-Jamiolkowski isomorphism
pB|A = (Pplar ®ida)(Q_; 4 [7)(Klar @ [K)(j|a)
Cpial) = Tra(ppa)

Ppla is completely positive <« pB|A >0
pB|a 1s PPL

Proof: pRpja = (CPB|A/ ®ida) [(ng ) (klar @ |5)(k|a)t4

i ] ) Ly PR I A
= (B g4 ®ida)(da| ¥y ¥y QED



Classical belief propagation

Pp =T'gja|Pa]

Stochastic map preserving
positivity and normalization

In terms of a conditional
Pp =) 4, PpaPa
> 5 Pla=1
Ppia >0

Quantum belief propagation

pB = Eplalpa)

Completely positive trace-
preserving map

In terms of a conditional

pp = Tra(pplapa)
Trp(ppja) = 1a

T
Ppia =0



The quantum analogue of the difference
between deterministic dependence and
probabilistic dependence



The Stinespring dilation theorem

¥ ly |9
Completely positive ~ Unitary map
trace-preserving map E“ﬂx = Uyg 1% U =T - [7t
" (NS
%5

U IR, Px°
Evw () = h‘?z(uﬂ\x%( ‘ ®/0%35
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Completely positive “ ) Reduced unitary
trace-preserving map E‘HK = r\) Y map
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py|x = Tra (p(}iﬁgg A,OA)

where pi' is CJ-isomorphic to Vyxa



@ Py‘X @;\ Y =75XN

L i

Pyix =24 P?TE{APA

where chfl%m = 0Y,£(X,A)
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py|x = Tra (p?ﬁtx APA)

where py' is CJ-isomorphic to Vy x4



One system a complete common cause of
two others



2P

= PrixPeix
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B and C are conditionally independent given A

PBC|A = PB|APC|A Denote this
(B L C|A)

Note: Hermiticity of PBC|A PB|As PC|A

implies [pB|AaPO|A] =0



There is also a quantum analogue of the
causal Markov condition

If X;, X,. .., X, have causal relations described by a DAG G, then
the set of compatible quantum processes are those of the form:

le,XQ,...,Xn — H’L IOX,,;|ParentSG (Xz)

(but | won’t be able to explain how it is different)



The fully quantum causal compatibility
problem:

What quantum states/processes are
compatible with a given causal structure?



Conventional assumption:
dimension of latent quantum systems are
arbitrary



Triangle scenario

PA|IXY
PB|Y Z _

_pA|XYaIOB|YZ] =0
PC|\XZ _

_IOB|YZHOC|XZ] =0
PX - 0
oy _IOA|XYaIOC|XZ] —
Pz

pasc =Trxyz (palxy PBIY 2PC|1X 2P X PY PZ)



Triangle scenario

PAIXAY A
PB|YsZ5

PC|\XcZc

PXaXc

PYAYE

PZpZc

PABC — TrXAXCYAYBZCZB (pA|XAYApB|YBZBpC|XCZCpXAXC/OYAYBpZBZC’)



Triangle scenario

Ejfl.\ 51
E:ffl?J:ﬁ:u
E.:_'__lr

L A

YA Yh

DEp E,

pABC — 8A|XAYA ® 8B|YBZB ® gClXcZo (pXAXC‘pYAYBpZBZC)



A, BandC
qubits

I—pi—pr—potpq &

AR+ gae = [

where identity operators are implicit




Causal models where
only the latents can be
gquantum






The causal compatibility problem in this
context:

What probability distributions over
classical variables are compatible with a
given causal structure when the latent
systems can be quantum?



Conventional assumption:
dimension of latent quantum system is
arbitrary



PA|IXY

PB|Y Z _

peixz :pA|XYapB|YZ] =0
o :PB|YZHOC|XZ] =0
oy palxYsPo|xz] =0
Pz

X
Z



PX|SA
©
©, "

lox1sn Py Al =0

Pxyist = TraA(px|SAPY|TAPA)



Quantum causal models
include
classical causal models
as a special case

(when all conditional states are diagonal in some product basis)



Bell scenario



PX|SA
©
©, "

lox1sn Py Al =0

Pxyist = TraA(px|SAPY|TAPA)



R B
(AB)

PxyisT = TraB(px|saPy|TBPAB)



