
For181 14 11 a W

with deterning SequivAmomega the state 14 S

changes much slower than the rotation
with frequency W Then we can perform
a rotating wave approximation

Hlefttrightsimeqfrac1Tint_0TdtHlefttright time independent

so that

HFapproxfrac1Tint_0TdtHlefttright
Sleft1ranglelangle1leftkmleft0ranglerightlangle1kmright1ranglelangle0right

overrightharpoonhcdotoverrightharpoonddelta2 um

with vector of Paul operators and

overrightarrowhleftbeginmatrixReleftkmrightexistsmleftkmrightS2endmatrixrightequivleftoverrightarrowhrightleftbeginmatrixsiuleftvrightcosleftvarphirightsivleftvrightsinleftvarphirightcosleftvrightendmatrixright
We thus obtain eigenstates of HF

UEIranglebegincasescosleftv2rightleft0rangleeivarphisinleftv1rightright1ranglesinleftv2rightleft0rangleeivarphileftosleftu1rightright1rightrangleendcases
with eigenvalues

varepsilonpmnicefracdelta2pmleftoverrightharpoonvrightnicefracdelta2pmsqrtleftV1mright2leftdelta1right2



The Floquet modes then had

upmtrangleU0t IUE

begincasescosleftv2rightleft0rangleeivarphiiomegaomegatsinleftv1rightright1ranglesinleftv2rightleft0rangleeivarphiiomegaomegatlosleftu1rightright1rangleendcases
Thus even for IAI 141 71 the

Floquet states are superpositions of
both 10 and 1rangle

The Floquet I.mil tonian

HF101Uleft0rightHFU10HF

thus describes large energy changes
will time.Dynamics induced bag HF10

for psileft0rightrangle0rangle and SaPopulation of 10
1

U

III IT
Instantaneous energy assuming UleftnTright0

21 43

A

0 I
III IT1 L1L

3Ina generic many body systems
will be ubiquitous so that driving
dably induces energy absubtion Floquet

heatingresonancesunavoi



Floquet space
Plugging the Flogurt static

psiilefttrightrangleuimlefttrightrangleeivarepsiloniwt

Iwithuimleft1rightuileft1righteiomegaomegat and varepsilonimvarepsilonimomega

Salividinger equationthe

idtpsiirangleidtuirangleeivarepsiloniomegatvarepsilonimuirangleeivarepsilonimt
lefttrightuirangleeivarepsiloniomegat

intowe

obtain

fracleftHidtrightQUimranglevarepsilonimUimrangleIwhichcan be viewed as eigenvalue
problem of the quasienergy operator Q
in the extended space F of time periodic
States Floquet space or Sambe space

being the product space FHeotimesT of
our original state space H and the space

of time periodic functions T with period T
We denote elements of this space by
double bets

luss for the whole function 1 u11 7



The scalar product is given by

40107 fat Luit Init

Remark

In this space IUim and Inimi are

independent solutions for M us since

Eim Eim

Introducing the basis states

12mV for 1am 1 1 1 3 etwt

with Fourier incites EZ and generic
basis 1 33 of H we can expand

14in t1 14in e
inwf

I lutsemwteimwt

IIU.me
m mint

with 147 It at é
wt
tuiltis and

UTM 4 169 and compute matrix
elements of the quasienugy operator
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Remarks

We can see that Q is hermitica

The problem is highly redundant
The problem resemples that of a

system with time independent Hamiltonian Ho

coupled to a photon like mode with

photon number relative to a large
classical background I and energy w



Advantages

Effective time independent problem
Hermitian eigenvalue problem
Use intuition and methods from
undriven systems

Price

larger infinite 1 state

spaceInsteadof fully diagonalizing Q to
obtain the Floquet stakes we can

also just block diagonalize Q with

respect to y via a unitary rotation
w̅ in Floquit space Since a block diagonal

QhatuQu implies Hmuo for muneqnu
desired transformation correspondstothethetransformation to the rotating frame

