
Exact equation of motion
The starting point of our theory is the
von Neumann equation

Stot Htot Stot

This corresponds to the time evolution

Stud 1 Utof It Stotlo 4 1 7

with Utot t J exp i at Htook't

As we will treat the system bath coupling
HSB perturbatively it is convenient to

transform to the interaction picture

Stol HI Stop t 4541 Stualt Holt

which undoes part of the evolution of UtotHI
so that in the new rotating reference frame
with unperturbed Hamiltonian and evolution

operatornot the Fourier transform
H I HHI HE
Hotti J exp i ᵗdtHolt UH UE t

To preserve expectation values x tv Stott

tv stop x̅ observables Xt have to
transformlike



hatxtxrightarrowoverlinexU0timesU0

XYrightarrowwidetildeXYU0timesYU0U0timesU0U0YU0hatXoverlineY1
The time evolution is then governed by
the transformed coupling operator
the perturbation alone

widetildeSu0Su0u0SU0U0Su0
frac1iH0U0frac1iU0H0leftfrac1iH0Uvrighttfrac1iU0H0frac1iH0U0frac1ileftHtutSright

frac1ileftleftwidetildeHtotwidetildeH0righthatSrightfrac1ileftwidetildeHSEwidetildeSright
with

overlineHSEU0HSEU0fracUleftArightUlefttrightoverlineAlefttrightUEBUEhatBlefttrightisinceH and HE act in different state spaces
and therefore commute leftHHErightv

By formally integrating this equation in
time from 0 to t one obtains

widetildeStollefttrighthatStotleft0rightfrac1iint_0tdtlefthatHSBlefttrighthatSright tot left1right

which we play into the original equation
to obtain the integro differential equation

hatStoblefttrightfrac1ileftwidetildeHsBlefttrighthatStotleft0rightright



frac1iint_0tdtleftoverlineHSAlefttrightrightoverlineHSBlefttrightoverlineS 1of leftright

To get an equation of motion for the
reduced density operator of the system

StvEleftStotright we take the trace our

the environment

widetildeSlefttrighttvEleftwidetildeStotright
frac1itvEwidetildeHSBlefttrightwidetildeStu f left0right

int_0tdttvElefthatHSBlefttrightrightoverlineHSBlefttrighthatS 1of leftright

For simplicity we assume that

trElefthatHSBleft0rightoverlineStobleft0rightrighta 1

which is the case as long as

leftlanglehatRlefttrightrightrangleutvEleftSEleft0righthatBlefttrightright0
For the typical situation SEleft0right α exp β He

HEsum_nwnbnbn and Bsum_LCnleftbn1bnright 1

with bosonic annihilation operators bn Lj
is fulfilled In other cases we can always
achieve this by considering this term as part
of the system Hamiltonian by redefining

HSBHSBgammaAleftlanglehatBlefttrightrightrangle0 and HHgammaleftlangleBlefttrightrightrangle0A



Note however that leftlanglewidetildeRlefttrightrightrangle0 can be time

dependent However when B commutes with
HE and thus with UElefttright we have overlineBlefttrightB
which is the case e g for Bsum_ncnbu1hn
With that we arrive at the equation of motion

widetildeSleftlangletrightint_0tdttvEleftoverlineHSBlefttrightleftoverlineHSBlefttrightoverlineStotlefttrightrightright
Iwhichis still exact but not useful as it

contains s
leftharpoondown

tot on the right handside.Wewill now apply several approximations
that rely on weak system both coupling
HSB to arrive at a closed master equation
for the
system.Barn
approximationThe

first approximation is the so called
Boun approximation

widetildeStot lefttrighthatSlefttrightotimesSEleft0right
equivSE

The physical meaning of this approxima
tion is that we neglect more than
a single interaction process between system
and environment during the time scale