@ {Eﬁs}x for each s
{Eﬁt}y for each ¢
O @ PAB

Pxy\sT(zy|st) = TrAB((EﬁS ® Eﬁt)PAB)



R B
(AB)

PxyisT = TraB(px|saPy|TBPAB)



PxsT7 = Px|s
Pysr = Pyr

R B
(AB)

PxyisT = TraB(px|saPy|TBPAB)

Causal compatibility constraints:



The d-separation theorem:

Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

Soundness

d-separation between Xand Y givenZin G
implies X 1LY | Z in all distributions P compatible with G

Completeness

X 1Y | Zin all distributions P compatible with G
implies d-separation between Xand Y givenZin G

For classical sets of variables X, Y and Z in the DAG, this still holds, even
if some or all of the latent nodes are quantum






Intuition for proof: path blocking removes correlations,
regardless of whether the latent variables are classical or

quantum

Conditioning on a classical noncollider in the path from X to Y
still makes X and Y independent

Marginalizing on a classical or quantum collider in the path
from X to Y, still makes X and Y independent



PxsT7 = Px|s
Pysr = Pyr

R B
(AB)

PxyisT = TraB(px|saPy|TBPAB)

Causal compatibility constraints:



R B
(AB)

PxyisT = Trap(px|sapy|TBPAB)

Causal compatibility constraints:

P = P
Y|ST — LY|T ] P 10 L L P ) < 1 )
T 2umy PxvisT(zyl10) + 132, 2, Pxyisr(zy|1l) < 5 + 575

Tsirelson, Lett. Math. Phys. 4, 93 (1980)



In Bell scenario, quantum bounds can be derived from
The NPA semidefinite programming hierarchy
Navascués, Pironio, and Acin, New J. Phys. 10, 073013 (2008)

For other causal structures, one needs a new tool:
inflation technique with quantum latent nodes



Triangle scenario



PA|IXY

PB|Y Z _

peixz :pA|XYapB|YZ] =0
o :PB|YZHOC|XZ] =0
oy palxYsPo|xz] =0
Pz

X
Z



PAIXAY A

PB|YsZ5

PC|\XcZc
PXaXc

PYAYE

PZpZc
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Triangle

No symmetry of dependence (e.g., A; and A, on X,)
because of no-cloning

Cut inflation of
Triangle

Spiral inflation of
Triangle

Nonfanout Fanout



Tria ngle Cut inflation of
Triangle

Spiral inflation of
Triangle

Nonfanout Fanout



Nonfanout inflations



Triangle

Cut inflation of
Triangle

Nonfanout



Quantum model M on DAG G Quantum model M’ = G = G’ Inflation of M

PAL|X1Y>

PAIXY
o o
BlYZ

PC{1X12Z
3

symmetry
PY Q Jay @ ¥ constraint:
pz @ Py Py = PYs

Pz,

{A,C1} is an injectable set
PAlcl — rI‘I‘AX'1YP2Z1 (IOA1|X1Y21001|X1Z1pX110Y2/0Z1)

Pac = Trxyz (pajxyPc|xzPx Py Pz)

Pac compatible with M ——> Pa,c, = Pac compatible with M’



Quantum model M on DAG G

PAIXY
PB|Y Z
PC|XZ
PX
PY
Pz

Injectable sets: {A:},{B1},{C1},{A1C1},{B:1C1}

(PA7P37P07PAC7PBC>
18 compatible with M

Quantum model M’ = G — G’ Inflation of M

Pa, =Pa
Pp, = Pp
Peo, = Pe

PAL|X1Y>
PB.|Y1Z,
PC.| X112,
symmetr
PY; y ) y
constraint;:
PY> o
/UY1 T /UY2
Pz,

(PAUPBUPCUPAlClapBlcl)
where

Pa,c, = Pac
Pp.c, = PBc

15 compatible with M°



Quantum model M on DAG G Quantum model M’ = G = G’ Inflation of M

PAL|X1Y>

PAIXY
o T
BlYZ

PC{1X12Z
3

PX symmetry
)% Q @ P constraint:
(2 e
Pz Nl PY1 = PY>
Pz,
Injectable sets: {Ai}, {B1},{C1}, {A:1C1},{B1C1}
(PA7P37P07PAC7PBC> (PAUPBUPCUPAlClapBlcl)
18 not compatible with M where Pa, =Pa  Pao, =Pac
PBl — PB PBlCl — PBC