HFUFHUFiUFUF time independent

Namely

QFUFQUFUFleftAiUtrightUFUFHUFiUFUFidt LdtUFuFuFdt
HF



so that

QFUFQUFHFidt

If for the purpose of doing an experiment
that effectively realizes the physics of HF
we actually do not need to compute the

Floquet states Then accomplishing the

block diagonalization is enong L

In Floquit space finding HF lov QF and

UF is mapped to a well known problem
the block diagonalization of a hermitian
operator matrix This allows us to

employ known methods with a prominant
quasi degeneralperturbationonebeing

theory Considering the photon energy p
w

as unperturbed problem we find u

systematic high frequency expansion

UFlefttrightexpleftsum_nu1inftyGFleftnurightlefttrightrightsimeqexpleftbeginmatrixfracnumax2GFleftnurightleftxrightendmatrixrightequivUFHFGequivHFHHFHFsum_nu1inftyHFleftnuright
with leading terms

GFleftnrightlefttrightsum_muneq0eimuomegatHmu
and

simeqsum_v1vma Fleftcoprodright



HFleft1rightH0HFleft1rightsum_muneqFHmuHmu
In first order this corresponds to a

rotating wave approximation

HFapproxH0frac1Tint_0TdtHlefttright
which is valid as long as the dynamics
induced by HI1 is slow compared to
the driving frequency w

In Floquet space this condition appears as

the requirement that the spectra of Ho
and H0pmw remain well separated and

do not overlap while also Hn remain

small 1 If they still overlap this gives
rise to resonal coupling of excited states

of Ho mw to low lying states of H0
eigenergies ofH.reTrue Floquet state

superpositions of
eigenstates 14 07
and 14 133 of
Ho and Ho w

0

W

eigenergies of Ho W

strength of some term 1 of H



Where eigenstates of Ho and H0w
cross avoided crossings are formed
which reflect their resonant coupling
Such resonant coupling can describe

Floquet heating It is not captured
by the high frequency approximation
HFsimeqH0 This physics is captured

in a minimal fashion by the simple
two level model introduced above So
let's treat it again in Floquet space
Excemple part 2

For the example from before HleftrightDeltaleft1ranglelangle1right

Klefttrightleftleft0ranglelangle1rightLright c we find

Hmudeltamu0Deltaleftbeginmatrix0001endmatrixrightKmuleftbeginmatrix0110endmatrixright
Unperturbed quasienugy spectrum for Kmuv

EN1017w
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U

11 17

12
13ranglerangle10 17W

1 I
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w0



The dashed lines indicate states 10ms
or lose w and 11m77 or 1rangleeiomegaomegat

Full quasieng spectrum for Kmuneqv
ME1117 11171107511

257low

0

rangleDeltaw nwomega

We can treat a

single resonance
E Wlw andSingle

resonance
1mavarepsilonnear

Lambdamw by neglecting
all but the almost
degenerate stakes 11 43
and 10 07 This corres

ponds to first order degenerate state
perturbation theory and gives locally

leftUtrightranglerangle
2 Kul0 0m1ranglerangle
u

Delta
momega

QomleftAmwrightleft1mrightrangleleftlangle1mrightKmleft00rightrangleleftlangle1mrightfracKmKmleft1krightranglellooequivdelta
equivoverrightharpoonhcdotoverrightharpoondfracdelta2 with overrightarrowhleftReleftKmrightJmmleftKmrightfracS2rightT

This is exactly the problem we got
from the rotating wave approximation



p
The eigenstates

upmrangleranglebegincasescosleftv2right00rangleeivarphisinleftv1rightleft1mrightrangleranglesinleftv2right00rangleeivarphilosleftv1rightleft1mrightranglerangleendcases
with overrightarrowhleftoverrightarrowhrightsiunucosvarphi sin 0 so L4 101vT
and corresponding quasienngies

varepsilonpmfracAomegaw2pmsqrtleftkwright1leftDeltamwright14
To obtain the time dependent solutions
we replace