TE on which the environment relaxes



with this and using widetildeHSBwidetildeAlefttrightwidetildeBlefttright
we arrive at

widetildeSlefttrightint_0tdtleftbeginmatrixwidetildeAlefttrighthatAlefttrightwidetildeSlefttrightleftlanglewidetildeBlefttrightwidetildeBlefttrightrightrangle0widetildeAlefttrightwidetildeSlefttrightwidetildeAlefttrightleftlanglewidetildeBlefttrightwidetildeBlefttrightrightrangle0endmatrixrightwidetildeAlefttrightwidetildeSlefttrightwidetildeAlefttrightleftlanglewidetildeBlefttrightwidetildeBlefttrightrightrangle0

widetildeSlefttrightwidetildeAlefttrightwidetildeAlefttrightleftlanglewidetildeBlefttrightwidetildeBlefttrightrightrangle0
Here the bath correlation function

leftlanglewidetildeBlefttrightwidetildeBlefttrightrightrangle0equivtrEleftSEwidetildeBlefttrightwidetildeBlefttrightrightequivCleftttright

depends only on the time difference as HE
is time independent Moreover with widetildeBtlefttrighthatBlefttright

CleftttrighttvEleftleftSEoverlineBlefttrightoverlineBlefttrightrighttright

tvEleftwidetildeBlefttrightwidetildeBlefttrightSErightcleftttright
Cyclic permutations
learn trace

unchangedSubstitutingtrightarrowfracLtt i e int_0tdtint_t0dtauint_0tdtau
the equation becomes

widetildeslefttrightint_0tdtauclefttaurightoverlineAlefttrightoverlineAleftttaurightzetaleftttauright
overlineAleftttaurightSleftttaurightoverlineAlefttrightLc



Marlov
approximationThe

bath correlation function decays on

the characteristic relaxation time overlineiotaE of
the environment

CleftTrightsimeqv for overlineLggoverlineLE

with that the change of
widetildeS happens

with a rate of order

GammaSETEleftlangleA1rightrangleleftlangleB2rightrangleequivTSE1

As long as the change of hatf
isslowcompared to the bath relaxation

GammaSEoverlineLEoverlineLE2leftlangleA1rightrangleleftlangleB2rightranglell1 1

we can replace hatSlefttoverlineLrightsimeqwidetildeSlefttright to
obtainthetime local master equation

widetildeslefttrightint_0tdtauclefttaurightwidetildeAlefttrightwidetildeAleftttaurightwidetildeelefttright
overlineAleftttaurighthatslefttrightoverlineAlefttright4c

which is the time dependent Redfield
equation.Remarks

We we can generally not approximate



widetildeAleftttauright by overlineAlefttright as widetildeAlefttright varies or

time scales governed by the system
Hamiltonian H which can be faster
than overlineLSF

The same condition TSEfracLrbackslash 441 also

ensures the validity of the Born

approximation as processes with two inter
action processes happen on the rate GammaSEleft1right

overlineLk3leftlangleA1rightrangle1leftlangleBrightrangle2GammasE for sigmaSEtauE see e g
detailed discussion in Hove et al 2009

Redfield equation for tggIE

It is left to transform back to the

Schrodinger picture With flefttright UCH54121 1 1

sfracddtulefttrightwidetildeslefttrightulefttright

uoverlineSutuhatSutuhatSututHi
HUIfrac1ileftHlefttrightSlefttrightrightint_0tdtauuleftttauright
CtaufracUlefttrightUtlefttAtrightUlefttrightUtleftttaurightUtleftttautrightAleftttaurightUleftttaurightUtlefttrightSlefttrightUlefttrightUtlefttrightequivuleftttautright
fracUlefttrightUtleftttaurightAleftttaurightUleftttaurightUtlefttrightSlefttleftUrightleftUtrightright1UlefttrightUleftrightU

4 c



gives us the Boun Markov or time de

pendent Redfield master equation in

theSdividingerpicture

sfrac1ileftHlefttrightSlefttrightright

int_0tdtauleftClefttaurightleftAlefttrighthatAleftttautrightSlefttrighthatAleftttautrightSlefttrightAlefttrightrighthcright
where

widetildeAleftt1t1rightfracUtleftt1t1rightUleftt1t1rightAleftt1rightUleftt2t1right
We can write this equation in compact form

Slefttrightfrac1ileftHlefttrightSlefttrightrightleftAlefttrightoverlineAlefttrightSlefttrightoverlineAlefttrightSlefttrightAlefttrighthcright
with the convoluted coupling operator

overlineAlefttrightint_0tdtauclefttaurighthatAleftttautright
After a short initial evolution we

canextendthe integration to infinity

overlineAlefttrightint_0inftydtaulefttaurightwidetildeAleftttautright for tggtauE

From now on we will use this ex

pression



Remarks

The derivation of the Redfield equation
was done analoguously to the case of
time independent Hamiltonians H

