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In this chapter we will derive a master equation
for open Floquet systems following
D Home R Kettmerick W Kohn PRE 71 051129 1009

The derivation generalizes the standard
Born Markov theory to time periodically driven
i.e Floquet systems Such a theory was

developed already in earlier works for
specific systems see references in How et al 1009

we will moreover discuss the properties of
the quasi steady i e time periodic solution

S1S lefttTright of the equation to which the

system relaxes in the long time limit
Special focus will lie on the Floquet
pointer basis luilt i e the instan
taneous eigenstates of 51011 1

Sleft0rightlefttrightoverline2pi Wilt 20,411

while for ultraweak coupling it corresponds
to the basis of exact Floquet states 14 41
the toi approach approximate Iloquit states
lU FIH as they result from a high frequency
approximation even beyond the regime when it is

valid in closed systems



A Open Systems

The textbook idealization of an isolated quantum
system described by the Schrodinger

equationWe
use unit

with t1

for a pure state psileftlangletrightrangle or the

equivalent von Neumann equation

ipsileftrightrangleHleftrightpsileftrightrangle

St1frac1ileftHlefttrightSlefttrightright

for mixed stakes with density operator glefttright is

realized in experiments at most approximately

The density operator slefttright acts in the
state space H of the systemandhasthe following properties

i Hermitian sT5

ii normalized tvleftsright1
liii non negative leftlanglexsxrightranglegeq0forallxrangleinH

with respect to a generic basis of
orthonormal states lis leftlangleijrightrangledeltaij
overlinezi 1 i4ileft1right it is represented by
the density matrix SijleftlangleiS1jrightrangle

Ssum_ijsijleftiranglelanglejright



A special basis is given by its ortho
normal eigenstates 144

s In Pr 19474441

that are found with probability
Py 2441514v 0,1 For peeve
stakes we have Py Skiko i e

5 14 7 441 14 4 1

Expectation values of observables A are

computed according to the rule

A tv SA I Pu 4941714

Two ways of defining a densityoperatorare the following

6 To describe a stochastic process that
produces peen states 142 which shall
be normalized 24214 7 1 but are not

necessarily orthogonal 2414ps o

with probabilities Tx Tx ETO.IT EX 1

The defining

5 IT 14 724 1

produces precisely the expectation values



LA tv SA IT 24 1414

as they should result from such a process

b As reduced density operator

s the Stot

or for Stot 14017 40 1

5 tre Mod Mod

where Stol acts in Mto is element of
the large state space Htof H HE

of system and environment E Here
tve denotes the partial trace over

the environmental degrees of freedom
This definition allows to compute all

expectation values of operators A ME
that act solely on the system degrees

of freedom namely
LA tutor Stot A 11 to 5A

where tv 3 denotes the trace over the
system degrees of freedom and

trio 3 tv tve the trace over

the total state space of system and
environment



For an isolated system the von Neu

mann equation follows immediately from
interpretation a After the ensemble
has been realized the states Mis

evolve according to the Schrodinger
equation i e

leftpsiileftrightrangleUleftrightrightpsiirangle

with time evolution operator ulefttright of the
system from time 0 to time t

whichobeysthe Schrodinger equation

iulefttrightHlefttrightu11 with Uleft0right11

Thus the density operator evalues like

flefttrightsum_ipiileftpsiileftrightranglelanglepsiilefttrightright
sum_ipiiUleftleftleftpsiiright0rightranglelanglepsiileft0rightrightUlefttright

where the probabilities pii are

timeindependentTaking the time derivative
i
frac1 HLAUlefttright

slefttrightsum_ipiileftulefttrightleftpsiiright0rightranglelanglepsiileft0rightulefttrightulefttrightleftpsiileft0rightranglelanglepsiileft0leftrightddotutlefttrightrightright
frac1iUtlefttrightHt

frac1ileftfracHlefttrightslefttrightslefttrightHlefttrightleftHSrightright
corresponding to the von Neumann equation



Generally the system
will interact with its
environment E so that
the total system given
by system and environma b
is described by the total

HamiltonianE

S
Hlefttright HSE H0

HtotHotimes11EHSB11otimesHE
equivH equivHE

acting in the product space Htot HotimesHF
we omit the label S for the system instead
we label the environment with E and the
total system with tot

The system bath coupling generally takes
the form

HSDeltasum_nAnotimesBn
with system operators AuAu bath operator
BnBn and coupling strengths gammaLgammaU

For simplicity and for the sake of a

lighter notation we assume from now on

HSAAotimesBAB

iReintroducingthe seem Sigmau is rather straight
forward and can be done as

anexercise



often we are neither interested in the
state of the environment nor able to

practically compute it The theory of
open quantern systems thus aims

for an effective description that focuses
on the system degrees of freedom and

treats the environment in a minimal

fashion either by reducing it to a

few auxiliary clequers of freedom or by
integrating it out completely The latter
gives rise to a master equation

SLleftSright

with effective lionvillian L possibly being
a functional of 9 as a function of
time or a time local

superoperator.Derivinga master equation almost
always involves approximations In the

following we will describe such an

approximative derivation of a master
equation for open Floquet systems



B Redfield equation for time dependentHamiltoniansLetus now generalize the Barn Markov approxi
mation to the case of time dependent systemHamiltonians Hlefttright with unitary time evolution
operator ulefttt0right rfloor

exp leftit0lefttrightdtHlefttrightright solving

ipartialtulefttdrightHlefttrightulefttdright with uleftttright1

we also use the short hand ulefttrightequivuleftt0right
theenvironmentForsimplicity we assume

Hamiltonian HE time independent with evo

lution operator uEleftttrightexpleftileftttrightHErightequivuEtt
The sampling operator might be time dependent
in the system operator AHSElefttrightAlefttrightB

We assume the initial state to be uncorrelated

overlineStolleft0rightStotleft0rightSleft0rightotimess Ileft0right 1
uulefturightv

and the environment to be in equi
librium

SEleftorightfrac1ZEebetaHE
with inverse temperature β and partition
function ZErEleftebetaHEright