1u upmlefttrightrangle and alphamuggrightarrowalpharangleeimuomegat
Remawhs

The volating wave approximation corresponds
to first order degenerate state perturbation
theory in Floquet space

Hower in Floquet space we can also

compute higher order corrections This
allows for instance to derive the

coupling between states that are not

directly coupled by the chive via so

called virtual transitions Floquet heating
is usually associatedwith127suchslow high order
processes

k12V1
onKoff
fracVvarepsilon1in11107



The zero photon coupling K0 is part
of A0 Its treatment within degenerate
state perturbation theory corresponds to
the approximation HFapproxH0 which is

visualized in this

picturere1117rangle 11 1711075 12rangle

10v0

rangleDelta
wu nwomega



C Master equation in FloquetrepresentationSofar we essentially followed the procedure
for undriven systems and obtained an equation

of motion which apart from the periodic time
dependence of HHI and overlineAII looks formally
identical to that for time independent

HamiltoniansFloquet
representationLet

us now write the equation of motion
in terms of the Floquet states suictis

of the unperturbed Hamiltonian HII

Slefttrightsum_ijSijleftlangletleftUilangletrightrightranglelangleujlefttright
SijlefttrightleftlangleUilefttrightSUjlefttrightrightrangle For that

purpose we take matrix elements Luis lugs

of the Redfieldequationwith
Slefttrightfrac1ileftHlefttrightSlefttrightrightleftAoverlineAlefttrightSlefttrightoverlineAlefttrightSlefttrightAhcright

For the left hand side we obtain

Luil Sleftujrightrangleleftlangleuirightsum_k1leftSkeleftukranglelangleuerightSk1leftukranglelangleulrightSkeleftukrightranglelangleulright
langleU1leftivarepsilon1frac1iHrightfracddteivarepsilonktpsikrangleleftivarepsilonkfrac1iHrighteivarepsilonktpsikrangle

SijileftvarepsilonivarepsilonjrightSijfrac1ileftlangleUileftHSrightUjrightrangleequivvarepsilonij



Here the last term cancels with the first term
on the right hand side so that we onlyneedtoevaluate the second term

langleuileftAoverlineASoverlineASASoverlineAtAASoverlineArightujrangle

sum_k1leftAikoverlineAklSljoverlineAikSklAliSikoverlineAklTAliAikSkloverlineAliright
7

where AikAiklefttright cend overlineAkeoverlineAkeleftright WI 64

AiklefttrightleftlangleuilefttrightleftArightuklefttrightrightrangleequivsum_mueimuomegatAikleftmuright
AiklefttrightequivleftAright in lefttrightA in lefttrightsum_mueimuomegatAikleftmuright

where omega1piT and

psielefttrightrangleeivarepsilonetoverlineAkllefttrightint_0inftydtauClefttaurightleftlangleukutleftttautrightAuleftttautrightu1rightranglepsilleftttaurighteivarepsilonetulleftttaurighteivarepsilonltaueiqxleftttaurightleftUlleftttaurightrightrangle
int_0inftydtauclefttaurighteivarepsilonketauAkeleftttauright
equivsum_mueimuomegatAklleftmurightint_0inftydtauclefttaurighteileftmuxiklrighttau

equivsum_mueimuomegatAklleftmurightGleftmuvarepsilonk1right
Here we have introduced the half sided
Fourier transform of the bath candation feactic

GleftGrightint_0inftydtaueivarepsilontauclefttaurightfrac12gleftxirightisleftvarepsilonright