For time independent systems with
constant 11 and A I widetildeAleftttautrightwidetildeAlefttauright
becomes independent of t since then

uleftttautrightulefttauright With that also

overlineAint_0inftydtauc1 LleftwidetildeArighttau for tggtauE

becomes time independent so that we

arrive at a left1mright time independent
Redfield master equation
For time periodic systems HlefttTrightHlefttright
and AlefttTrightAlefttright widetildeAleftttautright becomes

periodic with respect to t 1

widetildeAlefttTtautTrightwidetildeAleftttautright

since uleftt1Tt2Trightuleftt1t2right as u

consequence of HlefttTrightHI1 so t hat

overlineAlefttTrightoverlineAII for tggoverlinecF

gives rise to a the time periodic Redfield
equation



Splitting coherent from dissipative

dynamicsThesecond term of the Redfield equation
describing the impact of the system
environment coupling

can be separated
into two contributions From

AoverlineASoverlineASASoverlineAAASoverlineAfrac1ifrac12leftleftioverlineAAiAoverlineArightSSleftiAoverlineAioverlineAArightrightoverlineASA

frac12leftAoverlineASSAoverlineArightASoverlineAfrac12leftoverlineAASSoverlineAAright
where A1A was not yet employed
for making the structure of the

equation transparent we find

sfrac1ileftHI1HLSlefttrightS1right8lefttrightleftSlefttrightright
1withLamb shift Hamiltonian HLS11

andRedfielddissipator DlefttrightleftSlefttrightright defined as

HLSlefttrightileftoverlineAlefttrightAAoverlineAlefttrightright

DlefttrightleftSlefttrightrightoverlineAlefttrightSlefttrightAfrac12leftAoverlineAlefttrightSlefttrightright
ASoverlineAfrac12leftoverlineAASleftrightright

where leftxyrightxyyx is the anticommentator



By introducing A1equivA and A2equivoverlineA
wecanrewrite the dissipator as

DlefttrightleftSlefttrightrightsum_ijsigmaijxleftAiSAjfrac12leftAiAjSrightright 1

with Pauli matrix dijtimesleftbeginmatrix0110endmatrixright

Remarks

The splitting into Hamiltonian and

dissipator is not unique Replacing

AirightarrowAiAialphai

HLSrightarrowHLSHLSsum_ijsigmaijtimesfrac12ileftalphaiAjalphajAiright
leaves the master equation invariant

proof homework

At first glance the Redfield dissipator
looks like a Lindblad dissipator with
the Hossahowski matrix given by dYij
However sigmaijx is not positive semidefinite
but has eigenvalues 1 and 1 Thus we

can only bring it into pseudo Lindblad for w

DlefttrightleftSrightleftleftASAfrac12leftA1ASrightrightleftASAleftAASrightrightright
with the N contribution having negative
sign where



Apm11elleftalphapmbeta2rightsqrt2cosleftvarphirightleftpmlambdaepmivarphi2A1frac1lambdaempivarphi1A2right
with free parameters

lambda alphabetavarphiinmathbbRT Becker
Lin Wu A Echardt PRE 104 014110 20217

T Becker A Echardt PRE 111 034132 10257

This form can be used

eitherlitto find an approximate Lindblad equation
by neglecting A which is different from
the Lindblad equation obtained from the
secular approximation T Becker Lin Wu

A Echardt PRE 104 014110 20217

orliilas
the starting point for quantum

trajectory simulations of the non

Lindblad Redfield equation T Beche
C Nette A Echardt PRL 131 160401
7023

In both cases it is favorable to use the
free parameters to minimize the con

tribution from the negative A terca



C Isolated quantum Floquet systems
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Quantum Floquet systems are systems that
are driven periodically in time so that
their dynamics is governed by a time
periodic Hamiltonian

HHI HINT
1

An event

with driving period T and

correspondinglaugh lowl frequency w 21T T

The Fourier components of the Hamiltonian
are defined as He I Tat event Heat

The Sdividinger equation is then a

differential equation of the Floquet
type i e first order linear

homogeneouswith periodic coefficients which

implies the existence of Floquet
states via Floquet's theorem Hence
the name Floquet system