Pe, =Pe
is not compatible with M’



1s a causal compatibility 1s a causal compatibility

inequality for M : inequality for M’



(Pa,cy» Peicys Payp)  — (Pa,cy, PBioy, Pa, B, ) satisty
1s a valid set of marginals Py, +Pp,+Pc,—Pa,B,—PB,0,—FPa,c, <1
Implications from
d-separation to
(PAl(Jl , PB,C/ 5 PAlBl) conditional
is compatible with M’ independences
hold in quantum

(Pa,c,s P,cys Pa,B,)

is compatible with M’ — Pa,+Pp,+Po,—FPa, P, —Pp,c,—Pa,c, <1

1s a causal compatibility
PA1 —I_PBl +P01_PA1P31_PB101_PA101 <1 inequality for M’



Pys+Pp+Po—PyPp—Ppc—Pac <1




Witnessing need for

different structure
Violation of causal

compatibility

iInequalities from
nonfanout inflations %

Pa+Pp+Pc—PyPp—Ppc—Pac <1



Witnessing need for

different structure
Violation of causal

compatibility

iInequalities from
nonfanout inflations % %;

Pa+Pp+Pc—PyPp—Ppc—Pac <1



Inequalities derived from nonfanout inflations are
causal compatibility constraints that hold
for any theory

Consequently, the only inequality constraints that
can serve to prove gaps between theories (e.g.,
gquantum-classical gaps or postquantum-quantum
gaps) are those derived from fanout inflations



Fanout inflations



Triangle

Spiral inflation of
Triangle

Fan-out



Quantum inflation technique
Wolfe, Pozas-Kerstjens, Grinberg, Rosset, Acin, Navascués,
Phys. Rev. X 11, 021043 (2021)

Generalization of NPA semidefinite programming hierarchy from
the Bell scenario
Navascues, Pironio, and Acin, New J. Phys. 10, 073013 (2008)



Witnessing need for

different structure
Violation of causal

compatibility

iInequalities from
fanout inflations ﬁ
Witnessing

% post-quantumness




Potential
Applications in
Modern Physics



Quantum Foundations



Quantum
Causation and Inference

Classical
Causation and Inference

U

Relativistic
Notions of Space
and Time

PreRelativistic
Notions of Space
and Time



Quantum Computation



(01000
110107
010107




Quantum advantage for shallow circuits
Bravyi, Gosset, Koenig, Science 362, 308 (2018)

Quantum advantages in measurement-based models of computation
Browne and Anders, Phys. Rev. Lett. 102, 050502 (2009)
Raussendorf, Phys. Rev. A 88, 022322 (2013)



Measurement-based computation
Raussendorf & Briegel PRL 86, 5188 (2001)

inputs —//>/ control computer > outputs

]

/ L T

Oii--8--{t--8--{1-- 8

& ------F------ o
correlated resource




Browne and Anders, Phys. Rev. Lett. 102, 050502 (2009)
Raussendorf, Phys. Rev. A 88, 022322 (2013)

» Output
Input 1 A y'y
Input 2
Pxy|st S| [ X TV Y
e Teovo Do s i [ .
0.5 0 0 0.5

Popescu-

(PR) box RS 0.5 0 0 0.5 H

S=1, T=1 0 0.5 0.5 0

XY =5T




Holography



Alex May, Geoff Penington, and Jonathan Sorce.
J. High Energy Physics, 2020(8):1-34, 2020
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Alex May, Geoff Penington, and Jonathan Sorce.
J. High Energy Physics, 2020(8):1-34, 2020
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Cosmology



Making the “galaxy seeds”

with inflation
Time
w—-
ultra-tiny

large lumps seen in cosmic
ﬁﬁ?&h;hn;ns become... microwave background

Credit: https://people.umass.edu/wqd/strobel/cosmolgy/cosmigyc.htm



Juan Maldacena, Fortschritte der Physik 64, 10-23 (2016) Witnessing need for
different structure

Violation of Bell @
iInequalities \ /
A A P4

or

Witnessing
quantumness

R
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Witnessing need for
different structure

y
ogne
or

Witnessing

% gquantumness

Violation of certain
causal compatibility
Inequalities

\
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