We also find

overlineAijlefttrightequivleftoverlineArightijlefttright
int_0inftydtauClefttaurightleftlangleukrightutleftttautrightAuleftttautrightu1rangle

int_0inftydtauclefttaurighteivarepsilonketauAkeleftttauright
equivsum_mueimuomegatAklleftmurightint_0inftydtauclefttaurighteileftmuxik1righttau

sum_mueimuomegatAklleftmurightGmuvarepsilon uleftxright

Combining everything the master equation read

SijivarepsilonijSijsum_k1leftAikoverlineAk1SljoverlineAikSklAljccright
sum_k1leftRiklkSljRljkiSk1xcright

with R ij 1kRij1klefttrightRijlklefttTrightwlm

Rij1kAijlefttoverlineSkl1right

sum_mumueileftmumurightomegatAijleftmurightAkemu1Gleftmuvarepsilonk1right
beginmatrixsum_meimomegatsum_muAijleftmmurightAklleftmurightGleftmuvarepsilonk1rightequivRijlkmmendmatrix



D Long time quasi steady state

Time periodic quasi steady state

As the derived master equation is a

homogeneous linear differential equation
with time periodic coefficients Rigive't
it possesses Floquet solutions of the form

Siph emt right

with time periodic matrices r j it T rigilt
in terms of which we can express the
solution

sight In an s j'ltI
with time independent coefficients an

Generally physical solutions should obey

Re an 0

so that Si 41 and sigh sigh as a

consequence of the positivity and
normalizationof Sight Let us assume we

have a unique stead state Sig t with

To 0 and I Vill t 1



where Jmleftlambda0right0 ensures Iisiilefttrighteilambdautsum_inuiilefturight1forallt
we can restrict Jmleftlambdanrightinleftw2w2right as

anyperiodicpart elambda2t can be included in vijm1lefttright
In turn

Relambdansigma and sum_iViilefturightv for nneqa

so that overlinezisiiv for cell times and

SijlefttrightsimeqSijleft0rightlefttrightVijleft0rightlefttrightSijlefttTright
for lake times

1
tgg

miunneq0leftlambdanright
Thus we find a time periodic quasi
steady state

Sulefttrightsimeqsum_ijleftuilefttrightrightrangleSijleftorightleftlangleujlefttrightrightSolefttTright
Average rate
approximationGenerally

we d0 not assume that GammaSEllvarepsilonij
since the quasienergy level splitting can

become very small at avoided crossings But
we will assume that the vate TSE for
the environment induced change of 5 is

small compared to the chiving frequency w



TSE LL W

Fourier expanding the quasi steady state

Sijlolsum_mSijleftmrighteimomegat
Iandplugging this solution into our

master equation we find

vleftwright for mneqv ileftmomegavarepsilonijrightSijleft0rightleftmrightsum_msum_klleftRiklkleftmmrightSljlefturightleftmrightRljkileftmmrightSkllefturightleftmrightcright
We find then four

sij1olleftmrightsigmaleftGammaSEWright 2h 1 for mneq0

Neglesting the mneqo contributions we

have a time independent steady state
matrix

Sijleft0rightsimeqSijleft0rightleft0right
which solves

ivarepsilonijSijleft0rightsum_klleftRiklkleft0rightSljleft0rightRljkileft0rightccright
where the right hand side is obtained for mo

neglecting contributions with mneqo



This equation can be viewed as a volating
wave approximation

RijlKlefttrightsimeqRijlKfrac1Tint_0TdtRijlKlefttright
It is different from the rotating wave approxim
ation which corresponds to the secular ap
proximation for varepsilonijggGammaSE see mtimes1 section 1 m thus
call it average rate approximation it is

also known as modified rotating wave

approximationFromnow on we are only concerned with
the steady state Therefore we drop the

super scribt 101 and simply write SijSij
and

ivarepsilonijsijsum_klleftRiklkleft0rightSljRljkleft0rightklcright



E Secular Nihering Floquet Pauli edIIncase all quasienergy level splittings are

large compared to the rate induced by
the system bath coupling

varepsilonijggGammaSEforallij

we can see blab the off diagonal element
of the density matrix in Floquet represen
tation are small

forallineqj I

and can approximately be neglected
SijsigmaleftfracrSEleftvarepsilonijrightright1

flefttrightsimeqsum_ifiileftuilefttrightrightranglelangleuilefttrightequivPileftpsiileftlangletrightrightrangleleftlanglepsiilefttrightright
where the diagonal elements Sii correspond to
the probability Pi for the system to be
in state uilefttrightrangle They obey the stationary
Floquet Pauli equation