Floquet systems are non equilibrium systems
However thanks to their discrete translation
symmetry in time they still retain a

lot of structure in their dynamics quasi
steady states describtion via an effective
Hamiltonian etc 1 This permits to better
understand their behaviour using the

formalism of quantum Floquet theory and

it can be exploited for controlling system
this is known as Floquet engineering

Floquet engineering
when looking at the dynamics of a

Floquel system stroboscopically in steps

of the chiving period T

MUTI 41 7,141017

we can use the discrete time
translationinvariance of the evolution operator

Ultett tattt ulta.tn Jéittathitt

to write as It'tu T

ulut

EUITI



Employing the fact that every unitary
operator he can be written as explin
with hermitian operator h we can

defineLabel
indicating the

initial time t00

Generally HFleftturight
uleftTrightequivexpleftiTHF11right

with hermitian time independent Floquit
Hamiltonian HF101 so that

uleftuTrightleftuleftTrightrightuexp int HFleftoright

The evolution looks like that of an

undriven system with Hamiltonian HF10 1

observable 11 Not that simple
in many body
systems see below

HF1vee1
7t

2TU

Idea of Floquet engineering Taylor
chive so that HFleft0right acquires interesting
modified properties that are hard to
achieve by other means

Numerically we can compute H'I by con

structing UST and taking the logarithm

5T4T3TT

HFleft0rightfraciTlnuleftTright

But how to get analytical intention



Floquet states
The Sdividinger equation

i psi1rangleHpsileftrightrangle

is then a linear differential equa
ton with time periodic generator IHH
The Floquet theorem therefore implies

solutions of the formquasi steady

psiilefttrightrangleuilefttrightrangleeivarepsilonit with UilefttTrightrangleUilefttrightrangle
phase evolution
I like in un driven systImicromotiontime periodic

which are called Floquet states hence

the receive Floquet theory and

quasienergies Eiandcharacterized
bytimeperiodic Floquet modes Uilefttrightrangle

The Floquet states obey Block shakes

psiilefttTrightrangleeivarepsiloniTpsiilefttrightrangleUlefttTtrightpsilefttrightrangle
This relation is equivalent to the

previous one and can therefore also

be used as definition of Floquetstakes.thatthe

eigenstatesItimmediately follows
Floquet states are the
the one cyle evolution operator UlttT.tl
with t independent eigenvalues eivarepsiloniT

of



The fact that ulefttTtright is unitary
implies additionally that explicit
is a phase

eivarepsiloniT1LeftrightarrowvarepsiloniinmathbbR

making the quasienergies
varepsiloni real and

that the Floquet states can be chosen
to from a complete orthonormal basis

leftlanglepsiilefttrightpsijlefttrightrightrangleleftlangleUilefttrightUjtrightrangledeltaij l

sum_ipsiileftlangletrightrangleleftlanglepsiilefttrightsum_nUilefttrightrightranglelangleUilefttright1
A simple proof for the existence of
Floquet states is to consider the

eigenstates varphiilefttrightrangle of the one cycle
evulation operator ulefttTtright

UlefttTtrightvarphiilefttrightranglelambdai11varphiilefttrightrangle

and to show

thattilthey can be defined so that they
solve the Schrodinger

equationifracddtvarphiilefttrightrangleHlefttrightvarphiileftrightrangle
Iii that the ei values are inde
pendent of t



lambdail11lambdail1equivlambdai
Then they are Iloquet states

psiilefttrightranglevarphiileft1right1rangle with eivarepsiloniTlambdai

The proof is simple Multiplying the

eigenvalue equation UleftT10varphiileft0rightranglelambdaileft0rightvarphiileft0rightright
with uleftt0right from the left and intro

ducing 1Uleft0TrightUleftT0right

since HlefttirightH1 lambdaileftsigmarightulefttsigmarightulefttTTright 1

ulefttvrightuleftTsigmarightuleftsigmatrightulefttsigmarightvarphiileft0rightrangleulefttsigmarightlambdaileft0rightvarphiileft0rightrangle
equivvarphiilefttrightrangle lambdaileft0rightvarphiilefttrightrangleulefttTtright

we find that varphiileft1rightrangleuleftt0rightvarphiileft0rightrangle
are the sought after eigenstates that
solve the Schrodinger equation and
have t independen t eigenvalues lambdaileft0rightequivlambdai
To proof that unitary eigenvalue problems

u1 41 ranglelambdaivarphiirangle with uu

posses eigenvalues leftlambdairight1 as well as

orthonormal eigenstates leftlanglevarphiivarphijrightrangledeltaj for
ineqj we consider

leftlanglevarphiivarphijrightrangleleftlanglevarphiiUtUvarphijrightranglelambdailambdajleftlanglevarphiivarphijrightrangle