0sum_kRkipiR in pk Pi

where the rate for a transition from
i to k is given by

Ruiequiv 21 i
1
k
o
i
1
in



This is known as secular

approximation.Itcan alternatively also be derived

from the dynamical equation Sijivarepsilonij
by applying a rotating wave

approximation Then the left hand
side is given by Pi and the off
diagonal elements decouple fromthediagonalones and decay
The rates read

Rkifrac1Tint_0TdtAiklefttoverlineAkitright

sum_muAikleftmurightAkileftmurightGleftmuvarepsilonkirightAkimu Gfrac12giSapproxfrac12g
approxfrac2leftAkimuright1frac12gleftmuakiright
equivRkimu1

when in the last step we have neglected the

imaginary part of GIE which results from
the LambshiftHamiltonian.Thereal part corresponds to the full Fourier
transform of the bath correlation function

gleftvarepsilonrightfrac22leftGleftvarepsilonrightGleftvarepsilonrightrightint_0inftydtaueivarepsilontauclefttaurightint_0inftydtaueivarepsilontaufracclefttaurightclefttauright

int_infty0dtau1 f overlineLfracLint_inftyinftydtaueivarepsilontauclefttauright



Expressing CITI in terms of the eigenstates 107
with energies EUof HE

ClefttaurightleftlangleoverlineBlefttrightoverlineBleftorightrightrangle0

tvEleftSEeiHEtBeiHEtBright
sum_nunufrac1zebetaEnueiEnutleftlanglenuleftBrightnurightrangleei

F nutleftlanglenuleftBrightnurightrangle

sum_nunufrac1zebetaEnueileftEnuEnurighttleftnurightB beginmatrixu2u2endmatrix
eiEnunutPV

when Enunu1EnuEnu1 is the energy change in the
in the environment associated with the tran
sition UrightarrowU we find

gleftvarepsilonrightleftbeginmatrixinftydieivarepsilontaudlefttaurightendmatrixrightsum_nunuinftyPnuleftBnunuright2intinftyfracleileftvarepsilonEnunurightt

infty

2pideltaleftvarepsilonEVVright
2pisum_VLPLleftBVVright2deltaleftvarepsilonEVVright

as well as

yleftGright2pisum_LLPVleftBLLright2deltaleftvarepsilonErrright
ebetaEvvPvleftBvvright2

2pisum_nufracebetaEnunuebetavarepsilonPnuleftBnunuright2Svarepsilon Evil

ebetavarepsilongleftvarepsilonright

deltaleftvarepsilonEVVrightdeltavarepsilon EL L 1



so that the rates read

Rkifrac2pileftAki1mu1right1sum_nunuPnuleftBnunuright2SleftmuwvarepsilonkiEmunuright
equivfracmuRKimumu

This expression has the form of theFloquetvariantof Fermi's golden rule Each term R
Kidescribesjoint processes of system and

environmentsystem

environnet1441617
Milt

in Iw

with energy change EWWI varepsilonkimuomega
Remarks

For the individual processes we have

Rkileftmurightfrac12leftAkimuright1gleftmuakiright ebetaleftmuGkirightRikleftmuright
leftAik1mu1right2ebetaleftmuGkirightgleftmufracGkiGikright

But generally for the full rates Rui

beginmatrixRVR1endmatrix because_kneqebetavarepsilonkiRightarrowpineqfrac1zebetavarepsiloni
as it was the case for the

undrivercase



One might however achieve

beginmatrixRKiRikendmatrixapproxebetavarepsilonKiRightarrowpiapproxebetavarepsiloni
by suppressing processes with muneqc by
choosing an environment with spectral
width AEomega