For ij it follows that leftlambdairight1 and

for lambdaineqlambdajRightarrowlambdailambdajneq1 one must

find leftlanglevarphiivarphijrightranglesigma Moreover we can

choose leftlanglevarphiivarphiirightrangle1 and leftlanglevarphiivarphijrightranglea
for degenerate eigenvalues lambdailambdaj

RotatingframeAconceptually not yet necessarily
practically easy way of obtaining
Floquet stakes is to performarotationto a rotating frame

psiFlefttrightrangleUFlefttrightpsilefttrightrangle 1

with a time periodic unitary

uFlefttrightuFlefttTrightuF

known as micromotion operator so

that the transformed Hamiltonian x

HFUFHUF it uFuF

known as effective Hamiltonian becomes
time independent

HFv



iris IEnt rites refers
Multiplying by IMF from the left and
noting that 1407 can be any state
our finds

HF infUF UF HUF

Once we have achieved this we

can compute the eigenstates of HF

HF U E IUF He IEilUF LUF

to obtain the corresponding steady states

of the Schrodinger equation

14ft yup e
Eit

Transforming back to the original frame
they become the Floquet states

Miltis UFA MFA
fy

é
l

where we immediately see that UFC
describesthe micromotion The task of computing

the Floquet states has been split into
two steps Ii Finding Melt and HF as well as

Liil diagonalizing HF



We can also write down the time evolution

operator in the rotating frame

e
icti til HF

from which we can obtain the time
evolution operator in the original frame

Ultate Malta e
tot

ufct

transform to evolve within transform to

original frame rotating frame rotating frame

In this form micromotion and phase
evolution are neatly separated

Exercise

Express the Floquet Hamiltonian HE
in terms of

Lil UF H1 and HF

Iii With and Ei

Answer

Ultro 14,5 outlot

exp it uflolHFUF.CO



RightarrowHFleft0rightUFoHFUFoUFleft0rightsum_ivarepsiloniUiFranglelangleUiFUsigma0sum_ivarepsilonileftuiright0ranglelangleuileft0right

Thus the Floquet Hamiltonian is a

unitary rotation of the effective
Hamiltonian and shares the scene

spectrum varepsiloni

Ambiguity of quasiengies and resonances

The quasienergies are defined modulo omega2piT
only maundy we can alternatively write

equivxiim

psiilefttrightrangleuilefttrightrangleeimomegateileftvarepsilonimomegarightt
equivUimlefttrightrangleUimlefttTrightrangle

This becomes apparent also from the
fact that the eigenvalues of ULT

only fix the phase factor
eiTvarepsilonieiTleftvarepsiloniomegaomegaright

or alternatively from the cambiguit
of the operator logarithm

HFleft0rightfraciTluleftUleftTrightright



This ambiguity reflects the possibility
of resonant coupling consider the un

perturbed undriven system H0 with two

eigenstates sigmarangle and 11 with energies
E0 and E1 adding a small

time periodic perturbation H1H0Vl
with VlefttTrightVlefttright that is resonant

E1E0momega with integer m the

corresponding unberturbed quasienegies
and varepsilonbleft0rightEbmw
areNow

varepsilon0left0rightE0
degenerate and will be hybridized by VI

so that the perturbed Floquet states
will be superpositions of 10 and 11

117
Example 1 part 11

HlefttrightDeltaleft1ranglelangle1krightleftleftleft0ranglelangle1rightleft1ranglelangle0rightrightright
bigtriangleup

Klefttright10

KimuKmusum_muKmueimuomegat
To compute the Floquet stake we go to
a volating frame 14 1 rangleU0psirangle with

U0lefttrightexpleftimomegatleft1ranglelangle1rightrightU0tT
to get with U1 10741100 eiomegaomegatleft0ranglelangle1right and

u0imomegatu0 I

HlefttrightU0lefttrightH1iU0lefttrightiU0lefttrightU0lefttrightleftDeltamomegaright1ranglelangle1sum_muKmueimuomegatlefteimomegat0ranglelangle1Lrright


